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1. Introduction:

Boundary value problems{ &V ??;) for ordinary linear or
nonlinear differential equations occur in many branches of applied-
mathegaticss theoretical physics, and engineering, the most
significant among them being the boundary layer théory, the study
of stellar interiors and control and optimization theory.

For a given differential equation of order “m (> 2)or a
system of differentizl equations, vhen the conditions are pres-
cribed at two points, we sz2y two point pfoblem. If the condition:
are prescribed at more than two pointr we say multipoint »nroblen.
For a given d;namical s, sten with n degrees of freedom, there may
be available exactly n states observed at n different times. A
mathewmatical déécription of cuch a systex xsullts in an n-point
BVP, The discretization of certain BVPs for vwartial differential
eqguations over irregular domains with the method of lines also

forms MPEVP,

Exzuple 1.1. In the problem of the motion of a varticle of mass
. - . =, > 7, 4
m under the action of a given force F(t,77, 4/ ) it is

frequently necessary to find the law of motion if at the initial

time 4 =+, the porticle was located in a position characte-
—

sy e , i . 1 B I 5 . . )

rized by thé radius vector /i, and at time ~&‘ it has to reach

P 3

point 27 = A .
i




The nroblem reduces to integrating the differential equation

of uotion

SO >
: G / . o =,
n == = F(x, ¥, ;)
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g igs . s = 5 N — e
witih the boundary conditions & (+,‘)ﬂ W7 . 27(;_5 s
P G i o £ 1 iy 2 \ -

Bxauple 1l.2: A natural and most »nrolific source of nonlinear

differential equations with two point boundary conditions is the
calculus of variations, Consiuer the »roblem of finding the

extrema of the functional

b
S FOt, 2y, X' o) 4
~aQ

uwnder the conditions X ¢y —

X, x (LY = ¥ . DSuitable hypothesis

on F lead to a secoid oxder BVP (Buler equation i, "%& b

23

with. X 7y Y N 4 ( ‘)) —_ %\ .;.
Example 1,3 |11, |2 | The transverse displacement of an elasticelly
imbedded rail to a distributed trausverse load is described by

the linear fourth order equation

oy 4w i)

where ¥ /- \ is the flexural rigidity, Kk ( ) the elastic
resistance of the supnorting materiol and () the lcad density.

Poir a freely sunnorted rail the bowidary conditions are

W=y = Wy = ey = MY = e and

corresnond to vanishing moments and shear forces at the rail ends.
Here we shall assume that the rail is hinged in a comnlicated
manner at its endpoints and that the woments and shear forces
have t2 be deterained at ine rail ends frou the uessured displace-

<3 <

Ac.ts at four diff rent points along the rail,
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When E J, & and . are given by

E JLx)Y = E_I (3"£ Z"—-§>7 1!“’ :5 (‘2 (;'/L‘}>

the. eouatlon for the elastic rail can be converted iuto tne

norndimensional form

[(1-t1) v"*] " Rv = 2-t?%

= lo (we abhuwme)
By defining z through‘the relation |
Z =) v’
the zbove equation can further be reduced to
Z"+L+O\f-2+ tJ\:O ’ -ty vi'_ 7z 0.

We shall assume that the following (dimensionless) displaceuents

were observed

it

1 0.2 s V'(\»‘»=,(~'= 0.0448156‘

t, = 0.4 | W(hFx,= 0.0433224

i
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If we let = (v 'z 2z ) then the above system
becones
T ‘ ninE | .
; lj ; f S N o1 g X, | O
i i i ; _ ’
P o le edwol e} 1@ (1.1)
; il +
E 3(:‘_,! e o ¢ | ! X3 I o
/Ai : e é 2
lw ; -4e 0o o ¢ 4 bo ¢
= - sl - L J

(1ed) = ‘//fN‘“fJ)

and the boundary conditions can also be written as

jﬁ)(‘kL\ pied 0<L (1.2)
(t .;1,;‘:,'5@Ll) _

where { and x  are defined earlier,
5 & 3

Example 1.4 [ 3]. e line uethod for partial differential
equations lies midway between analytical and grid amethods. The
basis of the method is substitution of finite differences for
derivati—es with respect to cne independent variable, and retention
of the derivatives with respect to the remaining variables. This
approach replaces a given differential equation by a system of
differential equations with a sumaller nuwuber of independeint

variables.

Assume that it is required to integrate the eouation

i
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in the region [} (Fig.l).
For definiteness, we assume
that the equation is elliptic.
Poundar; conditions on the
borndary S(ACDB) are given.

We drav lines nerallel 1o
the x axis, assuming that the
distance between two adjacent lines
is constant and erual to h., Assune
that the region At is intersected
by the lines‘}}:}o.‘,kk,: jh ?
[R=6,1y % ym) . We set d D

i lb in the equation and substi- | ;

tude difference ratios for the

derivatives with respect to y,. i. 1// _ L
For exaanles; we ca. set A b=
(Fig 1) ;
E\-u) r -
T o o) - (%) — W u)..)
)\ g il A : k‘ ]
2 ‘}:jh € - K+t

where My (x) = W, ?ikj . Similarly,

vl ! : ' g

Sw N ‘ - — AV (%) — U txyy

N Y “,\:‘} & L LIS L .
F e d

20 l - \ (X) — 20U (¥) 4 (x5 |
~ U X o L YY) A4\ )
:7“\) - . o [ k*\ k \.kl-—! Y)_“- .




We substitute this into the equation, in vhich we have already

4
!
ecuations in n+2 unknown functions

set 3.: N , and thus obt-in a s;stem of n ordinary linear

LS { e

\kc(l)’ Lii(lw")? -~ o g ) U‘rﬂ{_,{ S e NI

TN

In the region S}, , the uissing two equations can be obtsined

o
X

rou ‘the boundary conditions o the line seguents AB and CD of the

boundary. The boundary conditions for the unknown functionstik(l)
can €gsily be obtained from the boundary conditions for the

function W (X;%) on AC and BD.

Thus we obtein a s; stem of second order equations with multi-

point boundary conditions.

Examnleniéé;i:4:} . ¥e cou%ider similarifyfsolutién of the
unstead; flow of gas thr ueh g semi-infini te §oroﬁs‘meaiumg‘(
iﬁitially filled with gas at a uniform préssure '1?0 . At tine
t =0 the vressure at theipv% flow face is suddenly reduced
frmn§1 0 Fﬂ and thereafts maintdined at Shis lower pressure.

In terus of a dimension free tuzntity = , defined by

R, 2

~ Pz »

weay = - B@y R

\ ID-»Z V' :
o ’ ‘ /%27
the problem tskes the forn
y 2Z ' A -
tor (=) ¥ MNWI(A:} = s (1.I"5‘)

We) = iy wW{(+w®) =o

Hy
@]
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er [(4] for the details of the physical
P
2t

r differential equation). This is an examnle of

o . ) L S O D
;,I’O"[“)lem e \.1‘1‘3 reuuo—tlol’l '.I N il eqv.a,blOlA v ( P ) ———— A

o)

womndle 1,6, In the case of BVP's a wmaell change i the bouwndary

conditions can lead to significant changes in the behaviour of the

501150100,

Let us cousider the initial veolue problewn (IVD)

‘va*_ X =0, X{(o) = C, > )t((o)::CQ 5 3(”(«::) Py (3

It has the unique solution
- - Co 4 - !

t .t
e R (e -g— t o+ %(Qz+ G) ¢ /Z/Si'n %{

for gny c2t of values (, y Csu,y (3 "

Hovever, the BVP

' - — L -
+Y =0, x@ =06 ()=o), X (b)) z €

(€+ 0 and real)

witere b, ig the first nositive root of the ecuation
» - 3
2 ;3'\~n( % b - %)+ e /2 b — O has no solution:

the sronlem

X"y ¥ o, x(e)z=ey x' (o) =0 s X(b):€,5< b b,




has the wnique solution

o € e%/z{t-—-b)[e:%,qf NPT - T %_)')
)2 ~ .
[Q&m(ﬁg-ﬂ *f%ﬁj

while the problem

'+ xzo0, x()zo, Xo)z 0, b )=o
has an infinite number of solutions
- t/, . : ; :
X(¢) = &[ et g e/‘/sc«ﬂ(fgt“ %)_}

vhere k may have any value.

AW

Example 1.7. 7] me sve

= y Xl =4, Xda) =|

(1.5)
- 7 1 - 3 ) P £y 3 1
possesses two solutions, oue of which, namely > §ty— Lf/(H—k)
i1s expressible in eleuentary teias while the nther involves

elliptic functions. This clearly stays in the interval [11.4']

whereas the latter decreases from 4 to below -10 and then increasecs

to 1.,

It is easy 1o see that BVR (1.,5) is equivalent to the
following provlem
i 3 2
Lwr = = LWy 4+ 4 —-3¢)Y
(ty= =2 ( 4= 34) 06
Wie) Wil = o

where the first solufion is now () — . by
Civg)?

— (h=3¢t),

;

=

te

nm



Example 1.8 {:Sj The BVP

'X” 4 > e}, - (.37 MUY o = X (Q) (1 7)

for X = | has exactly two solutions (see FPig.2). This problem
arises in apnlications involving
the diffusion of hezat generated-

by positive temperature-dependent
sources. For instance; it arises
in the analr»sis of Joule losses

in electrically conducting solids
with X re . resenting the square of |
the constant current and g;x the
temperature~-denendent reéistanbes ]
or in frictional heszting with o

renresenting i.ac scuware of the

constarnt shicar siress and the

temnerature-dependent fludity.

(Pig.2)

Exouvle 1.9. (:5A\ The »rovlem for ithe sitationary teunerature

— T PV O,

distribution in a bar vwhose ends + — -+ | are kept at the temgpe-

rature . Y=1 znd which transfers heat to the environment =t
1 L s ,\_.. X:Z $
the temoerature X = r3 »roportional to X 4 TG is

x" _ ’xu:\«»ﬁ: X)) =g

Y (—-{) = \, Y ty = | . (1.8)




wheré & (+, X, %!}  is continuous ond satisfies a unifors

RIS PR R T30 | PSR R (2.3)

L ) ’ ')(.;’ - 3 /[

on [ﬁx‘,(g&] X;txz , has & loug history, g&oing back to Picard 64
1843 (it epvears in the literature that bpefore hipp the nain attack
was to construct the solution of only those provlems for which the
existence and uniqueness was ensured). He showed that if (5£1~4%)

is suffigiently small, then the seaquence {_xﬂq(fii of functions

generated on using iteration »rocedure

i : - f
pd (+y + s}'(f, Xf,,‘(.{"\)y f)(,h(f\)) =0

N4

X @y = ‘ - X
'Y\_?_‘( ’3 - A b] Xwn*\((k/}') — ‘j
¥ s C)ﬁ ‘, » Y .
with X, (+) known, converges to the soluiion of the BVP (2.1),

(2.2). In this vay, he obic.ned existence - d umiqueness over

<

all intérvals [_QW : quj of length less then h, vhere

t o D
— L. £ &
:2 o> A L-—‘ f\ 4 Y -

By sharperning the estiagics emslo: ¢d in his iteration procedure

N

e later {7;} obtained the inequality




vk
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The BVP (1.3) has two solutions (Fig.3) X () lies in Co, lj

wiereas _12({,) drons below asto —-17.

The probilem (1.8) is equivalent to the following problem

wio = (£ v+ 2 wwr + wiw)=o

wh Loty = WO e 0

beo 4+
O-0 =
~}.0 7
.
—17.0 -
- 19-0 4
A e } > ¢
“he —0-g 6.0 0.5 I-a

2. Second Order Eauations.

The BVP

XMty + $(t, xww s X)) z 0
2.1)
Xy = A (2.1)
x@,) = B @, < a
’ a A (2.2)

(1.9)

A TS R RO B

A S R O R R N s 6

ISl R Tl S

£
¥
¢
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Li
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x'} is lirear in x and x'

b4
2i:d satisfies }*(f, U, Q) - G , Onial [9] ., obtained the

condition
{ 2 ;
— L KT+ 2 L, R <
W-Z n‘l
an_d showed thet it is best nossible in the sense that the coeffi-
i : _
cients —— and 2 cannot be renlzced by sualler ones,
72 2
But the claim is aot trae,; if L‘ ¢ 0 see C10j .

For he eqguation (2.1), Bailev et all [33 have also treated

the beoulidary condifons

X(a,) = A, 2'(a,y= B (z.4)

fx’(a,)—:»%, X (a,)= B (2.5)

and obtained the best ossible result for each of the BVP (2.1),

(2.2}, (2.1), (2.4), (2.1), (2.5).

i e i

13

'
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Theoren 2.1 [:51 . Assume that j(’ ¢ C L[C‘-: . C’LQZ] % R;} ki}
and sativfies the Lipschitz condition. Tet (& (&) be any
sotution of W'+ L, Wy Lo w = o vhich vanishes at t =«

and let L (Lj} La) be the first wnique number such that u/z{;;;q

then problem (2.1), (2.4) or (2,1), (2.5) (2) o — Gy &L

a #t( Lj ,ﬁ,o) then »roblem (2.1), (2.2) has one and only one

solution, This result is best possible,

3. Green's Functions

Let there Dbe given the equation

LC}Y]‘ - X{"\),’, ‘-;,‘&{.) X(..'F‘*’) T b.“({) 3,:&.({.)(3.1)

where bi ey (U= Ay &y s - ey Wﬁ;kfﬁre assumed

continous on a segment {Ta,b;} .
For cquation (3.1), we s all comsider bcuendary conditions

of the form

" - |
T = oy A
k=
© L:(;l ’-'}T) (302)
ALz oa <a, ¢ oy € oa_ < b,

The coincidence of several =« uweans that at a single point

Several functions are given, which are assumed to be linearly

irdenendent,
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i, 5
ari

.L.Ll.e CA-L) TIC

equivale 1t to the nomogeneous Hroblem

- = O
(- |
(.':_7;.2)«. A S
has no nontri-ial solution, i.e., if
! 2 ry Y )
is any fundai:iental systen of solu t ons of (3.3),

[$4y] -3
: ‘ [ ]
Q\ | ;_?_, “/é gé f = ZZ., u<;¥ ir: ‘1

- ¢

shouvld have

¢y,

we

In what follows we shall assume that condition (3.5) is satisfisd.

We shall Zenote the square 4 4 ¢ s A <k by k; the sane

Square with straight lines of the form A& = a’ rejected frouw it

we shall denotc by Ky s Ky With rejected diagonal T+ = A v
- - v

of solutions of (3.1), (3.2) is

AR MY

then since

i

e B e s e ST R

™



is

W
v

i
=

Lt

7
</

+ ¢ 5 el A s s vl ’
Let M)y X, (4). . L - . X o LE) be a fundamental

sysiem of soluifions of cauetion (3.3) satisfying the conditions

tyd = ty 2y o0 ey

£y

The existence of such a s;sten is assured by conditisn (3.5).

We shall denotc—by' ]}k-(%) { (:"’ 2y ,', s x ,1) the algebraic

{ —1)
XL

comnlewer:t of the . elsnent (+3 in the VWronskian

( X, (+) X, (+) Xy (+)

I xd xhoe) X1, (i)
WiE) =
1
\ X:)ﬂ(—’+3,> ”*éh‘}:) ’”—!9/&) .
For converdence we shall write
@z aay bz G , XWET X () Dy D
= O

We shall dexote the Green's function of the »roblem (3.3), (3.4)
es the function of two variavles G(t,s) defined in k and satisfying

the following conditions;

) (ri-2)
1. ¢ (i /’ (¢ . 7 ¢ ; -
- =l ), Ing -3 I ' A > ) are
= t_ =

contiruous with respect to the set of varigbles in K, .




fgii s e e el
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(™ =)

2. (:“\t (‘k') 5)

S 1s continuous with respect to the set of

variables in ¥<‘ and on the disgonal

£ -1) { =)
(. (t+0,t) — C—,?.,_, (t-o0,¢) = | ,

¥

(,t#aq'; L:';Q}.» :.4’1%)»

3. é}({d‘é) as a function of % satisfies in- K‘ conditions
(3.3), (3.4).

In the usual manner it is established that the solution of

the »roblem (3.1), (3.2) is given by the formula

b "
X (4) — i ( ey AY $sr A & E*Aq: ’xé(%) ) (
“a ,
L=}

The operator L for boundery conditions (3.2) thus vossesses an

entirely coutinusus inverse. - Iu fact, any solution of (%3.1) can
be writiten as

LA | Mgy

|
s

a, ~
L = A‘i - & -~f——~ D) FiayAs .
‘ | Ho W)

:"z8 undergoes a distondinuitd

and




_ —— rQi v
Yoy oy A X - 3 e\

(A) X4y F(R) AR
VT ] X, )

binud

R

)_I
ck

N+
A S D8 X)) feaydn
ja w(/g) Z,F € & ) { ) -

A > D
FAN () Eenyda
Qh W({'?‘ 'l:k*‘

7 a N4t
- S A R+ A
=AW= ) f

(=0
B
5) bnd this is same as (3.6}, vhere
- ”ﬂiri ‘
— L > DI X)) s teA
2 »d(é) {:k*;
G (t, 5) :J (3.7)
K
ERS -~y i
L % Dy x>
W () {=o
AL In order that G(%,s) be defined in

the eniire square k it is
lecescar;

tno complete its definition on

b4 L d L

the straight liies A = a,

J
y D4+1 .

It will be convenient to complete
the definition of G(4,a) by its continuity with res;ect 1o s Irou

fohe right; similarls

2]

S da

for ¢(4,0) by its continpgity with resnect *
Low the lefw.

'
o~

As regards lines of the form Az a4
is any interior noint G(i,s) undergoes

resmnecy to 5§ on

; wherc
o

a2

a discontinuity with

these lines, i.e. the identity (n Cf, aL——(ﬂ: G (f g A+ 0)

o
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does not hold in the general case. The method of completing the

defixnztion of G(4,s) on tresec straight livies cazn be arbitraril;

1 chosen; for defiriteness let it be the discontinudty with respect
g to s from the right,
3 Hor the roblem: equaiion (%3.3), with the boundary conditions
{
2 ‘g[ ¥ _ \f{ . _ (LL s
i i )= la y= « + . = )('f‘"i.'):’d. bet <
A £ Ay d Gy - e La, < Bx a <L hcv A (3.8)
: N -A= NZ_ k\L
; o . o o ¢ =)
the following result is known L}lj - LlB;} s

Leinia 3.1: Let G(t,s) be the Green's finction of the nroblen

(3.2), (3.8) and

. < K
Py =TT Ce-a) T

/‘ : B
hery, /Yt 6) /p,f) =y for A, 2 » < T

For the Green's finection £(4;8) of the sroblen

(3.11)




ct

ons

3)

Lem

))

L4

0)

1)

AP,
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éln,'§15:} Nehari gave a ochort proof of the same when B = vy

Lel. g j;é_,[i6 S Let £{%,s) be the Green's function of

"'(,'E"LG prob]_em (3- 10) s then

LA A ) )
g S NLE sl ds = - { P, (3.12)
B ; . ' 0] 4‘

Proof: The rroof of the iientity (3.12) follows from lemma

t ©.1 and the observation

- G

.§

G, .

where the right hand side of (3.13) is the unique solution of
X}“3(+) =~ || satisfying the boundary conditions (3.8).

Das and Vatsala i {17 ] heve roved a similar result %o
that of lemms %.2 for a particular case Az " ﬁsiﬂg complicated

algevra.

Lewug 3.2 f:lSZ} The Green's fuuction of the BVP

— My = o
(3.14)

1) ‘
Bx\ (CMB:L;, (20, 1y » vy Mo

(b} | ;
\;Y‘! (a,) =0, (o0& be w-t) (3.15)

and all its derivatives with respect to t upto order » are non-

Negative,

§lt,8)ds = —— Pr) (3.13)

Sk

. ‘ O R A R

|
i




Proof: It can easily be verified that the Green's function

of the problem (3,14) (3.15) is

¥ 1 Q -k -y _

" -y % uESY

(t-a,) (-—-—-—-—-« _ (ko

@’)“a‘ :

) i ;

\E\ | J fa e hstey

by Ay T '

i Rk 1yt (3.16)
i~ F“

_ m Y H =73 ~an

S “qf) ( _ \ F IR o A<
Qﬂ ,_q,‘ / no

~ %
T L_L_(_i_l_é) : -k..;

Hence bt,‘(- 2 o for kﬁ 'b , provided Cf~q') X
WIn-A\NM-p -y M-k~
< ;

('qd_.q,') ?/ Cf--/b:) when ali“éffs‘c’v,

Since it is true if 4+ = A we consider only .q[ < At < @,

Because
G i
i._,_.,.._'__>/{ 5 Qf,_-.ul,
; — > |
.d 3
= T
‘£‘~Q! q" —a,
a; -
b= Qs - s 4
we have
4

{-‘é - ’fr'.‘» 5)

and hence the result.
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Lemma 3.4 [18) . The Green's function of the BVE
~ %P = |
({BY, .
_‘\,('M{q,):ca; (o2 pgn-v) (%.17)

CeYyp ~
), X(('{}L\ —-— (.5’ L= (3, lg " v o, 8 ’7’) ».‘L

and its kth derivative ( o < < © with respect to t is

“fnonnegative if h is even and nonnositive if 774 k is odd.

Proof. fThe Green's function of the BVP (3.14) (3.17), 1is

Y LTI
N g — 1‘:) a, _ a, Jts‘ﬁ QLN t¢ 4,

=T

“n ’L 4 (¢ AY) = wi;lgji.J (3.18)
o RRALY IV A, P il N
| (ar) /\cg : ") - (2~ i“}h ’
f Nl ’
L oo a, < t<bs a,,

The proof is same as in Lemms 3.3.

4. Generaliged Boundary Conditions

T~

Here, we shall consider the differential cquation (2.1)
together with the houndar, conditions

.’I g(b X(ﬁ.’) - a(" x/(:(/) = &,

- A 5 5 | .1\
B, xla,) + p’ x’,zq/)_)_—_ R L)
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. —
where f is a real valued continuous function on Canny (‘-aj X = |

40,5{5 ; 550 3 5\ s Ay g are re 1 constants, and

’

_ e o We shall
V= Ao By (04 -0)) +GF + Poly ¥ O

denote

_ 2
S Q<a»,~a.‘:{““ AU T

+ Lt(_;"«o ‘3;““ “30“‘1] (0&)\_6\'}%

Kl - ..l-.-—--- &(,QQ"‘&@) i ‘”(o @5’ ((J\A‘__Q‘} ~+

Aty | Qmaxélx‘,ﬁoi’gﬁ‘xo‘)} ;
and
l ,
{ = \folﬁo\(a,‘_a!) ¥ <o Bl Bo=, |,
ﬁ“—ﬁﬁrﬁg}.‘;ﬂ--{‘{‘19] Let ™M\ »o @ W >0 Dbe given real
nuabers <«nd Q@ be the maximon of %& (&, x, x! )l on the compact
set

i(t,l,ﬁc,cﬂi%gqﬁ, }xga‘:am)].x-';ézN§
Then, if
kK, ¢ ™ (4.2)
and




2>

: - (2} : )
the BVP (2.1), (4.1) has a solution of class ("7 on Eo.“ a, |

-

] ided th
provided that

| x | )

N2
S S N AR
ty | |
Proof: The set
(1) . s €
B [a),8,] ={ X®eC [ as], Hxllgam, lIxit<an
where el = [Max " (i)’, is a closed conwex subset of

T, ctLan
the Banach soace C") [C“M yarl ‘The mapping

«Ti C(”EC‘-HQ/}} > C(;)[d“ﬁ&] defined by

ws
v [TYWH = - (rtt, A (5, 20t Wes)) db + s
4 : .

¥

is completely continuous, where G(t,8) is the Green's function for
the BVP
X'ey =0, <o xtay)y -, ¥(a,yzo
Po X(2n) +B xlazj=a;,

[ L (Bt —Ba, - ) xoh-<sa +x,) At
v f /
é'] (&""5):

— (hd,-F2 +B) (Ko my -t — &)t
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and ;?(%) is defined as
LU B fa LY m B .
f&,? v R S I R I Ag <o (t- q,}]’

For X & 3 é:ﬂ»” 6‘«4} , 'v,.'e}have
[(Tx)te] € M +@(as-a,) § 1< Pl (41 =2))" A B

e 24 Bl L2 I<; Baf (<o B]) A B
4 I<aff,| A% + ix 3@5 Pﬁl‘}(“-n -a,)} (217r1)

where

' ! . ~ : k
Az [a B+ 14oBf (anmay ]

{ ~ T { '
B - [Q!B‘:a{,lw ,40/3&[\{2&‘*4;)3
o f;f +
2y
Since - =
: _ A + 8 ol |
[Eraw) £ M+ Kk,
Aso, we have
[Txotees | € N+ Ky
Thus, conditions (4.2) and (4.3) imply that T maps
into itself. It then follows frou the Schauder Fixed-Point
theorem that T has a fixed point in BL Ry, 0«&1. The fixed point

is a solution of the stated BVP.

Corollary 4.2. If there arc coustanis % vo and K>2a
such that

%)

[fce, x, %]« R kixl, o< e

LI | 4




m——

s

K}

+

For &, < b oms o, XU A+ ix!'l <« @, then the BVP (2.1),(4.1)

has a solution for all * A, %, .

Theoren 4.3 }197) . Let &"C*y,x , x!') is continuous and

satisfies (2.3) on [_q,,q,ﬂ % R .. Then, if -}
TR T T (4.4)
( o) |

the BVP (2.1), (4.1) has one and only one solution.

Proof: The »roof comsisis of a standard application of

contraction Mapning Principle.

Gorollary 4.4. Let § (4, x, x!) is continuous and satisfics

; 2 .
"L Lo Ca, =) + +~ L, ( Gy - Qﬂ < |

";:.? 3 (4"5>
the BVP (..1), (2.2) has one aznd only one salution.
Also, if
“i“ Lo (ay-a)) + L, (G-} < (4.6)

the BVP (2.1), (2.4) or (2.1), (2.5) has one and only one

solution,
In thc boundary conditions (4.1), we take o, = - ok
& .
and c=11 the cquations as (4.1). In the X -~ x’ nlane these

boundary conditions réﬁresent straight lines; the first as the

initial line and the second as the terainal line. We shall resrescit§
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these line Dl - d a . >

se lines as }\ () = A, oo Q%(M) = Az M so, when

there is no ambiguity the @ and A, will ‘e omitted and we
A

will wrivge "(i: '. etc.
Consider
o Lox! 4+ e X = o : (4.7)

do XCoy 4 o, Xfal = o, W Q{ . (4.8)

Define &« (L, K, Q ) and p(\ Ly k<, L} as the time (t-value) of

the next aud of the preceding zero of ¢) for a solution

of (4.7) and (4.8) if such cxist, and + @ and - @ | respectivel;
otherwise. If /Q =0 is the x axis, both & ( L., i<, Q)

and B (L, K, ,ﬁﬁ are taken to be zero. In the 3y x! plane
this is just time to traverse the angle between the line A =0

and 2 axis. Since the equation is linear o{( L, K, j[j and

}3({.’, K, 2} are inhdejendent £ the initial -ssition on 4 =0

and since the equation has constant coefficients these quantities
i

can be cowputed explicitly and are indevendent oi “he starting

tine # = o .

. let 'L‘(f p-o 1{") be continuous
I Lk

5 3 EE
= X Z 2 | i — (409)

f{ \é'} l-cv *"5;2 “'3[;[“""_: iy 3«"/‘).{*_ k*f)(;i" X,) 3 (4.10)
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and suppose solutious of the iunitial value nroblem for (2.1) at
t=4q; xiston Fa,, Q’__Q]and re wnique. If 520, «, £ O,
: 2

and 1f @, —a, < (L2, K, f/ji}ﬁw ﬁ(LJ; K, JA ) the:s

¥
there exists a unigue solution of the VP (2.1), (4.1).

It is clear that ] a(c,,y . o j ]30‘ # 0 , since otherwise
o { L” k, f,): o and f&CLz; }4) Q2>:0 and we obtain

Remgrk 4.6: Both the cases of Theorem 2.1 are'includéd in
Theorew 4.5. Also there is no sisbn' condition on the constants
L/ 3 [__2 and }< thus the result is mofe useful in apnlications.
From Tncorem 4.5, for the equation X' —% = O with boundary
conditions (2.2) there exists a unique solution on all finite
intervols [a,) th whereas Theorem 2.1 requires Ly —a; ¢ [T,

Theorem 4.6 [21] If }g({‘; X ')gf} satisifes

(i) 3(({ X, 3;1) is a continuous real valu-d function defined

on

S = % (t) x,¥') { a,¢ +£€ a,, IXx+ fx!] < c@j

(1) F (¢, x, x! ) is nonincreasing on 5 with respect 1o x

(113) 14 €y xy %)) =50, %, x{ ) & M[x]-xj| onS
and if Lo, £, , Pos B, 20, Lo+ f. >0, Ao +%, > 0
B, + JB, %> 0 then the BVP (2.1), (4.1) has a unique solution

for any /‘)‘ and P




For several other results for EVP (2.1), (4.1) see [;193. "
[22,]_ - LQ?] » and for the particular cases like BVP (2.1),

(2.2); (2.1), (2.4) or (2.5) see £281~E35 j

5. BSome_ Internolation Theory.
In intergolation theory, the following inecualities are well
known

Theorenm 5.1: [361 Let X (+) & C(h)gq 3 5‘] satisfying

(3.8). Then

-

e N N -R
| %y ¢ ka (b a)

(5.1)
_h ‘:O) ,} - A | "Y)~/
where At — ™M ay {;.((77)(5” and
WLt <} '
-~ L
T . (5.2)

> 1k o L
‘Q [h,ﬁ;}!
The proof follows from osculatory inter claiion Soruula

X (t) = :”";" Pty X p)

where p is in (a,b) and P{¢) is defined in (3.9). The kth

derivetive of Y (+) has at least n-k zeros in (a,b). The constant

Qi-w, k. in (5.1) are obviously the best possible.
If we consider orily the segment [&) 3 qj s which corres-
vonds to internolation in the exact sense of the vord, then the

inecuality (5.1) can be iaproved,
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- 52 s (M3 : o : :
Theorcil 5.25 iet X (t+) & C )[:@\;3 qu_J satisfiing

(%,8). i1hen

N . X _ '7\7'?“&;
(k 18] G 3 \

[} g G,y ™ G T (5.3)

‘ L{I ")ﬁ !) . - ) M -
where "= Max &‘X€?”/%)? and
oo™ o0 R i
. s 3 Pl 2 o o |
O (roll (5.4)
k=1, a, <« - <> ™=,

This thcarem has been proved in two differcnt ways one usi &, a
theosem lue to Krein and Milman concerning extremal noints and tho
second using a suitable integral renresentation of 20 (H) .

Hukuhara Y:§7;3 indicates that Tuumura f:}B:l orovéd this result,
The

this result hes also been mentioned in (391 - 141},
* : " -
constants <;7’)k,( kzosly =« «y4 m—y) are the best possible,

as they are exact for the functions

W‘\-'{'

M,y = (b-a)) T aa—t) g ) = (k-2 (- )

2i1d only for these functions, uruo a constant factor. Waturally

e ‘* o . - .
the coustants C‘V‘)h are free frou any nature ol maltinlicity

at the noints CL; y 1€ e A . If we assuie = Yn;r;(k,.kv )

—— -~

then we obiain the folloving
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Theorem 5.3 {42:] . et D(.({—\)G: C(ﬂ»['q-r} q&}.

satisfying (3.8).

Theh

% N -
I x Ml ¢ Cnh om (ag -5 7"

Nk (5.5)
kf’-C} ’, v 1 ey mn -y
vhere w z YNAX An) pu b, and
C«::jt = . ex-n ’(('4 k sk
. 'k, (m-Rk) I k) —ktt) (5.6)
SO0l » oy K |
X o k

C = -

Prarg () (rew o B

"L“ - ,}} ,(’ :‘ ‘ iy ‘ ’ M - ’(»' / »
' X # -
The constants (. are smaller than .
y R sk
Proof. PFirst, we shall prove for ; - ., ; . o
Since R, + and 2(,2 + is the wulti?licity of zeros at
L £

Q‘and C"‘L regpectively wr L.lld that };( (¢ )Y will have at leas

) zeros (counting w.i’ch multinliecity) in
k,-—k. -1'-!) at A; and (ka-k -?'#) at K,
erine, B(&)= Wiy

) then we have

Rlay= ®'@pyz o - = g B8y,

Ray) = £'ay= p (Ra-h)

. » - b

(Ct._,l) =0
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(k)
where @l , { denotes the point where X (4) vanishes in (2,;%,)
for two w:.fferent ty 4 ! may be same. Now, using lemaa 3.2
ve find

: - , , En—R) -
= | Res A Tends

{

or
. A A
(m—Rk)
5 & Yo 5 ) ) 3 {9 (£, 8)] as
ol £ Q;S{SQA‘ IR o
. = m _! Q &)
(n-k) !
where ( K I )
Ri- k41 ka——ﬁ-é—i Nok-RytR72
QY= Ck-a)) (an-t) T ey ]
L=} ?

R=o0,t, » > 5L

| : ' (n—f
and Z‘h (+, ~) is the Green's function for the BVP R ’k)(f) -0

satisfying (5.7).

Now to »rove (5.6), sup»oose QR,J <+t <L QR, PR

then we obtain
QY £ -4, (an-t) {

R ey kR4l ' :
J({—q\) h (a\,é-—-'t')’( k ‘?_’ 4’({“)) '&-(ll?j, Q/;"t

< "
- l(’c-»u,)g{—kdk‘ (antY =4, t-q ca,_ ¢ |

k(“k*‘}‘;“\*l m‘h;"}-‘—f
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where in obtaining 4 (+) » ve have used .-k, i ] ol b o 5 0

iy - 1a - - R 38 » & ‘ ;
(since £ M-k, - k., ~ 5 and | b, > ) and F(t)
o fram 5 : y hanlrrte -3 :
follows froa k'_,9(+ d>n - Now an arsnlute maximm of
is at \
N -1
-k

+= {L‘.4~ Cflhzmili)

and of W(t) 1is at

L+
+ = a Canq -
§ ¥ | -k l}

i

also, an absolute maximum value of h+) and §(+) is sause which

is
: Y~
S QAR -k +t
¢ -\ (= kat) N
Lh~>k$h_k |
this proves\(5a6).
* % ' R

; : " e ,
To, show that ("“‘k‘ are saaller tihaun N~y e s WC Low

that

, r -k n-R, ' -k k
de) £ I (#-a)) (ay=t) + == (£, = ¢4



~
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. ¥ . .
and for k = Oy c;% (+) has an absolute maximum at + =

2%
(vw-1) G :
-—--.?._fi_t__q_f also in

\)

| o
3
E
o
o
&t
H

* .
and 4 (&) has an absolute max

)

aF 2

" —]
. . {m-—t
poth the cases the absolute maximum value is :_l_..?__..

| this proves for k= . For L > kR > 1, ¥ ¢ty has aa absolute

—

naximum at ¢ = Q A nd ‘4’*(“»‘) has an absolute maximum at t= “

galso in both the cases the absolute waximuwn value is k/,n .

Now, to prove Kk = #Lat, LH+2, . -+ -1 y We observe

$ that x(’()({—) has one zero at CL*(G%- 0»41_) and at G\&((ﬁ @,“) may

be more than one zero, also at least M-k - R+ P P '(QU G‘")

counting with multiplicity. Now, we define -E\U:) = XC’()U;) then

on vsing theorem 5.2, we obtain -

- = R

(k) | R m (a,-a,)

| €7 (01 £ & !
(=<} (m=-<—k)!

k = ‘) 2’ - . - s ‘I'\~—<&.—-‘

ok

which 1 6 it , see that C¥ > .
ich »roves (5.6). Also, it is easy tg see tha my x4k 3

PR

{ This com:letes the proof of 1 e Theoren,

<& ¥
Remark 5.4. The constants C"")ﬁ' ,h=o0,1, c o0 50¢

£

#

- . o~

can be obtained using osculatory jnterpclaticu foxmula sec 43 j .
. % . . o A

The constant C'mo is the best possible, as this is exact
] for he functions

P — o]

LS
X ) = (J&'—éx\o (Lq,h_r_%)

L+t w0 = |
X, (+) = (_—&-—a,) (Q,L,Jf)m =

§ and only for these functions, upto a constant factor.
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For a particular case: m =L A=2, <z, t 2.

x(a,, = x'a,y = x(a,y = wtio )y - o vwe find fhe
A

following coiparison between C * and (
‘ o Yk "k

L 4

-

£ %
Cn

S e - e A

| —
i Cnak

1 R S W e

k =0 9/2048 1/384

o e e A e m—— W o

k =1 1/24 2/81

s -

o T — A T w prm s A =

i kK = 2 1/4 1/6

. s S ——

i . - 3/4 2/3

|
l
|
jli B B e
|
i
|

T

(")
| meoren 5.5 [42] . Iet )y & C LAy, qh]

sotisfying (3.15) or (3.17). Then

55( Cky
n | | %

~

] < A,y w (3,4,

where Tn = MMaxX ’X(m(é)fand
- Q‘sé < Qay

N— R~

fr ‘ &‘?w... - .

fli ~ R k&¢ww, \ -l > Pk
| (. ;

. (" -k} (“nn.lz)“~h

} |

| ko= ' Y or-t=ho= R (5.9)
-k .

Ly — oo r=I2Pz R+

(r“b}(nu}{;{
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Proof. First, we shall vrove for g« k « [ - The function

»(t) satiofying (3.15) czn bs written as

B {h)
¥ty = — % ‘7, ( ‘*’) 5) x “)( '33 d.A

i

neT(

> - z R TR, . . 2 2 3
vherc v, {ty ») is defined in (3.16), and hence using lemia 3.3,

;
1
|
1
4
!
|
i
!
|
]
,‘f

“ k. ;
g S § « A v % (tya)
Ck YA CL M f MY S = ) &
i }{,Q&\Q )’ < YIS, 5, g Rt C,x‘-i" ‘ . YR A

£ a stza, Yo, o
AR -] G ‘
-~ M { L{‘-—%') K x A~ Ay - t - Ay \
(n-f:g;.,g]{ L. i~ b EAEN

Similarly, for the function X{4+) satisfying (3.17), we obtain

on using lew:a 3.4

s —-

1] ¢ b (e, \ e
(n k1)1 | ’

= JJ’\ {(t) (Pay),

el absclutce maximum at ¢ = < -+ ‘/zn”'yQ ~11 Ca, ) )

if 3 = !:‘ < r -1 and at { = ay if k

1. .
»_4-»*); ‘+ attzins an absolute aaximua gt

<r- k-1 (a
n-p )

S S N Y P S

./’;\,"'“”"ﬂ.‘) ix iw.:. & < vs_.j and
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To prove for § = }:%[, b+ 2, 8y N~ | we note

55

thal for the function X (+) saiisfying (3.15), 1((p>(f) will

city). - Hence, if we define K ({) = :x‘b)(%) then on using

Theorem 5.2, we obtain

; _ b \ n~p-
R Gb (ol T L)

the resvlt follows analogously. This comnletes the proof,

possible; as they are exact for the functions

n—| 2n ~q :
X, () = (£-a,) —t Lt
| S
y N Y Gp-~a G, _
X, (4 = (Gn ~#) —— 2=t

‘n-'b \ ”

and only for these finchions, up to a coustant factor.

An-n

v.ch that

-

€ % g a, & v £ Ramey, € b

have n-z-1 zeros at @, and 1 zero at a, (counting with multipli-
J A & :

which proves the result. For the function X (¢) satisfying (3.17

The co.staits 5<'n/‘f2 (&;0) I, + + »y m-y) are the best

The following lemaa is an easy consequence of Rolle's theoren

Lemaa 5.6. Suppose.fkifj ¢ C E‘ﬁ, E:] arrl has at least

I zeros on {:a,b:] - Then we can find points %o, Apy > e r s a22x~
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and
e (n -2 ,
0= X,v;qa\,,: XA(Q,):' s r v Y 3(‘&.”_2)

-

= )((—n'”(q-‘h-;) . )‘((’h“l).( G‘)\}

g
=

. s o= 3:1((&2%_3) = 7&(0‘-2«”“1).

. {- )
Theorem 5.7- [44] et X ) € C h)EQ; b] and satisfy the

condition

! Etn-1) . A -
Y(ae) = X (3= » - =+ = X (& - .
‘ 1) =0 (5.10)

where Qg 4y &y , - *+ * @op_y ore certain points in the interval

{a,b} .  Then the estimnate

xw) ¢ G, (hed T, Tl e

is valid on a,b] . where the nuubers ( . - .y are defined

by the expansion
R iy
P S

CU
low b4 A b =1 + 5 G 7 (ftle
Rz

This result has also been mentioned in EﬁflJ , 2lso in [45}

Levin express the constants CK in ternas of the Bernoulli nuabers

and Euler numbers.
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Teoren 5.8.[13}, [41), [45), [46] zet
X({){:‘ C-“w[a’bj satisryving (5.10) vhere U,

M e
a. < . . . L a égo Then

— h"’

!

(h_a)h |
~ ) D))

where - - TG L ( )((“)(H’ .
actey

xo) ¢« m

Proof : From the identity

—~
-

(5.12)

a T ) ‘a-:.,‘-
i ak*ﬁ 0”'71_,, h ¥
a 5 F(f”
we obtain for ¢t < C&h
ho(b e
J ) (r) | mn
[X(M{i)léjf 1{ o J{ [~ ”n%)l Abn_g b,
} 7‘";7;-! LA ('i.;" 1'
Loy &
& ™ (b-t) . (5.13)
(k)
In particular.
£ N
j}'/{,)/ < 9 (E"Q’! for o a 4 < ey .



' OLL {
[t &t\ R ey o ’
Xy = o Jg th | T () by by e dt,
B \ 7 )

| x ] < j: j@" ‘ j T x Mk diy dey - dhy

v IR (k) ({__v/&)k;v(, ’ . /L
g: !@.IM ("“i ‘(ka,.'-{'l’[ ek (&-74)

In narticular

b b
| xcH| < m l (b-s) "
" (h-;)‘l

Prom (5.13) and (5.14) we obtain for kal < t<a

¢ e

i it

=
@ (n-k)f Ce-1 1 ds

, I -
2 f (b-Ay7" "
a (n-ky] (k-1)]

Ch-aj™ [Ms;‘) Cb-—qf’.
= m - , = ™ _ ——
ﬂ(ﬂ—k)! (‘L,.,,’pg n-k ‘)«{
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When k runs through the values {, 2, » . - 3y M the binowial

cocffici mt %_ =4 1 takes its maximum velue for k= Az )
i '5’10-&“}‘ &
anid hence (5.12) follows.

The inequalities (5.11) and (5.12) are e best possivle.
In fact in (5.12) fro: the proof it is clear that the equality

cannot hold unless x(t) is a polynomial of degree n.

Hereafter for the function X (¢) € ( '[ a, p] ve shall

denote the conditions

( (%)
X(Q‘)?.Ahi 3 XI(Qt)-_-_ A.J;L' s v X (q(,):- Akh"k!,
” | )
Qca, <t - - » 2, ¢b, ot kg

and : : L=

0B, , .
IL(&”: AL g L= Qyly ey Mmoo
o | B St
. (b) ; '
X b'(aa): %P ’ (o ¢ pgmn-y)

also

X(P)(q,y; A}, , (O p & meoy)

xch B i |

a - ‘ - -
g (_ ’2)‘” -)(} i = O} ;, . . ,-; ”~z‘ (***)
e function X {¢) cen be written as

i 4
X (£)y= k& {t7 «?{

A {n
(" « (i— "5 ) &
N G 06 ) Ay d4s

(5.15)
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Whero J’z[{.) is polynomial of degree (n-1) satisfying (¥)

/ (**) for 4= _ and (***) for J = 3 ; also

|- |

i e <4 ‘ S : 3 N
v Gyl a)= a4l '5)) GF Cf’) s)= - K le; 8 Giadly 2) = ~ & 8, 0)
g

; Thus, (5.15) is the »olynonial internolation forwulas for the

function x(t) with the error tera

Ay
P} C (+, ») K.{%) oln .
Eltlz j hy € 52 ) (»/:s)

Ql

; . y
‘The function E (#) € C e, b] with E ooy = ey

for ai: 1 and  — >( (+) - for J‘ -2 oY 3 satisfies the

hypothesis of Theore: 5.3 for j = and Theoreu 5.5 for d = = 5 PF
for a; = @ 3, asn = b . Hence, we find that
(k) (k)
FER ] = [« - 4 v

| 'S ANV L
é ( Tk P m,}h &"'y)«,
k g(ﬁ) | 4% d =2 o2 3‘}/‘

This gives error bounds in nuaerical differeatiztion in teras of
onl; nth derivative of X (+) and not in ter .s of higher order

derivatives.




R 5 =

4o

6., Existence and Uniqueness

Here we shall consider she forllowing r..h order differential

equation

€r . (
PRI YA TIE ST I A £ (6.1)
and thé boundary conditions {*) or  (*%) or (*%%¥) - equi-

valently the integral equation

A ,.
- : )
Xlt) = ,éé('f‘)-f- J Cﬂd'ﬁi‘, 5) ‘f‘(‘ﬁ) X8}y x (8)) " ¢ ofy

A

(6.2}
where Aﬁ;({; and C%; (+, %) are defined in (5.15). The
function £ we shall asswie continuous on [ & AJ X RV'H through-

out without mention.

. iS00 ’ S v N
.Tl’leOre H 6.1.»‘_ 4—2]; ![43:} ° Let k; >O) (=g 1) P -jQV
be given real mmbers and let Q be the maximun of

| 4 (F, bo, Uiy ~v -y i.&ay_)[ on the coupact set

{/fu Loy Yy ‘1‘,’{"// G'd’tﬁ&)/uL/‘i"?KL‘y
L = /)} ') . ’ "T”/j‘
Then, if
\ 3
o 10) . . .,/‘r)-—»;
Lo ax ol s kg and (beaye [_Se ) (6.3)
agtep Q<

L=0y Ty g the BVP (6.1), (*) has a solution




4%
2. incase a = 45 au = N ‘,/
Y¥ A 3L i p(‘) i ¢ \ .fj l'(kg_ v 5
[ 7 (6 % !44. i C < ,QW % %
a << aG, \f T
’e (6.4)
- i 7V tpe BVP (6.1), (*) has a solution.

3, in case @, = « 3y Ap = b

(i) k. \/T-L
RG, 1( {ﬁ) U.)I-L f( Aaned (Qm" Q() ( L T
a,; ctean |4 “23) & "'<*n) ¢ / (6.5)

SEX-TR FERERI 7 Y the BVP (6.1) (*%) (or (***)hhas a solution.

Proof. We shall brove 2 and for 1 and 3 it will follow

-

arielogously. The set _
: (.,:) y o
bt“"w"f‘ﬂ: { X (#) & é: LQH%J xS LK,
JZQ‘} ,) * ¢t ‘i/‘{

NaQ Y

MHere Gy — [ e /
vhere || x| = G 4t<ay )| is a closed convex subset

0. the Banach suace C (v} a,, 7 J The map iung

Uf La!)af*_] s Q L."LU Q/z] defined by

“a
(M) = /Q,CH+L G CTRCV RS V) s.6)
!

tely coutinous. Also, {T){.)(H e ‘Q; (t) satisfies
e Ary ()
conditions (%.8) and ("T' ¥ ) (t) — [l

{06, xwr, - -5 xVw) ia
hence || ¢,y 1= g

[

is couple

() =

"""""
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Now, using theoren 5.3 for

xidye BlLw Ag) e find

- % ;o - '

. )h*c
D RN A — 23
X - My Y e

and hence

’

. : t 7 e | \‘h”é
[T e < ek | ol +Q G (Gamay)

My e
e /
a, CTLq,

¢ o; 1y ~ 4 oY

i Thus, condition (6.4) iunlies that T
|

snaps B f_ gy Gy J into itself
It then follows fro: the Schauvder®s fixed voint theorewm that T
a fixed point in B [&,, a5]. 7he fixed point is a solution of
(6 . 1 ) k] (‘?‘:) © : ‘

nas

Asswie that the function f ({") Lo y Lyy = ey Wy
satisfies the following condition

) Y .
| : . . L(
/&4(.&4 @ s Lix) LI A 3 u¢ } ’i Cf’) ks l C“L‘ {u}’ )
;J“__‘_Q w7
vhere 0O < e« { )}« | Tor J=a, f

J } v e J ti// o %eng each
~of the BVPs (6.1), (#); (6.7), (*%); (.6,'5), (*%*%) has a solution.

Lexd, we shall give another existence theorem for the BVP
(6.1), (*): aua for (6.1)

23\
\\,)gfl (""(-',.

) (6.7), (**%) i4 will follow
avalogously.

We shall denote

i}./_. - 2 : ) &
5 - S ¢ L1 a.
Q s '{:,_.« C-»)j L ;"'5.' ) (6'7)
o B & '




u‘/
' @ - 2 ! ic <. “‘* g—‘ ! ' .A\’.!
| $ s o 1 My s s u)l £ L, el (6.8)
2 =

for all ( by woy W,y ot LL.&-V) & ﬁ:(\,, 5 st,j . Rﬁ’ Al i whicre
} ~ » 'y ’y) Sa—t:ls.fy
the inequality (6.7). Then, the BVP (6.1), (*) has at least one

I is an: nuamber, and let L; (i=2 5 4

solution for any A L; o

Proof: Let

— ™M cvz L ly(m{‘t’)‘
Toa, ¢tga, 1_0 k. ¢ J

Define } as the set of finctions n tiies contimvonsly differcntie..
on th » Qm} and satisfying the boundary couditions (¥). I -
introduce in M the netric

7

™ gy — 4|

(s % EM’)

(x,4) = CJ:Z;/}\ x

then, M becomes a Banach s»ace. Define the aapoint T:M — I as

- . * 5
in (6.6)., ue shall show that the uanpint T wans a sphere Q-EQ

radivsg . f:i’_ﬁ of the soace M into itself. Indeed, if X ¢ i~

B '~ O L+{ the
f(x) /Q‘)S Ti(‘;“ ’ en
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Ferx, L) ¢ a,%:fq | e, Xty Xy, v a3 een)

£
X ()
< 4 ,ax g LobOve-gon 5
- G..' é‘t‘ < C“’L L=O “)
{e
4 |

‘7\/ .

~sigue (¢)

¢ L+ d+ T 2L oew-tyeny ]
ojitiQ/; ¢ =0 : '

< L+ f+8  Mex | |
wetsa,
< L4+ L+0 %—f—;
- L+
'\ -6

Then, it follows by Schauder's fized point *heorem, T has at least
one fixed point. The problem (6.1), (*) has therefore at least one

solvtion X (¢) satisfying the condition

L {

| -~ & .
O (e eteay)

| x| <

Hence, froa Theorem 5.3, we obtain the inequalities

() ) Ll B
:j X u»)._Q, (t}f,{: (:n,g ' 4 (Q’L“aﬁm -

L= Oy by - ooy M= (:Ctzi“‘-‘S’*‘A,),
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The following narticular cases of theorea 6.1 are of inde= .

-

nendent interest (see g L 49 g Jg

1. The BVP

ov

or

Xtepy= A, X @) =B, xta)=C

has a solution, provided

v . ol .
\ﬁé(t)gg‘ e *ﬁ;ét\t < Ky L wl 2 ke, a=

&y 3 \ )
81 ko [ & \*’2 2Kk

: ‘ g 5/})
(Q. A mqu < N Z ""&”""“‘*““‘) - " '\\\

b - @ % 3/ J -:i-/b\

where ,9% (ﬁ“) is the secoud degree polynowizsl =% =fving (6

d=1| , (6.11) for j = 2 and (6.12) for j = 3.

2. The BVP: equation (6.9) with

X (a4 = A, TX"(Q;‘) = B, %)= C

oxr

o

Yy =, Xlap)i=B, ¢

H
M

(6.9)

(6.10)

S
N

i

i

H

4N o
b 2

(6.13)

(6.14)
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olution,; »nrovided

S
| | Y 01 ~
%95;'5%')[4‘;\(0; 1 Q;C.{:“f: Ky y ' Q; ('t){ S‘K'z_:? szt

P

\ 12
o 2V3 8k YE i
((L Ql) < YN g {( o ) 2 (\ Q’> J (’}\__f

where Q;(t) is the second degree nolynomial satisfying (6.13)

for j = 1 and (6.14) for j = 2,

<

3. The BVP: equation (6.9) with

1 e

Y= A, Xy = B, Xa)= O
or

)(.“ (Q;} = /‘\‘9 ’.X_CQ_,A*) = B 3 3(' (a'/l) - C

(6.16)

has a solution, provided

Ny / L "

< L vy
14, Wl < Kk, | L wml < I, 127l ¢ vy i je 2

Definition. The function ﬁ;Ce}L*GJ\A’) Tty Wy ) is said

to be of class Lipschitz, if for all (t, Woy u,, - - -, %y ),
- el

v . — vl e is

Cf) oy VY 5 s YY) GLCLU %,]x K¢ the following i

satisfied

\~f(&}‘*o:‘1u Crr gy ~£~(t) Viayg ¥z 2 =3 V%JJ (6.17)



Theoren 6.4) (42§ Let §(t, u,

{ o =-v $\de, }Satisly
L Ge ) y Yo, ™ ? ‘V)

} 3
the Lipsciitz condition (6.717). Then, .1. ivr B« | ; the BVP

(6.1), (*) has a unique solution, for any A 2. if

A

_ -t
o = L, Ca,-a) e | (6.18)

Lig 3!

M B
x

L=

each of the BVPs (6.1), (¥*); (6.1), (***) has a vnigue solution,
for any A aud BL°

roof. We shall srove 1 aud 2 follows analogously. ¥ie shail

P+
e e z

show that the uapping # defined on the meitric space I (see
theoren 6.3) is contracting. Indeed, we find that for ?Xw)Axw &

s g . - ™oy 4 i v

= e xw sy xlwy, 0 g X
o

¢ Max 5;1 o €y ._(L) N

T qetea, T

| ¢

{

{n

g e 7w - 23 @)

sl 4;'(."
a, st 2a,

IN

i

8 F(x,, x,).

Thus, the :apning T in M, has one fixed point, and this is equi-

velent to the existence and unigueness of the solution foxr the

droble: (6.1), (%),

e e
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The fact that T is'in M a contraction map ing means, amon
other thiags, thét under the conditions of <heorea 6.4 for the
exisicnce of a unique sclution of the BVP under cousideration, the
#€thod of successive anproxiiations cei: be zpniied. The rate of
convergence of the solution will be not less than the rate of
convergence of a gecaetric Trogression with common aultiplier &
for (6.1), (¥) and o for (6.1), (**) or (**x),

The followiug particilar cases of theorem 6.4 one can find

in [ﬂS:} "

1. Each of the BVPs (6. 9), (6.10), (6.9), (6.11): (6.9), (6.12)

—— L CQL "'Qf\) +~‘~' L'l (q/l__q_.) +""‘L— Lafi C\,)<6 19)
81 L 3

‘ S
2. Each of the BVPs (6.9), (6.13): (6.9), (6.14) has a unique

solution, providcd

—q)’ L Gama) e b Ly () <
L= g ~ ’ (6.20)
{9
3. Bach of the BVPs (6.9), (6.15); (6.9), (6.16) has a unique
solution, =»rovided

o 2 -
jg.Lbii&ﬂ%)ﬁhiin&Mrﬁd“Fkg(@a*qd <t

~~
N
o
N
Y

N
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Theore: 6.5 [45] . Let Flty o,y » - * 2 Uv) satisfy

~ z, |
the Linsci:itz condition (6.1, o« Lf.) b_; * V"“ . Also,’ !
ascswie that :
S
B = > L‘b-—k(b‘v"-)k (6.22)
S \w [ &) | 6.22)
k,:‘?\-—-cv é I‘J

Then, the problew (6.1), (¥} has aluost one solution, for any f

Proof. Suppose on the contrary that the problem (6.1), (%)

——

has two solutions X (&) and §’{_Q—) s then if wve define «Q\({.): i(ﬁ)-‘}-(&\,

satisfies couditi ns (3.8). Then, by Lemma 5.6 with gy 4 = £

~

setisfics conditions (5.10) on a subinterval Ea,cj and the sa:ic

conditions with the inecuslities bdy %) oy, v ' Cgm_’k

reversed on the comrleaentary subinterval c b7 . One of these
™OoA =l

two subintervals, sa; Lag } has lpl‘lgthA(b‘-ﬂ.» . lloreover

the intervael La,c7 is hen-degenerate, since h(t) cannot have a

zero of iw:ltinlicity n. Apri:ing thoores 5.8 1o this interval

we obhtain ¢~

A VY
VL~ NE]

weve Atz X R ] Buk f pome Telws <]

- | (n- k)
<EL . ET Ve
k:’fi—?/

(6.23)

< mp,

Xao
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Evidently A »>¢@ . since otherwise £ (+) would coincide on I:Q.>(_:%
with a poiynomial of degree v & » and i "’" 3({») would not vanigh
on [as cj . Hence B2 . It only reasins 1o exclude the
possibility of ecuality. At least one of the nuambers Loy » ¢ *p Lo
is different froa zero,; since otherwise ﬁ(lz) would be a polynouial
of degree less than n and could ot have n gzeros. Thus if {¥={
then ecuality wmust hold in (6.23) for at least one value of k.

This is possible only if h(%) coincides on [a,cJ with a
polynomial of degree n. But we can take Z to be any point of
{a,c] s and ’ ﬁ(”’k)(.c)‘ is not constant on [_d,c] for any

R=n-V, meqail, =« « 3 M . Therefore also in this

case we have P >[ .

Por some ..ore results siuilar to that of Theorea 6.5, sec | X

N

The next res.lt is for the linear differential eqguation
(» , (n-i » - .
X )-_‘,. b,y X b e bty x = iy (6.24)

with the boundary conditions (*). This corrects an error of the
result given in ESll , see also Hartiaan C46_} . In (6.24),
functions h‘(\p\’ \91({,)’ .o+ s b, () and £(t) are continuou:
over ra,b’\ .

Theorem 6.6 The »roblea (6.24), (¥*) has at wost one solutio
for =ny A;,h ~rovided «maX ((&1, 3 &2)5; {, where

, (b))

(atb)/, T - k j 1.2 R

/l < (_‘3-51) & lbhd—t( )

" W,(a)fd‘),{._ -
k= 2h ok faa]) [A])

Q, = (exp |



5%
s
(b \ Tl (beay {{ %)/1 ;bkﬂmﬂow
Q= (cxip UF,(@)\M 7 0 }
b - K S T
- k=l kg A

Proof. Define the function h(t) and the subintervals
Eaﬂc:j [cﬂb] as in the mroof of Theoreu 6.5. The resulting

differential equation iw h(t) can be written as

o _ | o= (m- k-0
(“KL L,f)) ﬁxb(ﬁ: )a,w}cifg)) Z_P @ K L) axp\g P‘m);x]
| R=t

Let M = max ’ %Lﬁ*’)(t)lo:rl [;a,c]er-fzd let
| X0 (a)] =M, &£ A4 <& b integration over the interval

\, L__t gives

mexp (I b m)< ;:::’; ® T x

‘(&Qexb iq \o'(o)ciw}) { }D&qféﬂi i,

By theore . 5.8 and

S, hods) € cp (§] [honde) do asnzeec
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.y
(e f then )
' k=¥

Similarly, | )k
M-y (b-¢

;<\(&x}>j Mu) bds) > L [BL [‘g::“ * (6.26)

R=t
jb b (0] db,
C R+t
Since, either ¢ g 8l cor <z A2 that is (C-ay < ‘¥‘;-i§k'
or [p- < - s (6.25) and (6.26) iaply that either ¢
or (;“l > e

7. Lipschitz condition over a compact region

In general, if the .umctlon .jf\.(lf~ y} v ,,') ),C V)) satisfies
the Lluochltz condition was over a oomact region, then the BVP
under cm‘:;llderaulon may not have a unique solution., See exaunles
1.7-1.9. Here we shall show that the function 4 need not satisfy
Lipschitz condition on L‘;u\? y a,&) P ;‘(V""i but it is sufficient
if it satisfies Lipftchitz condition over g pro‘per coupact set

(defined in the result).

Lemmng 7.1 [523 Let T wap a ball B = QV. DW=l & 24 }

of a complete norumed linear space (Banach siace) S into S. If
there is an « & (Gy ) such that for W, v & [3
A

HTw—Tvill £ o u=Vvii
(7.1)
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and if

(T2}
D74 -l ¢ m(1-x).
Then T has a unique fixed point y in B, If T maps the ball B
into itself, then the condition (7.2) can be onitted,
In the following theore., without loss of generality we shall
consider only the gero boundary conditions i.e. 'all the coustants

A A . B aprearing in the boundary conditions
Ly k 3 L3 L i -

(%), (*%), (**¥) gre gero.
Theorem 7.2 [427] Let the function §(§.} Xy "y« o - 1.('#'.‘;

satisfy Lipschitz condition

1. on

o ' ()
1;, = {(J:, X)) L st gay , xeb) € C CQ:) Q""JH (7.

7:3)

& | ' _. g
% ){f)i < N .wg_?’ua e e, 4Oy by ey G

where N. satisfies either

' , WPz
m (q’l’ q‘!) CTUO =N -6) (7.4)

if = max H—Cf, 0,05~ -ya)| Tor & <tz a, or,
merely

* %

M (as-a) C1F 4 N

(7.5)




YA
B

if M = m.g" \ %Ct;’l(’c)} ‘s X("V)&)”}is defined
~ - : |

in (6.7). Then, the BVP (6.1), (3.8) has one and only one
solution X (t) & I)‘ .

~

2. on

‘ ‘ | Cv) :

. . - : (706)
(ay;, X 3 .
‘)C. ((’)VS‘NM—v——: -jJ:O}g)v‘a,V}
) a(’f‘;(‘S ((‘&,;‘“Q,)J J
wnere N sagtisfies either
™ {a "
" (o) Anyg £ N U= .
or
' »
t\/‘ (Q/‘L.““ Cg!) b<"n}.° f:, ~N
(7.8)

where m a:d i are defined aoove except M here defined as the
saxi.qum of b{.‘ taken over]}l and o( is defined iﬁ (6.13).
Then, each of the BVPs (6.1), (3.15); (6.1), (3.17) has one and
onlj one solution X () & j‘“\z .

Proof., We shall prove 1 aad 2 will follow analogouslin Let
the space S corsist of q tiuaes continuously differentiable functions

on L ) &‘/‘LJ vith the norm

¢ * %
o]y = Mox I Crie C0ma) amax ESESN
O LdLy 1’ C_%%' et da, .
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) o ) £y )
We shall siow that the msp-ing R S = ! W@y oa

.

satisfies the conditions of Lewmaa 7.1, where

Fasd
£}

- O‘CL/‘- 3 - . Yoda (77 O
(7 Y (+) = ‘ JUby 2) T2 05),0 vy X (%)) as M09,

Let X, ()=  and B be the ball{urés*. Hwil < N}f
% _)\ At Q_

X, (£) © @3 , we have on using theorem 5.3

; (4) R Vo

&
. Cy | B e AT
ay \fg'\(%} X!({*)} s s by XI )U;}) o g-(.{—) )(lkf)} ) l.z
CL\ étiq’t G‘/ 5
r i (e) & ‘
* % 4 max | a X, ) = X, ]
/ oL » j . |
N ny y4 Q A l) a, ¢ te “, %0 .
Y -}#*’
F % ) m -y C'nr,t
= L”“)i- CK’\“*(& ?__ by ¥ x .
L5 CV’%O Q}K,&., l’)
(1> = s )
and hence
* % J ., -
¢ a - (") C-J;
ijf*)q C,{.ﬁ % ) 1(7”“11) ($) ~— (T)(:{) (+)1
K % ‘
‘C'r‘:;_; /
4, P ",




Next, let (7.5) hold, the: for any X (&) e R
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from which it follows that

N, - Toxgll & Lo, — x &

To apply Lemma 7.1, ve need to show that (7.2) holds. Iet (7.4)

hold, then we have

x _ oy K 3 ) "”""*; -
KT}"‘O.) (ﬂ,’é Ch;; (u\"“*”a‘) CL_?;:{Q Fley 050500y
g st gay, \
Ty %~)J
< C,»“” (an—ay) ™
or
* % L
/‘%»q)
,\r\;o p, ' ( _ %~¥
%CTXO) (t)}“‘ (‘&”‘Z“Q‘} m .(<*n,@
C%* ‘ .
Y

c‘.'—;.o’ ',iii",cv‘

Hence, we have

f T —2aff <« N G - 8]

s we have

] X“)&)} < - _\Jh” e N
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hence, by the hynothesis M :: "?;.X l{_«(f) X (‘H,
=&

” ¢

and it follows that

| i) € O Lan-a )

Y\,}J_

or ,
* X J
Cryyg (3a—ay Gy 5 -
o e ) | T (] & (=) ™ Camso
g " . < |
By c):t’_)) l‘; c e Y,

Thus

BTl e N

This completes the proof of the Theorem 7.2,

In exgaple 1.8 (A= {) s We have Cﬂh = =~ and hence

>Jo g

2= (1(*-') X)) o gbeg y X e, t 3 i)‘(ﬂl S Nj

and, we find Ly = eN som =1 , M= N . Thus, froa
Theorem 7,2 if _

8;{8-»6"&<f v N < fog 8 = 2:079 7403

and

(7.11)

!
s < N Ci 7 )




o

_ gt g N (7.12)

there exists g unique solution. Clearly (7.10) and (7.12) are

satisfied if §)‘a§'i<: 2.079, this is aglso clear from Pig.2.

¥ 3¢
In example 1.7 for the problem (1.6), C“)O and %remains

saue as above,; but we have

Lo= 3 "] wt) 4 3t]= 3CN+s),

=~

Thus € - % ( ~N-+ LA) < | , which is not true and hence

Theorem 7.2 cannot be used.

In example 1.9 for the vproblem (1.9), C"";o = .é... and

:_D{: {({-} () ﬂgf&l , xY e [f\;l] 3 [3&)[ & Nj

and, wesfind Ap=4,= 2 L..Q :% «é——»‘i N Y = 'S‘j{r
M= 2 4 2Nyt
TT TR 5 N '
Thus, from Theorea 7.2, if
=L %‘*N}Lﬁ<‘ i N < (7.13)
R 2 -3 .' . : :

2wy X“’L < N (} ~§m~-$;4\}0'2/§§ N(t—~N)
: & ’ = (7.14)
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or
(S L T NP
(= AN+ T 2
Q(Lq -2 I
N T
TN =N

there exists g vniqve solution. But if (7.13) is satisfied (7.14)

as well as (7.15) cannot be satisfied. Hence theoren T2

used here,

8. eight Function echnlque.

e v

Here we shall employ weight funotion technique which
previously used by Collatyz {:5?]‘, and show that in somc
cases where the exnlicit form of the Green's function and
its properties are known then one can find better.results
obtained in »nrevious results. In so.e cagses one can find

possible results also.

Theorejs 8.1 [42] Let the function L( &, %, . . .
setisfy Lipschitz condition on E @, C&,LJ X R‘V*ﬂ

Then, if
e | v \
L j * { REIL D EEEVI E LT oY
w () ¥ ¢! LTo |

the BVP (6.1), (*) has a unique solution for aqy‘AL”’k

845 J,&
2.;}-{;—{:)5 {I-—;—:?J..@gz L N}b)}d&( ,(‘4“

I =

the BVP (6-1), (¢ 4) Koy a Umiqeg, Aolubion f ond

Ak tnd B}@o

L ) | e . . _ e

(7.15)

cannot be

is
barticuld
soume of
than
best

: chv))

(3.2)
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B
. € o7 ?
xf LY e I.‘} A\l . =
‘ \. { l > '{‘lﬁﬁ) 27 S Pk N
— , ‘m»ﬂhmmwwwg Vs LW (AL dA € K4 L
A E‘w i, sgd J e 82
«:!:O, i} B U %’
the BVP (6.1), [(*%*) has a vnigue solution for any i\P and B; .

The functions P Lz o, . . ar )} are vositive
L 3 Qy ly » y 'V

or possibly non-negative continuous functions on [}l,écya‘).

Proof. Again, ve shall prove 1 and 2,3 follow analogously.

-l

Define the snace S as in the previous Theorewm 7.2 with the noxm

wax ¥ wman | x Ve

We have from the maniring T defineéd as in (6.6) on this S

B 3
4 1) ) Lt A)
Ve~ - (Tapte) & Sq‘ “ g.é...;.z..,.._..& x

. » () ¢}
o L Wes) fo s =S el 2 4

§

Lo o, s
(%% 1090, A ¥ | \
S PIEWIR g (f a L -3 Lo Woom ] d
' M oot LZo
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Since, 8‘ < | we can a?ply the contraction :anving princinle,
wnich »r: =3 the result,

%

X

Remark 8.2. With the proper choice of the veight & cthion

5

the inequality (4.5) for the TVP (2.1), (2.2) can be improved to

3 -t

X :
ol L) S L e
'3 ‘

The inequality (6.19) for the BVPs (6.9), (6.11);‘ (6.9), (6.12)

can be imnroved to

The inequality (6.20) for the BVPs (6.9), (6.13): (6.9), (6.14)

can be improved to

5 = . “ - ' )
-:';Lo(cu,..a, ~+ e} ) B Y Lzﬁ'\ -a,) <{

{0 : N3

The inequality (6.21) for the BVPs (6.9), (6.15); (6.9), (6.16) can
be improved to |

L Ca q)’"},‘“ AL Q)L*..L.L_a(a _q‘).(]

'ﬂé;" ; A~ 4 l ’ - \ 2 n | 4

For the nroof se6 agarwal [48) ; Agarwal et al {181 ’ E54],
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Remark 8.°! 71 . If, we consider the BVP (6.1), (**) for

P

Y< {? , then oa using Lenaa 5., (8.,2) can be replaced by to

a JEou v
A ‘{ﬁéij“‘i:ﬁi‘” W(g%dﬁﬁ.,(l‘c‘ (8.4)
WA(&) 1 BEJ Lo L T

We attenpt to find suitable Wa*({) “{J S0y, v o ‘V) '

(4
by requiring equality in (8.4). For this we choose WJ O=z\W (+)
and W (¥Y £o sat;isfy 7

B

Wy 4 > L W =0 (8.5)
‘ } =0 ’
with W(P)(t) >0, t € ( Qs Ay 1 so that
WO Se st € Qs ap) Toral 2oy, - oee |
&ndf';'ﬁ:h~;; s \AJ‘{P)CQ‘)>O‘;£&[G‘:’QQ]’
How, let Wet) be the solution of
| %y |
(rny » » ,(H_‘ -
T v 3L W =0 .
§ =0 :
igfvi L | :
satisfying ¢ )(C"x3:°((zoj fy v vy mmzz)" L\(P)“) S o
on (Qyay|sandif b= m-r then (e yo
on {a” q,‘l .

Since the solution of (8.5) depend continuously on »,(\ s WE

choose X, suf7iciently close o but less than 1, so that (8.5)




€5

has a solution W/ (¢) which sztisfies \,\}U){cx,‘\:o (tz=oy b2, o

and whose 2-th derivaiive is arbitrarily close to the p-th

-,
=

derivative of (r{4). Since L{(}?)“) 70 ci iik" & _} y and

Lk(b)(fg >Q on qu} '@“,2.‘_ if }'7 = 7 - v \,\,"’(i’j) L)

can be tsolten to be strictl; sositive on (C\$ y a,}-i ;and if

b = -4 we cen take on t Ty qh—} . With such- 5{.’\1 and

WJ('QZ \&/(d)({') ()=o0, {'} « = 24 ,7/) equality holds in (8.4)
theorem 8.1 ensures the existence of a unique solution of the
prob'ﬂ.emb (6.1), (**) for Y& fg

From the above observation, if we denote Q4 9h(-L° g Lig= snp £__.._e‘,-)
as the first point where »-th derivative of w(t) van:shes after
(l‘ , then if ‘lh..‘q‘ <. ﬁ*( Lo; L__“ v ooy L'V) there e{,::
a vnique solution of (6.1), (*¥*) for 9 <« }; and this result is
best nossible. For, if eouslit, holds then there exists rivial 3\
as well as nontrivial solution of (8.6), Aliso, if

Q(M (@1 + Q b( Loy » a ') LCV }‘) + o there is 1o solution,

For n = 2, see the theore: 2.1 and for n = 3 see Agarwal (.55; s

9. Initiagl Value Problem.
We shall denote wi(g) as the solution of the following initial

value nroblem
L 5

\ v
n = »
D owws ww s T wa=o

&

W(‘)(Q,}:’: O) L F OyNy -nry meg (9.1)

w-(mN (ay = |




£¢

where b; (L= o, ty o2 oy CV) are constants. It is well
known that W { & - AYa « Aseycan be written as
W (=AY = W (4, 4)
" €t —a) A,
- &£
L =

3 Pl('%;)

-

(PO = TT =) )

=i .

- Where \)‘l’ 2oy re ey, }\,,,\ are the distinct roots of the

auxiliary equation

¥4 ‘
i T e b
>x '*'2. BL » =T o

L=<

also in case the roots are )\‘,- feay fk having wultinlicity
' b

h‘t) - e ey 3\.& respectively, with -y = = Al , then if we
: ' % %) N
- assume T A A, = s o— . _ - 7 i

} ?
x 0w 4 he )\ = X

* o B " 7 S
A+ By 1AL = A

~ R NN # 2
x> L A = A“ y
we can write !
W (t-2) = W, (6 2) = Q"m: (l“"", X
| | M X A N
g(‘vm )*IM % . . ﬁ:wy‘ L\f“ (:'E) ’:}} .
N A-,z’ﬂ%;\i An X,
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The Tollowing »ropertics of wr 6 .5, are imuediate.
1. If we denote t ~% = X then W™ (& —~A)  and its deriva-
tives with res»neéct to t can be written as z function of X alone,

and we shall denote this by bdﬂiX).

2a
_ ' M=% -t ‘
. W) (of
W (0} = JQwr{o) R 3 w (o) 0 ) 0{%

be first right positive roots

3. Let Xy g X,y =0 v 3 Rp_

N-—F { .
of wr(x), WO . ., 3 WX then X3 x>
It bR AL
PR . >"X P ’

- Y\-(

4o If XN = A, = - ¢ = A =z, then

_ ‘ { | A X
(X) (Y\.,.(}j’ € 7‘

and hence )g@._ o

10. Some_ Cowparison Results.

e - Seen e e A a—

Theoren 10.1 [ 42] Iet wd{+), V(&) Dbe two funciions

v

satisfying

D, vty 2o (10.1)

} ViIit) <

7
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on (‘q\ 3, wifﬁh

- .’ mg-\'? L .l.-
u.'((«stqb) — V {a'\yi ‘;.“Q}l’ . rﬁ) 'ﬂ"é‘

Then
)(‘H 2 \f(“ ) ﬁrﬂ t ¢ [Q a, + )( ] |
0 ¢ s = e S 4, (10.3)
Proof. Inequalities (10.1) and (10. 2) with some 4’(6) o,
c%ﬁ,({)? o can be written as
:D,\U‘*)“‘?, () = o (10.4)
and hence if W4 (¢} is the solution of the homogeneous
equation D w,(t)=o with u}‘)(e{).- (‘Bgch):z Vh{t){OJ)
for = e B LT T, AN : then wve oan_‘wrj_i“oe the solutions

of (10.4) and- (10.5) as
i
]

Vilty = U4y — X wo (e~ %) 41(-*5%6&1_\,,
« .
|

Thus
) \ t st
TLLITRR L P :_\S D W (eoa) [4?(&)+ H“’J 46
But since ~wtf£,£i_,:’) as long as Q¢ A3S & £ & 4y
et '

the
(":—G;‘;*’*~s Nl

result follows immediately.
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g

Lemng 10.2 Tet h(t) be a function -1 tlmes ¢ontinuously
differentiable on E Wy qa@ ,},J . “hen, it 4“ \)Q Usn) p O,
S35 s ‘ ; . .

f\ {asn) =0 LT oy 4y, g . Yy M e : tnere is

| ot
some point t* < o p such that (=1} T ﬁ(“(ﬂ >0 ,

fé(f* ‘MJ L=0,1, ¢« + ¢y M-y,

=)
Proof. Le‘b t* £ ay be the first point where Q (tyzo,

-t :
then we hawe ‘E\( “)C,f) o, t¢€ (", Q»(l . Por this ’i‘.*' 5
the conclusion follows,

We shall denote Yo) ‘(” v e Y,n , 28 the distarnice

between the point 0 and the first left zeros (positive or negative

PRV, (_x._y”
X

then we have froum

according as ™~ 4+ ) is even or odd) of W (X) ;
W we (O x)

Temua 10.2, e .
* Yow2 ¥ 2Y, 2 2 Y
Theorem 10. 3{:423 Let Wwi€), V'(+) be two functlons

satisfying (10.1) and (10.2) on Ea‘, q;l} witn u, (qn) Vo

L TGyt e » p) n - § . Then
TNl oy (L) N+ 1 (ry, .
-0 6y € (=) v g (e, nYs, ay |

Troof: As in Theorem 1G.1, we have

e =y

| Q
M) = UeW) = _{t e G- n) 4 en ds

, ey, QA v '
V) = et 4 W (6 -5) &, (6) b

™
l
I

Q-

¥




0

where g (t] is the solution of :D“Lgo(fp -5

u o, (1) L L0
with Wg (an) = % (@) = 7 (an) | mys

{ } —— | ¥9.4 f - ) . . e S
W — 8 (¢) = - j e ;4" ! Eﬁv‘(é)'t%(m_} ctx
b since (-0 TE U AL (6 an) > o (from lemma 10.2)

Yt ‘

as long as ' _ o _

the result follows immediately.

11l. Uniqueness Results

Here, we shall assume that the function 4»({" X }t', v o 5 s

satisfies the Tollowing condi+tion

M%) ¢ b Gy, 0, s 2is 0y xq)

N

iy {(&} XQ} )(i[ﬁ L | \j")! EE IR ] x{“y’l}
% i,":q ((—xa- ~ }d) A
- ' . 11.1
~~}(z:}‘)f‘ d, 1 4= Oy ‘)"’"V- ( )

The condition (11.1) is equivelent to the Lipschitz condition but

more inforuative, particularly since there are no sign restrictions
on the constants.

- Since the function f is continuoﬁs and satisfies (11.1) all
‘initial value problems for (6.1) have unigue solutions throu{bh'oﬁt
. the interval [_r\. 3 C"J and are continously denendent on the initial

conditions and narameters
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We shall deiiot 3 . . v 3 B 5 in short
= all deiote X& Lf\”u‘gM|y 3 M‘V) in shor

XQ(M)‘; L= o, ’) & &% ) Ti—f as the first right positive zexro

t _
of .3LJ£129 replacing b, by —mMm; (=20, by « » ';v)

d ¢t | {
in (9.1).

Theorem 11.1 [42] et § (4, x, LA )&.(W))

satisfy (11.1). Then, the BVP (€.1), (**) for %Y € b has

at wost one solution if O L A&, -a, <& X P(‘ M) .

_P;E‘_O,Q_i.' Let X‘L{) y X, (%) be two solutions of (6.1) (*%)

and that they are distinct. Then, since solutions of IVPs are

- (-
unioue ve uwust have DC.‘('“ HfQ‘;#: sz\ ‘)(q') . S0 we can

{n-4) -1y

assume without loss of geinerality that ~ : )
, € ’ Xy )2 Xy (),

Let £ (4)= X, (¥} — X, 4) and {" be the first possible

right zero vhen ‘R(n*')é&)t o so that .{{("“'1)(*) >0

t e Las t*] ‘ . Since "E“(%”l)(c*\):@)
ﬁm’”mm) , t € (o, t") andso ‘C\W}(&).}o té&(q, ¢
Let '{'P be the first right positive zero of 4 h ‘-‘-‘, i.e. where

X ’“‘(Jc): o the: naturally -- C(,,(‘tb < a g . Withat
;.88 nf generality we may assume that 't’) = CL;;_ . then

9 20 e Do, ) tmat, o n sy

aiid hence € ({') satisfies

Y €J)
—&Q"(t) 4= 'Z -M R0
(0 yzo
f (t{\):o) Lz 0y 1y ¢ e ey mo

Q(F)(&ft_) = 0




72 -

Let (%) be the funciicu defined by
? A
— \ (3)
o+ 7o - Wi =0
B é:o
()
L LQ,):O; Lz o,y Ly, - 4N -
('n-ﬂ ) _ (ﬂ —i"—g
;’La‘;) = ® (q’} ;
: : { (b}
By Theorcm 10.1, we have -ef‘M £€) 2 w &) 20 :

. Zince -ﬁ,w)(rza) o)

t ¢ [Q\; ay X?(M)’\:

and Lp L Ay A Xbm) , it follows that u(b) L{f) = O for
some 1t ifl EG;U Q\hj‘ B4 this contradicts the fact that
04 Gp—ay L X (M) thet is @,.- @, is so small that nc
nontrivial solv."bio:fl of (11.1) with bL("':") {‘3‘4) = O, Lz O g Iy ¢

oy - P - MCP ;/'L,L);_—@ . Hence the
proof.of the theorem 11.1 is comnlete.

In the nex+t result for (1) n is even and p is odd, or (2)

e - = e e . P - co B ;
n is e»rer} and p is even WE.E shzll denote \{‘b oy ‘(b (M@) ke, 3
Y b even % odd Y om heb da u"mg Ly by =M {o"
Mz; K;‘s g 0 e 9 1\»*\5,/,.(@'2. th,)e_ccmdim% oJ>_ in (9.1)

accordiug as j is even or odd. Also for (3) n is

odd and P is even, or ( 4-) n is odd and D is odd we shall denote
Y%* s Y Q k m %<~ i 1 ' g
b by ”§ B3 Py Py M} y # °ig \‘(r\f{b’l— M‘y) accordixn

- e
Y in (9.
i

as q is evexn or cdd) oa reslacing !33 by K)' (ot — MJ
7/

according as § is even or odd.

<




3

Teoren 1.2 (423 Tet {(t, 2, ', . . ., %))

s X
satisfy "11.1). Then, the B72 (6.1), ( **¥ for %, < b has

at most one solution if

1. for the cases (1) end (2), O € &, - q, ¢ YF

2. for the cases (3) and (4), o<« a4, -a, ¢ \1;*‘?
Proof. Tet 2, (), X&) be two solutions of (6.1), (¥*¥)

and that they are distinct. Then, since solutions of IVPs are
) , (™~ o - .
unique we must have )L, )( q&) 3 X;‘h ) Oi)a.) . S50, we cen

. | tm-1)
assume without loss of generzlity that” )( ( A) > X, (Ck;-{}

Let, ®(&) = X&) ~ X () *thwo h(t) satisfies the conditions

+ (L)
of Lemma 10.2 and hence (-——l) =h 4.7 > o 5 € (t l‘la)

(k)
Let tb te the first left zero of % (¢) (positive or megative

accordiig as » - b+ ‘) is even or odd) thea naturally a, < {}c<a

Without loss of geuerality we may assume that {P,__ Xy oy AR

( )"y\ {y“e\(t\({) Q {ffof ,Qkal (,:(4) !l 0" ‘) ’ q/

and hence h(t) satisfies

e () . W)
‘e\(%)(f) = 2‘ MJ L@+ Z‘ K“” £ w in case
J:é::/e'n 3:40‘;("[ (1) aud (2)

in case (3)
and (4)
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(P
'Q (a,) =0
map+| (P ‘
and  {—t) " £ (b)) >e , t€ oy ‘1/:_).

Let u(t) be the funciaow derined oy

— W) , o |
L&Uﬂ({) = \:' My W @)+ Z k; ut“(ﬂ in case (1]
)= €Vem J=odd and (2)
¢ v | <9
: b e C o ) . () in case (3
M = 2R s oMty and (4)
}T @Ven 3= add
$w S v

()
V8 (Q)‘):OJ = 0,‘)..."}?-1

(m-1) (n-1t)

AV (qh..) = &: C Q}L} .

: - | ) N by
By theorem 1053, we havve (-;)“ P+ 9‘(}2(.&) 2 (_'*i)f u“‘“” V3

; - :
- - ) e
for fét“n‘\ﬁ, ’ @\,Jln case (1) and (2) and 4 € L&, - ‘(p , ‘M’J
in case (3) and.(4). Heunce, in case (1), we find ﬁ“’}({) >

(k) , (P
u (+y =2 o ; in case (2) {‘(p

[

£ <« ie,w’)zu 2

—~—

for te Len '"Y;g Q*\} and in case (3) & ()2 u(i (#y z©

in case (4) & M4y < WPl =g Tfor ¢t 4[“&-—_\(& " cm,] .

. (ko ‘ ' '
Since £ ¢ (sYzo and o, <a, + Yﬁ for (1) and (2) also
’ 2

; ¢ Ny Ko : (v
La & 9, + {b for (3) and (4), it follows that " T

for some t in [ & i3 (\%} . But this is a coutradiction. Hence

the »roof is complete,




12. Best Io ssible Results,

in what follows,

and XL(K)- f

we shizll put j<‘)Q) &y ...,o)

or X[(ﬂ)repiacing MJ to kd ( :

/

Lewug 12,1 f423 . Suppose that L4 Tg a

A
where X, =
[

the functions W), W, (¢) and their
arc nomnegative gng satisfy

(V'
(») i)
A ({\«.\/\ M ul(f)-.# +)y = o
w2 % , <+) h ) = o
W), -
LL‘ (C(,’) e ‘&gn(c{,‘)":&, t 2O, ‘} * T My
{m~ (7\‘-!3"
W ')(Q,) = Wy (e > o
and that x(t) satisfies
) - (+, ! v
x () = '; ) 4 x; \)() R 4 )
(n- {wn } (7\“4‘
XMy 2 9 T May = WMy
Where f satisfies (11.1).  Then .
) ) ()
\1‘ () ¢ ™ ) ¢ Ly ) (1

bz 0,1, . . ‘5 b

.

4‘;«'» ()

¥ Xi
= ’miqa{xhém)’xp(h)} and for a, ¢ + <

-

T

derivatives upto order p

(12.1)

12.2)
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Proof: As in Theorea 10,1, if x(t) and

satisfy t.e same initial conc¢ tions, then

¥ = ¥
X = ) = W, (e-8)5 - 5 4,
. | VQ) &' :):;3 )

WONCE

()
X AN

+ F(55 xtnyy v o vy XW-’M)) - ‘-%“J 43

and

Cb

+
XCo) - Uge) = | W (e s){ 51 K, x

ey - 3=0

("33 +

where W (£ A) is W=l — A) replacing bJ /.EO __MJ'

\AJ‘)“ (£- ») is w{ ¢ ;5) replacing 934 1o

%
But since ‘ 2 w4 o)

ettt o I B (Q:QW‘c, 5""}
. ) & - L4

XEE) = MYy b)) 20 as long as D (k) 2

), Ly Ly

¥

as long as D k) =

—k-

4

Wl oA < b oo oaga :v_‘"‘ v A% :cpllows frorg (11.1).

CytLt=9,

Thus (12.3) hold as long as }LL”(-&) >0 and obviously <

as long as (12.3) hold. ‘This »roves the Lemma,

. W .
Reiwark 12.2: In Lemag 12.1, )‘(b e 7\%06 Mg)

only the left half inequality, i.e. LL‘;A)(H <

j“.:: 0;—‘.’*-' ' &:,

£a2)
x ew

”

[y

:
E

and

) are each non-negative

'n)!;}

if we consider
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c 12.35. From (11.1)

vV .
~ 7 ’ i « g (J)
Tl Xy - ey € 2 X )
dz=o
as long. as L )

3) ,
XT{E)E 0y Ly zo,

. cv) . Thus, if
W, (+) end ¢ll its derivatives up to order p are nonpositive for
G, & ¢ & T vhere %< 7T <« a, 4 xbuﬂ and satisfy
(a,) < .0 and that x(4) satisfies (12.2), then
d) (Y : N | '
WO E W), =050 JP

(=)

(12.1) with W,

Lemug 12.4. [42} 1f o0 <€ a,-ay < X, (M)

there is
a unique solution Ho the problen
ny, 4 N )
W) — .2* Mi W ) — %, () =0 (12.4)
> T o
oy, ¢

W (*1)1":’3‘“:0)(; €y me~J
LL(M(CL ) = wn &R (12.5)

 Proof.

Any solution of (12.4) can be written as

te
Wit = A Uold + J% W (- 2) &, ) ds

where Mg (t) is the solution of

) ) |

W, = 2_ Vo (t) = o
‘ 4 =0

U;’;L)(Qi}:o . Lz oo, ty > M-2
(n~1)
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In fact, the only solution of (12.4), (12.5) is

' Lg?) , “é - A S LT ( e
Wiy = W a ] ;oM — e M 2% =AY
) ‘: (o] ( 22 ) R — j GL‘ — .Mw (i;(“/ C/")) i

5 5
t+ E Wi (t»/b)&ﬁv(f») b

(¥

E VIR
since W2y >o-
Q
Using this lemma we can take “n, > and sufficiently large

o ’ . . . : { e
and positive so that qu' )(t‘,x 20 onn L 2y -%,QB and W ')(‘-Q.!}. B

alse M > Y, and sufficiently large and negative so that

u}‘“)ét} <o o LAy a\,\jg and \U\(”‘W Cay<e for all

L:Q;{,""‘?'

Y { “
Theoxen 12.5 242‘1 Let i‘( Ty Xy vnr 3 ?).) satisly
(11.1). Then, thcre exists a unique soluticn of the BVP (6.1).

(**) fou Y& F up T )(_L[‘ ) This result is ™Mesty

Proof. In theorem 11.1, we have alread roved the wniogquenoss
9 v 1

—— e T—

part so now we must prove at least ora dart only. We assume for
simplicity that Al S0 5 LDy by « v ymeg,

Let ang > mn > B\ﬁ be sufriciently large in the seénse of
Lemia 12.4, so that there is a unique solution W (it w»ﬂ) of

(12.4), (12.5). As g result of remark 12.2 and standard theorcm

on the continuation of solutions of differential equations, the
: e FEY el § o i o . e Lhby
solution X_{1} of (6.1) with the initial coditionm X, (™ )=
~he
-y (:")'\-]‘\I" ()1-—-‘!/
P R T A e Y e 1 T M \A'W~)



i
can be contirmued to 4+ = &, and has
. k)
G s oL M, T ' S
-,OF g ok = 2 b '&,,) Y

Likevwise if i< <B%’ and is sufficiently large and negaiive

4

in the sense of the proof of Lemua 12.4, so that there is a unique

solution Wty m;) of (12.4), (12.5). By reamark 1 .3., the
i ‘.

solution 3¢ (k) of (6.1) with the initial conditions

L) . (n-1) (n-4)
pa Lqi) =0 stz o050, » -ty n-2 3 X, ()= (&, }:«;\ \

Mﬂ‘@*ﬂav &

1 ty

exists as far as = -y aid has

S P |
X-. Q;'H’Lg £ '7“!\274 RIS Sk"

Nou let X(t) be any solution of (6.1) satisfying x (&) = ¢

Lt = o b ‘,} N 5 2 N -2 and

(Ma=t)

. 1y
(™ (a) 4 x T ey <oxg T

3(2 k(’\’) )

From th~ uniqueness of solutions of the BVP (6.1), (**) it follows

that .
) ‘ ()
X \ (Y <« FC('L)

() < X, €%,

LI:O} ‘/9 P l,b

for 4,<& £ & %A which guarantees that W () exists as far
as t = a, . Now, by standard theorems on continuity with

respect to initiel conditions and the intermediate valuc theoren,

it follows that there exists a unique solution of (6.1), (**).




From the definition of X (Mj , when

s
Cv) e s )
i N j 2 RO
ﬂ-(ﬂt}xl' . *) X /) il Z‘tyéx
Jz=o
-y = KMy X FPla,y=
e IEIRAINS ) B (AW} =o , the problem (6.1), (¥**)

has a nontrivial as well as the trivial solution also if X = (v

:}: o) - ', this problem fails to have a solution. Hence
the result is best possible.

Theorem 12.6. Let £(&, %, + « + xV) ) satisfy (11.1).

Then there exists a unique solution of the BVP (6.1), (¥*¥¥) for

Y& b oif
N
1. for the cases (1) and (2), G £ G4~ & Yin ,

2. for the cases (3) and (4), 94 Ap - X < Y:*

. & . &% Ay
where tt cases (1)-(4) -and Y& 3 Yb ar > defined in

theorea 11,2. This result is best possible,
roof. The proof is similar to that of theorem 12.5.

emarks 12.7 (1). Theoren 12.5 only requires a one-siced
condition (11.,1), if it is asswied that solutions of IVPs for
(6.1) extend to [ Oy Q,l] " {E) Let f(lc) x) be cogtinur)us
and satisfy (11.1) with 'Ma: o i.e. nondecreasing in x). Then,
there ezists a unique solution of the _robvlem (6.1), (**)

The proof follows frou the property (4) of Wr(&-A) . This,

result was previously obtained by Schrader et al 3::56] .

s

T %
(}_) In Jefining ,\PU&'{}) Y&: . \{?’

say wnositive or negative, here in the results we have mentioned

there is no necessity to

this to understand proofs wmore clearly.
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13. Convergence of Successive Avproxi;ation

~

Let W (¥) be the solutin of (8.6) sati

. ' , "' ' .
L= oo by oo v e s M- ""/,U"m )(-Q-\)tl afid

be the solution of

Ve

v .
, _(3)

v 4w Tk Viid=o (l>1)
Jzo

e ™~ A ) oy
satisfying V’()(q'):@) C=0, 0, 0703 m-2; N e, ')(q‘):!
then as the notations used in remark 8.3 \r{Pjyjvanishes at

A, 4+ QP CMLo, . . '}NL%)° Hence we have V‘(H(U > 0,

then V'(P}(*t) >o . 46 Lay, a4+ ﬁp(uLm; b -;MLv))

(L) 2 £ a
Thus )20 , Lz o, i,n'-;'f?;‘féto\y; Ty +

by (o, « - i La)]

We shall show that O‘oc iy LC’) N V) Lq/) < ){!b( LO»}
* g ey Lfi/)t

If not, then obviously Vﬁ(df\f)z 0 L= 0Oy L, =« ) [,}

and we have

7" Y
videy + 5L v

yTo
Now, using theorem 10.1, we find W ) 2 V"l

("n({) £ 0.

~—

t € Eq%; QU+ Qka ( L“U ¢ '}Lﬁ/)l. Hence V"“:)({:) wust
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vaaish before Q"'f-ﬂf? Clo, » » -2 L‘CV) . u.“")({»)

vanishes a% & 4 ‘QP (Lo, -+ 1 L:y) . his is a contraction

and heiice thesult folliovs., If A, -a, £ ﬂ ( Lo R Lq/‘)
L E e

25 in the remark 8.3 we find on using the above fact =nd the
uniqueness of the solutions of IVPs that Zor sowe lu >/ ,
fQ\c ( Mbo 5 = = 1y K ch):‘. Ay - ay - Thus the problew
=V . 5
{n) o (1) >
4 @& 4+ u oz L'j ¢ ) 2o (i)
: }=a -
) -
‘*’ (’t\’) .:, O P L —~ O * l, - - . ) N __.2

. b
‘P( )(‘\)z)::o

has a nontrivial solution with \}«(P)('{—) >0, te€ Ca,, M)

(13.1)

and if b: Tn -]} then on EQ,,‘d,}V) . To fix the choice of
we also require +(7nz-f)(q‘) .:_" . Then it is always possible 1o

choose C to be the smzllest nossible constant such that

axn 1 ' . () |
g YR8 ¢ (;‘—;)\p ) (13.2)

CL‘ ‘)tJ

=yl Y.

In the following theore:z:{, without loss of generality we shall
consider AL: Q (L: o) ', L R 'Y)...a); BP = O ap‘t_)egrlng

in (*%).



— - . ~ ‘ ~ 5 .
Meorem 13.1 .18 Tet £e4,x, o. o 5 xEVD ) satises

Lipschit: condition (6.17) ~ D
Is ) . 5\/ _
= ! JC) XE) 1 8 b 2as . x@) & ¢ )[ Xy, an ]
@) . : 4 3! I
x>l ¢ ™ C = 0O-5) ¢ s
-~ v R
J-»D} te n»oe 3fvj’
where "™ = “qu l '9“"; 6y - “,}o)é . Then an infinite

g . £ éq
Etcan
seouence { % (t)} (nzo, [, on ) can be obtained in D b;y the

successive anproximations

o) 3o .
i ‘%)
x\."'({\ = ™ g \‘J‘Tﬁ b}'%:{/:’; Xrn('b)} * o vy X’h(/}))

"1:0)[).9&

(13.3)

and as M —» @ it couverges to a unique solution of the BVP (6.1)
(3.15) in D. '

Pro-f. Pirst we shall ~rove by induct® n +that an infinite
sequence { Moy (-Hg (“n = 85,0 0 ,) can be outained in D by the
successive apnroxiaaiions (13.3), Slpc AU Y E D, let us
assume that ‘3(‘(&3} ), . L, )(“_' (4) have been obtained
in D. Then X.,{4) is obtained by (13.3) since ‘)(n_*‘ Hep -
In order to couplete the induction it is sufficient to prove

me\-é D - low by (13.3) and (13. 2) we have

x, Pw - s el < ( 28 “""l{-(é,o;-' y0)| dp
< 49
s iig) (“‘“‘l 1.5 'Q‘({‘;’;J‘
,t.n

z m - *4«5"’44:) JT 0, dye ey %,
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Hence X (%) G}; ;

Recall that the - roblem (1%.1) is equivs_2at to

() Ap o R A ¥
N RS LI TR I
&y ¢ ) fo

Hence, by (13-3) and (13. 4), we have

t4) VA, (4 3 (o)
N ‘( (ﬂ‘ { e ZL‘ | x h)w)-:(‘ ()l Le
: bf‘) = .l ) ]
(Se
a > (fo ta 3
$ wm( (_ ( {‘ f )'\ L, & (A5
t-—c -
B!
i (3)
3::({}[, o Y.
Continuing this wa§y we get
: (! i At (J)
I >on )(H——X;izft)‘i ™ (—-:) C ¢ ) (13.5)
.):Q) ‘) LA ')&‘{/a
Then from these inequalities, we successively have
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5 ()
| %, & - x. bl . |
| o €2) €3

< T bt - T
(A3 _
N~1 i \'\nvﬂ.:‘ '\

¢ T mC (73) vy
too

¢ m () -5y o

s ‘ 3:0;‘,.».)1/
and hence X, () & D , This completes the_induction, , Mso,

since > | estimates (13.5) ensure that the sequence {X.,‘ (Jc}j
converges to a limit, say X (4) . Hence, we have vroved that thc
BVP (6.1), (3.15) has at least one solution in D. S3ince it is oge

to prove the uniqueness part it is left to the reader.

Remark 13.2. From

S - (J) )

o () ( - x
L G2 S W 2 ke
| R CNETRL ka.. \ S kR O

and (13.5), we find the error estimstes as

) (D ] AN o
b = ) ¢mC (%) (=L 7h O _

TN PISA Y,

For =13 the sa.e results are obtained by Beailey et a1 5
and for -4 Agarwal E57} . The error bound obtained in (13.6)

satisfies the same bowidary conditions as the original problem.
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T

14, Maximal Solution and comparison Result.

Eaeritin- gl eis B .

Here we shall consider the differentiazl ecquation .

£ “ 7w o \
¥ 4 Bk, Xy xly e ),‘_fy.v)) - & (14.1;

with the bowidary conditions (*#*), also we shall assume F is

continuous on E_CL})Q&J % RVH and 0L Ve }, Y4 < vz

The Qz({-)i.e. the polyno.ial of degree (n-1) satiofvwg (**) is

- vi-bg ‘
bo= 3 24 o o+ [8,-Z Arskya, -a) /m 2)
A=o hd k=o k‘
(n~fp-1){ Ce—a,)""
(r-01  (a, = a yn-b-r

Let B denote the Banach space of g times continuously diffe-

rential umotlons on TQ.)Q,J with the nornm

- M a ™
([ x| = i sl :’Q %
O <Ll<c <t <«
S48 9, 05 avsa,
and let k( B denote the closed, convexz cone of functions
having non-negative derivatives usto order . Tet S denote thcsc
elements of - which satisfy the bound-ry conditions (¥**), Purther

we geiine

Se= {x&€S 1 xSy
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Th_ri_g_rg;n“ii 1 k)lB] .,et the followin{j, assumptions hold

( - v 1s continusnis non-negative and
" . 13 }.‘“L"‘/} v ga’ ar\

~

(‘h! (‘P-} M‘C‘;o S.Czl )’ «: LI ', TZ‘:‘I‘(') 2(:, C‘—‘l {.%’ t{Q} i.'L‘ ’5 . . » ) (&f-'%‘/)

) 3y ‘ ’- = ) N ]
. B GV o+
€ {a, “n| x R, such that
T

7
7 B 13 5 Py 4 y -
*-
y B

2. » . < :

‘ - L Ptk k

Ajzesizosy ez g bk
k= :

o
3. there exists g >J such that for 11 + € EQ,; Cl/z,}
(Y G

552 (b)) + j” 3‘)&.&*9 »)

4 St

z}: @J ’y = B ¥ }%'

for t¢ La ,a,"| define the iterctes
e

RLY .
o (t) = S Ly ) GUA§, 0 0 4 8) e + {08

{ Ty - . I g | ()
J 'f_‘({:y 4) Gy L 2y Ky €2), 3(,,,,‘(’»5)_} SRR Y] (f’.") @

Ao () =

Con -

-+ lf ()
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en, the sequernce SL X, () j converges to the maxiwal solution /.

the BVP

\-’A

_ (%),
XM 4 G0y o e e g “-}' =0

gy g -
LAYy = AL, LE cat

A L3 1 ) 2 .

. - (14.3)
X {Q 3 - E
i k
\,; i.e, y(t) is anyx other solution in g . then

: \(ﬁ) ) '
x(“')(H 2 XY k) Sz o0, 400 Yo
% . >
Here [ {(¥) is saue as {l.{;) replacing Ay to A

,-

'S

L= O t'; s ¢ 5 w1 -3) and BE to [‘:b ,
3

T N ) &2

R A (e Tes), L s (3)) o
A

+ ()

olutions of the BVP (14.3).

{3)
Now clearly Y (i) & i;_,; , since X, (tj £§ ,
Jz= oy My - » ¢ . Using assuuptions 1-5, we find
. o
£3) 2 4 L/ A {5y ;L)
i 2 T o At 5 y b e ports )
(*\ - - - ’,t'”/a "ﬂ(é)’ 8 (”3}5 - o n.})}’{ y A "\_;;‘.,.
1 T .
X
B
: ¢4)
{ S : . *
'S :ﬁ'f\ (+ Ny s oo { 3
: v\’ '_\ ) )y\&’:’} ‘g)' % ;q’{)-’fi{) +J)1 (‘{-’
"k'k N i
3 0{..&.
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Using an inductive argument it is easily seen that

o f3) ' (2}
Y2x ty2 1{ '”(J.e) 2o o e Z X

t

. '3 . (
< \_ . :' ‘L y \
Next, from the wnifora continuity of v 4t om

T —

——

[ar,anlx (4,0 o .
-1 ;%al‘((}m%w O¢ 3¢y slven € >p , there

exists a (g(é»_) > ¢ such that for “E‘,*tli < SCé)

o

! 'f ‘ | -l(,fl,:; ) 4ufj 61(‘6)5)‘ * _;}

and for the same £ > g , there exists a gl{é) >q such that

It -t < Sy06) = ] )’1 (4 )MQ el £ &

Hence for all - Q); . & #

3 \ (2 NN 54 YA s, 4
x,i )( g) — X, ’cm! ( i _f,...f_.;, — e g B

o Al .
(;'*; (":’ ) 5) £os vy 3> 42 + lf; (ig} = }.L L+,

<Gy o =
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Whenever | t, -t < ™M (85> P ) wniforuly in n for all

— mh 4 I T N i :
Jz=oe, by - . . PRLY. . This shows that §xn (t)} is
equicontinuous. Hence by Arzela's theoren § Xa,,_ (hj 18 pnrecomnac

and being monotonic, converges unifoxrmly 1o sowue Xty € 5§ .

From the continuity of 6, x(%) is g solution of the onerator
N 3 A L

equation (14.4)or equivalently of (14.3).

Now let y(t) be any other solution of (14.3) in Sj . Then

) () Ta 'R (4,8
X o=V = | 2268, 1) - sy,
‘ c.t‘ & -
s e oy 3“”m>j o
20,

In fact, indvction shows that for each n

¢4) ) , |
Yoy 3 = P V205 {=a,1, 0 0ny,q

Therefore, in the limit, XL”(H - g;‘()\(t} > g - This coupleter

the proof of theorew 14.1.

Theorem 14.2 [18:] -Let the assum:tions of Theore.l 14.1 hoall.

Suprose Z(%) is a solution of BVP (14.1) in B with hzh € [

and let

‘F(fr, Woyyyr = =y “Lf\/_)l < G’*}(*z luol, “‘:); .',' *J i“«yi)




for a1l (4 o,y « +ey W) i LA @] % RV L s

we gssume

*
1A¢lé Al) L:(},’)oot;'ﬂ’l

"f\i~2 A x TRz 7
‘ Bb o Z. mﬁi.‘:. .(Qh_‘,._q_')h‘ é Bb — Z" fi_t’_fjﬁ__x
k= k) k=o k!
((an-<)
Then lz §< x‘“(ﬂ,ﬁ:Q; U"':‘V; '(:E.[q,;e:t‘lfg]

where x(t) is the waximal solution of (14.3).
Proof: For m=1,2,..., set

& ;
3= 51’1 Ry A) Gy g, (), - ,,,3 (5))4,) - Q )

i

with Y= 1200}, « « % (h= | (*v}”‘ whet

) ¥ VNI (k, 5 ' B
‘ﬁ‘ ) = ja, IR )Cn(%lz.(ffs)) PR ]ZW)(%)‘_)&”"‘% gzw

ag?
An
z EASCTEY | F(A) 208, v e vy Z¢ (4))1415 + 4ol
a, !
(%A o4 (V) C
2/ ‘ j 3 ﬁ‘( )5) F;( Ay Z(BY, v 20y Z (,b.))c“) s L/l(“l

4 340

_ o, -
= |z m\, VE b, e, Y,




%ﬁ 92

Inductively, it can readily be seen that

' ) L .
\zm(hi& 3 < d, () & - - g 3:")“) < §.

As in Theorem 14,1, {L(h} is equicontinuous and, in view of
the monotonicity, .coz:;verges uniformly to a solution Y(4y € Sf
of (14.3). But the maximality of x(t) completes the proof of
theorea 14,.2.

Similer results to thet of theorews 14.1 and 14.2 have been
ovtained for a »articular case m = 2, F: o in ESS] " [_59] .
Also in [59“ P is teken as a positive function whereas here it is

not necessary. Also see E60}
15. Hore General Pro.lem

Here we shall consider the following'BVP
LU= x4 by ™Mo+ by x

3LLL)(f ) - ‘)(“', (,er‘:: 7\—1)

- - " P + 1 b y
where b“), L= 1,3, een,;m are co;lt;nuous on the intervsl I

(15.1)

(I may be onen, closed etc.). Ve assuume I is disconugaté on I,

i.e., any nontrivisl solution x of LIX] = ¢ has at wost
P - . ; A 4
n-1 zeros on I, counting .mltiplicities. The wﬂctlon:f: IxR ‘
is a2 coutinuous fwnctlovl and let 3( , 0% vEe L~
4=, 2, - - ')hg Z L = = be given real
numbers and let § t, % C I be k points in I
L=

30 that {» <ty < v . g th . Recall that the onerator
L is same as defined in (3.1) and the boundary conditions (15.:

same as (*) with different notations.




i ]

.\%alen’g to the integral equation

9%

- Lemaa 15.1. ‘The equation

Lz ey

has a unique solution 4 (4) osatisfying the boundary condition

(15.2). 7’
Lemaa 15.2. Thére exists g Grfee'n'vs function 3(}'; AY

| -

T8 A, t < 4 Wy Such that the BVP (15.1), (15.2) is equi-

+

-kh ; (%) |
Mi4) = jt e, AY £ 05, %), xn), o0y x W’(é))&’a

(15.4)
1 . + &) /

vhere &\ is as in lemaa 15:1.

&m&a.lﬁ-} If. f({,hb, . n @ )*«%,) is bouided on
LE, %, ¥ % ;;{7\/”’"" » then (15.4) ha‘.sva solvion.

The proof of lemuas 15.1 and 15.2 follows from section 3 and
Lemus 15.3 follows as an elementary -consequciice of the Scheudei-
Tychonoff fixed voint theorea (see Corollary 6.2 for a particuler
case) .

L3 ‘;’T‘ ' ; N
Lewaa 15,4 Let ™~ & C_ )[Il be such that ¥ satisfies

(15.2) with X\ =  , and let L{¥]>oon I. hen

5 S O I ST M
- ) +1>(.\)‘ t, St {.“‘“ (15, 5)
i ) )é:‘, "')k"

=, otk
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3 0
where A1) = z_ i}, and /‘b‘am Jlt) T ¥ =1) whenever
P=z1
¥y >0 (< o) - Morecver, ™ has a% w35t n zeros on I,

t

counting multiplicity.

roof. Prom the inecuality L{ ¥} > 0 on I it follows that

tiere exists soume funciion \'JU) >0 on I such that b D"Vl: b(n

Since L is disconjugate W (t) can have at most n zeros on I,

counting multiplicity. WNow from Lemmna 15.2 1t follows that

'tik »
Yy = & 1, 4) padda
i

Hence frou Lemua 3.1 it follows that

L 4

Y AYn Py = AYn § (L, 3
‘ i |
AYm P, vhere P) = TF (- {'4)" and hence (15.5) follicu

S

Lemna 15.5 Let & g (M(1) be such that L{+ivo on

1

I and satisfies (15.'2) with Xké = - at the points v'{.z,. e sty by

and
(L) - ks
\"" ({J):Q) ’Qf‘:‘»& LA 11‘“~‘ . (15'4\
u T
-0 \y( ' ‘)(.t»,,) 20,
(15.7)
(Y —1) : ’
V¥ (tg) & o,




Then

ne ALY
)

Ay d@ = (e et b,

J: ') 2) T N ) k_.‘ . (15'9)

The conditions above are to be interpreted that (15.6) is

absent for j={ ork if ¢ = or Lk;-_l s respectively.

\

Proof. If equality holds in (15.7) and (15.8) there is
nothing to prove (Lemus 15.4). If uot then assume the inequality
is strict in (15.7), the proof being similar if the inequality
is strict in (15.8). Assume therefore that (15.9) fails‘on (t,, {»-g).
If equality holds in (15.8) then there exist :E‘ € (t,, fg) such
that 4&(-{‘) = 0 and by Lemua 15.4 ?' must be a simple zero,
and « can have no other zeros. We may thezefore apply lemma 15.4

rela‘tive' to the set of points ‘Q‘ y Q, ¥ ég) ey {ig ZE€YoSs
of &4 of swltiplicity (=1, by Lz ¢ ey é’k , respectively.

s VAR -t ey
Thus by ventia 15,4 /33»'. J__r{.g\ - {."‘“‘;\.“-k “\) ‘) {_‘c *‘(_ t'

On the other hand it follows from (15.7) that DYn Y (4) =

y 4, <t < , a contradiction.

Thus the strict inequality must hold in (15.8)., If ‘tl is a
double zero, or J» has another zero iu (&, , tk) aside froa
those listed, we again may apply Iemna 15.4 to obtain that

Ayn p by = (- E A = in a right hand neighborhood

of t‘ ; this however is impossible by (15.7). Thus it must

B,

happen that t, is a simdle zero; ¥  has zeros at Yy, tay gty

of multiplicity I S (Rﬂ y Lh-'f , resvectively,
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| e =)
We thus comclude that. /537\ Y5y = (=) R 5 e, < t< ‘E’k

It follows from Taylor's thecraen that :
v C,A '(LR“) AF {, ) tk-’
' (tp., Lt<ty)

Ly
= -] (-ﬂk

which again is a contradiction. To consider the case where (15.9)
fails on t, , thﬂa J>1i o butnolds on all intervals
)
\ we nroceed as above to obiain a
Li,_,t“”) ) L&) R i
mn‘bradlctlon.
Theorem 15 P C61] Let there exist funciions

e 2 e e

G?( B & C [%” tk] so that £ and 13 sgtisfy the boundary

conditions (13.2) at ta, t3, .- ’tkﬂ . PFurther let

L) R , .
L (+ },___ £ = t‘g )(’fﬁl)} SIS L - S k (15‘1(:)
r +L -1 (l("l)
o T e Ty - XL‘,“)ﬁ o & | s
N Ly-1) o
MR Gy - xt;“i') |
| | _ ne ACY) e
Agn (%@ - BE) = -0 ) tot< by (15.1%;
3":. ‘) ® . » ) h—’
(-t
(i, -
- R=1) .
A (tp) & I‘*h‘i R &P (tg) o (15.13)

LLtr ] = § G600 2 o 2 LEB@] ~fce,x)
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for all (t,x) &€ W , where w is given by
: PR I . y
Wz ) (h, 1) KR & X E PU“IU {45 s R 2 X agm}@)-m

Then the BVP (15,1), (15.2) for 9/ <« o has a solution
such that (%, () € W .

Proof. Define X (4 im the following way

wax { Blo, <} G X > max } P, b ]

Ty = M 4 anen § PO W] £ % € max B} (15.16)

v { B, <], 4 x < mim{ Py},

and let
E A, %) = § (5, “x(*:-)‘). (15.17)
The funciion P so defined is bounced and continuous on
E'*H{kt} % K . TUsing lemua 15.3 we conclude that there exists
2 solution X{¥) of
L L 3 =G, 3 (15.1%)

satisfying the boundary conditions (15.2). We next show that

(f) 1({)) (& \,J} {‘.,, & t < t R and hence conclude that
x(4) is a solution of (15.1) for V¥ = o . To this end let Pwt)
ve the solution of IX1 =\ satisfying the boundary conditions

(15.2) with X jzo and let € >0 be given. It follows from




R A

ey e
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Lemaa 15.4 that & P(+) satvisfies the sign coudition

A

Agn (& PWY) = (=1) ) Ticte )y e
(15.19;

j : v’ ” - © & '4 g{ — i .

Vie let
We = {(k,x) VR - € Pe) € g () + é‘-Ptt)g .

| {(-&,x\,; L)+ EPW & g \5(&3*éP(t)%.

o -
It follows from (15.1)-(15.13) and (15.19) that W C W,
and that /:)>5 \6%E =W . To obtain our desired conclusion

we nmed to shov that (i, Y.()) € W, for arbitrary & 20 .

Tet Z ) = () + € P(4) — Xtt). Ten

L iii*)j s L[d ({{}Fl» &€ - L E‘*’C(Jc)]
> e, %) + € - Fld, x() = €,

Fupther ~z(¢) satisfies the conditions of Lemuma 15.5 and hence
v+ AY) \ |
-nt7

A4 ¥ = . 5. - .
a ZC{) s LJ‘Q{“C C}_*." J:)J...)k““

Similarly one shows that
Ayn (B — € Pet) - xtt)) = — AI™ z(¢)

and hence that (t, ‘—(('t)) & \\/e , completing the proof.
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Reaark 15.7. In interpreting the conditions of Theoreuw 15.6

we follow the convention as in Temue 15.5. ‘e result of
theorem 15.6 is true if ¥ = Q0 also, provided that the diffe-
rential ineguglities (15.14) hold for arbitrary choices of

; (v - K
(X‘J Ao Tt )) and ‘ 'g’(‘t‘) X,, 3(‘} o . * oy » ‘V)),é ("7 t ’h‘))"
where g is continuous.,

Corollary 15.8. Consider the equation

XM=t @, %) | (15.20)

o () :
anld let there exist functions ®, B € €  (a,b) such -
that

L) 2RU), astsC, <) B, cckeb (35.01)

where @ € C < | and assvume that

AMeey = £+, %) 20 > B (4) = § 4. %)

N
o

\
.
Ny
r

~

for 211 {t, %) €& W . Then there exists a solution S((¢)
for any A,B with B(ay< & < ;((q) , -4(5)5 B < [3(5) .

This is an improvewment of Theorem 9 of Klaasen E62] .
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Theorem 15.9. Assune $(t;, %) (V=o' in (15.1) is
continuous oit T X R aud taat f—({*, PO for £ & I
and X & R . Also, let F(&, ) 2 Kk for & tn (b))
and x such that (”’).ﬂ* ALL) X <o - Then (15.1),(15.2) for ¥ =o

has a solution for all choices of A € R .

E_‘Iiog‘_i_‘_. Without loss of generality we uay assume that M > 0
and k<o - Let 4Lt) be the unique solution of L [>]= 0
satisfying the boundary conditions (15.2) (see Lemma 15.1). Let
V- {+) be‘ the solution of the differential equation L{,V:_S = e

satisfying (15.2) with Xq T 0 , 8¢ L& iﬁ "i s

1= b Ly « v ey ko Then Ji'"rkom Lemia 15.4 Aé'r\ vV iE)
. AL
(020 e eyt P v se

for {L{-{féti_*' .

Choose x (t) = ) -+ v(t) ; conscquently

M+ AL A

N+ : :
(-1 [ty =& ] = -0 ViE) >0

on tl <« t « {L*_\ . Also L Cxth] = LE%(*')]"’LE’“V

= l_[\,r(ﬂ] =M > {-(f, 3 ) for all &, x with ¥' & eg-&ic

and X & R . We will now show that we can choose a function
Urw.

Be ™+ %;J such that Afj’n‘ El((e_); p(n]:(-n

om t; €t < iy, for L=ty - » kf“ and such
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that L E‘z({)] < {» (%, x) for all (&, x) & Wi where
| k,-‘: N v A
e U e fees e o 2 pe o
(= . ‘
A, n4+ D ;
(“)'YHV- (L) " é (’!) - “},((ﬂ{

I,

- A O
In fact we shall obtain a function \5 ¢ C [{-” ’ij

‘ M A
such that 29 L<E) =By 'z (- 7205

n t ettt

and L [B(‘U] ¢ § 4, %) for all (ky x) with t; < A F

ond {‘nm-&-éu)x £ (‘t)--n*k»’a(\)é\ (4) for L=}, -~ f et

By hypotheses § (+52) > k for {L < t < b

G g

and L-|)’ﬂ* 39 X < o . Let

b d

| o+ ) |
CC = Mmax{ 1) = () 3 t-(-gtg#:‘:_e_'}

{ / o
and C = Tmaax % o (_,L' } . Since CC 2o there exists

{
¢

a constantsay i  such that { (b, x) 2 K for

(¢,%) ¢ D= {t ectet N AL

| , n
TP A x C"L'j

v—

(in case (_i = Q k.l“ — k. ) vhich is possible because D is

compact and £ is continuous. TLet KL = ™M % (8 5 \(L/ }, then

-

we have -&({’, 1) > k¢ for ¢, & t¢ 'EL*I ’

(-‘)7\-\— /S(L):x > Cf

Define Kgq = Y M {KL Yz enyk-t i

{
v
i A
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Let W (t) De the solution of the differential eguation
LCUW] . kg satisfying (15.2) with 1«135 T O ;

0¢ (< ‘«,;“M = ly 2y sy h - Then from Lemaa 15.4

e . A(‘-)“"'
Agn (s) = S PO e (-7 Wit) >¢

for t, =t < ty

et B) = ‘*»—‘(k) 4 W Ilt) | so that we have

‘ N4+ A0+ A .
Ape LB —fai) = ) e (-0 T pe—g ) <o
for tL <t & tigy - oo | ’
; M4 AL
Tus ()M AU By e G0 T ) € -0t

fa toost gty
Now | {pgwl=L Lew]= LUdE]+ L L[] = ks
$ KR ¢ Fk,) 3
- for *.L « b, ¢ .{-é*‘ and (1) ny ALL) > £ C: .
The functions = and B satisfy the hypotheses of ’
Theorem 15.6 so it follows that (15.1), (15.2) for Y = ¢ has a

solution x such that ' ¢ t, ¥ (4‘3‘)) & W

Corollary 15.10. Assume 5'({;) %) (=0 in (15.1) is
continuous on T % K and that -§4(t*} x) & M for +¢ X
and W& RO . Also, let f(i*, *x,) 2 j’(t)xl“)_for {“,S{'f: t’i«r{
- (‘ﬂ)‘vw-&,«’b(h {X‘Qjﬁl) < o . Then (15.1), (15.2) f.or Y =0

has a solution for all choices of X“l &~ R

™+ /5(()

Broof. If ¥ ¢ ke k., and (o) X < o then
"f(t,’y x) = ﬁ‘(&;u\) so let kK= ‘m»wif(‘&;(}) : {.‘& + E{:’&

!
J
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Theorem 15.11. Assume §(t,x) (9 = o) in (15.1) is

continuors on I X K and thot (&, X} = A4 ror + €1

and ¥ & R - bLiso, let f(tyx) < w  Tor tin (&, 4, )
and x such that (-4)"7F AL 21‘ > o . Then (15.1), (15.2), for

= 0 has a solution for all choices of Xq & R
Proof. The »roof of this theorem is similar to the »roof of
Theorem 15.9.

For a varticular case of Theorems 15.9 and 15.11 sec Schrader

et a1l [56], Schrader (63} .

Definition. The operator L [x'] ~ o is said to be

disfocal on I provided the Cauchy function u.r({"., /s') for L\:X}:Q

satisfies
wr ¢4 (+,4) >0
for L:Q}l, s e aym—t, t>A vith t}fbél'
The operator L {x]=p is said to be left disfocal on I providcd
Q"U (¢, 4) ¢t 0
FOr (2O 51y = s * 3 M=l , t< A vith A, t &T

Lemma 15.12 [ 64) . Assume

—

LU} = ) x v r t Valx (15.23)
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is disfocal j left disfoca1§ on I and W (¢) is a solution of
An—i o :
LIx] » vy T Y yxon I, I ke € T

and X (#) is the solution of (15.23) satisfying the sgue initial

conditions as W (&) at {:Q , then
U.“),(.’tt) 2 ](L)(l;.) otz b, Im L

{ (-—()7\* ¢ u(‘)(@ > (~r)ywL 1‘”('&)) te € im Ij

for (:O;!, A R T

Proof. We will prove only the first statenent of the lenm .

For t > ko in I set

: " ' L itn-
Rty = L Luewr ]~ ALY i TP Vo (R W (H) S

Let w (+, s)bc the Cauchy function for (15.23), then, since X /)
satisfies the same initial conditions as w(¢) at %Q ’
) | N -
U = X)) St w(t, B L(s) dA
-

It follows that

(1) :
WD o % ) y 2zt e T
Remark 15.13. Comparc this result with Theorems 10.1 and

10.2.
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ff (15.23) is disfocal § left disfocall} on I

¢ £ ; ,
aud °VL Gy < AL {(ﬂ.} A (k) gt-x}“?}‘ﬁ%n I, 0= 040y~

then S %
y 4 IM=1) 4
fett 2 {+ i . - . : \ 4
L D‘] b4 - + A () X (15.24)
ie disfocrl § left disfooaﬂ{ on I and if ¢, T  » then

w“) (“'\“; {__o‘;’ s 2@,:} > w"(“} (&, {»e; 15.-15) >0,
ﬁ": » to ' 1

and
ML )
%(-\} w{—‘.)(t)%os (s 2_1_,) >) (“)'Y\TL‘?" e

{ . :
W S b3} >0, tate m T

for L= 04ty =+ N = | } s where W (+, ko 182

and W€ to |+ al) be the Cauchy functions at +t, for

equations (15.23) and (15.24) respective .
Proof. et L(¢)= wéé;tbjgg.zq{&aﬂd W) mw byt to o
then the Tirst inequelity holds, by Lemua 15.12, therefore (15.24)

is disfocal. The other clain of the Lemma is proved similarly.

Remgrk 15.15. Compare this result with Lemma 12.71.
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Theorem 15.16 64 Assume 9/ = m .y and the function
f in 15.) satisfies the following Linschitz condition

g’(f, )(05 L “’(\:‘9 MR )E’Y'—Y-) “"'&’(f‘) <¥-o;' ® ’)\4‘

vd sy ‘M’“-—h) ‘2’ r.:V* Y (t‘}(,(“(_/ - é;l
Tt = (15.25)
for tG::E ¢ XC 2_‘3“ g &::GJ :(‘L - r_.,‘ % 371..‘-\
Let (15.23) be distocal on [ a,; a,} ¢ T, then the
Cr=1y 1) BVP (15.1). '
(v .
%Dy = A
Xtan) = B
has a soiutioﬁ. If, in addition, solutions of initial value
nrobleus for (15.1) are unique, then the above (n-1,1)-BVP has-

has a unique solution,

For k=1, Ry + ++ , define the integral means

N

Proof.
: ‘ ‘ : " K . » .,n/ i
fiahle e s ) D aadx Ry
Eﬂ .X'h..“*'.t < j(c—*.(lz
j}’h = ,..__.j o (4 Aoy oy Bal)) A5
. Q:n g ‘ 3 i ‘
S o= oo ADg
L R M-y
Note that érk -» 4 uniforaly on compact subsets of [ ayp, ﬁ'T

the functions {vk .
S5

are continuous on ﬁ Q) 5\4_,3 % &“ and
Yk > Y (v
o oy
P %

3 = opt, e T
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s ™ . . ‘ '

Let Xk (&5 ™Y be the solution of Yo IVP

LEMJ‘: {‘k{‘*{‘?‘ Xy + o 0 }({hwgy}

) v (15.26)
l R -
x (Ct| ) = A Ly L= 'L,)} 1 ) AN T B (IR ]

(n-t)
L

b {a,) = ™. (15.27)

Assuie o >0 , then by Theorem V-3,1 (28], there is an

;!f: e (o, 'm) such that

| ‘ W) — X, (a ) -"mt th'(& W),:W’ (44 _5;))
TX.R( Ckh,,"m) Rk raye) = o= L4y Z sy
where Zy (t,% ) is the solution of the IVP >
LE"’J - Z. oy S AL Ey Wyt f e ) Xk w'&j‘““))z
e b .

€y .

Zz (Q,‘)‘;ﬁ 3 L= O, l} € ey M2
(=) -

“ (EH)" t’

By use of Lemma 15.14 we get that

Xy la, m) — Xplaay0)z m wlag,a ; 15.23)
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where (- (Jl‘) Q'}i . 13}) is the Cauchy function at q“ for

(15.23). It follows by succ .ssive use of K.ake's convergence

. Theoren E28, Theoreu II-3.2] that for each " >0 y
XA ym) — M lasyor 2 mw(ays, ; 15 zs}ﬁ

where X (+, ™) is a fixed solution of (15.1), (15.26), (15.27
and (¢, o) is a solution of (15.1), (15.26_), (15.27) (at this
stage of the proof we are not assuming uniqueness of IVP's). Sinc
W (@aya; i5-23) >0, | |
Lin
t—>w |
Similarly for cach M <« o there is a solution ¢ (¢ ) of €315,

(15.26)(15.27) such that

t 2> '

Qa
h _ \
Since i w 3 ™) tmeg ond k(t} ™) is now any solution

of (15.1), (15.26), (15. 27)?5 is conmnected the firs+: statement of
the theorem follo.ws. ,

Now assume that solutions of IVPs for (15.1) are unique.,
Assume sowe (n-1,1) BVP has distinct solutions, then without
loss of generality assvmé there are oints -‘m?) ™My (since

solutions of IVP's are unique) such that

X (A, , ma) = X (any )
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It follows frow (15.28) that there is an ¥, >, such that

L may s Y )

- S (e
for Q_,’ (f*(b‘s LT Oy ) ..-)*n-’ - and 3¢ }(-t” ‘th)

- X(m'”(.t';}”""l) . oet

W) = - e

3

By the one sided Lipschitz condition of 4 it is easy to see that
. (m-1) '
L[_w'i,{:)]?: v (%) W () + = v+ YV @ywit)
on L’-‘t.” t“] .

Since (15.23) is disfocal on (&, C\L_] it follows from
Lemaa 15.12 that |

An—y Ln. :
pl4 Ly ™y) — )L.\n Y ({‘, M )
(Mm=1), _ N 3
W (t)y = ~ = :
’YY\;L__. ’Y\"|

’

This implies that ‘)r_(ﬂ") U—,) ’m;) > u(“")({—” -rm‘) | which
is a contradiction.
'l‘heorem_i5._£7_. Ascune
(__‘}?\-l—'t [f(t; Mgyt vy Wiy Ly )(‘n-') -

F e, 2 08 \‘Ji;) A Dcm..g)’] 2 (~1) ﬁ/t'('f')(_kg“’j[.}

-
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where e Ly, 08 s X 240 s L Zayly o s Moy
JIX:
and (15.23) is{disfocal on (a;,a,} . mhen the (1,n-1)3VP (15.1)

X(Q;) - A‘

Xu)(‘tq) :BLJ L= 03ly .o ) n?l

has a solution. If, in addition, solutions of IVPs for (15.1) erc

unique, the above (1l,n-1) BVP has a unique solution.

The proof of the above theorem is similar to the proof of

Theorem 15.6.

16, Three-Poi Problems.

A T e S AT e W P © e < R

Theorem 16,1 [65] Suppose that

(H‘) for each "m ¢ R there exist solutions to each of the

four BVPs (6.1) (V= .~ ywith boundary oonditions
f‘x (% = "Xg ’ X(“"“('ga Yo oy, 3t '—n( A= Ay
(\=2,3), W23 (16.1)
AV a2y = N yn VT05 0y s vy mon) whoew ny3;
Sx(h—t)(qz): Aot y(ﬂ‘i')(qzj';: ™ (a3) = %ﬁﬁt;l,SF;
- NE3 162
lﬂ-““(‘tz): >‘).+1 3= o, iy e, M) g, “"2’3' '

(Hl) for each m & K and each {:-! there cxists at most one
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solution to cach ~T the two BVPs defined by (6.1) (g=n-1) and

Xa,y= )\,, ‘xm’ :‘)(%‘) = ™,

&

)(('}”-.1\(;02}:‘ >"tﬂ.—ﬂ)

/ .
Ly & Lay, Ay ) j WmE 3

-

o | - (16.3)
A (85) = ’)‘J-‘»z Caz Oy iy : R D
(_*n-ﬂ . | (r -2) |
S L _ -
. (42)= Amoyy X (t,) =M , Xlaz) = Aoy
t‘ E" C“*Q)Q-_:’) ) 7‘2 3 ‘ - (
»‘ _ 16.4)
(9)
o= Ay G=o0t el sy

Then there cxists a unique solution to the BVP (6.1) (g=n-1) with
bowdary conditions

)C(ft,_) . )\l 3 X(Y‘ﬁl) Caz)z= M i~ $ }((57(5) - ’\‘,3 g M23
() : ' ‘
4 )(QJ) - )3*.2 («1’:0) ‘)0 ML ')"”l-{)j >3, (16.5

Proof. By tsking ¢,z a, in(H,) we scu that respective

-~ - -

solutions x,(’_h ™) and 3(2({.”“) of the BVPs (6.1), (16.1).

and  (6.1), (16.2)? ¢Xist and arc unique. We first show that
(»~73) | I8 comtimmmg ictly i .

x‘ ~ qu) rn) 18 continmuous and a strictly increcasing

function »f m aad its range is”the sct of all rcal nuabers.

Lot mig > m

¢ eud cousider 7 (&) = X, (t, ™My) - 3(1(1&,7%,)

)

IE i

gL z(*v"*2)u_)>$ for oll + ¢ (_q’ 3 qa] ~ sincd otherwise

2:{ n’“lP) _ sor sowe k¢ (=, g.) vhich contradicts (,H;"
Also ztla) oy , = {{nm-2 (t)var & &0 oy "11] m>3
and % L3)(§L;) zo Uiz 0,0, « o my 17:1)‘{; that z:(”é'il)\

(v :
Henee X, m-3) CQ;,M) is a strictly iucreasing function of m,

e —————————————————————
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Suppose k&ﬂ.‘ * C A9, ™) has a jump discontinuity at m < ™
such that }(A( > (aa, vV )= @y % Cazsry) = b

T =3 -
and ¢ ) (%a, *m‘*“) = & , where monotonicity assvris that

adbh f Cy a <« ¢ . Let b} be g real number different

from b such that Q. <« b, < C P and consider the solution X (+7

of the problem (6.1), (16.1)3 where )(iy"""&)(ﬂa) - k‘t' .

By (H,),X@)and all its derivatives through the nth oxder

exist and are wel: defincd in [_C«_.UQ‘ 2.:) . In particular x(“ (.;.,)»»‘)

exists and has a real velue, say, k. Then X(¢) i8S identical with

{2

)g§ (_%) ) of (6.1), (16.1)2 with m = k and therefore f;‘-(; (x”

N
v t'\f)

. . . En-3) ., . i
which is impossible. Thus X ) g, m) is a strictly

increasing continuous function of .

To prove that deh’ﬂ(@u 5 ") has as its rsge thc set of

: ' o : 50 0P =3
all reals, let us assumc thet for all rcal u, JC'

Y(an,m)
o . . 3 . e3) ‘
is bounded above, that is, xs (&g, mYy & IV £ @D .
From QH!) , the two-point probdlem (6.1), (16.1),5 with v = v o4
has a solution X (¢} such that y(‘n~3)(¢,\l) - ™M -+ } e IT we
‘—(’ - o) 3 a hoetTore ' (&n"j -

set x s A1 ){“:L): k g W€ find, as pcfoxe, that ’Xl . )(.f“".’l,.rk' ) = M 4
which contradicts our assumption on the upper bound. Similarly,
Df;i( )Cdkl, 'm) is not bounded below ¢ither,

y - ¢
An exact parallel trecatucnt shows that 65

) (G\::.,;“m)
is a strictly deorcasing continuous furiction of m, the rangc

being the set of all rcals. Consequently, there exists a uniguc



113
(n-3%) Cw=3)
such that ')L' g , mwg) = 7(2 - (an j) W’o) .

Thus, (&) defincd as

X @y = X, my) 3 t ¢ eqf CL:J

: . (16.6]
= *a2 (&, ”’"o) y & qu,& qu
where Xf%”l) Cany,mad = L%—l)(qumo): ™ o » 18 a

solution of the RBVP (6-1), (16.5).

To cstablish uniquencss, supsose y(1) is another solution

| | |
distinot from } @ in (16.6). Iet the restrictions of ‘() He the

subintervals [ «y; a,] and [Lagyaz]|be labelled %, (4) and Fald)
respectively. Then, from hypothesis (Hl)) 3,0 = %, (&, m¥)

and a8 T XLk, m¥)  where ap* = %V, . Ir

¥ s ey, » tac wreceding proof implics that
{n-3) (n-3) _— {n-3)
3,7 Caa) = > ‘CC\Q, w*¥) > X (a2, ™ o)

I

(m=-2)/, "n-2
| = L'h.._g,)
\J:L L‘:\»g)
which is a contradiction. Thus ™ camnot bc greater than m,

Svom
——

and likewisc ¥ enzot be less than m, . Hence m¥ ™o s

that is, $(&) = X&) , which »roves the vniqueness of X(4)
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Theorea 16.2. r65‘j et L,Y & {o, I} . For specific
valucs o7 AL and ¥ supiose thot
Q¥4\) for cach " € R there cxist solutious to cach of
the BVPs defined by (6.1) (g = n-1) and the following poundary

conditions:
&) ‘ ) VPR Y = & . "
x (a)) = Ay x (2g)= Aja (3=0y 14, y m-3),

f ' - 6:T7):
1»(’7\—&)(&2)___-%, Ce= 1y 2) (1 '7)1

&) — )\ = . - L) - m
X T Hag) = ’\J+1L5 =erh » m=3), ‘x 2 ’(16.8)1

U—%;) for each mé& R and cach t, there exists at most one
solution to each of the two BVPs given by (6.1) (g = n-1) and tho
conditions | ‘ _
N ‘ (m 1)
x Va2 N x ¢ (£)= m,

XL’))LQI\) - /\3+1 (J: <y ’) F -&3 %_5}’ —6'6(\@*‘)?\1] (16'9)

LONag = Mg P b mo3)

- ) | )
xh")’(h):’m) e (Q3) - ,\,h, {"1 6 [‘_*D\"a‘3>~. (16.10)

Then, there exishs a unique solution to the BVP (6.1)(q=n-1) with
boundary conditious

A «3) . - s

(¥)
X Ulag) = Am (16.11)
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The proof of this theorcm is similar to the proof of .
Theorem 16,1. Also for MMzY = Sy, M= 3 ., theoren 16.2

covers theorem 5,1 of !;663 as a sptcial case, . vs.yp -

Theorem 16.5 [ 65 ] Sup osc that (’A,) for equation (6,1) -
(q = n-1) initial valuc provlems have at most ona solution on each

of the subinteryals [ «,,&;) and [2a2;az | y (Aq>the function

f(fi;bg, Uay = - -y uwm) setisfies the following monotonicity

conditions: , -
— .
s 1) )<\*é~\r;()220(4:’3&}"‘}’”1)

Mmoo < Vo
b Lie 5 |  (16.12)
$lb,wyMay - o2 s Moy un) € FOE Y, VE, o e oy Vg, ‘o)
t e (g, ay]
and :
Q"Y\—! < \rﬁ,._,_, 3 (4,3‘ < \/; Ci= 1, 2,0 0 ny\..a_)
’ implies
Pk, wyguay s o1 Uy uy) <
(16.13)

F ey ViV, e s 3 Vo U“"w)) te [%’&3) )
Then, fox e’a.ch ™m € R and for M) \r\@_-{ 0, ;% , there is at

most one sol-tion to cach of the eight provlcms (6.1), (16.7).

ard (6.1), (16.8)W_ (i = 1,2) for specificd values of s and ¥,
Proof. The uniqueness of solution to (6.1), (16.7)l under

the above hyoothesis will ove proved. The remaihing problems can be

treated in an analogous manner.,
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Suppose, for a given value of Ar and a fixed u, there exist
two. distinet solutions ¢ ) and )t (T.1), (16.7)1. Let

W (B = () — X6 . hen

ey 2w ) = vy = o

(3= 9y ‘; R ’”“3)- (16.14)

Since by hypothesis (A,) 3 urhhl) ((\‘);;: o , let us assﬁme,
,w;_thqut loss of generality, that wo (n-2) Cq )y > o This,
 together vith (16.14) iupliecs that therc exists A € l_qu | o )
‘such that W-CTm ) (A) =0 and - V() S for all -
V‘E & L’L) &QJ . UHe can thercfbré find suitavle p and g,
’;,_ be_ [ A C\:) and ¢ (b G, ] such that \.J‘('h )(1{)._ >

and - -1 ( {*) >0  whenever t & (P, ) . Hence

' o (n-1) (n-1)
; (VO —
\RT'Q ) () = L:h ' 9, : U._ (v) < o,
toy | A}

Now, wr "M y) >0 in (A, a5 | taplies WG
and also that WU‘-"G) (+) increases in (A, CLlJ . Since

Lnﬂ,!_"'g . — } -
b ~'% ) .(Q*:l) = @ | this vields wr &7 3’)(..{-‘) < O for all

te (2 Q‘.Z] and, in particular, o (””3)(%/) < o ., Conti-
‘ nuing this reasoning, we sece¢ that

3 M- : -
2o, W) Yo, (5D T W (y) 2o
(\'): o ‘J A ’)“:—-3)._

w3
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By (16.12), this 'r<_;q1‘l.:?.rcs W tn) () > o0 which oontradic.ts
the earlicr cveluation., Thus w () = o which proves the
uniqueness of the seoltioxn.

Theorei 16.4 [651 Jup.ose that the hypothescs of Thcorem 16.3

]

arc satisficd. If, for spccificd values of 4 and y and for every

i
w & R solutions exist for cach of the four two-point probleas (6,1). F
(16. 7) 2 (6,:1), (16.8). (i =1,2), then a unicuc solution exists
for thc three point »roblem defined by (6.1), (16.11).

_3_.3_;"6.9_@_ . For a given m, the hypothescs of the present theorem
sures us the exisicnce of solutious 1o problcus vith bomléiary
cordl‘tw ons (16, 7) (16.8). (i = 1,2), wicreas theorea o states
that the solution to cach »f these four nroblems is unigque, Let

X (€) m) denote the soluuoycorresnondlng 1> the boundary

conditio. (16'7>1 and lct us define W (&) = X, (ty my) ”")Qf({‘; "”'i)'

where i, > ™, . dhen,
U»L) ) o (3= i ) N
o (‘H): - (az) =0 (3= o0, gy ‘;’h-})’

(16.15)
e (m-y) (q_g_) >0 . ‘

Now two passibilitics arisc.

Case (i). Suprose WU““‘)({__‘) S o forall t e L‘LU "\-l]

Thon, (’\-4‘9({‘) increas ses with + iu Ecku O:\l:} Farther,
(16.195) implies that there exists \«r ol [:Q‘, Q.. ) such that
w("‘ 2)03): o . Thercfore, r ("‘"‘)({—) >0 for all

t ¢ ( ‘O; ("QJ :
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ASuds thab WD)z 0 wmd W) () >0 fu cid
t & Cﬁ/) &QJ We mouw Afowr -t a b )
Case (ii). There cxists Y & [ a,, f\l)/( | . there cxists
b e [ﬁ/, 31) such that s (M-3)¢ LY 2> e and consequently

w2 (1) s 4 for all + & Ct:,q;‘} . Suppose it were not

‘trac, that is, ("D g)« o for te LV, a, ->( This would

imply that w- n-2) (V) <o and That (o U“?’)(f) is decrca-

sing in L, a,) end, in particular, wW- tn—3) {(v) >0.

Following this line of argument, we sec that

E —_ . .) .h-.
w- =1 (V)=0 4 wtn-2) (v) <o 5, (=) w @ “')(fy) <

(d=9os1, « -+ 5 =m-3),
(ls- ll) nowr l'rn‘r; ‘-‘E./b —Hu@.,jr \Af(-’\?(_cv) < b Wd\ Co’nht/l,zxal B
The monotonicity condition/ . the Y

?.V'mQ.ULq,ho'm faj \L«r(:n)é'-v) 12} the Lw{’“

AJ.'W wr i'("ro-—l) (‘&_) _ w..-{_’)")--’.) (c‘/)

+ o,

W

w M () =

“Thu., in either casc taorc exists & f-ﬂ.. 45 } such that
2

-3 ; : ’
\Aftn )({-—)>0 for all +& G{, Ql} . This results in

(r=2)

(M——Q ‘ T Y ) Pioatlo 1- -~ '~
)( az)>o and hence X, ( Sz 3 m ) strictly incrcascs

P8
with m. Similarly, if X, (t, ) is the soluticn of the two-
point problem (6.1); (16.8)1.; then ;(_éh—l) (a2, ,m) can be
shown %0 be a sirictly dﬁ'oréasing function of wm, -’L‘he rcst Qf the

o

proof foliows exac.ly as that for Thcorem 16.2.
Theoxreci 16.5 [653 Suppose that the hypotheses of

Theoren 16.3 arc satisfied. Also, let

(A)) for all "m e R, solutions exist for thc four BVPs (6.1),
(16.1),: (6.1), (16.2); (1 =2,3);
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(Ai) for all v & R, there cxists at most one s
of the two BVPs (6.1), (16.1)2; (6.1), (16.2),.

Then, there exists a Ur;iqu(: solution to he nroblem
(6,1), (16,5).

The »roof of this theorewm is sinilar to proof of “theorem\lé.z\.,

Similar rcsults for the %hird order systcms have becn obtained

reecently in E67J .

(m) 7 '
Theorew 16.6. Iet X @) & C ) ECL); @3] satisfying

¥, N P
xltayzo, xa)=0, =0, 1, 10y mog (16.86)

or
. . P |
)C(J)(q1§:p, J=o0,1, .. cy m-2y 3¢ (Q3)::O

(16.17)

or _ ’

3y : ' ,
>xlay= o, x )&‘11) =Gy I2 Quly v cf -3 (15.18)

>l (23) = o,

Then k)
v (m -
(k) o ) . i . -
> (*_) S AL Yy [ (l:‘ 2, 3
‘ ! "‘_ak L L 2% ) (16.19)
k= O, 15 ¢ » -y M

vhere 'ﬁ\, = - Ay pop (16.16): 5= Q3= @, for (16.17):

€5 = ag __c.h; Tor (16.18) and ™ is tie maximum of \Ix(”)(t—)}
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in the corresponding iuntcrval. Also i 3
. (n—~2a)
0( = l ‘ 3 "’4'7\ s . ‘ . Y —)
TP n-1) =mi : (n-i)t In-1) (16.20)
L = S
"5 k4 (m—t) (n—k-1)t

k‘: (} 2‘,3 + 5 = )%v—:{.

A

Erovf . %e shall prove only for (16.13) and for (16.16)
and (16.17) it will follew similarly. We have as in the proof of

-

Theorem 5.3

. ; | | : V ?r.—é, :
Ul g my (e [e=an) T Las-d),

L’Y\-—-i)f'

Now integrating the above inequality from a 5 to (a, < {f)

we find on using X (ayz)= o

V> )] :{ S: x'c'aidfs& é L{i [ x'coy| ds
: 2 . 2

| L o |
=< ™3 ! j (A-ay) (r-a,) (a3 —») da
r—iyt 22y

A3 "2
! S (m-a,).. (az3-A)ds

and similar%;y for ( Qz%é‘) . This »roves for .k—; 6 . Now for
k>1 define R = Xl({-)g then £ ) satisfies the hypouuvoos

of theoren 5.2 and the result follows.
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The constante g(h} k= ly « « « ;’h-{) are the best

are exact.for the

funetions
i %
- ay. q ay_t
>, (4) = (GQ,_-{’:) ——1 .3;_]
V"r‘_v’ e
Q4. f ! )
o (Y = C+-«w) m_y ‘*;T*j

and only for thcse functions, unto a constant factor,

{n :
Theorcn 16.7. et X&)y € C )[:Q1; Qg] satisfying

€9y .
)((q.):ﬁp Xﬁ (q‘a):(}, J:‘_ 0? !j * e 4

y M~ 3 }
S (P =1) (a3 = o (16.21) ]
pr
. . ‘ (n-1)
_ - %x(a3) = o . (16.22)
Then
(k) @ , o h
[ > (Hl_& ‘%wk w{ R CC= 1y 2)

where Ty, {1l,¢h,agd a2 arc same as in Theorem 16.6. Also,

- 2 = 2 ‘
Eﬁw,o - 5#‘ 2 (==
. ! .:

. :r‘
2 : R ,
)ﬂ : - . - -~ -
1 (h4)§%_kq)§’ k;‘}Z; m-3

) = I,
’h‘('n_}) pr’" M-

(16.23)
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Proof. We shall prove for (16.22) and for (16.21) it will
follow cimilarly. The funct.on X(t) satisfying (16.22) can be

writien as

ce_é\,) («3~/5) *
X (4 = M[jq = o = j&
2

T =4 (a3 — Qa)m~3’
@3 ! -
x (M (8 as +1 I e IR C ORI, :x(mw)d}

—

Thus, we find that

_ 2
} D(‘({-)[ < m, ,Lm[(t—q.l)“ .1(6\,3-@;) -—C*:*%)j

nl
) . M=
o
m,.;z\
{ e
El ‘“}Y\J — 's—f—' TE— ((1_3_@1) .
i i m /

Henco, the result follows for R= 6 , also for k =m—t the
result is immediatc, o now we shall prove for k = m -3

In fact; we have from the auvove integral revrescntation

~ t i s T o~ .
TPy = S '—[ B — ({-«*A)] XM onda
‘CLQ (_"‘n—-{) (O‘*—-':kz)n 2
a3
CQ w/?))fh_’ i
+ i — 2 _— )(q’%»(,’ﬁ dr

< (%”")(~°‘3“‘:\:&.)7\“?l



123

g
1t can be shown by clcuentar; calculations that ( X Y
{n—t) LQ-B' ql\)% e (-~ /S) 1is nommegative if

and has only one zero in Laa 5 t—]

a find for Ck )
Q2 -z erice, we fin 2t
if + ¢ aq o 3 2 . Hence, Kol Bl
2%} " .

] ] (a a ')2\’
R e e 3="2)
£ a3 Mn-1y ] 7
q - q a K
If £ > a, + »3;..._&3 , then we find
. —_
(23—~ ») d
t 2) _ .
IX - H’ < (‘ E({L 5) (’h»f) —
93 —33)

+y a3 _q -)’Y\—:z )
-k
;0\3 a,
-+ X { ~L—--._?l_“____ d.4
t (=) (ag_ ql)"rwl
” S

1(03_.{"4) — { (Ckg,——q-:z)
M n-1) (2, ay)

= ma F 06, £ 0) (day)
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‘where

mLB—' !> —_ (JCM,,%{.)‘

‘Now, it is casy 4o verify that the maxiium valae of :f’( ty 4:(%)/

attains at t = 8 and then ‘E; = %3 ., ‘also the maximum value
is (_Ck_ —_ G

6"’“) m-2 2 'Q

To prove for k=1, 25 ¢ - = 3 Mm_ 3 we note that )((-t)

satisfies X(*’)Ca,z);o) :)’*‘ 0, ty - cey M3 5 X(Q*B‘) = O,}

thus on using Theoren 5.2, we find

N ~ k . m—-t 1

Ck
X )| € - : (a3 —oyz) X
[ e ) Gk |
Max. ’ (n_‘)( )}
| Since ' > ¢ )(Jc)\ < (az- ay) my -, the resutt follows.

The ceonstants fs k ('k;o, n-l, m_‘) are the best posgiblce
as thcy arc exact forxr +ﬂL, func’clons

x, ) = ( 0*2* ‘t> B["l—*‘l‘)& _ (6‘1-—-{')1;)

) = (e, )" [CCL;; G\_ﬁ a~{~)]
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o e
Theoren 16.8 (a) Iet X (b & C {4y, a3]

L C3) ~ -
W (ay= 6, 2% (a)z=ord=0515 - -, n-3;

satisfying

(16.24)
M S
or ‘
(}} ' . (n— :
- (16.25)
2 ('.4.3) = O .
Then,
“a AR k -
] y“‘)(f-)\ « V., m F (i=12)
0 = Mk | " (16.26)
where
2 ¢ 3)M~
4 »-
Y”i" - (»n—i) m i P ¥myy T (=2 | Yo —3
= ] ). (")’\ le -
Vopem B -
{ } ' . :
= A _ ) >3 A L =3 (16,27
Yy g 2 1) (m-2) ¥ amd - m=3, )
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The proof of this theorc. is same as of Theorem 16.7. The
constaniu \/,ﬁ,k (K: Gy m 2, ’h-—() are .he best possible,

as they are exact for the functions —

i

- 2 e e i
X0 = (ﬁrmt—)lt(q‘""ﬂ —Gray ST

"”’3: fea Vo D Qg - 2 ‘
‘)(2({.') = C+"~‘ 5(2) [( QQ) - Q}‘“Q) ({3 %)J

and only for these functions, upto a constant factor.

Theorem 16.8 (b) Let Xt & C(%)EQ.’).Qaj

satisfying |
{n -2 . (7 —1 :
X)) = o, X )QC‘%) =0, X 3(f“'*:) = o

X(J) <q2) =0 j (:} = Op ‘_, c - 4y 'h—k) M{im >3

or .
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where -,
) ,1) ’,‘ T -.:’ \ -':.::vv——
S, r et 2F)
- -
: o \ L
. K
S s e ot i ”, » -,
‘V{',ﬁfi&"" = v ,l\':‘gmf::-,g"‘)%”"i
< (- " -‘Q“ — j ! '
e : (16.27)
< A Y O $ ' ¥ . T ; = ; N
- il L.“
-t
2.

The proof of this theorem is same as of theorem 16.7. The

>

> g WP
as they are exact for the functions

constants & (hzG,"v-n, . ) are the best possible,

3 s
. Yy R . = ) D
SGe) = (o= 4y T laga)) = (ng-t) _’

X4 = (L-ay) [C g = SE= ) ]

and only for these funciions, upto a constant factor.

_ (3
Theoren 16.9. Let X ) ¢ C ) [ Ly, CLQJ
satisfying |

3(_(&.‘) = 3 j({ C{‘B =0 )(IICCLI):O) tgec_qifq:.lj
(16.28)

oxr

I ‘
X (a)=o, X' (£,)=0 s x(a3)=0, JCIGEQQ, QS) ~ (16.29)
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(16.30)

max | x"g]
qlgfsaz

: -

My = A \X (»f){ G Ty =
Proof. We shall prove ouly for (16.28) and for (16.29) it
follows similarly. Any function x(%) satisfying (16.28) can be

written as

= | R ~ Rey 2
3H%%:j 'L (s-a) X”%&‘*5*ih L (L G-a)
i ) :

zn’- ] jkf 2L
— (*&«QA.)(JC‘%,] O v (h ) XMesyds .

Now, it follows that for Q, < { < t‘ ' ‘
5——i§(+- tg’+—<t~40(+-ﬂcg>@5-4

Ixco) < |7 Ge=e
e l \) (“"*Fﬂ

wy b 2 .
< ,Liﬁfwaf)-+ 3 (ay —a Y(a, - ](%~q
() ) A ‘>~ 2 t) | () (16,31)
o
¢ L (-%y). (16.32)
Similarly, if —&( < 4+ < Qf' __q‘ < a, we get the same

estinate as (16.31) and hence (16.32). If 2+, - a,&¢t< a, then
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we find

+ema) (hma) 4L (aoe)?] as
»(;\2 \ 2_ ‘ —
+ &Jc L& (t-a) '~ C-"C*-Q.)(chq,)] C‘/bj_ ~r
- e \ 3 -
< %,LJ(: Gh-3,) + ¢ (b-1)7+ L <+~q‘)(t~1t,+q,)?<

(Ratt - 2d!) — Lle-a) (k24 M‘)(«s,tf‘f){}

i

where

% _ :
£ = &z e-a) (£-at 44q,) .

Thus, ve find

)] ¢ m, -y “(:“> E<f‘nq‘)q+6£~z£',+q,) X

-

| .
(5qa+2tt-~«t———fﬂ .

g \2 /- : | Ay -
=, (:f_;fl) (5q:2-2.‘3(‘~ Jc) < My (._,;ﬁm',\’
¢ 4

A

and frow this (16.32) follows for all+ & [a, , qQ:)

The following estimates are easy to determine and nroves (16.30),;
- 2 i
I,y ™ ~ ' /
[x' ] < -‘_l.u(*z_ﬂ s 4 a, e te 4
I . | /
b & vy " .
| xien | < = Ckf%)czqﬁ'“f"'qd, § gt ea,

" ;
X € (e 0y, 4 a <t e a,.

7
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: (3 . :
Theorem 16.10. Let Y E )EQ,) Qs:) satlsfylng

| i _ .
,DL'(-’*O o, X'ty =o, 3‘("‘:&)“0){'6("q"ql)(16-33)

or

4

Then

o3 | : L s By
bc(f:){ < *-13* m, R0 5 >l ¢ < @LQL. 5 I ({f)fs ((1(6.35)

’

where ny and "™n, are defined in Theorem ,16.,9.

Iheoren 16,11. Let (H)& Q”) L =i Q-3:) satisfying
'\/(('q,) =G /! ) =0 ; xay) =0, {.“ECQU%JA(M.%)

or

Y 5

xlany=o0, > t)y= o, X (az) =0, t, & [ql} qi) - (16.37)

| (16.38)
| X"ewy] 2 my L |

where my and m, are defined in Theorem 16.9.

The proof of the above twon theoreus is saie as of

Theoren 16.9.
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Theoreu 16.12: Let 5-({, U.o,‘U.,) AR um_l>

satisfy ~“he Lipschitz condition (6.17). Then each of thé
BVEs (6.1), (16.7), (M =1) , (6.1), (16.8), (V= () has a
unique solution provided / |

\

M- : "=} "
‘ g . < | .
Z "<”";J LJ E-L ‘

(16.39)
J=0 l'_: ‘)3.
The ‘7<m,j are defined in (16.20).
Theoren 16.13: et f( 4, uwo, u,, + . ., U y)

satisfy the Lipschitz condition (6.17). Ten each of the
BVP,  (6.1), (16.1)5: (6.1), (16.2)45 (6.1), (16.7); ( 4 =o)
(6.1), (16.8); (Y= 0) has a unigue solution provided

N~} 'n-;) .
7 F& T < |
L Mmay &
J=o

=i,

(16.40)

The p,,,,); are defined in (16.23).

Theoreu 16.14: Let f(_-\{:) W v 2 2 8 u%_l) satisfy
the Lipschitz condition (6.17). Th en each of the BVPs (6.1),
(16.7)‘ ( = |) < (6.1), (16.8),<Y’: () has a unigue solution

nroygided )
M-} ,
. M-
' Z ’/“n;j LJ B¢ < 1. (16.41
R { = I, 2

The . )/y,” *are defined in (16.27)-
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Theoremn 16,15 Let ’§(-fa&&u, W,y ¢+ + 2 uwh_,>

satisfy the Livnschitz condit.on (6.17). Then each of the BVPg
(6.1), (16.1),; has a unique solution rovided

N~ \ '

< S, . T 6.42
> Sy by e < eata
Jzo 'izl)_'l

The th)‘i are defined in (16.27)'.

The »proof of all the auove results is siwilar to the

proof of Theorem-6,4.

Theorem 16.16: Let the hypotheses (AMQBOf Theore.: 16.3 is
satisfied and 1et-{({;,LLU;\*‘} P '-’khm;;) satisfy (6.17).
Then there exists a unique solution to the BVP (6.1), (16.5)
nrovided

v —1

el b}
> é’m;\ L; £ < | (16.43)

Proof: First we note that ,n’%\g g%,k and hence fron
theoreus 16.13 and 16.15 each of the BVPs (6.1), §l6.1)L ¢ (6.1),
(16.2) ¢ (i = 2,3) have at wost one solution »rovided (16.43) is

cstisfied. Thus Theore:n 16,5 nroves the theoren.

Theoren 16,17: Let the hypotheses (/\Q) of Theoren 16.3 is

satisfied and let - (t, Wo, by, » + 75 kL7\~') satisfy
(6.17). Then there exists a unique solutibn to the BVP (6.1),
(1€.11) »nrovided,

- \

L M-} :
~ B Ly 2, < | (M=

) 0, ¥ = .
an "9 . ’.“"O) (16.44)
J=o c=12
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- g

PO 'Y\‘—J

N . - .

AR {h;; L} {‘)L < | (16.45)

Jd -o L(::f, V=l A =) \):70 &2 /{J\,—_—o/\/:[)
l'_-:’,.z ‘

The proof of this thegrem is an application of iheorem 164

It should be xuoted that theorems 4.1-4.8 obtained in [65 ]
are the particular cases of Theorew 16.4 and Theorems 16.12-16,17
In the case n = 3 which was considered in [:65:} in fact the
condition (}\2) required in theore:s 16.16-16,17 is not necessary,

and hence theoreus 4.6-4.8 of [§5] can be modified,

Theorem 16.13: Let é}(&,uu 5 Wy, uQ) satisfy (6517).

Then there exists g unique solviion to the BVP: equation

S — NETR Y X, 5!t (16.46)

with boundary cenditions (16.28) or (16.29) (not necessarily

Zero conditions) nrovided

| L,
Z‘L J‘D“ + 5 by € ™ R < (16.47)

with boundary conditions (16.33) or (16.34) (not nécessarily

zero conditions) »rovided

L 3 N 2 | p.
3 L°£‘+2L‘ R 26‘4" (16.48)
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with boundary conditions (16.36) or (16.37) (not necessarily

zero conditions) provided.

3 .3 \ 02 4
?;;-Lo't; *“‘E'Lw'ﬁt—+ Ll{i <. (16.49)
.L: ‘J 2

The »roof is similar to that of Theorem 6,4 with the aprlications
& , 2

of Theoreus 16,9-16,11,

Now an_application of theyrems 16,1 aud 16,2 nroves the
fallowing

Theore.1 16.19: Iet §:(+)&40) ul)‘*z) satis fy (6.17).
Then there exists a unique solution to the BVP (a) (16.46),(16.5)

+ (1.=3) provided (16.48) is satisfied (b} (16.46), (16.11) (u=3,
M=1,¥Y =1lor 4 =1,Y=p or Mz=0,y = y) provided (16.48)
is satisfied ’(c) (16.46), (16.,11) (a =3, M=zo= v )
provided (16.49) is satisfied.

In fact for the case (¢) we have show: recently that
condition (16-.49) can ve iuroved further €o

2

3
L

+,“13L:z Re L1 -

r~

L = S
S dee oY 6 T

O:ie can wse a sinilar iterative vprocedure to imnrove the results
in several other cases., It will be interesting t» find whether
condition (/\2) call ve relaxed for the class of functinus

satisfying Lipschitz condition (6.17) in order to prove for any n.
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17. Quasilinearisation.

Quasilinearization is a practical method to construct the
solution of the noxlinear problens in an i%rrotive way, tho
nonliﬁear problem is veing reduced to éolving a sequence of linear
wroblems., This method has attracted consid@radle attention in
recent years, for exasunle see Beliman et al I:69] Lee [70)
Bernfeld et al [35] , Kalaba [33] , also for the systems and

componeni-vwise analysis see Agarval [:711 )

Here, for the equation (6.1), we de&fiiie an iterative schenme

as follows

()

+) = . P DY (4 :
X, £+, Xy (8, 5 X)) r.1)
(v i .
i ‘@) (J)
t ¢ T Ol 0 = ,7®) by
'):U- 'YY\:‘ 05 {)r . |
where

,(:/)'(-H)

S

AL+, X (), + 5 X

bt = -
N
D )c,,: (+)

and ¢ is any constant.

In (17.1), )(0({) is any function at least q times conti-
nuously differentiable and sziisfy the boundary conditions (¥)
(we shéii consider only this and for (*¥) or (¥***) we shall state
the results directly). For each m the eguation (17.1) is solved
with the conditions that )(,,_N_‘(Jc) satisfy (¥). Thus, the

nroblem (6.1), (¥) is being reduced to solving the sequence of

nrodlewss (17.1) satisfying (*), we shall denote this as %:th(+{}.
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i It has been proved that the sequence 5 X W\(&)}(even for .ore
.»_,eneral boundary coz‘xditions)‘ uuder cert.ain conditions on f will
actually exist and converge in a suiteble space vrovided e
1engi‘.h of the interval O‘n“al is suffjciently small. Here we

shall give soie lower bouud on Q_ _ a,
: ' A

v (v) -
We shall denote B as the 3anach s)ace C "Lays CLAj with
the norm
. )
N manse X
| |-z L | x (f)] .
“ H L‘ L - ® Lteca, (17.2)
Lo

and consider the closed, bounded subset B, of 3 such that

) lx- 2,0l €| . Ian (17.2), the constants LJ (330; by oov )‘i/)

are défi;led as follows: for -+ ¢ [q‘),qﬁ_‘_\ , X () & B’ .

DFCE, k), o s xm’)cﬂ){ L (17.3)
s 5y

) = O) " LA }i/-
The waximum of } § X kY, « * = B )CQ/)(.H)’ oves rq\}qﬁﬂ)xg

we shall dénote as L, also we will de:i_‘i.ne [_*: wa X (L; }) .

Theorem 17,1 [42] Tet (i) §(by x ), . .. , x,“’)(ﬂ)

be contimmous over EQ 13 q,«zl X \3, and hence bounded by L
d ( :

(ii) % (f?, X (), 7> X V%‘t)) exist
> %
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and are continuous for all Jz o, by s iy 3/’

arid hezce bounded by L_ o Bnen 31 i Rie (‘ﬁ%
(l>ce) | i

i (6.7), the sequence generated by (17.1) with I

converges uniformly in t to the unicue solution of (

by T

4 bound on the errof is given Dy
“ X'YY\" ')C“ < k’m Cl," k)q‘ “ ‘X(“ )Cc” .

Proof: PFirst we shall show that the seguence { 1

———

exists in Bl . We define an implicit overator T

A & : :
Tz Lo (g [ 500 o,y 5oy
. .,
2 (3 = d5
+ € T LTE) a) - <’>3> 'FO\’“) \
J=o | | (1T .4

whose fom: is patterned on the inte;ral equation reprcsentation
LG R

Since M (4) é'B it is sufficient to show that, if
A ¢ [7)) then TY({—)C g i.e. T is a map»ing of B into B’

Prom (17.4) and thenren 5.39 we have
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(k) . (k) -k
| oo Ve~ 2 V) ¢ C:_"k (a,-a,) X
A - ’ v £
™G E‘{.({») XUt), - X(/V)\tfjs -+ C L \ (’T X) (L)

| d=8 .
<o) | by &)U
£ C:‘/*k (ay - q‘)m‘k E I+ C—Q [ T=- 4]

+ 1l - Q,H}]

h: O).[) SEEET R (17.5)

 Mul tiplying (17.5) by Lk and sumwing over from k=o %o k= o

we obtain

[Tx-0) <8 [ Cr ol - Q‘\}]

and hence
n T - u &C) E = k
| -cg

r;‘ he 3% & 5 ) ] -+ 1% ot G 3
“hus, the sequeuce {DL,M {Hl exisis in B' , srovided k <

o .
Now, we shell show that {X%(t)j converges: For this, we have

) — X%, ) = (%2 S22
o R j 3+, A) [’H’b) X (B)y v v e 53X, (b))
. ,

s @
e

(4) . . '
+ C Z(X')’Y\-Q— (AHYy — 3((J (/.‘3)> ‘QJ:(Z)) S ‘S’(é) X,m_'(é):’ ¥

Jzo

/ (\ (A > ‘9 (/5)) VvV
3(_% (/ﬂ> — € 2__ % 2 = wa\..g r)'(*é)
T
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where ﬁj,(o) is sa:le as bj(ﬁﬂ revlacing m by m-1.

Thus, using theorem 5.3, we obtain

' (k) * % . M-k
| x4 - ) ¢ LN Gam ) R &
' (v) .
™Ma {:(-} (+q 3(”,‘(%)) A ‘)(»m:/ (.{_)) _ _g_(_{:_) >(fm..;(£'}a
A <tga,

Y (3)

~¥) )] 32/: ( Yy x el
- v ,\)(,m_" “‘{" C { )(% ' — 'VY)‘)}X

Jzo

\ h(ﬂl =k [ x,,(h_”m» X,,ijz,mi_( v ‘ﬂlﬂ

.1—

%* X

< Conyie (a, - qiy?‘k [H Kz, = Bc,m_‘v(( 4

C ” X ™My - >(fm”

+ Cc I\ v, - )(qh*l@}

R MY £ AU NP R B AT T 4 P S

(17.6)
Multiplying (17.6) by L‘k and smriing over frow K= 6 1o k<9,

; we obtain
I\ Xy = Xemll € B {:Hx,m.. Xy ] (l_*-«c) +cff W) ™ Yoo |}

Hence, we find
“ Mo gy — X'm“ < kA o - X'm-c[/

or
m

“ er.{,"" >L'm” < ‘Q H X,—- Xo}.




; Siuce o }; < ) the seguezce Q‘N7h(+{chxv:rges to the solution
| af (6,1), (*) sa x(%).
"he ervnr bound follows fro. the followiiy triangular

inecial ity

i

” X-ﬁ’.ﬂ“r b T X w«;».\\ “ B ™ b — X “+ - u o0 i’\ X 7’""*\w Yo H

():n+§o~s+kw+k»2+. o +{m>§};<,,>fﬁ“

1IN

< K™ Q=R U = %)

and toking b N
Rewark 17.2: For the RVP (6.1), (*¥) or (6.1), (**¥) therc
is an analo. ous resul® to tucrorem 17.1. Actually the result
follows on re>lacing Q}(Jc-\ 0 f-(H (;=2,7) iu B/ ead 9
) T

g 9( i the Dedivs 3ion of k.

18. Bquatious with Jeviating Arguuents.

Here, we shsll cousider the folleowing nth srder diffcrentinl

equation with deviating ariuuents:

Y My = G, k) s Y-, @), ),

e v, () Ry
Sl -B ), - - s X0 ), X TS Bl ()
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wvhere f is a real-valued contimuous function defiued on f'
N LT WP . -

no.-negetive coutinuous functions with domain [ Qs a/z.j .

Let, the initial funciion 4,(£) be a C:(07—1) “function .

whrich is bounded together with its 2ll derivatives unto order
n-1 on { aoy Q,] where

;‘m'xfns T m (—L'SL*&)), i,:o,l,"')‘\/}

8} — 7 .
e = L a,<tea,

Vie nov consider BVPs connected with ecuation (18.1) subjcet to

boundary conditions (*) or (*¥*) or (**%), In a1l these nrobleums
B

we seck a functiou x(1), satisfying (18.1) a:d the conceriied

bownidary cow.dtious. For this, we define

% J 4’({—) if Qe € t2aq,
/Q,(H =N (18.2)
J & QJ.- (+) it a,E t £ ay

fofbw— ] Gitts8) d 2rctsa, (18.3)
S z o o1ler i se )
ntherwise

vhere ,fj({) and Gij(+) 6)Lare defined in (5.15).
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Wow, solving (13.1) (¥*) or (**) or (***) is equivalent
to finding the solution of the following integral equation

S Uy % _ '
A (k) = /QJ'(’“-‘ +L G\; (k5 2) F(5, x(n), X (5-8,03),

| .

| (v) ) |

R O LT
da .

Tneore 18,1 [42] : Tet K Do, (=0, 0, . « sy

be_given reazl numbers and let Q be the maximum of

l {.({} \Ao,u,, “ 55y UQ‘V-H)) on the cozu;vaqt set

§({’L&°’u” t "ul‘v+t>(- ayctsa,,

; - . 3
'uL")’uQL+Il$ QKL' , L= 0;‘) =i '«'V:(.

Then, if
K - *(L) ¢ i i
1. M ! (.-t)l < K. amd (,ﬁ._,)_,.q ‘)< (—JS_‘;“\__N M ¢
Ay <+ < ! = Q -~ X %
s LEa, : S il
L ¢
Ltzo,t, « - - V 4 the BVP (18.1), (¥) has a solution.

2 . ‘YY'\fo. ,

{ E'(L) t .
q@i“tfqh 3 (typ £ lQL s = 2 (o2 3) _

(an-ay<c (/g "<m£> o

LB, J. « = #
¥ > Y/ the BVP (18.1), (**) (or(***)) has a solutiorn.

(18.6)
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Proof. We shall prove 1, and for 2 it will folloW

aitzlogously. Define BEQU) Q. ;)_pl as in Theorem 6.1

and define g ulanping

T CC )L“ﬁ; C%] - Cm ‘)[Q“’;q] ﬂ C [at>%:) ?“

as follows

S A/, |
row = L0+ [ " o, o1, e (0-000
coes x Y )(o) X (),5 ) (4)))(18‘7)
das

The following »rn-erties of 1 may be easil; established
(2) (T)(4) = b AT 4y g b€ g,

(b) (‘T)c) (+) is n tianes continuously differentiable on

a, £t<2n

(m , ’
@ (T V= $ G, x @), XCG-,0), - -2
() '

-
() (Tx)+) — Q‘ (t) satisfies conditions (3.8)

(e) fixed points of 7 are solutions of the BVP (18.1), (*

(£f) T is a continunus operator.

How, we sholl showv - that T na;s B[qb) QQ] into itself,
For this, if ag < t <« @, - then ve have from the proverty (a) and
(18.5) {\(*rx)“)n 1 4“) | € K. and hence the

conclusion. If Q,<%£ 4+ & @, o then from the »ronerty (c)

we have || (Tx)” — ,Q‘(“")v“ : 1 @—}»X)”" ||« &, also on using
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Theorc.: 5.3, we find
) ~ | X X , .
. t i : \ S
' l CTX) )(«{'«‘)t < l<L + Q C'ﬂ)t (2, - q,)
| L = 0),) « s . )ﬁ/.

Thus, condition (18.5) implies that T weps B[Qo; CL,,] into

itself. It then follows from the Schauder's fixed point theoreun

that T has a fixed point in B Lao, a ,z] )

Let Ko, k‘ )A wiw )IK‘V be given positive constants
such that | ¢U)(_-H) < K({,(=0,1,. -, yforall Gostc =y

arid let D defined by

D o= Moy w, e s Mag)t e, Tuan) ¢ iy

We shall assume that f saticfies the Linsclhitz condivion

[ $Ct e,y s Uag ) —FET LT, T, )

29/ 4 _ .
S W NVPa Ve
t=o
where LL (,L: Gy by <« - -;—2°V .+l) are Linschitz

constants, for all Q, < 4 < a, and (U\.W Wi, m u2V+t;3’

L—G_L‘) W, ) v e TIQ?V*—!‘) e D,
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Theorew 18.2 [42] : Let kL >0 . L: 0, 1, - - s Y

be given positive constants such that H}“)&)l ¢ [ for all

Gy €t £ a - Let f satisfy the Lipschitz condition on

La,,a,] x 2 Then, if

1. zc‘,/__i} | * X | 1\-[2
R B R
'L:o

the BVP(IB .1), (*) has at most one solution x(t) with

| 5Ol ¢ ke, iz oyl - e e v,

LV 41 s . n-(
5L T e G )

tzo
the BVP:(18.1), (**) as well as (18.1), (***) has at most one
solution <(t) wit: IX“‘)“‘), < <, 3 [ = 0y 10y = v 2 59/,
Proof: We shall vnrove 1, and for 2 it follows analogously,
Define M as the set of g tiues coutinuously differentiavle

functions oil [CL0; Q,,Lj with the nomm
PG X ' /
HX//:: ™ a X l X“)(t)l}

. Q
o<L<qy gt La,
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~ Let us sssume that theré are two solutions X ({—) and D4 (%)

of the BVP (18.1), (%) witn [ Oct), \Xz‘)({)‘ L AL LI

Thern, we have

X By = X, D) = S'M 3" ‘ “ '
O =) P a0, s s g s
| | vy |
Y Y (’S"GV(&))U
dn,

Thus, ;) - >, () satisfies the hynothesis of Theore: 5.3,

a.d we have on using the Lirschitz condition over D

(k m :
| = ’m.. (%)) [L a ‘zj“n[ ) =, (0)
A4, A \ 3, (£-B8,(8) —x, (+- 6 (ﬂ),
_ Qyet L q,
MmMax, |
+"'+L2‘V+qu<q( (Jc B, (b)) -

Vet ﬁvm)U X

Cry\ }'2 <0‘/‘c""‘t) k

-2V+I |
< Cm,k (%—H\M ) 2_. ) “3( ")(QH

~-

k=50 .. -, 9.
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Thus,\we have 2y e (% v
[ =) < ( 'LZ:-Q L va) o Skf&/ { ¢ m’k(Qd_Q’) j)‘
>, - x5,
which is saie as || x, — x|l < ( >3, — 6 || o S

coritradiction »roves the result.

For n = 2 the results siailar to that of Theorem 18,1
- and 18,2 were obiaiued vy Crimm et al [72.] [73] Jain et
al E‘.M] and for n = 3 sce Agarval [@] . [75] where the

nested type of delsys vire also considered.




10.

11,

12,

13.

Refereiicos ’ b 8

L.Collatz, "The numerical treatuent of differential ecuations",
3rd ed. S»oringer, Berlin, 1960,

C.H.Meyer, "Initial value wethods for boundary value problems”,
Academnic Press, New York, 1973.

W.Walter, “Differential and integrgl inequalities", Springer
Berlin, 1970.

R,E,Kidder, Unsteady flow of gas through a semi-infinite porous
medium, J. Appl. Mech, 27 (1957), 329-332,

P.Bailey, L.Shampine and P.Waltman, "Nonlinear two point
boundary valuve problems", Academic Press, New York, 1968.

E.Picard, Sur 1' application des methodes d’appnroximations
successives a l'etude de certaines equations differentielles

E.Picard, "Traite d' Analyse¥. Gauthier-Villars, Paris, 1929,

F.Lettenmeygr, Uber die von einem Punkt ausgehenden Integral-
kurven einer Differentialgleichung,2._Ordnung. Deutsche Math,
7 (1944), 56-T%. -

Z2.0pial, Sur une inegalite’ C. de la Vallee Poussin dans la

theorie de l'eguation differentielle du second ordre, Ann.
Polon. Math. 6 {(1959), 87-91.

P,Bailey and P.Waltman, On the distance between consecutive
zeros for second order differential equations, Jd. Math,
Anal. Appl. 14 (1966), 23-30.

A.Yu. Levin, Sou: problens bearing on the oscillation of
solutions of lirear differential equations. Soviet Math,
Dokl. 4 (1963), 121-124,

Ju.V,Pokornyi, Scae estimates of the Green's function of a
mrlti-noint boundary value problem. Mat. Zametki. 4 (1968),
533-540.

W.A.Conjoel, "Disconjugacy'. Lecture notes in mathematics,
Springer, New York, 1971.



14,

1.5,

16,

L7

18y

2

28,

20

148

P.R.Beesqck,vOnAthe Green's function of an N-point boundary

value problemy Pacific J, Math, 12 (1962), 801~812,

ZoNehari, On an inequality of P,R.Beesack, Pacific J, Maths
14 (1964, 261~263

RePeAgsrwal, &n identity for Green's function of multipoint
boundary value problems, Proc, Tamil Nadu Acads 8Sci, 2, (1978)
41-43, , . '

KeMsDas and 4,S.Vatsala, On Green's function of an n=point
boundary value problem, Trans, AMS, 182 (1973), 469-480.

RePyAgarwal and P.R,Krishnamoorthy, Boundary value problens
for n=th order differential equations (to appear in Bulletin
of the institute ol mathematics academia Sinica, Republie of .
China, 1979) ' '

RePoAgarwal and U.N.Srivastava, Generalised two-poipt boundary
value problens, J.Mathls Phyls, Scie. 10 (3976), 367~373, '

PoWaltman, A nonlinear boundary value problemy Jo Diff. Equse

JeWe Bebernes and ReGaines, A generalised two~point baundary value
problems Proc, A48, 19 (1988) 749-754,

v , , Dependence on bomrdary data and a
generalised poundary value problem, J.DiffesEqnse 4 (1968)359=368

A.Lasota, Boundary valus problems for second order differential -
equations, Seminar on Differential Equations and Dynamic systegs
II, Lecture Notes in Math, 144, Springer, New York (1970)140-152

KeSchmitt, 4 nonlinear boundary.value problem, Je Diffe, Equse
9 (1970) 4 527-53%, : : _

He BeXKeller, Existence theory for two point boundary value pro=-.
belems, Bull, AMS. 72 (1966) 728-731.

ReGaines, Differeice equations associated with boundary value
problems for second order nonlinear ordinary differential equa=
tions, SIAM, Js Nums 4nal,

H,Hethcote, Geometric existence proofs for nonlinear boundary
value problems, SIAM Rev, 14 (1972) 121-129,

v

L
P.Hartmany Ordinary differential equations, Wiley, New Yorky1964,

P.Bailey, LeShampine and PaWaltman, Nonlinear second order '

boundary value problems, existence and regions of uniqueness,
J. Math, 4dnals Apple. 14 (1966), 433444, =




30.

32

33

34e

35,
36,
37
38¢
39,
404
41,
42,
43,

44,

45,

150

S

PsBalley, L.Shampine and P.Waltmen, The first and second boundary
value problems for nonlinear seoon& order differential. equations,
Je Diff, Equs. 2 (1966), 399-411, =

WeColes and T,Sherman, Convergence of successive approximations
for nonllnear two point boundary value problems, SIAM J. Apple

M.Lees, A boundary value problem for nonlinear ordinary differ-
ential equations, J, Math° Mech, 10 (1961) 423430,

R.Kalabg, On nonlinear differential equations, the maximum
bperatlons and monotone convefgence,, Math,Mech, 8 (1959)518~574,

L.Jackson2 Subfunctions and eecond order ordinary dlfferentlal '
inequalities, Advances in Math, 2 (1968) 307~363,

S.R,Bernfeld and V;hqkshmlkantﬁam An introduction to nonllnear h
boundary value problems, Academic Press, New York 1974

‘EeIsaacson and HoBaKeller,'Analy31s of mumerical methods ¥y John
Wiley, WNew York, 1966, S _ ‘

Masuo Hukuhara, On the zeros of solutions of linear ordinary-

- differential equailons, Sugaku, 15 (19068) 108~109, Math, Reviews

29 (1969), 709 No.370,

M, Tumura,; KQkai Zyobibunhoteisiki ni tuite, Kansu Hote1s1ki,
30 (194_) ?0-35

James Brink, -Inequalities involving. f . and f(n) g for f
with n zeros, Pacific J. Math, 42 (1972), 289-311,

G.A.Bossmertnvh and 4, Ju. Lev1n, ‘Bome inequalities satisfied by
differcentiable fuictions of one variable, Soviet Math, DOkla
3 (1962) 737740,

4. Jus Levin, 4 bound for a function with monotonely distributed
geros of successive derivatives. Mat, Sbe (N.S, ) 64 (106) (1964)
96402,

R.Podgarwal, Bouno Ty value problems for higher order . dlfferen—
tial equations (suimitted for publication), N
R.P.dgarwal, A mul%ipoint boundary value problems, Proc. Mat301en
Conference on #athewatical Methods in Physe (leferentlal
equations) (1978) Maiscience Report 96By pol~10.

S,N.Berstein, Collccted works 2, Izdat. Akad. Nauke. SSSR,
Moscow, 39JA, arsicle 100; p.497,

Al Yu, uOVLP, On sorc estimates of dlfLerentlable functlon,
Soviet Math, Dokl, % {196l), 52 ~52&,



48,

49,

50,

51.

52

53.

54,

55,

5G4

57,

58,

50,

Cle

151

P.Hcrtnan 0u disconjugacy criteria, Proc, 4&M8, 24 (1970)
374-381,

RePedgarwal, Nonlinear two~point boundary value problems, Proc,
Seventeenth Conference on Theoretical and Apple. Mechs l§72).

R.P, Agarwal, Nonlinear two-point boundary value problems, Indian

-Pure and 4ppls Math, 4 (197?), 757="769,

RePedgarval, Boundary valuec problems for differential equations
with deviating argurients. J, Mathes Phyl, Sci, 6 (1972) 425-438,

ZesOpial, Linear problens for systens of nonlinear differential
equatlons, Jo Diff, Equs., 3 (1967) 580~594,

Ge SeZalcevay & rultipoint boundary value problem, Soviet Math,
Dokls 8 (1967) l‘88~1185. '

PeLoFalb and Je.L.Jong, Sols successive approxination methods
in control and oscillation theory's dcademic Press, New York,
1969,

LeCollatz, Einige Anwendungen functionalanalytischer Methoden in
der praktischen Analysis, Z.Angew, Math, Phys., 4 (1953)327-357,

RePoAgarwal and Pe¢R.Krishnamurthy, On the uniqueness of solution
of nonlinear bowndary value problepo, J.Mathe Phyl. Sci , 10
(197€) y 17=31.

ReP.Agarwal, Two-point problems for nonlinear third order differ-
ential cquations, ibid . 8 (1974) 571-576.

Ke8chrader and 8.Uneanaheswaran, Existence theorems for higher
order boundary velue problens, Proc. AMS, 47 (1975) 89~97,

R.PosAgarwaly Improved error Hounds for the Picard iterates, ibid.
12 (1978) 45~48,

Je Elsenfold and VaLaAshmlkanthdn, On a bowndary value problen
for a class of differential cquaticns with a deviating argunents
Je Maths Anal. Apple 51 (1975) 158-164,

Jagdish Chandra, & compariscn result for a boundary value pro-
blem for a class of nonlinear dirfferential equations with a
deviating argument, J, Math, Anal., Appl. 47 (1978) 573-577,

PeReKrishnamoorthy and R(P.dgarwal, Higher order boundary value
problens for d%ffcnen+tﬂl equatlons with deviating argunents
(to appear in Math, Seminar Notes, Japan).

KeSchritt, Boundary valuc problems and comparlson theorens for
ordinary ﬂlfferentlal equatz ns, SIAM J. Appl. Math, 26 (1974)
670~678,

i

v




62e

64,
654
606q

674

G8,

694

70,

e

72

73

74

754

152

GeKlasen, Differential inequaltities and exlstence theorems for
second and third order boundary value problems, J. Diff, Equs,
10 (1971) 529-537,

, K.Schrader, Boundary value problems for second-order ordinary

differential equations, J, Diff., Equs, 3 (1967) 403-413,

4, C.Peterson, Existence-uniqueness for two~point boundary value
PrObdens for nth order nonlinear differential equations, Racky
Mountain Je Mathe 8 (1277) 103=109, B N

V.R.GuMoori and JgBaGarner Existence = uniqueness theorens for»
three-poiny boundary value problemu for nth order nonlinear
differential equations, J, Diff, Equs. 29 (1978) 205~213,

DyBarr and T,Sherman, Bxistence and uniqueness of solutions of *
{ggeei001nt boundary value problems, JoDiff, Eduss 13 (1973),
212, .

‘K.N.Murty, Three~point boundary value problems = ex1stence and

uniquenessy, J. Math, Phyl, Sci, 11 (1977) 265~272,

RePedgarwal and PeR.Krishnamoorthy, Bsistence and uniqueness of
solutions of boundary value problems for third order differential
equations (to appear in Proc, Indian Acad, Sci. A (1979)).

ReE,Bellman and R.X.Kalaba, Q lllnearlsablon and nonlinear
boundary value problems, Amerlcan Elsev1er, New'Yorkf 1965

o.SeLee Qua31llnorlsatlon and IPVﬁraant 1mbedd1ng, Academlc
Press, New Ycrk, 1968, _

R.P.Agarwal, Component-w1se convergence 1n qua31llnarlzatlon,
Proc, Indian dcad, Sciy 86 (2977, 519529,

L.G.Grlmm -and K,Schmltt, Boundary value problems for delay-'
differential - equatlons, Bull, Aner. Math, Socs 74 (1068, 997~100C

LeGe Grinm and, K» Schrai t, Bounoury value problens for differentlal
equatlons with. deviating qrgumnntso quu%tlons Mathematlcal
3 (1969). 24-38. : oy, O

R.KsJain and, Rn..Agarwal, Finite difference nethod for. second
order functional differential. equaticnss -J» Math, Phyls Sci, .
7 (1973), 301-306, '

ReP.Agarwal, Existence and uniqueness for nonlinear functlonal
differential equations, Indian J. Pure and Appie Mathe 7
(1976) 933-938.



