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This re:iort deals wi'th boundary va.Iuo problems for ordinary

differential equations of higher order. Most of the resul ts

discussed here o.ro new which we have obtained recently and arc

Iil
Visi ting Professorship Pr-ogzammcend delivered about fifte(;n

p ,(",.,.
lectures. I am 'thankfu'I to Professor Pachpat te and

Professor D.Y.Kasture far several discussions during this !?uriod.

Some r-c su.Lts wer-e presented at the I:Iathematics De)artl:lentJ

Lndi a..n Insti tute of Tcchnology~ Madz-as, when I Was Lnv.itcd to give

a s(;illinar 'ta.Ilc , Of course these resul ts I have; discussed several

times in scvor-o.l diffe:rcnt f oruis here in MATSCIEIWE.It is reall;y

a pleasure -to thank Professor Alladi Raraak r.i ohnan, Director,

Matscicncc ~ for his constant encouragement and help throughout

tho "preparation of this report.
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'Boundary value J?roblems( (2, V f/:)) for ordinary linear or

nonlinear differential equations occur in many branches of applied

ma'th cuat.i.c s , theoretical phys i ce , and eng i.nee.r.ing , the most

significant among them being the boundary layer theory, the study

of stellar interiors and control and o~timization theory.

For a given dif.ferenti8,1 equation of order ""h (:)2.)or a

sys tem of differenti2,1 equat i.one, vhen the condi tions are pres-

cri bed at tvw points. vJe SC\jT two point pr-o b.l em, If the .conditions

are pre scri bed at more then tvw ~)oint;.' we s8.::~mu l tipoint ~Jr()blem.

Fo:r a gi ven d~rnalllical s; stem vJith n degrees of freedom, there may

be available exao t.Ly n states observed at n different times. A

nia'thema t.i ceL de s cr-i ptd.on of such a systCD .>. ~3'\;Uts in an n+po i.rrt

EVP. The discretization of certain 'BVPsfor ;)8"X'ti8,1differential

equations over irret';ule...Tdomains vIi th the me tho d of lines also

f 0 rrn s I1FBVP.

~, -7
m under the action of a given force f=(t,; ii,)

.~,)
/t. it is

freql.-:.ently necessary to find the law of motion if at the Lni ti::-!.l

time the )axticle wae located in a position characte·-
~

rLze d b~i the radius vector h and. at timeo
~"> --">-
/L ::: h,

\

-t-, it has to reach
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The ~roblem reduces to integratinL the differential equatl on

of lilotion

r» d
·.(~

1"1...

witll the boundar-y condi ti ons -';> . --'} -7 -'-"'?
"t (+. ) -'" ' a /, (j ) ---...",

, ("l -. '",' " .. t - 'I

A natural and most prolific SOUTceof nonlinear

differential equations with two point boundary conditions is the

calculus of variati,.!Hs. Con a.l cie r probleill of finding th~

extrema of the :::unctional

5 b F ( t f ~} U) ~ -Xl (t-)) dj-
'4,

under the oorid i, tions )_(:« ') z: :;i.., -x ( I:; \ Sui table hypothesis

on F lead to a aecor.d order J3VP (Euler equation ~-r

with. .~ I, \ ":--; • X ( \,) _ \"' ') •

\- ,,,

L 2 I The transverse displacement of an eLae t i.co.l.l.y

imbedded rail to a distributed transverse Lo ad is descri bed by

the linear fourth order equation

( t__-y ( ~) \~,j I ) /I + k ( :~.\ '-I - i ( ;;')
r.... -

wher-e r \ f '. \ is the f Le xuraL rigidi ty 1 ~. ( ,) the elastic

re~Jj_stance of t~le sun'r)ortinp mat er i oL and 'I(.~\ the lead density.
- _L. ,--" ,1 • ! ..,

,) .

Fol' a freely surpo r-ted rail the boundar-y corid i tions are

cor re soond to vanishing moments a111:1shear fo r-ce s at the rail ends.

Here I"e shall aSSwlle that the rail is hinged in a comp.l.Lo ate d

ltlannerat its cmd:9oints and that the .iomente 3J:\dsheax forces

have to be list8r:Jinet.l at the re.il ends tr ou t~H::;.lee,Guyed cUsplace-

.ac.i.ts 8-(; Lou.r di f'f rent poLnts alone t:1C rail.
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WhenE J, g and·· are given by

the equation for the elastic rail can be converted illto the

nondim.ensional form

[ (J. - e·) v: H ] /1 + R \r ==- :2 _ t 4.

where t - 'h I v=-C E J0!do Lit) \>., It. -z: (LYE 10) k

.:::. ~ o (~ Q~\.l~~).

By defining z throuGh the relation

the above equation can further be reduced to

z.,f or 40 V- - 2 + t'" = 0, (~- t<.) v If - Z = 0 ••

Wesh al.L as sume that the follo·v.i.ng (dimensionless) dis21ace:uents

.were observed

tl = 0.2 , V't~=-< = 0.0448156
I . I

t2 = 0.4- ¥(t)=~= 0.0433224, .L 2.

t3 = 0.6 , y-( t-3)= "';3 = 0.0410152
,
) . t4 = 0.8 , V"( t~)= ~it = 0.0381534 ..
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If we let --.:r. -- (V' \/-, -Z Z. \T then the above system- I
/

becomes

~
I r r j ;-

l, j, :x. , o :XI 0i C 0
I ! 1

I i

:x~ 1= o c, tu:) 0 ) X,2 0 (1.1 )
I •• +I t

)(-~, ! o o c , x3 ()

)(l i <--~o 0 '-' c '):4 ! C) t-~L, 1-'
.-1 L

( it) , - \/c..- t:' )\ -
and the bo:undary conditions can also be written as

in

Fa

Be

bc

tr

dj

tl

( 1.2)
(\

wheret', and .)( are defined earlier,
- l. - L

EX_9l~1-~ 1.4 [' 3J. ~e line method for ~)artial differential

equationslies mi.dway between analytical and grid ueth ods . The

basis of the method is substi tution of fim te differences ror
F

deri vati +ee v!i th respect to one independent variable, and retention

of the deri vati ves v.Jith respect to the remaining variables. This

appro ach re~)laces a Eiven differential equation by a system of

differential equations vIith a sual.Le r number of independent
w

variables.

Assume that it is reqtured to integr~te the equation
- \\, \ r : {:., • l + (. ( 'r ,,' )--\..-: t: t -:-I ~.- : ;

_L, _1"/)( '1\
I t - - ~ () " 'J" \ \, l -- (, I ": ",I,.; lj .' ".."- .- .....,. \ ..'

~....•', '0 _\.. "\ \
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in the region •.(L (Fig.l).

For defini t.ence S f vie assume

t):'J.2.tthe equation is e11i;::-.tic.

Boundar;,,' conch tions on the

-b01.~nde.ry S( ACDJ3)are £iven.

We dr-av 1i:1.e8 :~')8r9.11el to

the x a.xi s , assmning that the

dLstan ce between WO adjacent lines

is constant and e r.u.a'l, to h. AssuJile

tha t the r-er:;i on.JL is in te rse c ted

by the lines. (f z: '}~ +- k +.: - 'j. , " - .~k
( ~ ~ ~, I, • • • , "rt) • We se t

-J.: '\F> in the equat.ion and substi-

tude difference r3,.J"ios for the

derivatives ~ith respect to y.
For eXa,xp1es s we C8,.I; set

(

•

A
(FiL.l)

I
\.I.. L (·x 1

r+.



-- ... _ .._-------------
'~ ~~~~~;,~l'tih' ..

6

Wesubstitute this into the equation, in wh.i ch we have already

set \1 ~ ~ and thus obt'.in a s~'stem of ~1 orda narv linear0= ~h "
equ.ations in n+2 unknown functions

f .\ l -,~"-
-"Y)+I ~X}

Q p

In the region Jt. $ the iai.ss.ing two equ8.tions can be obtained

f r-oui the boundar y condi 't i ons on the line segl11ents .'ill and CJ) of t.ne

boundar-, e The bounda.ry condi ti011S for the unknown functions U~ (X.)

can eas i.Ly be obtained from t."le boundar-y corid.itions for the

function ~ ( x, '6) on 1\Cand BD.

Thus we obtain a s:~stel11'of second o,rder equations vJith multi-

point boundary condi, 't.i oris .. -.:

"~e con~ider e.i.nu.LarLty!solution of the

uris te ady f'Lov of gaS through a semi-infini te porous' lilediuin~.

ini tiall~T filled 1"li ill Las at a uniform pressure ·t>Cl At tLile

t ~-= 0 the l")ressure at the 01) f'Low f'ace is suddenly reduced
.),

from ~(') Pr and thereafie' maintained at thiS lower pressure.

In 'teruis of a dimension free cuanti ty,"- defined by

d.-I(f- P~(.l; )
p1.. ) Jl

(:>

0(
<P.

/ __ J_

the liroblelil takes the f'orm

~<Z
v· ••... "(Z), . -------_ 'I .
\.V ~ - . It)- (z) - eJ

j ( 1 .3)

( 1.4)

pre

to

Ln:

co.

so.

It

)

fo

i v.]11
I

j ~

tll

I
I~
~t:r
~~
1
~~~,
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(see t:le orir,ine.1 ;~'8:.c:er [4 J :or t:1E: det2.i1s of the ~')h~"sic2_1

- - ... .', .:·1,." 'Y' r' ..L i ' ,"{' .'....., r< ' r .s: ~ n" .-.-...,'.::(',. P ~) _;2 d r')roOlem :.~'.".'.,u.L.L'';'' .!.euucu_Ol1 ',.:.. ,,-.~ e'-l.Ud.~.i.'-'i~ ,,'.... - A -~ . ct
to 811 o rd i nar y d.i ft'er-en Lj oL er:!'lLation). This is '811 eX?J'lDle of

infinite interv:l.

EX:JB"'le 1.6. In tho case of BVP'~) 2 ~:ucl"L chan...,e L~ the I)Ol:<']:·ld2.r~-- --~.-------------..
COL~Litions can lead to s i gn i f i.c an t Ch3JL["CS in Lhe behaviour of the

S ()l·'.':t i on. .

'x'" + X ~ a, ~( 0) c, '

I t has the uni que 8J1''). tion

):( f) = +{C I - C2.. -+ C3) e - t- + .~ C.<. c, -+ C.2.. ~ C3) )(

et/~ C~ ~ t + t «"+(3) eth ~i", ~ t

for an~l ~>::t0::: v oLue s C t , C,[ 7 (3 .

Hoveve r , the EVE

if~ the first ~losi t.i ve root of the o cuat.i on

-- has no aoLuti on ;

the )roblem

Xiii + ~.. :::,oJ X(o) =e, :x.' (0) ~Q , X- ( b) -=- E , 0,,(, b «; 6,
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has the unique solution

f

l{ (t) =.
E

whaLe the problem
8

has an infini te number of solutions

j

j

where k may have any value. "\

(1.5)

::?ossesses tvJODoh•.t i ons , one of vhf.oh , n aaeLy X(-\:)=. 4/(j-+-~)J..

is expressible in eleuen-tar;y tel'llS whi Le the other .invo'l ve s

e l.Ltpt.Lc functions. This clearl~ sta;<;'sin the interval [1 .•4J
whereas the latter decreases from 4 to below -10 and then increases

to 1.

It is eas; to see that BVE(1.5) is equivalent to the

following pro~lem

W-" ( t) = 2 ( ~(-t) + i.t .-. ~!)J.
2

W' (0) = w <. \) -::. o
(1.6)

It/here the first solution is now \,.,.r(t)-:::;:.... -4 _ (4- ~t).
(I +t}-l.



aao s

~xaI1lJ.?J-e~J- .,$. [5] The BVP

. '.' ._ ' f .+ " I: :t.. -= f', "1 ',r' r r, " . (. .I< . ,,<;.,.- _ •...- j '. , '.... J = ([)- J... t )
(1. 7)

for A = I has exactly two solutions (see Fig.2). This problem

1-

t 5in electrically conducting solids

arises in applications involving

the dif~usion of heat generatbd

bv po s.iti ve tem!Jerature-denendent
,,; ••• . _~ 4

sources. For Lnst ance , it arises

in of Joule losses

'¥!i th ).,. re resenting tbe square of L;

tl t t 1- t r.:"nd c:.. X the1.e cons al1 cu 'TeL!, c# ~

temIJerature-derendent resistance:;

or in fri c -cional he:3tiDt w i th

constant car stre ss and -the

tellrpcrature-de)endec.J,t f'Lud ity,

(Fig.2)

distrj_bution in a bar wh oae ends

rature ') ::. I and which,transfers heat to the enva rcnmerrt at

i-- --+'. I- - are kept at the temJ:e-

the temperatu.re -X = O.
\ -Y" :2;)I'ODort.i:>nalto X -I- - .J...- ~ \ ~ is

( X(t) + L 'X~(t) ')
L~ .

\, X ( t)

XII _

.-----~-----'-- _.- ... _-------,

( 1.8)
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.is continuous and s2.tj.sfies a uru.f'o rm

Li]schi-':,c?'condition

(~ .3)

L tl '-If.+ l' x: - ).(

on [ (\..I , (t./~J 'f..., k2

i8S3 (it ap?oars ifi

7 has a 10::1Cn.i s to ry , going back to Picard

the literature t~latJe,fore. hib the main attack

"J2.S to con s't ruc t the eoLu.t.ion of 0:c.1; those )rob1elJls for ,·hich the

ex.isten ce 2nd uru quencnc was ensured). ·He snowed that if (fX-1._'Ci.~)

is sufficion t1y smal.L~ then the se cuence {J(.,y, (+.11 of f'unc t i.one

generated on l'..sing j, tel'ation ,)rocedure
1/ ,

)( (t \ + t t t, ~ (t), X..on (+ )) - ()",,+ \

"J5. th X-o (+)

'X 1'"\ + J 0, "t)= \j
11:::: 0., \, • • •

kncwn , converges to the s oLutc, on of the BVP (2. 1) 9

A,

(2.2). In t:lis vay., he r;btc: .nod extstencc '.dL.niQY1.enoss ove r

all intervals [Q \ r, ] rY".! ""'- /)_ '., 1.

+- L, f,

lel~Lth less them h , vhez-e

Lv

: .
lC La te r .f 7 J obtained tile inequality

~ I f .£/ ./ IR -+ 2. ~I r-, <, ,
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T;.'le BVP(1.3) has t,.;·o ao Lut.i one (Fig.3) :x...(t) lies in [G) ,]

vJhereaSk.l (t) dro::?s be Low wrco -17.

The pro bl eu (1 .8) is equi valent to t'1.e fol1o\Jing pro blem

(.~r;' ty(-t) -+ -i;w-1{t»)= 0
tAr (11 ". 0 ·u) 1··11

I. 0

0·0
-1·0

~.{t}

,
0'0

t > t-
O-B I·~

(}l'ig. 3)

2. Se_q_o}~cl_Order :E;.01}:;..a_¥ons.

The BVE

(2.1)

(2.2)

wh
Li
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'-1
nl. L, f; <. I

~.s line ar in x and x'

2.1~ds at i.a f i.e s f- ( t J 0 J a) -::..0 ? o» 2.1 [ 9] ) obtained the

cond i tion

~I

sn_d showed th2.t .1.t is best )()ssi bl.e in the sense that the coeffi-

c i en ts ~

TT~
tru.e ~ if see

and cannot be r'eo Laced bv sual.Le r cne s ,~ v
((2

But the claim is not

l410r -\"'p er;" ..\.'j '~11 f r. 1)
.!..' Ll_ ':1."2. i,J_,_'; \. c , ., Bailey et all have also treated

or

)( (~,~) = B (2.5)

and obta.tnc d the best .vo s s.ib.l.c result for each of the BVP (2.1L

(2.2)~ (2.1), (2.4·), (~.1L (2.5).

i
I
i

I
;)l

H
~it

~

T:
a

i s

a~,
:{

; ~.,
l.

-t
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Theorep..-J2.1[5l . Assume that L t- ( r [Q Q --1 ,x R.L R 1
-'- j . '- " .IL.d' ) ~

and sati;.jfi-es the Lipschitz \.~·:)i']('Li.tion. Le+ !t (l-) be any

.:« L ul L .J..solution of U + II Tu t~ =. 0 whi ch vanishes at b-':: Q, ,

and letd. (L!) hO) be the first un.i que .number- such that Ul/i')=0

then p ro blew (2. 1) p (204) or (2. 1) ~ (2.5) (2) tt,~ _ Q I .:(.

~. 01 eL, , L 0) then. ::;,'robl.e.u (2. 1). (2.2) has Di1e 811d only one

s oLu td.cn , This .re su.L t is best po s s i b'Le ,

fi _ 3. ,Green f s :B'l.mctio;n.s,

Let there be given the e quab.l on

where
")'1 ) ,fi+)3-re as sume d

corrt.i.nous on a se[)Ilen t [a, oj .
For cqua tLon (3.1) s ve s-.3.11 co:nsider bC\'J1daT~' cond i t.ions

of the fonn

11; r x]
~l L,

( 3.2)L

The coincidence of several r", ••.
•·...•.l .neans that at a single point

several functj.ons are gi ven , which are assumed to be linearly

iLdegenden t ,

__ ~'ii-li''ii~-iili~'IIiI·-iiiili··-iil·ili.•......,-_'••--"-.••'.' _ .. ---- ---_ ...
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The c::.;:::i.:::ten.<::8awl u.ri quene s s of ao Lu td ons of (3.1), (3.2) is

equ.i.va.Le.: t to the correspond" ng homogene cue )ro blem

o (3,3)

()
(3.4)

bas no nontri'ial solution, i 08• if d U) ~ ll)
- I·· . ) Ci1. \ J' • ".' ~"h (bj

is any funda.:lental ey.steu of solutions of (3.3) 1 then since

0(.
d- ).[~·l

l - J..J
J -.-,

we should have

Q C· -;..")1 \...._ l..I !) f::'. 1
.~ L d.'-_J

(3.5)r

We shall :~eD.ote the aquar-e 4.::- I: .., ,,~ ~ 6 by k ~ the s ame

square l,!i th straj_&~.t lines of the f'orm /j .-=- Q..; .rej ec te d f'r ou it
~

k, .

J
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Let be a f'undamerital)( (\:)
I" "

( 3.3) the cond,i ti ens

J :L,

-
[t-i He shall denote by ]) l: l.t-) (l =- I J ;;J.., • •• ,. )",) the algebraic

- t n t" ~ t '-y ()"'\ -\) (J., ". l' n t1"1el.Jroll_sk_1·ancom~leden or ne eL~Den ~ \ 1 _ V __ _ ~.
L.

(

j

I
\

j)(/ (t-~

I •....-,)
x, (+)

(h-' )
'X ''.,2 (-f )

I For ccnvcru, ence v,e shall wrj.te,

3d. We s::lo.ll deL()te the Green's f'L'.J1ct5.CJll of the :"roblero (3.3L (3.4)

Lt the following corid.i tLons ;

as the f'unc ti on of t\:~) var-i aol e s G( t, s) defined .in k and sa tisfy.in{c

( ')/ -,L)

'--+ ,r•..71
, 'Yo -~
t:"

continuous wi th r'e ape ct to the Bet of variables in kC) •

are

_ .•.•._------------------_._-,
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(y, -\ )

2. (, tn-l It} -6) is continuous w.i th z-espeot to the set of

and on t:l8 di 2.E,onal ·;~s undc rgoe s a distowhinui t
e CJ.l~a]. to un i t,3/ ~

( Yl -1)

(1 It+O,t-)
"'I_IIt' ,.

( 'I, -I )

G (t ..oJ"',J\ z: Iry J, 't; - 4 ~
I

(t #- 4( 1 L:=:' f :t. -,' • • , ;h) ;.

3. Crr (+) ¢) as a func ti on of t satisfies in k, condi tions
(3.3) • (3.4).

In the usual manne-r it Ls e ;;tabli shed that the solution of
the »r obLem (3. 1), (3.2) is gi ven by the f ormu'la

rb
X U:) -= I (Tj (+:-, ~) + t 0\ d /) +

.•.•C(.
x .(t) .

L (3.6)

The operator L for bounda.ry ccnd i ti.;.ms (3.2) th"S~)OSdeSSes an

eutirely coirt.Inucue inverse. III fac'G, an; soLut i on of (3.1) can

be wri 't teri as

nt\

-.J, L nL (~l )(t (t) t(-? J d. ':i
W(':>} t-:;.o

FrOD (3.2), we find

(

the

s f

'--\..



+ ra
"'1(),:;.L Ai 7,( (1) -

l =1

I
I

17

Y\+·I

I '>. 1ft (~) ~l·(t:) 1=(~)d6
W(/~)1-·

(::'0

y\+ \

L :n t' (~) ")(L (t) f(-'~)r{~

t-=k+l

'Y\+ ,

, ) ])~(0)
\.J C~) -'

(:: 0

(-z. 6 '\ vh e r-e\. .",.. I? vJ 1. ..L

'n-+ 1
?, J). (S). t

4=-kt-1

f

ll1

In order tha.t G(t~s)

(3.7)

t >-0
(::0

q k."::::' h «: a R 1-\ , k:: 0 J " • , •.• 'IJi. •

be defined .:!.nthe entire square kit j.S

t.o c ompl.e te j. ts de f' in.i tion on the stra1ght lines.¢.. -:::4,
~ )

, 'T) +: \ . It v iL). be converu.errt to corap Le te

necescar'
v

. .
the d .Q' • t· P G (L )e.LlUl ~O~).0:, '.' 't , a

s froLl the Le f'; , As retards liy;es of the f orin ~:: 0..'
t

, whc rc

-l' is any interior .:iclj.nt Get,s) unde rgce s a di scont.Lnu.i ty \'j.th

res".,)sct to +' 1S on wDeSG ines,
j . . .. . - - .

~~_.·k ··....,.·!

i.e.
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does not hold t~e t~ner~l case. ~le method of completint the

dei'i.;lltioil of G(t,s) on t:'le~J8 strCii.ght Li.ne o can be arbitraril~

chosen; for dcfi_:'.iteness let..it be the d.t sccn t.tn.u ty vlith respect

to s from the rJ. eh t.

J?or the'I'o blew: ecua t i.on (,).3 L w i th t;'lC boundary c~ndi 't,j_ons

•

..

th€~ f'o l Lowfru, re 81-,_1t is known [11]

(3.8)

(3.2)9 (3.8) and

then >0 for Q I .(,

For the Green's L:,!lct_'Um t(t~s) of the;roblem

<: ( 'r. )
.A :: 0

cond i t.i cne C3.e)

----= ...=~'.,~
•C. ), - I \) I (c.. \

'''l. - (~.I )

( 3.9)

C 3. 10)

(3.11)

In

"':-1-,-
v.:.\..\'

2.

wl

~,'

G.

a
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In f15 J Nehsxi gave a ~;hort yroof of the sane vhe n h..::: ))- .

~~.L:~iJ'L2..~- [).6-r Let L(t,S) be the Greents f'unc ti on of

the problem (3.10), then

ons

~ ~~'t \ ~!It,~) I d 6

!

(3. 12)1 p(t)\ ~.

Proof: The ;:-;:roof'of the i.~entity (3.12) follows from Lernna

3) 2.1 and the obs erva t i.cn
.~.iL.L. a (t~ 6) qh

r
F« t·) (3.13)--

Lem

where the right hand side of (3. 13) is t....lteun.i que solution of

')(''''\+)::- 1\ satisfying the boundar-y conditions (3.8).

Das and Vatsala iL [}7J have -,roved a similar result to

that of lemma 3.2 for a ]articular case it;: Yi » using complicated

LelIllila3.2 [18J
)( ( Yl,) (t)

The Green's f'unc t i.on of the J3VP

-=:·0
0) (3.14)

(;" (.:: 0, I, • . ,.i r>: .~

~ -s ]

1) and all its deri vati ves wi thOr-eape ct to t u:;::>toorder }? are non-

negati ve ,

;'."""..
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Proof; It can easily be verified that-,the G,:re.en's function t----- •• -- .•....••••.. -.,# . . ~

t,of the pl'oblem (3.14) (3.15) i.s '~
~'

\

(t _Q. ;"" - t ( •.Q.-\ - /) •.)" - ~ -1
1C.\,,_ct. -

• I t

(i- _~)"r\ - \

~ {( • <.J:> <- t ~:~f
-....... f

{ IU, '.»;;: ('h- I) !
(3.16)

Y\ -\
(t --41)

(

(\.1') ._ J') ~'fI)- ~ - I

o;J\ _ G.,I) j1J\.
an

c(,.::.t·< ...•..<
t""" '.......,; _

no

'i)R~, (f'l~) 1. .' I -n-l-t_ I
Hence' h ~ 0 for " t ~ p!?I'ovlded Lt - Cl.,). X

J r=
(

Q"'l -.~ )..., - J:> - I." - R _ I ,
.- ...-- ~ (f .....~) when Q <'.0.( t <. Cl.
Q. - c.. I ••.. _ .••. '/J\. ,.

Since it is true if + -:::I'> we consider onlvQ.., < ~ <.. f <.. Q ,
y - - /)

Because

+ __u~ >1,..,
i-~

Q/\ - q,

CA" _ ~
~

and

i - Q(

f-~ ~
{l",'l - q,

...
q~ - ~

we have

( .!.:.".). Y\-

-f-~

k-,
>-

(

'Q /) _ (\ ) "ti - Jt>- J
'W. I

'f c, _ ')

and hence the resul t.

i
~
~
i
~<

;,
~,

,~.
if}t,

Tl

4

t
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LellliIlCL..L.-..4 [18 J
Xl )' ~(t-' ::.,L)

"\r t p) (' 'i- .
,,,- l{ t . - CD J

The Green's function of the BVP

( 0 (3.17)

\/i th respect to t isand its kth derivative (0 ~
<>t '-',> ..(
...... - normegative if

x

is even and nonposi ti ve if"Yl +-.~ is odd.

Proof.
t F

The Greents function of the BVP(3.14) (3.17), is

(. .." _I ( ~ - (".(.1 ) n - p-I
\ (4..1). - -f} -Q.~:_ ~ to~ ~I ~ ~ 5 t-~. t~~

) (3.18)

) (~_f)>1-I(I'.:>~C~f)n-I:)-' ( ')'-1
l . . -.~ e- t-)I \~ ~-4.t

l

11.

~-"
(~-f1'
. . ..

Tne pr oof is same as in LOIDilla 3. 3.

-
Hero, ",e shall consider the differentia.l equation (2.1)

together w.Lth the boundar~ condL t10ns

<: X (l'.4..,) - <. X' (-:(d::. IL,

~') )( (ctl't) + 13, J( I tl tl.-1J:: ll.-:J...
(4.1)
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where f is a real va.Lue d con t.i.rruoue function on [41)(J.1t],>, R:?
)

-:1..
0

, S<l.1 ~o) ~\' l't t, J7.. a, are rE~l constac'1ts~ and

•tie shall

denote

Q (<>."._0.,) t 1-<0 f'>.\(a" _"',).2.+ S 1<0(, fI,l

-t 4L'.(0 f3,l + \ 130 a(tJ] t:«; .; ca.. \j

Q(q'"t --Olft) t I ~o~of (u./l_CtI) -+

~,Yn a. X ( I iI( I 130 I ,~f~1 x 0 I) )

and

jp.e~:r::§!Q._j.-!j_".r19 J Let M '/ o I t----!)' 0 be given real

nu..wbers d},ld Q be the U.a.UILlUll.)f \ t (-t) x _~:x') 1 on the compao t

set

~/l, \ x I ~ ~M J t ,x' I ~ 2 N }

Then, if

(4.2)

and

(4.3)
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the BVP (2.1)~ (4.1) has 2 's01ution of class C«} on [a., .. (tl)-.l
--'

Drovided. that.I; .

f
."""'--'

t -{ J

I-
IY 1

/'

I

1'1:.02f: The set
( (f J (6 [a. u ~ ] :::.t X(t,) E- C [Q., ~d.J).], II x II ~ 2-I,Nt, II xllt ~ ~N (.,...

where If, It = f4ct)( ,. (+')1, is a closed corraex subset of
C\. <:.i: c.a.. A,_ - 'c

the :Banach soaco (( I) [r.. ,. J. .The mapping. _ '" , ) •.••.t1,

T: c (n [4" , a I.>J ~ c(l.) [0.." ~1..] defined by

the 13VP

~X(l (i-) = 0 J ..(0 }«(Q,~ - C<, )<I(~/):::~

~o t ( ~?t) + f3( )( I ( f.l-'l J :: a J

~ t ~u+- - f'') ~ - ~,) (~o ,/)- .(o~1 -+..(,)

i:« ,1-
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and 1(t) is defined as

ForU f~ 8 [ ,a..#) all J ~v!e have

j(TX)£t)/ e t« ~Q(aJA-~J) t ~-<of3oJ(4~-a..J/· A B

-~- :;).t ci I P, I ..;- [~( H, (3Gl [ ~~ f -c 0 J3,I) A B
..J~ l-<oP,1 A2 -( l-..<! p.~JP3.J4J(a,,_~.)J (2..~flf

where

A= J-- [J.. J~<.) Ij! t + 1~o ~a/ (tI.~ _ q.,_;)1~r '.J

B :: .L; r , I is,,,lt! ,I -{- /4.0 J3~I ( q ~ - 4,,) 1.
:J. if!., L -

Since At-B :::/
I tt o cn! 4 M+ k,.

A.lso~ we have

Thus~ co ndi,tions (4.2) and (4.3) i'_ill:>I;)' :that T maps

into itself. It then f011'J'.o,]s f r ou t;l(; Sch211der 1!'ixed-Point
1:1. r- 1'\ -.theorem that T has 3. f_L:ed point .in (..)i.~•..•.I.) L\Jlt.J.

is a coIu t.i cn of the statE-d 13VP.

The fixed point

..J? ~
Corollary 4.2. If there eX8 constants '>< /b
__ .._.<t. .' :"'_••_ •..•.•..•

such that

A: ,
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for d.., c. 1- <. (~.h , \ X\ »I. \1 X I ! «; cQI .\

has a so=-xtion :eOI' all 1'/- .~ ..
"I.• ..• .~. ,.

, tll c11tll e BVP (2. 1) $ (4.1 )

Tn8~r..e~1~.~.)[19} Let f- (+., .x. )

sat i sf i e s ( 2 • 3) 0n LQ. t , a../i],.. I~l.

)( # ) is continuous and

k::l..
......
~-~

l (4.4)+

the BVP (2.1) ~ (4-. 1) has one and only one solution.

Proof .~ The )roof consists of a standar-d app Li ca t.i on of

Corollar ..Y 4._4. Let \ (-t) y. ~ x./) is continuous and satisfies

( 2 • 3) on [q" 4t --,/.] f.- R~. CJl!1enif

L a ):4 f ( ,..,. \
() ~.. G.../·

L
- Ct. t 1- -:i L I . ~"'t.- - a.. I) ...::::.. ,

(4.5)

the J3VP (~.• 1); (2.2) has one CUl d only one T)Ll ti on,

Also~ if

(4.6)

the BVP (2.1)~ (2.4) or (2.1) ~ (2.5) has one and on'ly one

solu.tion.

In the bound ar y coridi tions (4.1) s \/8 take -:1..,:= .: ,« 1

~
and c;.-,ll the equations as (4.1). In the ."(- x' :?lane these

bOUl1dary condi tj.ons rG~)resent straight lines) the first as the

ini tial line and the second as the terlilinal line. We shall r8)rC sen t
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the se lines as j). ("'-1...) •.. J. and (f f l:i,.. ) _ A...Also, when
'\ ., 1 - '-I ~.t"-~4 . - "" ••.

there is no ambiguity :the a and Qh will ~)e omitted and we
,~

will wri -(je .i!., = III etc.

Consider

")[,"+ L X I + I<. 'x (4.7)

"'. • if'l.f' It - 0
'-" 7 K., _ , (4.8)

Define c( (L, k j QJ and peL, k,5 i.) as the time (t-value) of

the next and of the preceding zero of "J...'(t) for a solution

of (4.7) and (4.8) if such cxi s t , and t- CD and - CO respecti vel;

othe rwj.s e , If ,R::: o is tIle x axis, both ~ '- L." k J Q)
end fS ( L, k) X) are taken to be zero . IYl the ,)(......)( I plane

thi:3 is just time to traverse the angle between the line 1-:::::0

and X axis. Sinoe the equation is linear c( ( L.J k, Jl. J and

,13Cl...) k, .J) are inde~:eI1den-t -f the init5.al')sition on ). :;<ij

and sLnce the equation has constant coefficients these quanti ties

time ~:: o .

Th$.C?.r..91'LJ•.•.5.. [20]

satisfy

Ll { "J(£ - )(/) ~ Jr (t:lf X) X:;) - f (t-) x,

J--;t L xl - )(/) J

(4.9)

r .
- j (~':?;:, )/) ~ k t «, - X,) J

ox;).. ? U I

(4. 10 )
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and suppose s ol.u tions of the .iu i.-Gjal v8.1ue }lro b'Iem for (2.1) at

t:: 41 .xis t. on [G. 1} QIl.]&'1d . .re l.U1,ique
0

I -<0 I -t J r«} "* CJ) Pr, ~ 0 ) P, ~ 0 p

If ~ 0 ? 0) -< I ~

J f3o~ + I P, I ;;j:: 0

1;4 )
'j-

(4.1).

the:'l
and i fo.. _ 0,. ~.. 0< t! L:l... J~.fl) . 0. I -L f4 ~ .~ , ) ••., + r t. J' <. J

there ex i e ts a uni que Sf)Lution of the T3VP(2. 1) f

It is clear th2.t I ~vl -t-j f3v 1* 0 p since otherwise

o«(LJ> k) i,)-:::.u and pell) k) .£.2.)~oaLldWe obtain

aJ\. - ct., <. 0 .

Rs1Il.a...r}c~_4.."§' ~ Bo th the cases of Theore~ll2.1 are included in

Theoreili 4. 5. Also there is no Si[)l condi tion on the constants

thus tIle resul t is more useful in a9I'lications.

From Theorem 4.52 for the equation )(If~)( =. 0 with boundary

condi -Gions (2.2) there exists a unique solution on allfini te

in tc rvrLe [ a. I )ctlt.1 vJhereas Theorem 2.1 requires ~ ..- Q t .( rr.
If ff -1-. ~ . JL. I'.'-. ~) .-..-, .),., satisifes

(i) f (-t,. -X.
I

:xl) is a continuous real v~\l1y:df'uno tLon defined

on

(ii) f ( t, x, X') is nonincreasing on S with r-e apect to x

(iii) 11- (f) 'X, x/) -- t- (f,x., xl )[ eM/x: - x; 1 on S

and if 0<.0) 0(, '" ~~ J ~, ::- 0) .t...c 1'- f:-',: :> 0 ,. --<or 9(, > 0

f3" + 13, > 0 then the :SVP(2.1) ~ (4.1) has a uru que solution

for 8Uy ~ ~1d ~ •'L.,. 't-~
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For several other results for BVP (2.1)1 (4.1) see [19]
[22,1 - [27J ' and for the particular cases like J3VP (2.1) ~

( 2. 2) ~ ( 2. 1), ( 2 •4) or (2 •5) see [2 8}_ [35 ] .

5. Sane Inter')olation Theorv.--.-'.-- -.-- .•. --...-.....---~--~

In intergolation theory J the f oI Lowing inequalities are well

known

Theo~5.J~ [361 Let )( (toO) f::- c' n) i:., bJ
(3.8). Then

satisfying

(5.1)

wher-e

p. = 0; I J •• • •

t X ( ">, .J (t-) I and

) 'n-I
"ty) O. X
C{ft' ~ b

The proof follows from osculatory Lntc r ...<'la·~i'Jn ,~ ",.; o l:·iJ.i ,.J....L a

,

where p is in (a~b) and Pit) .i s defined in (3.9). The k th

deriva.tive of)"(+) has at lea.st n..-k zeros in (a,b). The constant

C ').),~. in (5. 1) are abvi ousLy tIlt; bes t poasi hIe.

If ""Ie consider onl:! the se gment [(:t! J C{/'l J 'i which cor re s -

20nds to interpolation in the exact scnse of th~ word, then the

ineque.lit:' (5.1) oan be Ll)roved.
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(3 8) Then. .

I., ' ," _ I).. • 4 -
',- 'j '~

1Y') + !

andwhere "I'f' -:: ~ q :x

...
en - k) l-n

•
J<.;;; IJ '-, •.•

,
(5.4)

• J ,')')...1/ ..'

This theorem has 'been proved in two different ways one usi ~L a

th80:ClIl Iue to Krein and Milman concerning extremal )oints and the

second using a sui table intE;[,ral rc)resentation of 'X (t-) .

Hukuhara U7] indicates that Tuillura DBJ proved this result ~

this ref.''lut h2,8 also 'bC8nme:1.tioned in [39 \ - '-.41J. The

constants C.~'k ( tx :;: o , I, .• '1 .)' Tl - I) are the best po s s i b.le 1

as thcy are exact for the f'unc t.Lone

and only for these functions J uico a c.ons t arrt f8.ctor. Natur'a.lly

the c one t.arrts
~'

(are free f r-ou any nature of nru.L ti:'Jlici ty
1i)f;< -

c...~, I c t!:: A If we as 8"l.11.1e.,(::. y.,,; n (1(/ -' kl. ) .

the f ol.Low.Lng

at the ,oints

then WE;obtain
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satisf~i~g (3.8). Then

~ (a. ~",l't -i~ •.In .•••__Vi.../ j

~ ~ 0I I t ¥t ') "" - I

(5.5)

VIhere """ .;"f)"\ a ~ l:f?'\ ) I ~ ancl
t.l ~t c: G )l t[};,

I - - {Jl

(
YI -<t( - ,

- I .11-ca( - 1 ) 4(- k +- I
- d' - •• (~-Jrlt-')

('Y'.-k) I ')i ~

• (1'l -h) - (5.6)
k.-::.o,/J ." ,.(

t+: ,/) (}, " r"<; -- h ')J. L- I 't '. ..., "' 0-1.. ~- .- r • , .' 1Y'l- >(' -. i

'*
(1'1* kThe constants are smaller than

Proof. First ~ VIe shall::>rove for ;..-:.. 'x .
Since k Ir I and k/1. + I is the iliUlti)lici ty of zeros at

0..,an·1 C "Y'P0Y'Pctl've1,r '",'1 +.,",,,,+ -,..(~-;(/;, \ wi Ll, have at leas'u. '" " ~ ~ u d- ..•...". ~... '" ..J.... fro l' ,

(1l- k I - R.Jt+ h. -;() zeros (coUlrtiYlL\-!ith irul. ti:)lici ty) in

( 4. J, a ~) and (k., - h. .,... ( ) at q I and (. k~ - k -+ I ) at ct...\.
(It )

Define g {{ (f) ~ ~ .(f) then we have

~ t«, l::: ~I (c",,):::: ~ 0 <r :;:; ~ (1(, -k) (C{J)!: 0

{. , a.ft, i.) =: (J 1 (= f) Q, ... ~,., 7) - p., - k~ 1- k. - -< (5.7)

-K (Q /t) -::: f;J (a.."" ) -::: •• • ~ "f~ <- k,l. - h.) (u.,It ~ =. 0
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where Q".~, t denotes the point where

for tvlO c..:.ft'eren t

we find

or

Q t+)

where ,
('Y\ - ~,- RJ\. + R - 2.)

TI t t - fA..k' tL::.. i ,(. ,

q. ("n...,~)
and a R (+, /:;)' is the Green's runc td.ou for the BVP.g . (t-) '.::()

satisfying (5.7).
Nov to :;>r()ve (5.6)~ supoo se QI~,i zt. c::::: Gt •... # J

r<.. " "-, J;-l
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where in obtaining ,~(~)

(sincej ~ -Y'\ - k, - k/l

~ vie have used I"') - R I -J -:--<+ J-< _ "J. >~(j

f o LLo ws f'r o.n k #. I-~ +,J > 0 Now an

is at

n~o(-

-n-k

and of r 'fJ (t) is at

t
-J.- k + I t Ct...'€. _rLf)ct. +

1'1 - k

) and -r (t)

maxtmum ()f'dll;-\
~-- t"\.tj

also, an absolute maxi.urum value of cpt t-) and -+.1 (+) is sa ue which

is

thi s pro yes (5.6).

To~ show that

that

k-



33
and for k -:::.0) cfCt) has an absolute maximumat t =- ('n-I) CL.IL-r Q.

'h
k b",-I) Q, + Q.-t. 1 .rd .L (L) h~'" ?on abeo Iu'te uax.irmm at .l.. ~ - . , a so In,a,l.!.'-"'-- \..... __0..0 ~....LJ.. U • u ~ "-""-.•..._. .u..:.\..U..!J. ~ _ _

'")")

. t'Yl-1)""'-1 \'n
both the cases the abs oLute maximumvalue lS (a../t.- Ci.') ;

')1'Yl
"- lr. ....•. I I :t, ". ,~ '" ' .., 1.., "', ., .' .! .. ',
~ K -,;;. ') 'f (l) nae an a uao.ru oJ"-this proves for For cJ...

~-+ Ct) has 8..11 abso Lu'te maximumat .~=. ~tmaximumat t.::.. Gt IL

also in both the Cases the absolute maximumvalue is R/')'"\
Now, to prove k,= ~+'.J ~.T~) • •

X ,.()( +) has one zero a-o ~1 (~ O.k.)

')')' - , vie observe.,
that

be more than one zero, also at least rn- "'1- ~/i..+ '''--;J..\'}'\ '(~I) Q//.,)
courrtf.ng with mul tiplici ty. NOH, we define ~ (t-)::: X(..()(-t-) then

011 us tng theorem 5.2~ we obtain

which proves (5.6). Also, it is easy tg see that C~J .(+~ > C":~-,:,(+!.,('
This com=letes the proof of ·re Theorem"

The constants C*~'Y'I)k' ~-= 0, 1, ".~. ,0(
,..-:... -~

can be obtained ue.i.ng oscula tory j:nterpcl& ti.O::'l £'01'Ll1:.1o. 88(; L43J 0

, The constant C ~~ is the best possible? as thj,s is exact'n, a
for he functions

""-.( -I
X.v(t-) -= Ci'-~t)

.,.(.+1
X:2. ( +-) :::: C+ - ~t )

I ,, '
.,'

( "n-..(-'
Q.J'L-t-)

and only for these f'unc t i.ons , up to a cons tant f'ac t.or .
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For a particular case; -11':: Y ,"1 '= !l, ..(z: I) t, -Q. •

X( o I 'J -=- -":k-' (C-~" -= -X (Q ..•1 -::- y I ((.1 \ 0 we find the
-t. I

;..-
following co .l})arison be tween CYl, Rand

( -/-- ~,

r , k

------------~------r '.{.
~ <:._'2 , s..__

k = 0 9/2048 1/384
---. - -.-.~--.--- ...•..- _. -_ .._ .•.. --------.. ..----
k = 1 1/24 2/81

-.~ -.-,--- ...--- .•.---~- .•..-._- ---. ...-- ----_ .....~~_ .•. -
k = 2 1/4 1/6
---- -.--.----------~----
k = 3 2/33/4
- - - . . . - - - - -.. .--- - -. .--- ---------

( 1') )
J( ( t) f- C - [ c.. I, 4,~ ]Let

s8.t~sfying (3.15) or (3.17). Then

)~ .. ( Y)-#z
Q,12 ~ a:t, )

(5.8)
~- - . II" •• :..) j > ••.• ) '}1-f

where rm _ ~o.-;( , J«(>'\)(Ofalld
Cl./;;( == a'L

{-"'-R _I) n-~_I
~~--------

('"h - k y J (., _ h ) Y't - ~

( 5.9)

1 J
(h_p) (n-k)!

~J J<:= J) :<, · • .)n - /:2 -. f •



sa~~sfying (3.15)

\

' ~}t
X ( t- )-

'-<- 0

:x:(t) can tG written as

<. [

VJhe:c(;; 1!'" (t- ~ -0) is de f i ned in (3.16) 9 and hence us i.ng Lcm.ia 3.),

HC find

I,(~ql j
1)f .U;) '-

yn C{, )(, ~

(, \ ~t'.:: :;t,'\..-

t- 4.1 --\
,.

~f'! -, K I

m "L u- ) f/~ "- ~.)
"f~' - , or :

SLuila,yly, fo r t)1.e func td on )((t} satisfyinC (3.17), we obtain

on usint, l(:;JlL~a 3.4

I ,--

.. , \ '-t.'t_ ~I

l!- 'n -I)'
0 ••._ ~-''t
-- J
-" -- /<.;- J

Now»the resul t follows fr:O:~-l the observation that r!': (L\ a tLai r;s
-r k . i ,

( (\'i\ -- n,! )an absolute maxi.mum ,-,t +,-v.. '-'~_

( -v-, i, ,\
l .. f~_ N --fA

l);- f,T
if I• .J.. I9 r.-: , ,if h IK::: ,':)'" n - , and at

Also
,

attains an absolute uax.unum a't

('n-~.~,
(11-1;) .

(.L1 if k -1- I

C(h -. i'.t I ) I~.. _.,.,... - L <. ll- 1~ andq -n
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To )rove for R::: ~ + I] Jo ..• ~ J .,' ''Y\ - I we note.

that for t-'1C f'unc t.i.on )( (I) s:;,tisfying (3. 15) ~ 1( rp) (f-) will

have 11-:;-1 ze r os at .(.\I and 1 zero at at (counting with mu'Ltipli-

c.i t;y-)•. Hence y if we define ~. (l):: )t l P)(~) then on using ,

J:'heorem 5.21 we obtain

whi ch pl'oves tile r-e sr.Lt , For the function XU-) satisfying (3.17

the resL:'~t~ollovm ane.Logoual.y , This comp'Le te a the proof.

) are the best~) "nr-l

po sa.i bl,e y as tl1cy are exact far the f'unc ti ona

_ .1:- 417
~.J

( C·4. .••. _ lL.· ) "'-, [ .•X" -t} z; n If
""-

and only for these f'r.nc tLon s , up to a ccns tnnt factor.

The f'o I Low.ing lCliLl8. is an,easy couseqi.ence of Rolle's 'the or-em

t: (Ii- f' r ~) ~-JLe::lu.a 5 •.6 . Sup;!0 se X {i-) G L!) an.J has at Least

n zeros on (a?bJ . Then v.J8 Call find po tn Ls 'llO}Q,,)., '.J 4.<>-.:_

such that

•. • • 4
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1l!-eorem5.1. [44J Let -x: (f) f-C ('l"\) [a.) b] and satisfy the

condi tion
b"-I)' .

):( - ( C( 'h _I ) ::: 0
( 5. 10)

where Q.
o

, 0.. I' .., Qn _I are certain points .;)1 the interval

[a~ b } Then the estimate

Yn 0.. )(

0... ft~b
(5.11)

is valid on [a~ b]

by the eX:')?J~sion

h
+- b C ~ co - d~ were ,,1:1enuu er e ( .,..,. are C.81J.ne

" ~

GJ

+ L (k.
k =; t

(ff/z n,
-I'::l. ./ .•--I

This r-e su.It has 8.1S0 been mentioned in (41 J., 2_180in '[45J
Levin expz-ee s t..l1.econsta,Y1ts Ck.., in ter.l18 of the Bernoulli nuubers

and Euler numbers •

.. - ---~-.. _---
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fueorem 5.~. [13], [41], [45J 7 (46] Let

)( (t,) f: C t 'l'\~[ 4, hJ s a ti sl~Ting (5. 10) \'here_l _ <.. t: :::.

'. 0 Then4 ct ~ b- ')")-I -"

(5.12)

where -m -=. '"rf\a x f")( ( Y\ } ( t) t .
4. ~t ~,b

. . .

)" . I:.

I (k~ I J' fx U) ~ f ,,+
I

I h" · .. ) r ""tI (» '( t ) J .! ~- c( f' ." t . ~ -a v )'1- ).(- ij'r! - k_ .' Y\ <):

'rI-k_1 ' •• df, ..1~,

(h_l)YI-A

f 'n -k) !

In :;::>articular.
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1 ~ ,II ;.~ - t
~j

Q,
~-I

. ;.

we obtain f.or I. ~ a,. R, -' I

In ~articular

{I, 'Ll _ f' z, l .c Itr -;. -. ~.

Fr om (5. 13) and (5.14) vJe obtain for'"" Jt th_6)l'1-It
4" en~ k) f

•

Q.1. <.. t- -c, Q, j

1'<..-1 - - k.

(+_h)k-I
{k-Ol d~

,

[
'" ~ I 1

n-k...J "')'\/

•

i..._:t.... _
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Whenk runs 'thr-ough the value s t) .2 -1 •..• • ,""1\ the b.i.nou.i 8.1

cocfficl'nt r -n -I 1 talCOf:'its maximumv e" .;le for k:= [""!']-'
~~ '" .-~_/\ .•..

8.nd hence (5. 12) f'o Ll.o wa,

The ineqtlalities (5.11) and (5.12) ar-e 'tIle best po saao'Le,

In fact in (5.12) tr o.. tho proof it is clear that the equality

cannot hold unless xC t) is a polynomial of degree n ,

Hereaf te r for the function )( (t) ~ C {'YI. ( <l.) bJ we shall

denote the conditions

Q ~ Q..l .( 4,2 <... ·
Iti: kt

and
ei)

X (C4t ) = ALL:; 0 j IJ •. • ., ,~- -4

)( (p)(€t;. ).' _- s, )
,~ g r (0 ~ yJ ~ n - I )

( **)

also

.
t>: 0) 1,. ,f' " ( ***)

~1e function X i.f-} can 'be \-ITitten as

(5.15)
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y. K f) 5.s ')olynoilli a1 0 ::: d eg.re e (n-1) s,3.tisfy;!..ng (*) LJl~

,j::.: ,

:-.L'llI;:) ») =.: J l-t) :-))J C"7~ (.f:-J~):::- - *,. £. to> :)) (;i3..{ LJ .;.) z: --- ;:;Jf:) -0) ..
'1:-
r..
f'.

1-.J .-. ,.;
and (***) for ..I.::: 3 ; also

~hus~ (5.15) is the )ol~inc>l'li8,l interpolation fQriilula for t};.e

function xC t) w.i 'th the error terl

E (t·) t:

.. ThefvJ1ction E (f) E Ccn) LCi..) bJ vIi th E In) tt)

for d:: Cn'and -)( JCt-)· for J =:).. 01_ 3 satisfie s the

for 0...,-= Q ) a. It - b HencG~ we:: find tn.at, E Ud( I I X- (k) {t J
(JdJ!.; (tJ/

t. f) I

( c**
).

'i J:.: I

~

'h- /;.;.: fI.JR (~ - 4.., ). 'Yr,-"l

~
3 IrI "n) ~~ ~~ J ::::.:{ Dl ...)1

k:: (,)J I) , , ,
) 'Y) -/ t·

ThjS gives error bounds in nu.uo r-Lco.L differentiation in ter!:ls of

anI,. n th derivative of )( (+) and not in ter:s of higher order

deTivati ves ,

~-" .....•._-_ .._--
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6. E:x;..istence ar~d UnigL!.eness

He rc ve shall consider .he foLl.owi ng ni.h order diffcrclltial

equation

x. ('V»)i)( J ~ (6. 1)-
and the boundary ponditions (*) or (**) or (***) equi-

valently the integra.l e qna't Lon

QI2..

J =: u,
A.. ,

where .i
J
• (t.J and 0.j (+) -:,) are defined in (5.:}'5). The

f'unc-t i.on T we shell as sume continuous on [~) bJ X R Y'+ I thro"\.1.[h-

out without mention.

Le t ~(.> 0) c z: £).J J) • .' • J V

be gi veri real l11:'..mue rs and let Q be the' maxrnnunof

I {( L I I. I ) ( on the cornpac t setT "r, \.10) "'I) ~ ~ ') ,.fLy,

i(+ ~ I.L,) ,
l ~ ::",+ ~ b ) I 0 i.l!:.. .2.. k L' J

£,='0, '.) • • ') 'Vj_'
Then, if

1.

."
L:::- o } i , . .

the BVP (6. 1), (*) has a coLu't i on
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"c.. - l' ~Jl case (} j ( ;. -~ -- :"...,-;:: '" J .1. .•••.~ =- ,~
"r)'. Q,)C Ip ( i:)/ L r ;-- «.

I" t t.: I ••.., •...
!:) .cl-<: c r' --f ~

.•. I ,- t ..-. .--1. /"L.

I I _',) 1<", ~ :__ {__ <t'. _ •..
i ((I...., -.- (j , -, !

-~ i ~-- \(~ (~;t,
-r, J L (6.4)

! .:: ,_; I, ') -Il the BVJ' (6.1)~ (*) nas a solution.

j ( •
\/-rt--(..

'llY\Cl '!...

ct.-I <... r ~'~-A- ~

'\
I

) (6.5)

J?r.Q.oJ:. We shall ~)rove 2 and for 1 and 3 it vIiII f'o Ll.ow

2J)'2~o[_ously 0 The se t

B [ 4, , C\,,-J = { Xw Eo
IV)_ -c 'L 4./) ~J-' II x (.}:!I! ~ ~ K

J
-

.J::O) I) · · , ) V}

is a cLo sed _convex subae t

0:." -1)',_(:; Banach S:)8Ce C tv J L~>' (t J The .aap ing. , -", J ·h. - -

.t=s r --7 C LQU) Ci.?1j defined by
" «V')_·I: (. 'L Ct., ) 4 1tJ

satisfies

.•._-------------------" -----. - ---,--- ---~-.-~-- ~~;<;---:-<,''''''"''; ~--,-"",. '-'-'5

;
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, we find

I h, v v : f) 4.\ flU). '. I ,"l' .!~ f ,tc.1 - K J (t) 1 ..;::

and hence

, - 0 J) , 4 '..J 'V •'" - )

Thus, cond.i tion B [ ~J) 4ti ] into itself

It then fOllows frat t~1e Schaude r t s fixed poLnt theorem that 1:has
-

a fixed point in S· C'· ·1. L t{ t > Clh-j • 'j~hefixed point is a solution of

(6 •1), (-~~).

satisfies the f ollo\-Ji:rlE; condi tioD
'V

G,) + ). C".).-{
Ii". I

r ~.~ I cI..( J)u. .'..) ~ -e ." ../I~ {J.> , ,r.~
.I i ~,...

J ::0

\-Jhere I'o r J ::: (~.J t) " . 'J V Then, each

IlVPs (6 1) ( +. \ •• .9 , I,
/ 6 ~ \\. "' • i / .5 (**) ; (6. -j)? (***) has a solHtion.

Uext~ 1,,'8 shall E_i7C 81'wthel' ex.l ete nce theorem for the BVP

(6 .1) ~ (-~.). ai.•d. for (6. 'l ) ~ (y.;,,)_ (***) it will follow

() -- (6.7)
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Let

satisfy t~c condition
'11

'} ~V) t !S. L + Z
(6.8)

J::o

lL ) k-- [.- Q ~J" 0 V ;-. \ hhe re• '] 11 ." _.""-! ~ h f".' ,...... )

LJ (j -=1J > t) , .,V) satisfy

tll.8 Lne qual L'ty (G.7). Then~ the :BVP (6.1), (*) has at least one

for all ( f:, l&.0, \..l I )

Lis alL;: numbe r $ and 1e t

s o.Lu t.t on for 3.D\!
. "

1'Ylo_Y...

Q ~i'-Gti -- - I-t...

L' t,

h d t (*) .and s a t.i sf y i.ng t e boundary r;o:tl i ions --~ .,

Lrrt.rcduc e in M the metric

r(x ~)-J 'oJ

"\:,hen, M be comes a Banach space , Define tho .Jap)int

in (6.6). •Vie shall shov tha'~ "",hc:la:)c;in t TA3;JS a s:9here

rG.dius L::- g of the soucc 1'1into itself.
f- e

f(x>j,)~

Indeed, if

and , then
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t1''''} I
~'I (too)

"-.
.'\'y1C".<l~ \ x-(YI~t-)J

~,i t~ 4..~

. - L + 1. + 9

L+1.
-' ..... .

\ -&

The:1., j.t follows by Scha;",der's tLxed point -:h.corem, T has at least

one fixed point'. The problem (6.1), (*) has therefore at least one

L,+l
1-& .

• (. Ci.., <. -t. f: ct.. ">--)

Hence , from Theoreru 5.3. '\ole obtain the inequalities
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The follovling ;,'a::cticu,lar cases of thcGX'e,Q 6.1 arc of i:ndc'-

T1ev:,dent Lrterest (see -''''''.171
- ~" '_,' ..L

1. The lWP

01'

or

~.. , 1/1 _ .+r I I II~ ~t') Xl XJ )( )

v (r. \. -
"",,\,',,>,,\) -

has a s o.Iutd on, p rov.i ded

\ JJ(t)\~. 1<.0, t.Qj It)\ ~ K, ) 1 ~ /I (t) I 4.. k ')I . -, __ "

"'" ./

(6. 10 )

(6.11)

(6 1r, \
\. '0 t. __j

Wh~re i~(t-) is the s ec ond degree pol;;'l1o"Jj, ;3:,-;;',::"'~"i:r<,; (601C) n,

J =- \ • (6.11) for j :: 2 and (6.12) for j = 3.

2. The BVP~ e qua'ta on (6.9) \t.,j_ th

"'V ( ) A ~I (4_,'):= 13" )(l(QA) - C"...••...Q~:::: -' ./ 'I.- (6.13)

(6 1 ~"\. ) e <-1-)
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haG a solution7 provided

where Q ' (t-) is the second degree polynomial sa t.L ::;fying (6. 13)d .

:f 0r j :::1 and (6. 14) for j --:2.

3. Tne BVP: equation (6.9) with

X(Lt\)= Ay xi(Q,) 6, x" (C(~) :: C (6.15)-
or

Xl/ (Ct.,) z: A, )( CQ.-t) B I- --' X (~.rt)-:: C
(6.16)

has a solution1 provided

\

( 2 t<. i )\V~I<'~J"
"{~ ) Q.

where is the second degree polynomial satisfying (6.15)
for j = 1 end (6.16) for J = 2.

~efini tion. Tl1e function f-Ct.-, LtO) ul) . ' .• ,) lc....V ) is said

to be of class Lipschi t z , if for all (tJ t..l...o" 'UtI) ~ .• ~) u"'Y) }

(t, v;, Vi) . " • )vy) E:- [Cl1J ~n...])( ~-r~ the f'o LLowi.nj; is

s a ti sfied

(6.17)
v

< )- L~ f ~~ -'-'"21.
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Theorem 6.4' ',,--4 2 ~,~,'------.--~. 1 J Le t i- ('J._ I. 1\. t,., '. ) I.t,,/) s a.t.i sfy
.J"t)""-c'J'-""-.:" r -

the lWP

(6. 1) ~ C*) has a v.m ique soLutcon , for enyA,'. i <?o 1.£
,~J ,,_

(6.18)

1"0 r any A ~ all d 8· c

l

show that t..he .uapp i.ng 'j: de f Lneu on the:Jletric space M (see

Pr_?..:J)~. vJe shall ':Jrove 1 aid 2 f oLl.o ws analogousl~". Vie shall

theore'u 6.3) is contracting. I:hdeed~ we find that for :Xl) _~ E:- \'-:~

f <. \ x" '-,X:t) ;::.11"14.. X. , t (t <. x, (t), xl (4:) I... )((-'~~,\u", :::t ~ Q-\, , .J ,," J ./ ~ ,,-, /

(rtp
::t.:l (f) )" ~ I )

(l\
x Ci;)f .

V?lent to the 6x.istence and un i querie s s of the soLct i on f'o X' the

)roble. (6. 1) ~ (*).



50

The fact that T is 'in II a con tr-ac t.ion map~iing rne ans , amonz;

other thL.1gs, that~:l~der the conditions of ·:~;leoreil6.4 for the

existence of a un i que [~ol::_tion of the T-3VP unde r cons Lde ra.t Lon , ·the

;J/.ethod of su cce ss ive 2..::-!lJrOxi-lationsC2.1.:. be 0;?:plied. The rate of

convergence of the solution vT:i.llbe not less than the rate of

convergence of a [;eo=.netloj.c~'rogression vi th common dn:dtlpl1eI' 8

for (6.1)~ (*) andel ... for (6.1), C**) or (**.,~).

The followL~G :)ari;ic: ...Lar- cases of "theorem 6.4 one can find

1. Each of the BVPs (6.9)~ (6.10), (6.9)1 (6.11); (6.9), (6.12)

has a unique s oLut.i on 1 provided

2. Each of the BVPs (6.9). (6.13)) (6.9)~ (6.14) has a unique

solution, provided

3. Each of the BVPs (6.9),. (6.15)~ (6.9L (6.16) has a runi que

(6.21)



51

The0 re .: 6. 5 /45]

Also~

as suiue that r

(6.22)

Th8n~ the I'robleill (6.1), (*) has a.Lmost one ao'Luti on, for anJT/,. I'..~.
P~oof. Su~')}!oseon t~.1econtrary that, the I)roblem (6.l)~ (*)

has t\.Jo solutions x ~'=") 811d '1. (t) 1 the:ri if »ie define 1;(t)= XH)- '-,H{. \
c.:.' •. i

Then, by Lemma 5.6 ""i th li.... 'h -c :: (.
on a subinterval [a? cJ and the saue

satisfies conditi'DS (3.8).

(5.10)conditions

conditions viith the ).l1ec}.alities by <l.oJ 0..,,'
reversed on the coiur Le.aentar-y sUbinte~~o~~c, bJ .
ty.JO subintervals, S'9.~ [a~ c J has length A.... (b ;:.:....» .
the interval [a, cJ is nen-degenerate J since h( t)

. ) c."......,_ ~
One of these

I:1oreover

cannot have a

we obtain
. ~~,(J... L L-It)

~-,-~ .•..~ ..
~k /~, r¥J[ [~J!

(6.23)

1-e.()1)(·r)j - I tCL} X (t:)"

~ L~_~
k='1"i-'V

b••------------------------
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EvLden t.Ly )..t.::> 0 since otherwise -e Ct) wou.ld coincide on r 4:., <.]
vJi th a po Lynom.i a.L of degree 'Y" <.'" a:W4 -~ '""bC+-) would not van.i sh

It onl~yre;ilains to excl:.lde tlte

possibility of er.:ualit:;. At least one of the nuiuber s Lo) •• •7 Ly

is different f r on zero, since o the rw.i se f(t) wcu.Ld be a po Lynouu al.

of degree less then n and could .io t have n zeros. Thus if f3'·=
then e qual i t~ nrus t hold in (6.23) for at least one value of k ,

This is possible only ~Jh(t) coincides on [a,cJ "lith a

201ynomial of de[;ree n , But ve can ta:ke L. to be any poLnt of

[a,c] II end , t.(}J-ktC}I
~::: 'h ~YJ "n - tv' ..•..J J ~

is not constant on [8.. CJ for any

, Therefore also in this•

case we have 13 > (
\. For some .•ore results s.i ui Lar- to that of Theore;:}6.5; see r 5(

'-

The nex t reS'L:lt is for the linear di f'f'e rerrt t eL equat Lon

(6.24)

with the bot ..mdar:' conditions (*). This corrects an error of the:;

result given in [51] , see

f'unc t Lon s ~I(t-)J P:2.(t),

over ra, bJ ·

also Hartaan [46 J. In (6.24),

• r , ~ 'Y' (t-) and f (t) are continuou:

(6.24L (*) has at inost one ao Lu t i o

1\'"\ "-.'1 ((;.1.1 , Q;l) ~ I~ where

L J' lCi.+- b)j
( ~ _ Ct ) 1'<.. '~. "..z I P~+, ('l)

The ~)roul.e.a

for 8ny :rovided

(lAI

r R..-" IIL:. _.
-
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Pr...s>.2.f.Define the function h( t) and the subintervals

[a~cJ ~ [C;bJ as in the :;.:roof of Theored 6.5. The resulting

differential equa t.i on il.l h(t) can be \'Iritten as
I 'YI-\ (7)-~-I) t

( f~'h(~~ex L ( rt- p (~) c.l6) \' = - ~ h. L+) -K Ct) e..x~(L PI (~) d'~)
~ . J4...!;) ,,+1 ....-,

k~t

Let M =: m a...x , 1( (n-I) (t) t on La, cJ and let

\ X("n>-t) (l'I...)f :: 1'11, a..£: -1.. ...:<.•. An integration over the interv2,1

L /.: (. \ give s

By theore , 5.8 and

h ---
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we get
,(.

J I ~h + (tf j lJ
CL' "I . ,

, (6.25)
----~----,----,------

Simil ar Ly ,
"rl-I

I<. ( D<.P j~I~I0)' d~) ~
~;:;\

(6.26)

Since $ e i ther C. .c:. ~+ b....••. --:.-b-y1- $

':J..,.

or [b-c.).c.- (6.25) and (6.26) imply that either c.~> I
I

or

,

In general, if the function +(t-',)r) ~. 'I .f ~ )-:{v) )satisfie~

the Lipschitz condition WaSoyer a COlll}actre[,ioi1, then the BVP

under cor.c i dera't Lon may not have a unique solution. See exaiapLes

1.7-1.9. Here vJe shall show that the function f need not sa ti sfy

Lipschi tz condition on [ky, (tit) X RV +- I but it is sufficieni

if it satisfies Lfpzchi tz condi tioD over a pro:?er coupaot set

(defined in the result).

LelJllIla7.1 [52] Let ,T iuap a ball B:: (~: 1\ .,,;--1\)1I ~ )-A _I

of a complete normed linear s)ace (Banach s~'ace) S into S~ If

there is an 'x f- (0, I) such that for 'tu.)""- E: B
/

(7 • 1)

:1
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and if

-.': .-

(7.2)

Then T ,has a ~U1iquefixed point y in B. If T maps the ball B

into i tself ~ then the condition (7.2) can be 011i tte d ,

In the following theored9 \vi-thout loss of generali t;y vie ffi all

consider only the zero boundary conditions i-.e. all the constants

A~_'k, Ai,
( *) ~ (**), C***)

B ~ ap})ea.ring in the boundar-y condi tions
L

are zero.

Let the f'uncti on r- :,
r ; •• ~,.1')

./

satisfy Lipschitz condition
1. on'

(11) '1
( [ct,) ctlL•• ,

('7 '4)\, ../

,
J-:;'o.{)· .• "}(V~

j / -- f l
-:...<

N

where N_satJsiies either

(7.4)

if m z: m Q)( If (t-) 0) 0) '. .• " c:.!: ) J for Q I <:. i:~ ~~__or i

merely

(7.5)



if

in (6.7). Then, the BVP (6.l), ( 3 .8) has one and only one

']);2..=. t Ct) )( (t) ')'_ ell ~ t ~ .~~

\
x..( d ) ft) U S. ~\ r:;,( 'YI, J

, -------. , J::; c~ \) , •
tX. 1'\ ,d (,A..I'l~ct.,).\

(7.7)

(7.8)

.aaxf..aumof If \ taken over ':D,;J.. and 0( is def Lned in (6.18).

Then, each of the BVPs (6.1) 1 (3.15) ~ (6.1) 1 (3.17) has one and

only one so Lut.i on X(t-) f--]) .. 2.

solution 'x, (t,) E- D I

2. on

where N satisfies either

or
"'n

I"i (Q.",.- Ct. I ) _f "'" <:. N
't. """)'0 -

whe re ill and 1'.l are defined 2.;)OVeexcept M here defined as the

.~.;r.o.9_:L.We shall prove 1 and 2 will follow. analogously. Let

the space S com ist of q ti,tl8S continuously differentiable f'unc t.i cns

on [ ~\ ) CI...I't..] vii th the norm
t ~ ~ ,J

.~ Jr C'f'I.'- ....'....,....'_....((1.0•.- Q. I )II X 1\ = o'~fs\rL C;-*:"
. Yi, i



. h t t' . ",..::. ( li) - "1We shall S,lO\'[ t_ a he mapu.ng eel
...J ~ . L.. C(..I J (J.,."'i, I

--1

satisfies the corid.i tio.ns of IelJ.r;la7.1 ~ whe r-e

CT)()(+)

Let X 1../ (t) ;: 0 and B be the ball { wE; S: \I w-II !: N t
~ -

Then~ if :XI £: +--) J )(~ l +-) E B ~ vIS have on using theorem 5.3

U I-~· i. j) ( i ) \ . ( ** I , n _~
, c... I X() (.t- ) - (~ ',:(0..) (t) ~ . ~, j '--~''L ~ ~). )(

..~~'(,.t (t-, )( l+) ." , • , X(t'V)({)) t-Ct-) X;J:.<+)." •• ~) ~~~V~t))(~£...t<:.~. ." ./ _
~ -. "'" l'•..

,
L~·O

and hence

-=> J
Lh r o (('{It., - <.•.., ')
•• "! ••••

C
~ +.

~ ,IJ ,i
'i... •~1L~ c:~{~_...,/-t n ')(,_ :x ",I I

,
l'::o .

J;:;;O,'" " ~ .•.'v

~"

•... --------------------



,
,"
I

t"~

from which it follows that

1\ ," '>« .,. 'I
! ; ",-' .·X;.t\ L...

To applyLellllil.a7.l~ ve need t'J show that (7.2) holds. Let (7.4)

holds then V.le have

I

I
I "

or

~* ( .J
C "(') D '---~~ -' ~,) ~ .. ( ~ ) 1

----- ..\l\~)· (t)c.'Jic-* '
'-~, J

Hence 7 vIE; have

Next, let (7 .5) hold~ the:l for any X (-t) E- B , we have

**r·
'- "r\ ) J---:.. ....N
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he n co , b3T the hy::!otheSis M :::. ,?~q.x \ + t t:) X (t), ,. .

--vI
. ('\t 1

t 'J -:K .. (:
and -it fo110\:,/s that

or .*-~. J
C"}-~I~O (G..Jt-ql) "**

C--n} 0
-- -.-_-----

J = OJ I} • • • )'-"1/~.

Thus

This COlilyletes the }Jr00f of t.he Theorem 7.2.

In eX8-jtlple 1.8 (.>. ~ IJ ~ -1(, .j(

we ha ve (_~ ::::")0. and hence
I---

~
'\::t>I= t (tJ )((+»); 0 ~t:5.I) Xct)E-C[o,,!j, 1l«(+J!~Nj

and, we find lo :::.e.N ,"'tlA =
Thus, fr om

Theorem 7.2 if

(7.10)
and

t-
~

< N (f ~ -1-. eN)
g (7.11)

tb•• ~
i



~o

or

8
(7.12)

there exists a un.ique solution Clearly (7.10) and (7.12) are

ea'ti.ef'Le d Lf i Y(-< 26079 'i thi s is also clear from Fig.2.

*'"'In example 1.7 for the prob.l.eui (1.6), en, 0 and ~ remains

sa)!le as above 1 but vie have

''1'IHtX. 1 wr(t) + 4 - 3t-} ::: J, ( N +Lt) •
.Ji::I

Thus
3 / '
~ l i-.,.j-+ L~) <. J 1 which isn·)t tn1.e and hence

Theorem 7.2 cannot be used.

In examp.l.e 1.9 for the problem (1.9), C~:o.:::::'~ and

d f" d Q .., -- '1 L ~ I Ian ,we ~n '_'-\,-Lt, - ~ , .' 0 :: -" +-- t'",2. .2.

~M ':::'L; + ~ N +t N:l

ry-n - .sII,
i ~(

(7.13)

and

(7.14)
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or

f' t({ "\, 1- .?\
'~ .. ,.J

'i +~~ I'..J, ,-~ 4- .}

(7.15)6\. S- t NJ. <.. t~- + -~':l. ~ -
there exists a una que solri.tj.on. Bu.t if (7.13) is satisfied (7.14)

as well as (7.15) cannot be ea tief'Led , Hence theorei..17.2 cGnnot b
u.sed here.

,
8. WeJ,&l.t.lAA.Qtion Tec1.lJlj._<a.~.

Here VIeshall employ weight function technj.que which is

prev-iQusl~y used by Collatz [53], and show that in some partictLl

Cases vJhere the ex~)lici t f'o rm of the Green t s function and some of

its properties are known then one can find better resul ts than

obtained in })reviDusreSl ..1.lts. In s o.ae cases one can find best

possj.ble results also.

Th.~().r:.e):i8.1 [42] • Lpt

satisfy Lipschitz condition on
. ..

Then, if

the ftU1ctionL( t) x., .
[ ~ I, Cl..",,] X R~-tl

"V

Ilt~(;,)"')1 ~ L~ \,.J• l-'» J d" s 9
1
< I

I ~t.t ~-=-()
(8.1)

J~o)(, e· .)11

the BVP (6 .1) ~ (*) has a uni que solution for any A L ~ •.



c

(8.3)

the BVP (6.1) $ (-lHH(-) has a un.ique s oLu.t ion f'cr any At' and H'
L

The f'unc t i one W~·(t), (l::' 0 J I, • •• ,tV) are pos i ti 'Ie

or poas Lb.Ly non-negative continuous f1.1J:1ctionson ['l, J ~4) •

Def'Lne the sra ce S as in the :)revio1,;~sTheorem 7.2 with the norm

"f'irt Q)( r )y; C4, ~

c ~.J ~ V lCi.I~t f.~"

v.l : .:~ .•
I.

and hence
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Since, ~ \ <. l He can a::rPl:;rthe contraction :.la::Y;)inr;pr-Lnc i pLe ,

vh.ich~) r: "p 3 the result.

Remark 8.2. With the ]£oper choice ,::,-i-.' t'").C vei::.':1t ~,-.:::-Ij.')~.l

the inequality (4-.5) for the ~~VT(2.1), (2.2) can be il1l'!)rovedto

"1..o(a.,~·-o.;..,Y" ~ ~ L,(CL'1,-~.)<!.

The inequality (6.19) for the BVPs (6.9L (6.11)? (6.9), (6.12)

can be improved to

The inequality (6.20) for the :BVPs(6.9) s (6.13): (6.9) s (6.14)

can be improved to

., L I.. .,,~
-(> l <..t.t) -0... V +
\ ~o ,

The inequali ty (6.21) for t:le :gyps (6.9), (6.15); (6.9), (6.16) can

be improved to

Far the :proof see U;ar'w'al [48~1., Agar\.Ja1et al [18} , [54],

b_--------------·- ..······..····.·



Remark 8. ':~--, .....• ~- .-''i

'V~ ~ 1 then on usinc Lein.aa :>.) (8.2) can be replaced by to

,-
"lJ U)

\N, C"s)J et~ .~ .(141

j-:;.o}tJ·"'.~JCV.

(8.4)

We attempt to find su,i, table W' Ct)-{ oJ =. 0, .) • •• ,. " i) .
.' J . (J)

by r-equi r-iru equal.I ty in (8.4). For this we choose WJ (0 = \t.J ft)

and W(\--) to satisf;y.

!"n) I
\AI (t) + .-

"" t

v.---- L ,(J)
) I W (t): ()_.t.-- J

J:::O

viLth W ( P )( t:- )

W({)(i)'>o ~

>0, tc (0." Cl.>t.l
t ~. (Q f j a.~:J for ell l ~ U ) J JJ

, W ~r) [! V » 0 .tf e [0. r ,Q.~].I"j .- "'. • I. - !'l--,

so that

be the so11.1" ti on o·fNOW1 let Ltl { )

( ""'.\\ V
It "'f.. (1 -t- 2:. [.~)

L' v.Ct)
J

j-::o

satisfying U(,l) (C.~l) z: o (~. = OJ • >

on (Cl" ~~1~'and .i f ~ ~ "n-I

on L~~,(.\.1\ 1.

(8.5)

- P .•
) \.

.~

(8.6)

• r >» 'TI _ 2.).' l~ <. t:<) (t ) > 0

then iU.("'i\-I) ( t» 0

Since the solution of (8.5) deperid cont.tnuousLy on '10( 9 we-\
choose ~ suf(icientl~T close to lJL1..t less than l~ so that (8.5)

I



has 8. eoLu.t.i cn \Aj (f.) wh.i ch sati sf'Le s 'vv (l) ( 0, t) =:. Q (t ~ (») I}.,$ ,.• ;

a..'1dwhose ::?--thderivative is arbi trarily close to the p-th

deri vati ve of UL·n . Since

• .co h
J. J.. t':: .""r\- I

can be t;:jlcen to be strictl;;, )osi 'tive on C". , QhJ and if

\:; ::: "" - t. He can take on [ Q. l ~Q.~j 0

. '

(J)
\oJ ' ( t) -= W (t) ( J ': 0) I.> .• #' 'J 'II ).. .J

vh th such and

equa.l I ty holds in (8.4)

theorem 8.1 ensures the ex.is tence of a un.iqu..e eoLct i on of the

yroillem (6.1)>> (**) for Cff ~ p
Fr-om+he a..hove observ..at; ono _1 f we denote r. --l.. ~ r·L L ;) -<". .•.. , ....•.·I'·Xt:-t.·c,J,·a~"L_r.!!.

as the first po i..nt where :;)-t.h der'Lv at ive of u Ct ) van:shes after

Q f 0 then if ct. . n -c, (j (' L L L ) there ex.ir t s, . . h - '"'-I ) ~ .._ 0.) I J ' • .) V-

a u.ni que solution of (6.1) 1 (*-*) for v -::::p_ and this result is

best ;(opsi ble. For, if eouct i t., holds then there exists tri vi 2,1

as well as nontrivial solution 0£(8.6). Also, if

u('~)('it -t ~ •..•( lo> .• 41 • J lev)) ± 0 there .is.,~ ;:-;011.'.ti'J::1,

For 11 = 2~ see the theoreJ 2.1 and for n = 3 see Man-val [55J.
9. Ini ti al_ Valv;.ePro"blelIL~

Weshall de!:loteWlty as the eo'Lu.td on of the following ini ti21

value .Qroblem

.]) W- ,( +) :::

""
v.r (~) (Q) -= o J

w-(n ..,) (0.) = I

L :;: (;) \} - •. ,. J ~-~ (9.1)

.hn- . _.~ ~__

\
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are constants. It is well

UTI (t-, J.::.)

n (f -~)). .
'" e, t

. ;-;, - pi ;.~~).'-

'Y!

TI (A~ A~)).
~:::I

where .A l' }.:2- t ,. $< " ! ).."y\ are the distinct roots of the

auxiliary equation

also in Case the roots are). ~,j .•• J)'" having J.;lU~ tiylici ty
. ~ b

h,) . . . ., ,...~ r-e sneoti veLy ~ wi th ~ -::...z:. >\ ~ , thCIl if we
.~.

assume .x ':... )..t ~ }..2
I

.~" -=-.~ ..
. -\ \+- 5\.l.. J

••• •.• oj. .~:-= > 'Y\

. ..

Jl 'rY'
>-3 ..~ ).~
u.; w-, (-t,~).

\ ~.

!\-n~ .~~



The ::ollov!ing prope r t i e a of \.J..-.'r" (t·. .:•.\', Ci.~~'eiIlllliediate.

1. If vJe denote 't - ~-:;.:'"/', then V (t - ~'\ arid .i t~3 deri V~;t-

tiv8s w i th res)Gct to t can 1:)f~ written as a function'of X alone?

and 'vJ8 shall denote this "by I/'J"( X) .
2.

_ "d l'I-4,.W Co}
.•... ....•

)t"T\-~

w- (0) -= 2)\J'-{o)

cl r"
• • •

3. Let X , X I' ... •c

of \J(X), ~ wCX)
~t

• ~ .• >- XYt-t 4

4. If >-, - ,),4 -.- -

, X 'T\ _I be first right po s i ti ve roots

'f' - r 'I,t.T ( X )

etYl-t (

I

then X~ ~ )<.'t ~r. . ,

.. '" ~ --)" '(\ -=- A ' then

W"(x)-

and hence X C;J:: GO

be two func -ti ons

s at.i s I'y Lng

:J:>"y\ U (t )~_ C) (10.1)

VCt) 4... 0
(10.2)

.b ~- •••• "~ .. '.-."
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Then

t-r;- ["0..,, C\ +v l
I, I' L •• (10.3)

r-

Proof. Irre qu.a'l Lties (1001) and (10.2) VJith some ~ (L) "",,"'I'J\ ~ () J

+.2..it) ~ a can b~ written as

::D y\ II (~} ., 4 I ({-) :~,0

Dy\ ,r(t) -+ '~~ U:"} ::;. u

(,10.4)

and hence if \)1..0 (!} is the solution of the homogeneous

t· " ( "vith Lt{Qd (Q j" ) z; ll( tl.\ C': {]<,):: V-- ,(L 1( 0.,)equ a aon --v"'" \.I...t) J);;:; 0 '

~ then '-0 can v/ri te the ao'Iut i.one

of (10.4) and (10.5) as

U(+~::' ll.,,(l-j + j~ W"(f'-"')"",<~I<;l0
I

I
t,

" »r ({- --1.;.) t~,(-s ) cl ~ •
Gi..

l

vet) -=. u, tt)

Thus~

But since
~tw- (t- _/~Y
..~''.--'-:-----..' ~ 0

')t l

\"" .• - ~ )'\-:;j,.
re sul t follows LmmedLateLy ,

as long as

the



~~!ll!n§.:J..Q-,,2.Le t hf t ) be a function n-T times yontinuously
, .( '1'\-\)

differen tiable 011 (ct 1 ) Cl1)] • ~hen:, if~, , q,."2) » OJ

• }Y\ - J... there is

Sallie point tA: <. (-l.lt. such that ( __I) 'Y\ - l --t ~ ~ (() (+} :> 0 )

. ; -n - I .

then we h awe

D ("t\-I~( L) -_.. 0 •...Letilo- c. Cl..-'l be the first point whe r-e ""- -r "

-p ( 'J\-l ~ (. ( 1« 1 ..L~.",t) >0) t,t- t)<l..It • Po r this "r

the conclusion follows.

We shall denote yO) '( t , .. .. . ,. y as the distance
, Y'I-'

be tve en the point 0 and the first left zeros (po ai tive or ne gat i.ve

according as ~ - c. +) is even or

0"'-' lV" ( xl
odd} of V t. ~ ) I ) \J ( 'l(. ~ "

c+-'
•.. ,. ... then vIe have from,

Lemma 10. 2 ~ Yo?- ...,~"2. Y2. ~. " • • >_ y ~-l

X.h_e_ol'~m..JO.3(42] Let \A. (t), V'"( t) be two functions
1;1 . (1\

satisfying (10.1) and (10.2) on t4., Q.."t.) witll ~ t. Coll)):;:: V- U),,, j.
i<

.. ) 1\ -.
Then

v

(_;)'1'\ -l 'tt U.(tl(f) ~ (_}) "1\--( +t V-(I·l-O; t fLo..'l-Y;,1 Q.-'lJ

l'E.9..9.J:.: As in Theo rein 10. 1~ we have

••
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where \.A.o{tl is the solution of J)'t\~o(-f»=O

with u..;{ (a.~) :: V"t)(Cl4) - :",,(L) (a.,\) . i:::1.:1S

:But since

as long as

the result follows immediately.

Here? we shall assume that the function f {t, x , )tt , ~_

satisfies the following condition

.. . }

Nt C. ';I.I. -~ ) -c, 1- (t, )('0) X " .~• • )
I -I,. ~ d'.... _

\......1(t~ x"; )(p "',' 1
d '

" . . , ~v)

~l}e condi tion (11. 1)

~ ~I t.>, -\1,)
#I I. r1

)( J >-] .f J'~ (,), " ~ .• • , 0/.
~

is equiv,'lent to the Lipschi t.z condition but

(11.1)

more infoYlilative~ 1)articularly since there are no sign restrictions

on the coriatar~ts •

Since the function f is continuous and satisfies (11.1) all

initial value problems for (6.1) have unique solutions throuLhout

the in tervsl [,(".•..., , ct.,,) and are corrt.Lnoue.Ly dependerrt on the ini tial

condi tions and parame te r: ~
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Wesllall deltate X~ l (,<'j,e) , tv! I 'I •. .' ,# y M V) in short

X4(r-.'1 ) ~ t -:: 0 J t) ~")"h -I

of ~ t v..r(~)
c", replacing b

J
by

J{t
in (9.1).

as the first right positive zero

Theorem 11.1 [42J Let f (~,:x.) ~ I) -

satisfy (11.1) • Theng the BVP(6.1L ( **) for <y~ ~ has

at most one solution if 0<- 0.. It -- ti..
t < 'j. p( t"t) .

]?yoof. Let "'X,,{t) , X.l.(\) be tvJO solutions of (6.1) ( **'), ,

and that they are distinct. Then9 since solutions of IVPs ar e

t '"\I. (.,"t\ - n -1 r, 1) :J......." ( '"Y\ - I ) C'unique we lUUS have .A.. f< .........,... :t ~ (0.,). ,)0 we can

t f t "h' (Y\-4) {'"Y\-qassume wi hout loss or geue r a'l i y t at )( .(~I j ')~.l.. ( (..I)

Let ~ Ct,):. "')f. I (+) -)::2 ('\" and +.,." be the fi rst possible

right zero vhen ~('n-I)(t) ~ 0 so that ~(h-I)(t-) > Cl,

+ E- [4.., t ~] . Sin ce t ("t\- 4.) < <\ l) -= C')

-f(1\-~)(t»o , t l- (t\" tit') and so i..(r-)(k' ') 0 t~ (~, r<}j

Let tl~ be the first right;')'Jsitive zero of
;' I ' •

.~ ~), i.e. where
, h \

oil ' (*')::: 0 , the:u naturall~: " ~, <, t p ~ L'lh. \~ith(ll t

;.::,ss pi generali ty we may as sume that
(l)1;. (~) ~ 0

- a...,~
- /i.... then

p t f [<\., J «.,It] . L =- (JJ I, • • 4 , 11.J

hence ~ C+) satisfies
"-y

~("y\)(t.) +- ,L - M~
cl) j:.o

~ (<t.,)::Oj L:'Q)

e.(~)( Cl..1'L) ~ 0

I.t • , .) '>I - .:L

b
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Let l,,,, Ct) be the fv'~::·.:. '::L~ ('"~i 'ne,: ':'-,;'
.~ .

.i:)l:tJ -+ f- - ~.J\j' lvi-(J\:'t:-) = n
, J::'Q

. (!,-)
Lt.. t:~ ) = 0) L::: 0; I)' ,1 n-::1..

By i].'heorolll 10.1, ,,;e have -e,.n)Ct-)

t E ['t.\ ~ ~\ -i- X ~ ( ~I) ]

•"

;-~ince

d~·./ X) t ~ 1 th t I, (t::» I.L,). -- C"'\\ fan '''--A.. ~ <1..
t
-.Jr ' plM y i I 01 ows a v.. ,-'t .I . or

some t i~ L0...\) CllL] . :S;",-'j -thiS cont.radicts the fact that

o <, QA. - ~\ Z X ~ (~ ) that is 0-...."s: _ a.. _ is so small -tha t nc

t ' . 1 1 I·' ~ (-11 ") , th t j C~) I <11 \ -_ 1".\ , ; =. 0 1 ,..... ' ,.non rJ. Vl8._ so uci on oI; • i Wl. '-h I... ) '-¥... .

'V\! _ / CP J/' ).'an )' 'J.ve u.. '\'-t:;; (;l). Henne the

p r oo f'vof the theorer!l 11.1 is COllP11ete.

In the next r-eaul. t for (1) n is even and p is odd, or (2)

n is even and p is even vie she-ill denote -: by Yp (M~) k I .5

CV lh e V~Nl en. 0 .cl.d.) O"Y'l )a.~ ~o.:. u"ry")db' t ¥ - MJ t (,".
MJ.) \<. ~ j , .' ) 1"'\CV" l: m \<''1;). Q..c,c, QI. dJ,'YI f M ~ in (9. 1)

acc ordi.ng as j .i s evey~ or odd. Also for (3) n is

odd al1d P is even? or (4) n is odd and p is odd we shall denote

Y~*· \I ('-P b~ Its r--~) M\) \<':Z) M3) . I.) \<'y(U-L- My) acco r d.ir

as q is even or odd) on re]lacj.l1& bj by' - Kj(d'L-t1j) in (9,

according as i is even or· odd.
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satisfy /-:'1.1). Then~ the Jr-u (6.1) ~ ( **-l<-)"foT "V ~ r has

at most one solution if

1. for the cases (1) and (2L 0 < C( Jt - <i.,~ Y~
2. for the cases (3) and (4L O~ <1./1.-(.1..., .(. v**

I~

PJ.:oqf· Let ""X.,ct), X.:2J+) be t'ViOsolutions of (6.1)1 ( **-*)

and that they- are distinct. The~l~ai nce solutions of IVPs are

un i.que we must have -x..(..,. -t)( (\.A) t:- "X~'"n-.) (ciA) So, we C8.11

("'-I)' ('Yl:o-I)

aSS1.Unewithout loss of generality_ that·· X, (q-A.) >)(:2. «"l;I)

Let, ~U:) :: X,(~, _ )(:;(t) $ this hCt ) satisfies the conditions
')l - ~ + ,-~ (L) ~ (t#4- )

of Lemma 10.2 and herine (,- I)"h. (t) > ()) ~ E:- - J (1~ -.

O~)
Let tp be the fj_rst left zero of ~ (t) (posi ti vo or negati ve

accoz-d ing as '")";- ~- T \) is even or odd) the::'1naturally CL, ~ t:~-c Qr.;.. ,

Without loss of generality we ji1ayassume that -tp= ct,) --l({q;....,....

( - I) 'l\ - i ~t ~ ( l \ t) >- Q .J t € L:) I , ~ lLJ ,: l -:: (..I) ~], • • I J ' <V

and henne h(t) satisfies

(1) and (2)
in case

J:: eV~1Y\'

~'V

( J)
~ I~J ~ (f:) -+-? Mj

J ::;. ~'4'~ J:::- Q d.d
S'V

in case
and (4)

(3)

(J)
~ (-t)

OJ
,,'

t;',
.~.

L --
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{(P)(a..) ~ 0

( )")\ -}> +- I J) ( ~) \ t c: (c \.
-t, -'" (c) > G )' '=" \., J (llL).

Let 'l,1.( t) be the f'uncta or, der i.ned o~

in case
and (2)

(f~. IeL J
J :zoJJ

!S'V

( J )u. (+)
,
L-

J z ev o;
~ 11

L \-<'i
):: QV~

!-~

(.I)
Ll (t) + L M}u(j)({-)

j :: e.c1d
~V

in case (3,
and (4)

I •.(i) (Q •.) -_ ,.'. J • - 0 I ' ...'"'" '.. v\.- ) ) • <:» f'f - )..

C.." -I )

.~ (.~) -.'~ -

By theorem 10.37 we have
""+ I (f) . 't\ - r~''';'-I {. ;....

( _ ~ ) "VI -,.. f ~ ( -f:) ~ (- t ) t~ p: , (t \ ? '
..lI;.

for .+- E- [C\'L .. Y~, J ~-\.Jin Case (1) ann (2) and -t f:' r(\-"- ,(+'*' (I "l
". -'L ", \"_'

case (1) 9 . vie f5.l'ld ~(p j (1:} ?!:.

for t E-
'}$- (p~ . hd

[0'l-Y~ '} Q~) and in case (3) ~ (t-)~ Lt· (t)?()

~(r ~(t) ~ II(r \ *) !{}for t, Ce,"'--i;', q, "l]in case (4)

Since for (1) and (2) a.lso

C <:.. ('i. v*1t
lk "l -!r f~ for (3)

for SODle t in [(\ t" o, '\.) •

the ~roof is complete.

8.nd (4) ~ it f'ol Lowa vtha t \..\.< P '(tl-:. n

But this is 8. contradiction. Hence
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12. Best P')ssible Results.--- -.------.. -----._--. ...----..._. -----_ ..•.

In what follows, we G:'c.~::, put §(-~> C> > C, '" 1 0):: 4:. (~)
v

and Xt (1<.) for x'!(H)rc91acing M
j

to k,j (;, I;., • ,c,) .

a ]. T ~Le_
lilisJ2.1 (42 • Su.ppose that <1.,"- <. <I..,t- "I>

wher-e X~ - ""m l"l~'{ X £ M) X (~)J ~.nd for Cl, ~ * ~ T~ - ~ ,. p .
the functions \".l*-)} \..(.;2 (f) and thej_r derivatives upto order p

arc nonnegativE) and satisf~y
r.v

It;~)(~\ tre 5'-

(12.1)
t~o, I, ... .I'h-J,

and that x(t) satisfies

''It.( ..,'\) ( t) :: f Ct, .• ) x.' J

)(It) (~l) :: 0, {.=- 01." ••• } l')-,;}

(..,..-q ....(~~l(,.;) (~-t.
~ (~I)::' ~ I .•.•.\ ::; lll: ("I )

( 12.2)

Where f s2,tisfies (11.1). Then,

{J' (J) (J)
\J. , ( t) ~ "J( ( -t ) ~ \l~ (+- )

J ::.. {)J '., • • .) ~ •
(12.3)

~--------------------
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satisfy t..« aame i.Hi tial cone ti.OlfS. the),l

and

where \,V {J.. _ ~ \ is l.r- (-0- /.:» replacing' b· I kA' and
~, _1.7 r ' J "CQ - , ~ 'j. '

W-)c.. It- ~) " w-( t -~) replacing b~' to= k; .
, 4 '
J ly-( +- -7~,)' are each non-riega tj vc
"* . '.... '... ( \ = <,).'1' \., • • I I~ V)

~t ~ . .x,for ,.q.,,/ ~ v..lot;::: ',' ~ t- !S CL ....L_ " p

fl) (t.)
X - (t) - \...{,l (-~J ?:.-O as long 8.S

"Bu t since

it follows from (11.1).

( ~)
)( (-k:-) ?- 0'; (,:: 0) t J ." j '~1

Thus (12.3) hold as long as C~1
)l 'C'bj ~o and obviously ..•, Cll '

..•.•....(t) "';-.. ,-.. ~ ... --

as long as (12.3) hold. 'This:~)roves the Lemmas

Remark 1?..:.1. ~ In LellLla 12. 1~ X ~ z: X t:>«- Mi) .

only the left half inequali ty 1 .i . e . It.~j )(+} ~

.J'':,;: o/~", ~ 'J~.

if \<Ie consider
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v
'"'" ( J)/' r,"~")<- (t),4..-,-- 1 'J

1:'0

'I ) y) Thus~ if

lL, ((t) 811dc:.ll its deri vat.ives up to order pare nonposa ti ve for

0.., ~ t ~'T where o..i 01( t <. ct. -+ XI:> i: M ) and satisfy
l'n-I \ "

(12.1) wj.th'U..., ((,tl) "'--0 arid that x(t) aa ti af i es (12.2),then

)( (~ \ 1;) ~ u\,.l)' (t)"~ 'J::: C) I) • 1} p..

a unique solution to the problem
V

" (J)2.: M ~ LA (t)

.1:::0

l..t, l~) (4..\) :::. 0"} I

L. -;:; 0) (} ~ "') "rl-.<

Pr££!o Any solution of (12.4) can be written as

where \.tott) is the solution of
V

4.!(;n\.*:) - "2 t-"," Vt-~~)(t) :: c
o .J

. J :;'0(\.-)
~o (~) :::.0 ) t::. G) I, ... ) 1'\-~

C~-I)
Lto (ct

j
) ::. I .

b

there is

(12.4)

~12.5)

:",
!



.;-j ~j

-r .

i~;:

: ~
In fact, the only solution of (12.4)9 (12.5) is

I,

e..

( f> \
uo\,)' La.,/) ") > '0 •

Using this Lemma we can taJ.-ceTv'n;,7.. > ~ and s'ufficiently large

and PN3i ti ve so that V,..c.:.)(tl ~ 0 on C '-\...1' (~<'tj and ~,')"I-,)(~i )

since

also 'Y'iA- '> 'W\ I

Ll~L)I t\ <,
~ , "-- Q,

and suf'f'Lc i.en t.Ly large and negative so that

Oil Ca..1} c...,..J and \.l.('Yl- L) (QI) <,!..O for 8.11

Let fC t·, X) sa'tisi-'~r

(11.1). Then, there ex i s t s a unique s oLut.i cn of the BV? (6.1),.

( **) fa:" V <!::.. P ir " <, Q. ,'\. - '4.., <. X L(' ') •
"

Thi. s re mil tis :\(]~)'~

:OOSDi. b l e .

.-fLoof. In theorem 11.1, we have already proved the l.U1iqHCncs:c;

pa.r t so now \-le must :Jl~OVC at lCct::::t OLD. ;)8..rt only. We aSSL.1li1C fo r

A L" -= r>: ) l -- ('''.J I J's.unp Lic; ty the.t .. ..." I

Let /'y'{"\.;;...;> ,'rY', » 13 p be cuf'f' i ci en t.Ly large in the sense of

Leuuua 12.4~ so that there .i s a uru.que solution lC (1:-) "YYl:;;,.) of

(12.4), (12.5). Af3 8. rC:J1.".lt of rellw.rk 12.2 and s ta.rdar d theorem

on t.he con tinuatj. on of s oLut i.on s O f d ,; f'f ,,> rf': 1 I t~r, l e·' O'l', '" +l' on ,:; + 1" (,_'. _ I...,.. ••••.•• .'. r_,,--L .i •.• '.• -", IoJ • - •.•• "-' fl v __ -"'

s oLut Lon --:;._(~; of (6.1) Vii th the
t-n-I)

t ::. c) \) '. )',-, - ';..,; X 1. ' -

ini tial c or.d.i tioym
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Can be continued to i-=. c.,
. '- and has

(PJ
(.-. '\

:: .•.. -''-) .

Like'vl.lse if v'ff"\:l.<""Y'{\ <.Bt~ and is suf fi caen'tLy large and nega.tive

in the sense of the proof of Lermua 12.4~ so that there is a un.i nue
. ~-

solu'tion Y.(tj -rnd of (12.4L (12.5). By remark 1 .3q the

conditions

exists as far as t::::. 9...1t- e..ll.dhas

(p)
:x, (~It.) ~ 'h\;L.c:.~. ~ Sf

Now let 'X.(t-) be any solution of (6.1) satisfying

and

From th" uniqueness of s o.Lu't.i oris of the 13VP (6.1), (**) j. t f ol.Lo v.,

that

t. ::: 0" I) , • , , .~

~ whIch g',.laran:tees that X.tt) exists as far

as t -::::~IL " NO\'J, D~ s t8J'ldard theorems or" con:tinui tywi th

respect to initial CODJU tions and the intermedj.ate value theoret1~

it follows that there exists a uni.que solution of (6.1) 1 (**).
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From the definition of Xp (M) , when

V'L. tVl. )C.

~-=-d

. \

1 -the l)roblem (6.1) ~ (**)

(~') ..

has a nontrivial as well as the trivial solution also if "X. C:,'<-J
/.

this problem fails to have a solution. Hence

the resu~t is best possible.

Theore~_12.&. L~t -f(t, )() , ... ) :xl'\!») satisfy (11~1).

Then there exists a unique solution of the BVP(6.1), (***) for

1. for the .( 1) and (2L *cases o ~ a.,~ ~ <:L\ c: Yp ,
2. for the cases ( 3) and (4) 1 0<. C\..11..- G..{ < '( 'IJ:. *

t)

where t}
~.

cases (1)-(4) .and Yb .J '(~~..
p ar. defined in
\

thcore,:l 11.2. 'l"'his result is best possible.

Pr22i. The proof is similar to that of theorem 12.5.

Rel!t~_k~12..tl (1). Tneorew 1245 only requires a one=ai.ded--
condition (11~1)? if it is aaeume d that solutions of IVPs for

(6 •1) extend to [~1) Q:./t]. ~) Let f (t-) x) be corrtfnuous

and satisfy (11.1) wi, th Me.::: 0 i.e. nondecreasing in x). Then,

there exists a un.ique solution of' the ~,roul.em (6.1). (**)

The proof f'oLLowa f r ou the property (4)' of WrCc--~) • This,

result was previously obtained by Schrader et al [56J.

(3) In def'Lru.ng XplM)J Yp':\': ~;fi there is no necessity to

say )osi ti ve or negative p here in the results vie have mentioned

this to under s tnnd proofs uore c~_early.
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13. Com~Egene_e--2J.:"Jiuec_e_8§l-ye__4Pll..r22;:iJa~tj.op

~et LL (t) be the s oLut ivn of (8.6) sat:.;,sfying l,.t(t) (c....) .::.6>f
a : ('l1-I) .... .' ~~',

l" =- L).) ') • •• ~ -' ~ - ~ / Lt. ' (Q,) ~ (and \i' (t.~~

be the solution of
'V

v: (1'\)(+) + Ai... L !_J V ( J Y( t) :::0 (k > f )

J -::'0

(i) .'satisfying V (0.,)':'.0» (.::.0),>.;· > 1'\-.2; y-('I'"I-,)(~,)~!

then as the notations used in remark 8.3 \r(PJCt}vanishes at .

Q, +9 p L 1J... ~ ~ ,. •• , k L,.)· Hence vie have V- (l~)(-t)'),o j

-t_ E (~\ > q f'+ Q P (/..( La) • • • J /..(. LV)) and if t::>::..." - I

then V- q~)(t) > o ~ t foe "'-I, q \ + t P ( u: ~) • ~ • ~ JJ.. Lv))

Thus <r ( l) (t) ~ (» L -:-. o J IJ •• • • s f J"~ t f [Q r ) tri' +
Qp(J..tLo, " •• , J.J L~J)J

We shall ah.ow that Q ~( [1. L o] II' • • J

.•.. , L~.J).

If no t , then obvi.ous'Ly V-( d(t.J '2. o ! L ~ 0) I~ •.• • ) r ;
t f. [q IJ C( I ..}-~r ( La j ~i • • ) LV)]

and we have

v,
+ L

l::o I . ( r ',.1.) ~ \ - c p ) ( t. )Now, using theorem 10. 1~ we find Ul. 1: V

n . ] (~)+ ( [q~) ct,+ X,f (Lo I " . ., LV) . Hone e v::' (-t)

bz
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van.i sh before Q \ + ip l Lo)

vanishes at 0..\ + Q P ( La.) :

and heuce thesul t f'o'L'l ows,

L ) I.,(P)(L)-. w, V since v.. t;

" J LV). ~~ic is a contraction

If C\.1l. - c, <. l t- ( La , .. • ,. , L·v)
I

as in the remark 8.3 \le find on using the above fact ()):ldthe

uniqueness of the solutions of IVPs that for SO:i1e .IJ. > I ,
Jf ( i: LC)) "., .) U LV ) ~ a..A- 'l,

(n) ~ (j)
~ (+) + A.t L L.j * (t); 0

!-:o
ti..) "* (G..) -::..0., L:: 0 ~I-, .. • .)

, 0» (
has a nontrivial solution vd th + (t) ')0) t E q; L> ~)

and if ~:; '"'f) -1 then on (ct I) tl...Jl,) To fiX the chotce of

we also require +(.')'t,-f}("-\)::..·l. Then it is always possible to

choose C to be. the smal.Le s t possible conatant such that

'dJt Ie t, 6)

2 t J
(13.2)d /~ ~ c( ± ) ~(j} C.i:)

.L::--Q}t) •.•. ·)V.
In the following theore::.l~ wi thout loss of generali ty we shall

consider AL:: 0 (, k= 0) t, • ... ) 'Y) -!l), Bp:: (J)

in (**).
appearing
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Lipschit~ condition (6.17) 0~ D
rt (t) )((-{;)~ -.

~ I
4 'I. \.. _J ~

ten I")<. . Ct) f

lVJ .t

where 'Yl\ ~ m II )( \ f C{>- J c) ~ " " } 0)' Then 2Jl inf Lni te
ft1~ .~ ~ Cl./t.

eequence ~)(..,... (t) 3 (n:; I..>J i) e "" ) can be obtained Ln D by the

successive approxi.Mations

"'Y1:: ~J I,

'.
and as ,...,...~ co it cOlnwrges to a 1ll1iquesolution of the BVP (6.1)

(3.15) in D.

Pro.·'.f. First vJe shall -rove by Lnduc t' ~n that an infini te

sequence {X'1J <*') ~ ("h::; t. 5>I; " " 0) can be 0 ":Jtained in J) by the

assume that '){,(*)) )(:2, t~d: . , , J(. (+) have been obtained
"Vi -I

in D. Then X'"Yi (,0 is obtained by (13.3) since X-n_1 (+-) (- D
In order to coinp Le t.e the induction it is sufficient to :9rove

"X-n (t)E-:b .

f x../ J)(Jc)
I

£.;'(,f,~} I f(~)o, •• ~)o)ltJl>
,)t.\

~l ~ I (~;~l d/;>
( 13.4)

L _
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Hence X, (t) f- ~

,
J= 0;1 I., • .. , v.

Hence, by (13.3) a..nd (13.4) r vie have

\ X;.I1(-t) _ ~~J)(1:)\ ~ S <tit { )l ~I (t. J ~)

~I ~ t J

--
"4

'WI ( (~) +' J) (-t}

..)::0~I.,., •.• • ) V.

Continuing this v1a;;'g \1Ieget

Thenfrc>ID these Lnequul.I ties, 1,.;esuccessively have
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L'::' (J

~

~ ( (~)ll-' + ~';t)
~ "In C C~) (1- ~)-li/'~~t)

j ~0 } 1, • ~. ') 11
I This completes the,..induc-tiona Al~o,

., . .and hence 'X"t) C+) ~ 1)

since M>I estimates (13 .•5) ensure that the sequence {X')-;(flJ

converges to a limit, say X(t}. Hence, we have 1)rOVBdthat the;

BVP (6.1), (3.15) has at least one solution in D. -3j.ncoit j.B .o&-lfo:.-

to prove the uniqueness part it is left to the reader.

Remark 13;2.. From.•... .,~

and (13.5)', we find the error estimates as

(13.6)
j =. u, I I • • .) 1.t ..

For p the aa.ie resul ts are obtained by Ba.i Ley et al . 5

and for "'O-::,?> Agarwal [57J .• The error bound obtained in (13.6)

satisfies the s a.ne boundary condi tions as the original l'roblemo -

~----------~--------------



14. Maximal SoLu t.Lon and compar-Lson Result.~-----.~.:-----.-~--------~-----------
Here \-Je slral.L coris i de r tl1e d.i.f'f'e ren t ia l equation

".. ~)1) + F-- ( .: lo. ) I• .\ -)(,X., '-. (V' ,x.. ") _ ..).. -L• -. ~ .J

wi'th the bou.idary condi ti6ns (**) i also we shall as sume F is

(Y\-p-I)L

(1"I-I)J.
(,t- - Q.:, ),,)11\ - I

(Cl-'\. _ "'1) "h-p -I
,.

Let}3 denote the Ban aoh space of Q times continuously diffe-

rential functions on [ct I J '--l4.-J vJith the norm

/(xlI

and let k C B denote tlle cl.o se d , convex cone of functions

having non-neg2.ti ve der.i VQ ti yes uoto .orderV '. Let S denote these
K

elements of.' whi.ch 82,tis·f;-{ the bound-cry condi -cions (**). further

we define
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1. (j (t} \l\-6) U.U " .. ,. .l.~) is conthn.l' ....,.S non-negative and

s,?,tisfies

• ) ~~V.J
I

\
, . ') Cty) J

R"-tl
T' such that

• • I )'t/

2. *"
AJ ~ 0) J := ()) '.J • .

~

A~+k-')'YI-:2"
}

3. there exists a j';',:> t; such that for all t E [a.. I , a. li;.J
c o.,
J"

a.,
. , ,,~.

for t f t. ~f >a./~J define the i teretes

. "*
Xu ( t):: (Cq..{ (-t ~ ~') G.., ( /;) J t J • , ~,P) d;) +. .1J. (, +J

J~ I" .... . -¥.

cQ.~ .' I .
XY! (t} ::. J t, (-t;~") c!') ( /;~ ~_.~~») ~_ll)jJ . I

~..
i I<:+ J., {t}..•.
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Thens the sequence co:nverges to the IC'Q7.··L·'.la..l f30Ldj.on ('" ',"u,.<~ • .. ttJ

:\;:5·Y1) + en ( t} A..)

-X C \.J (1.. \ ._. Av..·
. ~) - . I. )

tv, )..~~ -, - .. C Ct';. )

..J
•••. _.. e.

J

- (~'()\
} X. ·):::0

U ..1 I ) (14.3)

in
r
"...;;e

-,
r theni.e. yCt) is any~ other solution in

Here
*-1 tt) is Sallie as

. l
,~~.

to .Bt~'

-£, !.). " ""T
".~'" '.". re:;?lacing to

\.L~ 0) and .B b
\

.~ .. • .1

Pr.E2f. The fixed ?oints ofl X::: X where T is defined on

+r "r'\\.x v, t .. t;J+-.j"'~) (r~C·~., X(.?» ~ ••• "
4..

+ .L(t)
..:..

are s oLut.iona of the BVP(14·.3).

Now clearly 'f..•) (+) ~ S'r 9 s i.nce

Ua.i.ng a.s surup t.i ona 1-3~ we fj.nd

f .J \
)(~. 'Ct) _.

\

~- (~)

. ) J J cL-:..) + }:J.. (t·)

) IJ - • » y,
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Using an inductive az-gumen t it-is easily seen that

/ .

Next, from the uniforitl continuity of on----------
~tJ

given f:. >0 J there

exists a t (f') > o such that for It, - t.L\ <, _h (E-)

and for the Saine E;-:> 0 t 1/_) > such thatQ.;L1:tC ·0, there exists a

., •.. ..

,}Jt.! (+: ,'. J ..-~

l ---
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-) '\I This S110\18

uniformly in n for all

t~.:.at ~ xn U:) J is

, X/,l (+)j i.s pre COInP8,Cequi continuous. Hence by Arze1a's theorem

and being mono toru c , converges und f orm.Ly to sO":1eXO) € ~S .
From the continuity of G$ xt t ) is a soLuto.on of the operator

equation (14.4)oll' e qu.i.v a'l.en t'Ly of (14.3).

In f8.ct~ Lnduo tLon shows that for each n

(J)
X

YI
(-1:)

Therefore, in the Li.m.i t, X ( j' (1:)..- 1{}\ t l .-::.0
the proof of theorehl 14.1.

~eorelIl 14.2 [18J Let the as sumrt.ions :)f TheorcuIf:.l 1:1'.)11.

Sup)ose Z(t) is a solution of J3VP (14.1) in J3 vith II ZH s f
and let
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for all (1: J t..&.Oj \A, ) Also~ ..)

we aSSWTIe

l =- 0) t ,. • • , 'Y1 ~ J"

Then

where xC t) is the .naxf.ma'L solution of C 14. 3) •

tv) ev\
with ~QU-, =-l-z.(t)~, • •• J l~(t)-: \ 1:. U}I • Then

( l) 5 fl.,.\. dJ\ (i- ~) ~
~~ (t\ ~' ~I} (~(~>Iz.(~}) j " •• , ) rz.t\l)(:!))~)dl) + i.'). (

Q, ~ j
t

~ j"Jt ~;'~tH,~\ 1 Ft~) "2(~'), •••• , z.{<V){{))I~ +J£4(t-)t
C\, ,tl, _ -

l, (~" J ~ (t)' . ('V) n I>- t J ~ 3, I ,) ~ F( .~)~ (~'J • •.• 'L ( J.>-) ) cJ ~ + ~:L (t II
I ~{J

::: 'L.(.I~(-t-)\, ) = ())~ -I • •• , V.
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Inductivelyp it can readily be seen that

• •
(J)

• ~ d'rl n) <. .r .

As Ln Theorem 14.1¥ {l...(t)} is equicontinuous and, in view of

the moncton i cf t;l ~ co~:,MergeS1...lYlifoI'Illlyto a aoLuti or; Jet·) " S.f

of (14.3). But tl'le maxi.inaki ty of x(t) c oupLete s the proof of

theorel.l14-.2.

Silnilar r-e au'l, ts to th2.t of theorems 14.1 and 14.2 have been

ob ta.i ned for a )articular case, ~ -:: '2 J ~ :: c in [58J 1 [59J .
Also in [59J F is te.ken as a p.ost ti ve .f1.Ulction whereas here it is

not ne ce aaar-y . Also see [60 ]

Here vie shall consider the following BVP

L l:xJ::; ):t'n) "t' ~. (t) -x..());"I) +.. · • + ~'r\ Lt) X

:: ttt"x, )t', .. · J ~(ey).)
(("V ~

(15.1)

)l l L ) ( tJ)::' XI.)

where ~ H).1 t::. 1,;2.1"·)"'"
~

(I may be open , closed etc.).

aTe continuous on the interval I

He aSSUJ!leL is disconugate on 11

any nontri v La.L aoLu t.i on x of L L"'J has at 1110 s t" .-'\- = (J

V,o.-
~:he f'unc t.t on f: I ~ R ,In-l zeros on 11 count.Lng .ru.I tipli cLties.

is 2. COil. tinuous function
l

J:::~J J.~ •• ")fl, z::. L
J be gi ven re al

number-s and let

J :::I

\' t . ~,~ C '1.
, J 1 ~=, be k poin ts in I

so that t. <, +2 <. ' •• < t~ Recall that the or;e:ra-tor

L is salile as defined in (3.1) and the boundar-y conditions (15.~;)

SaJI18 as (*) vJi th different notations.
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. ]}~]Il:tLa15.1. The equation

L [x) -:: 0 (15.3)

has a uru que solution + It)
(15.2).

satisfying the boundary condition
'.f

There exists '.a Green's f'unc ti on
<l' ,

t. <.
~J t <. -t ~:. such that the BVP (15.1), (15.2) is equi-.•.. - k ,

<_.' -' .
I,valen1 to the integral equation .,~.,'

• L~ \ r

whez-e q.!(t'is as in Lem..na15:1.

~emr'ta15. L .IL f (-t ,It c>, ••• ) ~) is b01..inded on

\ i ~.': y ~,1V1'"1 , then (15.4) has a sOl-t..<i on.I... ••••,\ .\' ., I. f\:,

"

The proof of Lem.aas 15.1 and 15.2 follows from section 3 and

Tychonoff fixe d paint the 0 reu (see CoroI'Lary 6.2 f'o r a par tI cu.Lar

~ase).

Let t,J-- f. ( (,.'(\)[I1 be such tria t +.•.
- u , and let L [~J'>0 QnI. Then

satisfj.es

"t'\

.I)~~ '-f;(·U:: (-I) t

::-l- n"" ?>(~) •

t <[t,

+, '" t- <. to"J'.. • ( 15. 5)
')~:." ..· ..,k·'- ~..•. J

••
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J--where I'J( 1) :: L \~
P:::l

+U:) ~ o (, <. 0)

and IJd"r\ ~lt) -= + ~(- t) whenever

counting multipljcity.

a_oo!. Pr-om the Lne oua'l i ty L [...\J1"> 0 on lit fo110\-/s that

there exists some f'unc tdon pO) > 0 on I such that l [4']:: ~(0

Since L is disconjugate '-Yet) can have at most n zeros on I~

courrt Lng mu.Itiplici ty. Nowfrom Lemma 15. 2 it follows that
(-tk,

~ (t)::;.,,) , it-, ~) p C~} d¢
t.

Hence frow Leuuua 3.1 it follows that ~31\"" tt\ ::: ~~n d (t) ,~;
~, t·-: o~ Pl t-l ~where p (,} :::- 1t (t - tJ) i

j ~,

keJIWla•.1W: Let * E C (1\) (1) be su.ch that \.. l~e.\ ~ 0 0::1

I and satisfie-s (15.2) "lith xlJ:::' 4.;)- at the points t.l.,.·~! 1:k_

and'
I (i.) (-1: ) _ •." a L.._ l <.._. lj - '7 11 j:: \. It:,', ., .••"t" \, 'J. ;,.. v J •••. , (15.,6)

(15.7)

(15.:5)



». 5'-,./

Then
Y)~ I)('~) --t' A. s:

( - I} ., J £. '\. . '.' ~J .c.- f

J= '... 2i e b.) k-, , (15.9)

The condi tions above are to be inter}?reted that (15.6) is

absent for J:::. I or k if l, 1.~ , or lk ~l ,respectively.

P:roof. If equality holds in (15.'7) and (15.8) there Ls

nothing to prove (LemiJla15.4). If no t then assume the Lnequal.Lty

the proof being similar if the inequali ty "
, ~f;

Asm;unetherefore .-that (15.9) fails on(t., t~) .ti~;
(15.8) t.nen there exist tt E: (t., t.Q.) such ~~

-
that ~ (*-,) ~ 0 and by Lem.ra 15.4 t-, must be a simple zero,

and 4- can have no other zeros. Wemay the::efore a9ply Lennna15.4

is strict in (15.7)"

is strict in (15.8) •

If eq:.:~ality hold:s in

relative to the set o f I>ointsku1"" ~J.). ~ P J zeros

of * of ,'~:rultiplici ty l, -l,l, L4# • • ., "'k respectively_

Thus by :~,ell -18. 15~4 'V\+ / {\)-t -':-:~ , t I ' t--, t,

011 the other hand it f'o l Lows from (15.7) that

(-\)~~~(\) -- ~ a contradiction.

2."husthe strict ineq'!.)..ali ty must hold in (15.8). If t, is a

double zero? or --¥' has another zero in (t-4) tk) aside f r o.»

those Li eted , we again may appl-y Lemma15.4 to obtain that

in a right hand nei{,hborh,)0c.
<f" .•

of t, ; this however is impossi bLe by (15.7). Thus i t nrust

happen that t, is a sLmp'Lezero; '4 has zeros at t I J +2..) • •• )'+1:.. ,I

, re spe ctaveLy ,

k -----
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.It follows from Taylor IS' the 0r(;:~1 that
L~ - f

~ d'n (t --t~)

t~ R-, ~ t 4 tk)

which again is a contradiction. To consider tl1e case where (15.9)
fails on (t;~t \

• )+~J )

( t :...,t I.+i ) J l. '- j

cnn'tz-ad i c tLon ,

J :> I ' but holds on all intervals

vle:;;roceed as above to obtain a

~~~JIl....;15_•..~. [61) Let there ex.iet f'unct ione

~ Q . '''') .r.fiI'.},.., f: C Ct" t-k] so that 1'\ and ~ satisfy the bOlJ..lldal'~·

conditions (15.2) at t'l' t:>J .... ) tk_f • Ftlrther let

. . (l)1 ..J.. ~+I)::' X,'-., .. .l
. '

l. I .-. -L. ,., .! .:.:-
" '.' k

tJ L. 1:- ~ t~+-1
\) ,. ••• , R-t

(15.10)

(,r; '1\,\..L"; ~.,-_)

(If: ." ,:J .1-,_;

(l5.13)

(l';l,J\.,.-- "Q _L :- i
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for all (1, x) E:- \oJ , where W is given by

Then the BVP (1541) 9 (15.2) for 'V {;; a has a solu iion

such 'that (t J x (t)) ~: \V

Proof. Define )( It) in. the following way

-1"i'\o.x. \ ~(f)J ~('H~) ~ '.:t') "ff'I~x ~ j3(tl)~(tJ 3

and let

(15.17)

The f'unc t ion F so .def'Lned is bounded and continuous on

Uai.ng Lemua 15.3 we conclude that there ext ets

a soLutd.cn X. (+) of

(15.1b) -

satj_sfyin[~ the boundary corid i tions (15.2). He next show that

(t, :X(~J)f \J, tJ, ~ t ~
xCt) is a solution of (15.1)

be the s o'Lutf.on of L[)t1::,

t " and hence conclude that

for 11;. 0 To thi.s end let PCt)

satisfying the boundary- conditions

(15.2) -with "'x.·l~ ~o and let E -:>- 0 -be ~iven. It follows fro@
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Lem.na 15.4 that G: P(+) aa'tf.sf'Les the sign con.I.i tion

/,(',)

, r~z, t ~ tj+ I

Vl:e let

We=- = {(t, x) " j:>Ct) - f.. Pc~) ~ x ~ 0«(10\+ EPC-t:) ~ U
{(t ,X l: .,( (.t) + E- p(t) !:: ')c. ~ ~(+) ••.~ p (tOo) ~ •

C)

It follows from (15~1JJ-(15.13) and (15.19) that W C \J
and that 0>_ \Nt; ""W. To obtain our desired conclUSio!

we ruredto show that (t) )'_(H)f.Vt!:: for arbitrary €:- ')0

Let-Z: Ct) ==0< (t) +- f= p(-~) ..•.. 'X('+). Then

L lL (*)] -:::.L \.0( H;)] +~. - L l X (-t)j

~ ~(t , "i: (.!d .,.-f- E- ., F ( -}, X ( t)) ::: E- ,

ftl]?ther ""tUl sa t.i sf'f.c s the concLi.tions of Lemma15.5 and hence

i- /+-/., . t t,
v J -- ~ '- 'C J +'1, J':: _) P • • J K. ~ I .

Similarly one shows that

d . (t.I
) ".(J.)) L.~. \.. Ic.an hence tshat... ;~ 't "C"" 'I\.J t:; , completing the proof.
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Re~Ja:rkJ2.7. In interpreting t...'1econd.i tions of Theore!J 15.6

we f'o Ll.o « the c onvcrrtai on 8,S in Lemu» ·1t1..5o '~l1eresul t of

the 0r em 15. 6 is true if <y =t=- 0 also, provided that the diffe-

ren:ti8~ Lnequal.I ties (15.14) hold for arbi trar;y choices of

( • CV)
~ J .• • , ')l )

!<;I » J 4. 4;.LI J.. ).}(.. _ -:J"\.( ,lot j

vhez-e g is corrt Lnuous,

Cp~l1ar~~~~8. Consider the equation

~It' = f (.4:- , x) (15.20)

(~) .

and let there exist runo ttons ~, r~~ <.. (<l..) b)
that

such

(15.21)

where Q -c C <. b and as s'!.-:!.letha t

0( I H (t) - f i: f- } x ) ~. 0 . >- (3 '" (t) - f (t , )()
(-, ~-:-. r r-.~
\..L:;.L.~)

for 211 (t 1 )1,) f W Then there exists a solution

of (15.20) such that (t) XU)) f:- W and x (0..) =.A, )cCbl

for any A,E vlith ~(4) ~ ~ ~ ~ (~) $ -< (6) ~ /3 ~ r~(h)

Thi s is an Lmp.roveurerrt of Theorem 9 of Klaasen [62 J .

- 6.- '..".

>
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Th_~21''§lil-1.2~. Assume Jet:, X) ('\1:::'0\. in (15.1) is

continuous Oll:r 'X R and tHat f(t):t.)~M for -ef.'r
and X(- R . Also, let' f(t, x) ~ ~ for'~ \"t'\ (+~ ,tL+i.)

and x such that (_I)"Y"t-+h(l))( ~O Then (15.1),(15.2) for~=o

has a .so Iu tton for all choices of -:x. ~j ~ R. •

R:r.o....9l. Withou t 10ss of generality we may as sume that t'i '> ()

and k < 0 Let t>{t:-) be the unique solution of L [}<.J "10,0

satisfy.ing the boundary condi tions (15.2) (see Lemma 15.1-). Let

\r(+) be the ao'Lu t.Lon of thE: differential equation L (. v-J ... "'1

satisfying (15.2) with Jtlj -= 0

~"!: I, l., .

(-l) "f\ "+ ~ (l)

• . , Then from Lem.ua 15.4
'1) + ~(.()

(-,) . \iCt) >0

G:.'lOo se -.1.., Ct )::. ," (*) 4-

'Y'l + ~ (L ), 'J'
(~\) [..{ (t) - <f(t-)

VCt) consequently

"1\+ ;J(t} .
(-t)" v-U::) '>0

on l~lso L [0( CU]

for all ~, x.

and )(, €:- ~ He vJi;Ll

~ f C (-n) [ t lit kJ SlLCh 'tha t

aho w that we can choose a function
. 1<1+ )

/;) d '"n r~(t ) -- !3( t )] :: (-!)

• " .. ~ k - t and such

now

on for l ::.,,
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that L [~( l)] ~ f (+-) x) for all Ct) x ) c- vJ wher-e

k .,
. . r . . 'Yl + ~ ( l), .U 1(1:-,)() ~ tL ~ ~ ~ t L +i' (- t) f3 (~) .~

t = I .

'W-

In fact we

such that

for all (to )t) vlith tl· <.. L<.... 1.,
• - '\:'- ~ t * .1

for t-::: I) •.... , ~.-I.

By hypotheses t, (t-, )() > ~ for -to <.. t < t~'tf- l - ..••.

and l "f\ t ~ (() Let~I) ')c So ()

and (~=- ),,,,q. ll\ c); C. 4. J. Since C~ .~0 there exists

a consdlan'b',say ~ au.ch thatf (t-) )() ~ 1<-'1, for

(t, x ) G .J) -:: \ t l .rS t ~t: (~I and 0 CS t-I) 'n .• /;) {l) X S (:. )

(in case C'~ -:::Cl" frc.~ = [c, ) wh i ch is possible because D is

compact and f is continuOl.IS. Let k <. -:. oM. 'Y\ {}<., \<- ~ J, then

we have f (t) )t:) ~ k L

(_\)Y\t- ~ll)){ ~ C~
for t\.~ to ~ t- l ..•.l t

Define 1<-""" ')'",.7\ tk,: l:: 1)••.. ,k.t1
I

I,:1
i

....-~,b
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Let U t~) be the solution of the differentia.l e qu.at i on

L[u] .,: satisf'yinr (15.2) w i th ,":,-,; ::: () ,
"

o ~ l f ~.J -d, j ~ I, d) • • • 'k . Then from Lemma15.4
"() -:. /:) (t} ,•.•.1'11 -*" ~(l) + l

hd'"\") U ( f):::. ( -~) J ~ I' {2. (- \). u. ( t) '> 0

for ti < t -c 'tt+l.

Let {a (t):; 4' (t) + \.1. (t) ~ so that we have

[
~+~(t)+' ')')1-~U)[ . '1.-6(t'1t ~(t~- t{+D ~ (-t) - and (-t) , }3(-r)-1 It}J..(. o.

'fa\.- -t-l <. i ~ t'+4 .'
i'bus (_ i) 'Y\ +~ l i} \3 (~) :: (._I ) "A + ~u~t(t) f. (_ \)~ + ';)(i ) '" (-+ )

$d\ t l ~t ~ -t l.,.f ..'

Now L t \3(t}j -:::..L L \3It)] __' L (4 (+i] + L [u t+lJ::. "1<.,) --
! \<.l ~ f!t,x) ,
f .1 L L. ' )n+~ll) ct.or "t:: l ~ l: l ~,,, ~+\ ana L.~' )t ~ l

The functions c;< and " ea t.Lsf'y the hypotheses of

Theorem 15.6 so it follovJ s that (15.1) ~ (15.2) for cy:. u
solution x such that (t))( (.e))"E \N

QOJol].ArY_l_~.•J-O. Assume t(t) X) (eV--Oj in (15.1) is

continuous on I'j( R and that f (b, 'X) i:: M for t E- 1

has a

and x t- R Al so , let f (t-, ~-,) >... rCi), x..), for +1<" t <.. 1.
"' - - I.-l+ I

"'" -+- ~(~) , . ( - ) (5 '(-:1) (x,_~) ~. u . Then 1).1 7 1 .2) for 11::: 0and

has a solution for all choices of X_~i E- R.

PrQ.Q£._ If' t( ~ '~ ~~t...VI and t_q'f",+ h(i) X ~ () then

sole t k.::. m~Y't \ f (t;,0) ;' 1- <. + < I I
, '- 1', , - - "t'"'k: J
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.±J:1eoremJ-.5.11. Aasume t(tJ'l{.) ('it-=: 0) in (15.1) is

con tam ..iot.s onI)( R and th'-"-t.tCt-, x) >-- ,1 for t & 1

and )( t::, R Also ~ let f(t-)"X) oS \c:.. for t in {t-.: ~ + I, .~ 'J
and x such that (_-\)n+ ~(\. \ )t ~" 0 . Then (15.1), (15.2), for

sv-oI - has a solution for all choices of X lJ ~' R.

Pr..92f. The ::;>roofof this theorem is similar to the }lroof of

Theorem 15.9.

For a particular case of Theorems 15.9 and 15.11 see Schrader

et al [56J~Schrader [63] .

Defini ti211e The operator L [x.1 ~ 0 is said to be

disfocal on I provided the Cauchy function W" (tJ ~) for!.. ex] = o

satisfies

for t:, 0) I, , • ...)~~I j t t» ~ vi th t> J':, (- .I

The oper-a.t.or- L( 'X) ':':0 is said to be left d i sf'o ca I on r provided

for l ~ 0 ., " •.• • ) 'Y'\ -1 )

Assurue

(15.23)

•
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is di sf'o ca.L 11eft d.isf'o ca.L ~

en-,)L [xJ? -v (:O )( -t'".

on I and U (t) is a .soLutd on of

.: + 11 (f))(~;:I. If ~o f I
Y\

and )( (t) is the solution of (15.23) satisfying the aaue initial

condi tions as Ltl t) at ba ,then

u{l).tt)~ x(t.l(~) t~t-o I'f'II

i(_I)'Y\ -t " uIt )(~') ~. (_ I)Y\ +- l .~ It ) (-t) J t ~ t-" •~ ! 1
for l -:::OJ I, • • CO}. ">'1-,1 •

JTo'pf. Wewill 'prove only the first statement of the Ie,,:: "1:::.,

For t >- ~o in I set

- ..... ""'-

Let \..tJ (t- J ~) be the Cauchy function :;for (15.23), then, since}1' I~'}

satisfies the same ini tia1 condi tions as U (t) at to'

:X <..t) + .5 t W- ( t ,~\ t.. ( '~:d cL;~ ,
t~

It f'o l.Lows that

(l }
)(. ({-) ,

Remark 15~~J')_. COill:?ar'Cthis resu1 t with Theorems .10.1 and

10.2.
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:k~!Q.~15-!1J:. If (15.23) j.S disfocal ~ left disfoca1), on I. ~ J
and CYL t).c.. h~H:-) t (",.\)'~~,t\:) ~t-I)(,/\L~·tn I, t -:::0, I, ~";» r~

then

l [J 11.)' ).tl\-q').{ -=-"'.,\"'( 4 '-0/ ~ . + ~.~"(t) x,

is disi'ocr,l { left disfocal ') on I and if 1 L "-..l.'t' 0 C
then

w-( t) ( r ',L "'.\,.J v o ~ I"c-. :l. J ..•• ) :t.._' I.'" (l P (J._!.. . ) );;;! I u,..t 1.:'} "C" J lS' • J.~, ,,' 0 t

'4; ';5> t--o '''I'\J:

and

S /\n+L+' q;) '" l~11L - \ D tv· ..." (t) to i l~. J.Lt) ~ (_,) 1'" OJ

w- t.t ) (\--; toj '.S". ~ 3) > 0 \ + Go to t"'" I '.

for where
) s

and \.t..r t tJ {:u ; I)', 2L1!) be the Cauchy functions at t'o for

equa tions (15.23) and (15.24) resl1ecti vP
" ~r ..

Let Lt (+) - \J.) {t L 'I'o;·.",b~and ,,. (J.-) - 1.'1'" (L .L ', _ ' ~ ) \Q) ~ ""'{,. J'I... , .• __ v.,J ,.:, To..y

then the first inequalits holds, by Lenuua 15.12, therefore (15.24)

is di sfocal. 'I'he I) the r ol.af.m of the Lemmais ;)rtJved similarly.

~elllark 15.1.~. Comparethis r-e si ..ut "lith Lemma12.1.

':!J
i

I

!
1

I
~
"I.,
!
I
i
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64 and the functionAs SUllie cy -=- 'Y\ - t

f in 15.J. sa ti af'Lea the following Linachi tz condi tion

~) )!..,.. - y) - t- (t-, XOJ ~

~ V'"~(.(t) l :;(t.' -~.J ,:,J" .J , »t )
'" -A _

(15.25)

for t f- I .
s j _ ""'. ~ , /I ,"\'"Y1 - I • ,.•._. '-'.,.'t' . 1 ~

Let (15.23) be disfocal on (t\.\j Q..:l..} c I' , then the

(~,.....\) I) BVP(15.1).

~. (l) 4 .<:t} -A '.
;QC '- I -. l

B t

has a solution. If, in additions solutions of initial value

pro oke.us for (15.1) are uni que, then the above (n-l~l)-J3VP has"

has a unique solution.

~ .: ,
K -) define the intee;ral meansFor

I
I

I
,j

)( 'Y". - l )

, t 't 1~~, ••,) ~ -s..
• . " -J ~ 41'l-.

Note that r L,.,."~ r
the f'unc td ons fk.

un.l f'or.ul.y on compact subsets of [~/ ,: ... + :)
I / ,'1. 1\ ! \.

are continuous on

-
, ) '("1 -f ,L - t -'., '}f'_ J ••..,'
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on [0.." 0..l1.- J X R~l, l~aJ \ j 4 • • ) "Y't - I f ~;; f} ~J ( I , ..
-I.,"". '''7-P

'-#.-_.- .:.... ~

L [ )f.J -=- fR (t-J )(0)

'):. (t~) (...,..., ..) A~ ;;~ '.(. ,J

Vfi - t)
)l I: Q...,) =-- ~ .

(15.26)

(15.27)

AsSUlJ1 e "yY\ '> 0 , then by ':rhcorem V-3.1 l28J ~ there is an

such that

where ; (+ o~). is the solution of the IVP. ,

o·

...,.t'i.l ( )
'- . 0.1. :::. 0, L =. <.), '.., , °4 • , "A -.:t.

By use of Lemma 15.14 we ge t that

-
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where tJr' Ct- J ct.,.;~ t 'S-. )..,3~' is the Cauchy function at c...., for

(15.2-3) o It follows by succ .aai.ve use of IL..i11ke'sconvergence

Theorem [28 ~ Theor-em 11-3. 2-J that for each 'Y'(1 :> 0 •
/

where )( (t, m) is a fixed solution of' (15.1) 9 (15.26) 9 (15.27

and )(Ct,o) is a solution o'f (15.1), (15.26) ~ (15.27) (at thi:s

s t.age of the T,lroofve are not assuming uniqueness of IVP's). Sinct

v.r'~Q...Jt.) Q..,; IS· a.~j) > o,

t "fY\)( (ct It.J 'YV')
f->·~

=: 0) •

Sillli1aJ"ly for each rm -c, 0 there is a solution )( tt-'> ~) of C-).

(15.26)(15.27) such that

k'"fY\

t~co

Since \ X t: is XIOW any s oLut i :)21

of (15.l) 9(15.26) ~ (15. 27) ~ is connected the firs;~ s ta'temerrt 0:".J

the theorem fo110~s.

Nowassume that solutions of 1VPs for (15.1) are unique.

ASSUlue aoiue (n-l ~1) BVP has distinct solutions~ thEn without

loss of generality assume there are .0ints~lV\i > 'iYl., (since

solutions of IVP's are uni que) such that
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It f o'L'Lows frOlll (15.28) that there is an t, > Q, I

'X t L) (t-) 1'YI':2.).> J i l) C t'J "M.)

such that

.
for Q~, <.. +- ,<- *'i s L ~ 0) )) • , .) 1'l-f

~( ."...-f) ( t-, ) '"m I)

and ~t. ( ,., -,) ('t., ·Y\~.:d

,Set

\.VC+) -,_. ----_. --- .•.......__ .,..

By the one sided Lipschitz condition of~ it is easy to see that

L[ 'J r., t~-I},~ .•.t) >- \Vt",t-) L.r . Ct:) + .., • ~ +- V"('.(t)vJ""tt)

on [~') t-, J
Since (15.23) is dl sf'o ca.L on C'fl" ~"~J. it follows from

Lem..Jla15.12 that

••••• -.".... •• ;;t •••• ~_._ •• _1. ~

(Y1I-I't. (Yl-~)(' \
This implies that 'X 11 Cf-,} "'11~) ::> 1t " t-, j'"M/; wh.i ch

is a contradiction •

.Theorcm_J.~l1.. AsGUlilE.... '

(_ql\+1. [fCt", )(0)" "J }(~" ,~ .,. )(')')_,) -

t (') I 4 ~' ••• J X",,_d ),:1 ~ (_1))1 + i V
t
,(t' ft~: - '''',"-..',1*1 t~} • ., ~ t_) •••.••• - J\.,.. •.. 4--.,



i
; I (H~)for each m E:- f<

I
I

I,I
I.i

i

where {).E:- [ 0.. ~) c,,..J, )(l ~ a~, t :: (,),~, • · · J Yl - ,

~.~t
and (15.23)is.(disfocal on (Cl" Q.It] • Then the (19rl-l):8VP (15.1)

:x (<\.) =- A. :

)(ll)(C(~) ::8Ct, l".:o,l, " ~f'Y\-l

has a solution. Lf , in ad.Li ti.on, solutions of IVPs for (15.1) 2XC:

uruque, the above (l~Il-l) BVPhas a unique solution.

'l1fleproof of the a-iJovetheorem is similar to the proof of

Theorem 15.6.

I
I·
i
i
I

16. Plr~e:-}?QJ.-A..UI.9..p.l~m!..

,Tpeo:r;em16.,.1 [65 ] St.lppose that

(H I) for each t"f'n ". R there exist solutions to each of the

four BVPs (6.1) CV~ .:J~A ~;with boundary oond l ti ons
-). (Y\- l) t.,"Y-')

/1;' K (',,) :;:YV\) )( (~2.):= ~. ~_I

( ~:; 2..)~)) ''f') ">- 3 (16 •1)
•..

::-' A .\ +~ (I --0 J I, • • • , i'i - 4) ~. l-Y\ Y\ '> ') :
I

fx t 4. .\:. I.>

t J( l j} ( "-1)

(16.2) ,
'," " • ) "n "~) L,,-i~ "A '> ~

and each t I th~re exists at most one
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lYl-') , (y,_~)

)( (4.~) -=-- J\ "n -I) sc (t t.) :: 1)'h) )( (~3)

t I f- [ 4.~~\~ :~J)11 ~ 3

f~hen there exists a un i que e oLut i on to the EVP (6.1) (q=n-l) vJith

bOllild2ry conditions

)((C1.,):: ~\ _, X ()1-I) (~-<,):: A Yi-f , )((Qs}::: "\:3 J ")'\~'~'

)_U)(_rt - \ c' ,
( .~) -- /' ~-+ ;2 _.l'; 0) 1.1 ' ~' f ) 1"1- ~ ) :; Yl ;) } • (16.5)

solutions X, (+-, fY\), and )( (L, \":J. -,m) of tl1C BVPs (6.1)1 (16.1)_

ami (6.1), (16.2) 2 cx i s t and are uru que . WL; first show that
()()-~,

X, ' (q~, Y"l) is cont.inuous and a strictly increasing

f'unc t i on of ill a.id i t8 ranec is" the; set of all real nuube r-s ,

Lc t '-rn;(:> 't>'j

(.•.•.., ~ ~)
Z It.)::>!)

and :couai uo r 7 (t1 -= :x.» (t-j m~) - }(1( t'J m,) i

for oll t· f- C~I) ~tt J : si nce !)thcr'YI1ise

·""rr.!)'· L - (,oJ Q)
J. v u. JHC 1 #. (:. .~'.J p' wh i ch contradicts (H...\

, -~

Also 'Z. (qj) 7;.0 , 7. ( .•..•-~) It")>U
1

, } ,

'2 C; - (t-i..~) :: o t ~;;.0 J I} " • 4

(,,-~) (
Xi - _<t~,1'V)) is a strictly increasing fUl1c-tion of m,

and

Henco
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Suppose x.~"n-~) ( q~, 'Tn) has a jUllll? discontinuity at ~..,;, "/'v'I,
, (Yt-~) . (.'i"I-'~).'

such that}tA (CL ~) ~I 1 C4...) X I (C\..~, ')'Y\,) ::. b

and )(; "'"-?,) (,o, J..,) 'YY\ t) := c. ~ where mono ton.i c.Lt;y asstJrts that

Let hi be a real number' different

from b such that Q'" b < r:-- t '-)

of the problem (6.1), (16.1)3 whero

and consider the solution ''>\ (~)'

('Y'-3'X ) ,n~J b I

By (H I) Xc+) and all its der iva'ti vas through the nth order

exist and are wel:. defined in [c\.1 J q, J..]
(Yl-:4)

In particular X -. ((t,:...)

exists and has a real va.Lue, say 1 k , 'Ihcn X (+~ is identical w i th
( « •••• 1

of (6.1), (16.1)2 \.Jith m = k and therefore Xi (.:~/~'1 k)-

which is Lmpossi bl,e • Thus x~'Y\ - 3.) ({;.i'"~)YY''' is a strictly

increasing continuous function of m,

("rt •..~)
,Toprove that XI ~ (~:J.. , "I1'l) has as its rego the set of

all r'oal s , Let vus aasumo t'·"a'" f'or all r-oal "1 v~')'l-3)( ",-:» v _~ , ". 11,," , vG.L·" > ./1..,1 ,,-,,~)

. . C)"-l) (. 'is bounded abovo, that l e , )t, le\..:l, ')v)) S IV! <- 0.::>

in }

From ( 41,) , the tvJO-point ')roblclil (6.1L (16.1) 3 w.i. th 'rl - !'/ +- i

- (n-:'))
has a solutionX(t) such tnat 'f. (c'-~J =M+~ If VIe

set ~ {'Y'i-~)(, ) _ k ' we find, as bcf'ore +haty (,.....•- j)(" ~ t)" ',C!,.:a, _ , .u. ,u ,/' :""~~f(:;;l'Iii-f

which contradicts our ass'Ul:'lptionon th", u.pper bound, Similarly,

) CIl-:}), )
, (I I......~:t1 ~m is not bounded bt;low either.

(r\-3) (
An exact parallel treat"ient shows ,th3,t Y'-.:i.. u...:....,; 'h'I)

is a strictly deor-casf.ng oorrt i.nuous function of m, the range

being tho set of all rCf1ls. Consequently, there exists a unl qu.
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Thus s X (k:) define d 2.S

X (!.) -= -x I (-t, .~ Qi ) , {-:- f- [~I J 0..2.J
')( '2 C -*=-j yY"\ 0) ,t E- [ Q:z~ Q..3 J

where is a

solution of the BVP (6-1), (16.5),

To establish un.i qucnc as s SUP)OSC y( t) is another solution

distinot from X (f-) i:n (16.6). Lot thL; restrictions of '6C-tj:>h0 thc

subintervals r Q..I,CL2.J and [~~, a..3] be labelled ~, (+) and ~..2.(~)

z-espocti voLy, Thens rrom hypotho s i s ( H2.)) ;tl tl:-) :: X, Ct-) ,.,.,,-*)
and :;h. (~) ~ a. ( t-J 'Y).,,-W) wher-e ~"*.. ::: X ("1'\ -:t)(:~) If

~ *- > <'\'Y)o , t,1c C)recocUngpr-],f implies that

which is a c;ontradiction. Thus ')'y'\ -A canno t bc greater than ')y). Q

be less than "'h'I
Q

• Hence '1)-)-tt':::.. """"0 ~

~ wh.ich proves the una quenese of X(k=)th at i s ~ d (*") :;:; "'X (.t )

.,

•
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Th~...Q.~e~)..6•~. [651 L8 t JJ., v f. { 0~ 11
values o" -N.. and y suppo se the. t

(HI) for each .~ E R. thl;rc exist soLu't.iona to each of

thE; BVl's defined by (6.1) (q = n-l) and the fo110wi:ng boundary

For specific

conditions:
-v.(4)(r:,\ \ (';)ftr)- \. .. ej=CJ»
A, •.•.• P '" I ,X. \ .-\-=2. - /\.1 + ~

~. ('h -~) l (.\:l.) = ''t)') (i:: I) ~)

\I •.• •

(16.7).. 1

U-l;4) for each ~ E:- ~ and cach -t-. there exists at most one

aoLut.i on to each of the two BVPs given by (6.1) (q = n-l) and th<.

c cnd.i ti ons

X (M\ (Q.!)'= A1,X I....'"n .•. I) (+ ();::: "/'Y'I j

'x t '.») (. ~ 2) :: A) +:t (..,)z: Of r~ . - • -' 'n-3) , t, E: '- <&"1) '~J (16.9)

'x. ( )) l ~,..) -= ;Aj + a, (.) -=. u) \.J ' • • 1 -n - 3)

X(:~-.)(-t-,):: '"Yr' J )(fI..'f)(~3) :::. A.YI) t-I (f [~~~3) .. (16.10)

Then, there ex.i s ts a un.ique coLut i on to the BVP (6.1)(q=n-1) vlith

boundaz-y cond i 't i ona ,
l..u) . { ~l-v-.'- . (" '\ - \ X ( q,. ) ---A ·"'--YP - /\\ ~ :..l.. -

(16.11)
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The proof of this theorem is similar to the proof of.

Theorem 16.1. Dso for A-\.. = Y z: 0; p ''Yl z: 3 p thcoreEl. 16.2

covers t...'1.eorcm5.1 of [66J as a sD~cial case. ., ...

Thll_9£g':L]._6~.~[65] S·(LP,OSC that (Ai) for equation (6.1)

(q ::: n=L) ini tial v2L.~i;; pro Jlcms have at most one. solution on each

of tho subintery:als I "-t _,Cl.;;;.J alld. I,Q..2..) ~3 J} (A~..)th8 function

f( t, ~ , u,:;l., .•.• ) It,,,,) s2.tisfi(;s the following raono tont ca ty

co:::..ditions:

\..\.')0;,-1 <~-,. . ""\~ .lJ.eh

f (.t;'j ""'-\ \t::t)

)'" -.) ( ) >..." (J z: /)1 a , ~. . ,- _....)<.... - 1 . '-.lJ -v-J ,v ~ r' .•..•/

, , .
(16.12)

} ~'Yl -\ J ll~) .<: f (-b) ~ ,~, •..• " V-"'-f, ~)

t f:- C,,--, , t\..~]
and

~"n -, <: \/:'" - I ) l..\.· ~ V- (j:::. " !2.,'. • ~ ,'Y\ - 2.)
~ 4-

iDlplies

most ouo sol ..tien to each of the eight pro OlClllS(6.1)>> (16.7) i

arid (6.1) p (16.8). (i = 1,2) for specified values of)v... and y. ,.•.

R,r0..0fc Tho uru quenes s of eoLu't.i cn to (6.1L (16.7)1 under

the abovc hypothesis will 00 pr ovcd , ThcreIllaiiling problems can be

treated Ln an ail,alogov.s manne r-,
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Suppose, for a gi ven rva.Lue of A.L and· a fixed 1J1, there exist

two di..st i.nct solutions X ...l:t'/ ..,.....1 ...•, f.L) +., (~_=- '),
. -, ~.L\.A. ;~'l.~;~- '..IV , Let

\,.,r (.t') = )L I (t-) - )(:2.( t) Then

-Vr eM) (~I) o

(j::: OJ I) , ".J ""'-3). (16.14)

. (~-~) I i
Since by hypothesis (AI), L..-"- •.....C'-~)-:f= 0 , Le t us aasuine ,

.wi.thou't- loss of genmr:'ality ~ that L-Jl (71I-:t) ~ 0..:(.) > 0 This?

together v!:i.th (16.14) LupLf.c s that there exists 4. E: [a..1)0.....2..)
such that \...r(:Y'l-:l...) (IL.) -= 0 and v.r l,,>,>-:l.\ Ct-' >0 for all""-

t- f. C i'L.' 6..;2. ] 'We c an therefore find sui taole I? alldq~

~. E- [ftJ G...a.) and

andw- l~-I) (F) .> o~

('}')_I) -
V t- (p~! Q2..J such that w- .(~V) :: 0

whcncve r t E:-(b ) 'V) . Hence

vr~'Y\-l) C-t)--- w-(~ -I) (V)
~ __ -=-_-,--==== __ ~,.....-; ~. G. -

Now, in (I)..) Q?. J Ltlplies

and also that wrl"XI-3) Ct-) Lnc r easea dn (lL_) Q.:tJ .

Lv--l~C 3) (.Q.. .••) ::. 0
-c, 1 this y i.eLds

Since

\J' ,--r.-~)(+)

~ (1'\ - 3) ( 'V) <. Q Conti-

for all

nu.ing this rea,soning, vIe see that

w- ('lrl\-:!.) t:V) > c)

( ) =- 0 J \~

'))-J (oJ)
(- ~) w- -(y) ~ 0

· · , _,.,.,- .3) .
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which contradicts

Vlhich proves tho

un.i quenos s of the soLjt.Lori ,

T1).e9~:'iJ.16 !,,4 [65] Ju,)).:ose t:nat the hypothesos of Theorem 16.3

are s a't.i sfLc d , Lf ~ for f3,;}ecifj_cdvaLue s ofJ.( and Y and for every

~ E R. s o Lu ti:ms exist for each of thE; four t\..Jo-point pr'o bLe.na (6.1) ~,

(16.7)i~ (6.1), (16.8)i (i = 1,2L then a un i.quo soLut.i on exi,sts

for the three po.int 71'ob1(;111def i.ne d by (6.1) f (16.11).

as su.re s us the oxi stcncc )f ao Iu t.ions to pr'o b'l cms v;i th bounda'ry
tb'~

statescoridf tions (16.7). r (16.8). (i :::1,2), whc re as theorc;u
~. ~

that the s o.Lutd on to each of these fou.r pro bl ema is uru que , Let

){,(tJ 'Yn) denote the solution' corresponding t') the boundary

condLti 0"" (16.7) 1 and let us define W- (t) =)c,( t-)9 "h1,2.) - Xr (t-)" ~i) .

whore 'h'\:l. » '1"Yl./ Them,

(16.15)

Now two possibilities arise.

Case (i). Suppose vr C--n -I) t t) '> 0 for all t E- L0....., o-"ol,.] .

increases with 1:- Ln [~\)' ~ . Pur tho r-,

th·...:x·oex i,s ts r f:. [0...\) <,) such that

Therefore, v..r ("YI-l.)Ct) :> 0 for all

1._ l"- :.q (+)Thnn, u.y

(16.15) iillpl.ies that

W-(~-<)Cp)-= 0

+ E- C p, (.{:2.] •

I!I

I~
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~ ~ <i..t.R.~t-I.4r l"" -,) (9.1) -:::. 0 CVy>. d: ~ en - ,) (-t-) :> 0 f..:§'l.. 0J.£
t E.- (CV) ~J. 'w e, T\-o cr: .,6 .f...ov.r --1:;( «k:

Case (ii). There exists 'V E:- [~J ~.)/.. there exists

,I P E-[11 ,;j :l) such that W (')'t - 0.) (F) ?, () and conaequcn tly

»r l'f'-2.) Ct-) > 6 for all t E: (~f~;{]' Suppoae it were not

'tru.c, that is? W-Ct\-:'i)(r)<o for -t f: [V, ~<I..';.2..), This would

imply tflat lAP l')\-~) (V) <"'0 and :that

Sing in [YJ Q....:l,) and; in par t.i.cul.ar , W-

ur l"" - )) (r) is dcc:rca-

l 'h~ J) ( V) ;> 0 .•

Following this lille of argument, WG see that
.
J .»»: l-'Y1-I) (_~,,} __ 0 , lYl -:2-) ( ) () t: 'l"I-J),(

v / lJ" V <: 0) .-I w-' ~'\/) ~~..)

( j -: 0) 1-' t • • J ~ - 3) .•
( t{, • , :z) YtO u.r i "'" ~ L: ~ -4(L,~ \.....,-c,,~(y) «; C l.Jt:,,,td. c.OY! it~ a.., 1-.' ",J.:

The mcno toru.c i ty cond i tion( ':.' -L~Q'... ..

€.. v:o..t \J... c".J{ th,'1 \\-¥ ~r l"n) ('11) b 1 --t .R,€_ J..;.'l•.,.~J..

;U.'-n1 V5th-t)(t·) _ W--C-n-l)C.V)
VJ" c-.,) (V) ::;: ?- 0 •

t-7'- rv

w- l"l'l-.t) Ct) > 0
fa r all t- E- (p) ~.:t.J

('" -~~)
and honoe X, (a...':<..) "'rn )

This re 81J_l ts in

strictly iDcreases

vIi th Ill. Simil arLy , . if )(,2 ( -t:-, ')y) ) is the eoLu.ti on 0 f the tHO-

l''h- :l.)point probl.em (6.1) y (:L6.8)1 ~ then )(2. (G...~, ")')-) can be

shown, to be a strictly drcreasing runo t.ton of lit • Tho rest ill the.;

proof .foL.ows OXac'Jl~T as th2.t for r.I!hc o rem 16.2 .

.TIworeill16 ..,2 [65] Suppose that the hypo the so s of

Thoorou 16.3 arc sat.i sf i.cd , Al.s o y Lc t

CAI) for all "'(y, E- ~ , so.Iu t.i ons exist for the four BVPs (6.1),

·\16.1)i~: (6.1L (16.2)i (i =2~3);
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(Ai)f(.1r all "'rnf:· R. , tl'.crc exists at most one

of the two BVPs (6.1), (16.1)27 (6.1)~ (16.2)2'

Then, there cxis t s a unique: solution to he problem

The proof of 'bhi s thC)r01!l is similar to proof of theorem 16.
Sj.rIlilar results for the tjlird o rdc r systems have: been obtained _

recently in r:67] •

sa ti'sfying

or

(16.17)

or

')<.' (4..,):::. 0 -' x,(j ) ( Q..:.:1..) -= D} J =- a ~ I) . . .J 'rj - 3;

:X..I (1:\..3) =- 0 •

(16.18)

Then
(-n-k.)

{:(.' Lt=. 1)~) 3)
(16.19)

..•. ) ~-1

for (16.16)~ i?,~ -= cQ.3- ~ for (16.17):

(1,6.18) and ~ ~ is t.io maximum of ..I X("n) ({-) Ifor'

•



Ln the corresponding interval. Also

d...'Y\.o z:
./ ' t» -I)

-.

("'-1) ('Yi-k-I)t.

k;:. t -/) 2.,.1 • • • ) 'YI.-:t. .

Prouf . lie shall prove only for (16.1<3) and for (16.16)

and (16.17) it will follow similarly. We have as in the proof of

Theo.rcm5.3

Nowintegrating the above inequality f.rom.a....,J.to t (Cl...:t..~. t)
we find on using X (~.~) == ()

< 'I<V\ 1
;.3 -=l-n=--I-)-~

I
d <~)

('Yi -I) I

and sillilar~;~! for ( ~ ~ t) e

k ~l dcf'Lne ~ It) ::: -xl (f.) ~

This prove s fork -:::.() Nowfor

thcn -R.. (t) satisfies the hypO"v~j~G::':.::

of thcored 5.2 and the re sul t f'o.ll ovs ,
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The constants _J I V' k = 0, I._. 9\.~} R \.. .I • •. ., '"Yl_.) are the bost

pOSsible~ for (16.16) alld {16.17), as they are exact. for the

ftmctions

+-Q.'~J..- -
'")'l

and only for these fr'..Ywtions? uoto a constant factor •

.....(( .) -..;.en ("'. .) .
l' ... C\. -::"10, -"- .. '~:::. 0, .,I:;. oJ 'Y •• .c.

1
")-"'-"3 j

(16~21)

( j)
)( (Q.'2) =- 0) J::. 0, (, . •. . ., en-I)

"""- :3' X . (a..~) =- 0 -', - .
~ Le,3) ~ u . ( 16 •22 )

Thon

x.. Ck) 1
(B <.- (t::: ':1;).)

whe rc t: I, -R :Z., ~ all] ')yl:l are same aa in The0rem 16.6. A1so?

~'""O ~:, ('Il~~f~>-
K------.---

( A -\) ('Yl- ~ -I) ~

_ -L _,
~ -"'YI'!'"'.~.c..-.,.,-- -, )- (16.23)

.,
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Proof. \'Je shall prove for (16.22) and for (16.21) it "Jill

follow euuiLarLy , The f'uncti on X({-) satisfying (lEi .22) ean be

written as

Thus~ W8 find that

I :x (+\ I ~ 'M 2. ~, L(t: - "":>.f' - "-("-3 - 'l,S'-- (+-a..~)j
-"

<.

Hcncc ~ the resul t f o.Lf.o we for ~ -:;:o ,also for ~ -::""n-' the

r-eau ..l t is immediate ~ so now \vL shall prove for ~ -:;:..rn - ;(.

+
rCl..3 _

Jt-
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(
'Y4 ••... ,It can be shown by (;lciJlE;ntar~~calculations that Q3 _ /.;)) _

is nonnegative if

and has only one zero in [.0... ':l. , t:-]

if t- £ Q;l + (~3-(i~
xr-==--~ Hence~ we find for

-'"Y) - If

, then we find

+ 1f.L3 _..:-{_

t ern -'.J

_ rrv-!( r 2... (0_3- t_.)"Yl .
l'Y) (-n- t) (~3 _~:l )"n -.a

.;t

(t- t() +-

»
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where -,
li -IC~3 - t.)

~_~ z:::::::t::soa,

('Yl - \ ') (Q.3P - Q:t ')' ---

NOvJ?it i8 c asy to verify that the maxi.mum value of fCt-) -l:-,Ct))

also the maximtUllvalue

To prove for ~ =: f,::t) • ,. J ')"I -~ we note' tha.t )«(t)

satisfies X (J)(ct_2) :::.0 J ~. -z: oJ {, ., ,. J 'h-3 -' x (Q.3) =: 0 J

tl).us on using Tl~eorE:~;'t5. 2~ we find

~ -n-'f,.-r
(~-- o...~) X

1n£LX.

~.f:t~G.3
I (-n-I) fJ<l. . (-t) ._

Since the result follows.·
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Theo}:ep }_~_.8(a) Let X Ct) f:- ( en) [ ct I) a..3]

.. _( J) .
xi C <l...l ) ::: 0, -::>t ( Q. a ) ::.Cj ;~ j::: (), {.) • • • JY\ - 3 ;

X en --I~(~_~ 1 =- 0

or
cj) . . .

-x. (r. 21 -::;0 , s =- 0) t J •

Then,

1 -X 0•.)(t-), <.

where

,),)1
••

..( t., - _k-=_.~7. _
'Y' , r-: -, - (-~_ ~ ) (, ,.., _ R_ :2. ) t

. II. (- -)'\ J 'n --,2 ~

y~ - ,- •
- , Yl--jl

satisfyj:ng

(16.24)

(16.26)

, ~J I =-
'Yl-~

Cn- 3)--------....~=
(.'"n-~)! ('Yl-~) 1'il-~

!
!
ii:.

,,:1.111

r!
'I
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The proof of this theo:r'c:l is same as of Thcorclil 16.7. The

cons tan -~..:.;: Y'T\J k (k..== o , "YI :z , "it-I) areohe best possible,

as they are exact for the functions -"-T

[ ( ~. • f

")t I C+ 1 := (":l-tf -.l L('l",_ +) - ('n ~:<) (4" -«-'):J
'x"t1:) ( 1:_ «,,)'V> -

4 [ (-t - "-:,}"'- c.,.~") ("3 - ~ )~

and only for these f'unc tdorie , up to a constant factor.

The0 rem 16.8 (b) Let X ( t) ~ C ('>1) [ c;. t) 't 3>J
satisfying

X(G.\):=o.
/

x(3) (ct~)

or

Then

t)"r.'
L



127

where

k..
,~,( .• j..

I] "•..
_ ........- •., .. ..• , '~ ..•-..•--..-.-...,.-;.--

(16.27)'

,~.

:: I .,
I

. - 2.
The proof of this theorem is s~e as of theorem 16.7.Th.e

constants ~:, ( ; - •• <.' • )

<:.- ", ~ \ •. " _ u, s ;.. '""-. ' ,'. ~ •. ;
1 _ ~ I'\. .. .J • •

are the best possible,
as they arc: exact for the functions

)r .. (i.! -~.i, . \. I

and only f?r these functionsy upto a constant factor .•

satisf;ying

"J( (0..\) =- 0, X ( (1. \ - 0 )( II (Ol) O· L r (r. Q. J-C t ) -, . ~ =. j 'C, C "'If ~
(16.28)

or
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Then ...,
t2~I J( (t \

\
.)

\ -Xl (+) I I
< .g i. J < r,..-",\ '

t; mi, --- :2.
, .. L (.. (16.30)

I JC" ( t) I <:: rrY'·L f!'- 'L

where

fYYI,::: 'Y'{IC(x... \ xIII (+)1
C(l~t~q~

. 'IIV\ -''V 1--..,./1/ . I
_ I r \ (~ A- ....••... ( -I::. ) I

Q:l. ~ t ~G..3

1'...:t:?_of.v.le sh211 prove only for (16.28) and for (16.29) it

follovls amu.Lar'Ly , !ny function x(~) satisfy"ing (16.28) Call be

NovJ, it follows that for 0../.:: t ~t)
lx.(+)\ :S 'Y'r, I[i (-tl_o:)··~ -t Ct-1-t/+ (c-Y..I)(+\-ql)(<{~_l

- _I (-t: - Q \):{ (q ~ - t-})~
2- ...,..->

<:..-- (16.32)

Siilli1ar1y~ if +/ .:::.+~~tl-Y..I ~ G..:z .He get the aame

es t.iaaa te as (l6.31) and hence (16.32). If ~+I - Q.I~ t ~c-\...:(. then
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'He find

\ :tCt-)\ :S "fYI, r s '"-;-(6-",-,)< c{~ + ,t,! - -k- Ct-_CZ,}"-
L., <;., -..Jt, ,

+ (t- - q I) ( *"", - q I) -+~ (/J - t )J.. / d. ,b

C(.( ~ l \ :2 " l ~I+ ~t :L C+ - c; \ ) - Ct - ~ I) Ct. f - a.. I)J d 0-.1

~ '""tt (t, _,-<,)3 +i Ct-t,)"+± C+-ql)(t:_ .zt,+C{,)X

( q ~ + t I - .:2t.~) - ~ (t- - q I) ( t- - ~t I +q I) (,+ _ t -x: 5-1
-1

where

Thus, we find

and,from this (16.32) follows f')r o.llt f- [qf' q.:2] • ,
The following estimates are easy to dete rrai.ne and )roves (16.30) J

~! ~_'(t)1 < "rY\, (~ t) d J..... {/_ ~ 4..2- ) '"4 Q.\ ~ L ~ I.
"1.. .
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(3) JTheorem 16.100 Let )(C-t:) t;. C [ctl ) q,3 satisfying

or

Then

where t'f'r), and "rv'!:J... are defined in Theoreill,16.9.

TheQ..r§fl.1-_6_.11..Let xC{-) ~ C(~) r a...t, Q3J satisfying

or I .

Then

. .03
"mt he:

(16.38)

where m1 and ill2 are defined in Theorem 16.9.

The proof of the above t\>Jr) theorelils is aa.ae as of

Theorem 16.9.
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TheoJ:'_e,d16.1.,2: Let f (.J.. I. 0 I . ••- \..,~' ) v..1;J

satisf~r ·..he Lipschi tz condi t'::'on (6.17). llicn each of the

BVPs (6.1) 9 (16. 7) 2 (M::: I) , (6.1L (16.8) 2 (y'::: () has a

uru que solution provided

'Y) -I

,~ -: rn ; J LJ
,\ :::0

,

'Y\- J
f',L (16.39)

L... I .

The 0( "rIJ J are defined in (16.20).

1he_or~.ll. .16 .,12 ~ Let -fc tJ Lt ~.J It u ' , .) U 'h _ 1 )

satisfy the Li,!?schitz condition (6.17). Then each of the

BVl's (6.1L (16.1)3; (6.1) 9 ,(16.2)3; (6.1), (16.7)1 (M ~ G)
(6.1), (16.8)1 (y -::0) has a unique ao'Lut i.on provided

'YI-l 'h-J
~, .c:«(

l (16.40)?-
J::.o

The ~Y>" j are defined in (16.23).

. .

Let -f C+, u. l~ -' I , , )
I. ' ) satisfy
'"" 'h +-t

, -
the Lipschitz condition (6.17). Th en each of the BVPs(6.1),·

(16.7)( eM=. I) (6.1), (16.8)/(-(1:: I) has a unique solution

?Jrogided

"" - ,
-L <. Lj

- J -= 0

The, y(,Jj . are defd.ned in (16.27)·
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1he o_r.e.::116.15 Let r (~t. lA..- -T -t _,. u.. ~ , f J l "--'.,.,_,)

each of the BVP!3satisfy the Li::;>schitz condi t.Lon (6.17).

(6.1), (16.1)2; has a unique so Lut i on )r()vided

1'i'- \-g. <3

l <. (16.42)L·J

The b ""J j are defined in (16.27)'.

The proof of all the auQve resul ts is siwilar to the

proof of Theorem,6.4.

Theorem 16.1'§'; Letthe hypotheses (A~ 'Jl)f 'Iheore.a 16.3 is

satisfied and let fCt-, Lto-, ll,) I I' , ) U'YI~/) satisfy (6.17).

Then there exists a unique sl)lution to the BVP (6.1), (16.5)

~rovided

"A -I_~>S .
"(1 ) j I , (16.43)

J :::()

Proof_: First we note that A <::. C and hence f'r-oia- \.....~ , ~ - 0')-) ~ k.
theor81;lS 16.13 and 16.15 each er t:1e BVPs (6.1L.(16.1) l ~(6.1L

(16.2) i (i = 2,3) have at clost one solution ,rovided (16.43) is

set i.sf'Led , Thus Theored 16.5 »r'ove s the theorem.

Th_eJLZe!;l..JJ).•J.7.~ Let the hypotheses (A i) of Theorelil 16.3 is

satisfied and iet .s (t u l.t 1'.) U. ) satisfyJ,0.) I; ~_,

Then there exj s t.s a unique solution to the BVP(6.1),(6.17).

(16.11) ?rovided •

.
J-::O
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'Y\ - JL· i2. <-! L

(M=.I) v::: 1 c). /J~I

L ~ I , ~

(16.45)
v::: 0 6~ .N.-::=.o""Y=I)

.
J.:.o

-The Droof of this theorem is an apg1icatiol1 of Theoreill 16.4.
It shoul.d be noted that theorems 4.1-4.8 obtained in [65J

are the particular cases of Theorem 16.4 and Theorems 16.12-16.17
In the Case n = 3 which was considered in [65J in fact the

conch tion CA 2.) required in tne orens 16.16-16.17 .is not nece saary ,

and hence 'theoz-eus 4.6-4.8 of [65J can be modified.

Th_eg_:r.e}~.~lt>_.J-S3.:Let tCt)u..u.J U.I) l<...<) satisfy (6.;;17).
Then there exists a unique sol\l:"~ion to the EVP: equation

(16.46)

with boundary ccnditions (16.28) or (16.29) (not necessarily

zero conditions) 9rovided

3 !t..--L L -e, + -' L ~ L + L:2~ l -:
(; U. t ;:) I (16.47)

with buundary conditions (16.33) or (16.34) (not necessarily

zero conditions) )rovided

(16.48)
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wi, th boundary conditions (16.36) or (16.37) (not necessarily

zero conditions) provided.

53 t~ \ "')

La + - L, -t.: + L::2. -€ ~ -: I.3 • (16.49)::;'7 l

L :::: Iy 2.

The :;roof is sLm.iLar' to that of Theorem6.4 \-li th the aPI'lications

of Theore~s 16.9-16.11.

Now8!Lapp1ication of thO'jrelIlS16.1 and 16.2 »rove s the

fallowing

~heor~3 16..J....9.~Let f (+) Lt..o J u.." U.z) aa.t.Ls fy (6.17).

~Chen there exists a unique solution to the BVP' (a) (16.46)" (16 .5)

I C'.=3) lirovided (16.48) is satisfied (b~ (16.46), (16.11) (n=3~

M= 1~)J = 1 or )J. = 1, Y= D or A:::.O, v= , ) prcv.i.ded (16.48)

is satisfied (c) (16.46), (16.11) (n = 3~ )J:::o- y )

..1l'ovided (16.49) is sati eI'Led,

In fact fo"r the case (c) ve have show:, re cent1y that

cO:£.1.d1tJon (16-.49) can oe i11:'roved further tlJ

One can _use a s.tru Lar i tera.ti ve pr-ocedur-e to Lmpr-ove the r esut ts

in severa.1 ather cases. It· will be interestine -Gr) find whether

condi,ti on (A 'J..) Call be relaxed for the class of f'unc td oria

satisfying Li:?schitz condition (6.17) in order to prove for any n.
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17. Qu.asilinearisation
----'- .•...-- - "F-

QuasilihearL~ation is a ,:)ract1cal method to construct the

solution of the norrLf.ne ar- :;:rDolens ill

nonlinear problem is oeing reduced to solving a sequence of linear

)roblellls. This method has attracted considCraDle attention in

recent years, for exaupl.e see :3elluaIl et a1 [69 J Lee [70J

Bernfeld et al [35J $ Kalaba [33J, also for the ey stems and

componerrt-wa se anal~sis see Agar";al [71] •

Her-e , for the equation (6.1); vie ddfil1e an iterative scheme

as follows

(17.1)

+ c

-£ Ct, X",.. (+)"

V (~))L ( X'Yh +,c+)

. .

"here

p. (t')
)

0-5:-(+) ::'X')')0C-t-)) , ,.,

(J)
d )(')'h C+)

aIld c is any constant.

In (17.1) p )(o<.t-) is any f'unc ti.on at least q times conti-

nuons Ly da f'f'e r-er;tiaole and S2.tisfy the bOUl1daI"'Jconditions (*)

(we shall consider 'July this and for (**) or (***) we shall state

the results directly). For each ill the equatd.o.i (17.1) is solved

s8:~isfy (*).vIi th the conditions that v (+). .A... 'i-y' +1
2:>roblem(6 ..1) ') (*) is being reduced to solving the sequence of

:;;roblc~iis(17.1) satisf~rin[, C*)i we shall denote this as ~)('m{+)l.

Thus, the
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It has been pr-oved that :u...hesequence ,>~ X .m u:)j(even for_orc

i,enera1 boundary conJ.itions) unde r certain condf, td ons on f \>Jill

actually exist and converge in a sui t2.ble space 9roviued tilE:'

leng:tP. of the interval Q/L _ o•.., is sufficiently enial.L, Here we

shall give so.ue Lowe.rbound on (') 1"\~- ...•.. , .
(
(1/) _

Weshall denote 13 as the :Banach s)ace [ ~ \ , <l...A j with

the norm

v
lfxll-= L LL

l::. 0

arrd consider the. cll)sedi bounded subset B I of :3 such that

11:x.-~,11 ~ I In (17.2); the constants 'Lj (J::::o.; I, ,,~ )'11)

are defined as follows: for 1: f- [0.. \) a..J>_J ) 'X (t) E B I .

L-
j

(17.3)

J = 0, I,. ' . '.>-\1.

The maximumof I -{Ct·, X (t), ' , , ~ X cv )(t-)) ) over [ct I'4;;l X.!3
we shall denote as :w~ also we 'vJill define L* = 'JY)t<. X. (L ) I) .

Th.e.9!§!il.J-1..t.1[42J I.e.t (L) ~·(t) )( (t)) ..• -' x(\I)(+))

be contLnuoue over [q I J Q..h.J)( \3, and hence bounded by L
/'

(ii) ~1-. (t,)( (t)-, ..• ) x('Vtt.-») exist
:;, x.(.I)(+) .

f',



137

and are continuous for all c\ -=- 0, I) , I, ) V on [a. 1/ a I';1X G i

(L*+ C)B!,_ c e «arid hence bounded by LJ
(I > C 8)

Then, if k. :::..

where B is

xC t) .

A Jound on the e:cror is given by

Proof;

exists in b I
Fi:t'st ve shall show t',la';; the sequence ~)( 'YY) Ct,) J

We define an i:uplici t oper a'toz' T

(c:...~ [ r (q;)" ..X, ({-) + j d It-~)'.)} }(/.)) X(~)-' . , ,)~. (JJ))
':It

+ C ~ (( -. x-\J )U,,) - )/ -')(r:) ) ) P i (l') )] J/.)
J -=- o (17.4)

" :c (17 •1) .

Since

)( (t J E 5 I
FrOL'l (17.4)

" . +Au(+)f.b
j

~ lw

t:ley~ IX (+-) & B I
8~1d the ')rerl 5.3?

is ~lfficient to show thatp if

j,.8. T is a ma:D:)ill~ of B,
we have

into B I'
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\ (j-X)(k:\t) .. y;k)(+)1 ~ c**

I m; R

1"fY'\~)(. -[- I fCt) X(+)" ' . , )
q I 'S.+~ L{I>..

')"I -' ~

(o./l- 0./) X
<V (,j)

X(11\u )\ -+- c L \(I x ) ( ,_

'J ::: 0 -,

1'.* 'Y'l-k l L~ i.1I "Tx- Q,1t.: c 'YI/ k (a. /l - ct,) +C--
+ "

')( - Q,// JjR:: 0) I) (17.5), , . " v.

and hence

l-ce

r "

Thus, the ae quence { )l,lY'I (t)j exists in B r .,:Tovided k ~ I

Novl, we s112.11show that ~ 'X."}n (t)J converges; :l!'or this ~.vie havo

Xrrn+«(t-) - X~ (t-) = SQJi 'J (+) h) [-f(/~.J :X'Y>'"'(~)) ••• j Y ~:')(,)))
cv. ct,
-.-:: ((J) , (j)) _+ C ,L- X'WI + I (-6) - J( '1'n (6) 10i C~) - t-( 6) 'x.. ryy,_ / I))~ • • •

J= 0 I

CV )) :: ( 'K t J) ( h ) _ 'J( ( J) (~)) cV, ( ,-~)J d ))
)C (/.)) - C L- _ 'W', ry}"\ _ t, \ -'Y'ro_I d

.1:::'0
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where CV: (/J) is sale as Pj (!») replacing ill by m=L,

-+ c 1\

Multiplyine, (17.6) by Lk
(17.6)
to P... -;:'11and StUiLline, ove r from k -:::()

Hence, we find

or

_.:....._-------------------_._--_.- --

."!

'·01
':~
.,;~;
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Si:uce ) ~: -: I thE:; ae quer.ce ~)( 'rn(-t-)J co.rv :rces to the solution

of (6 •1 ), (* ) s a: x ( t) .

, \\ " , -,')( . • . +- )(, ... ,\( 1\
')y, + !>_I + . II 1'r+\ I'Y> II

(

"rf\ +~- I IV' +~- :) , ')y) ) 1\
L... . " + k +. . . + K )( I -' ). C\ \ \

<: klY\ (I - ~)- I 11;( I - )(~ 1\

and t81cing

For the 'PVTJ (6. 1) (**) or '{; 1) (**-*) t118'Y'C-_,J , _ • • ,\, •• '- • 'J - ~ .•• , .•

is em 811a10.,o118 n;~:mlt to tilCl'OrCLl 17.1. Actu8.11y the refmlt

foLlows on re~~18,cinc Q ICt·) '!Gr) J j (t--) (j =~ ~)) :U:~B I :-::.c1. G
-GO r;( .::.~:tIle Je ::.'L:-~;-:,j-Ct of k .

Here, 1;..'8 8'1",.11 cn~jGide-:c ti18 f'o Ll.ow.i n; nth orde r diffcrenti~'.,l

'xY''') C+ ') = --\-(+, )( (F).~ ')( (*- - tJ 0 (t)), ')/ ({ ) )
cv) C-v)

., x. (+)) .x· (t - B1/(+) ) )
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-,"

\lihere f 1s a real-valued coutinuous function defined on

[ a: I / 6. lLJ X R~v .+ :2. and e l (i. = o.J \.) • • .) v) aye

no. o-nega't.i,ve con t.i.nuous functions with domain [ a. I , a It.] .
Let , the Ln.i t5..al func t i on t (t) be a C ('Y) -'1) function

\{:..i.ch isbol) ..nde d to[.E:ther with its all dez-Lvat.Lve s U)to order

n -L on [c,- 0 ~ Q] ~here

Qo

"~e no", consider BVEs connecte d 'I-;i th e oua't i.on (18.1) subjo ct to

boundary cond i ti::ms (*) "or (**) or (***) , In all these ;)robLcms

8.::Ld the conce rne d

bounda ry COL.,j.tiollS. f or this~ we define

~ ; cP C+-) if a.o~ t~a...
.,Q.(+) - -. I

(18.2)
J L ~"It) Of' 0.,'£ t ~ a.h.,.

J ". 1.~

and

c*- S 0,; (t.,,O) lj a
l «: +.c. a...1..

~. (t)-6) - -
L 0-1 f er: (AIl' -6 e.

(18.3)
J 0

0therwisc

"There 1] (+.) and G-,j (t, .-6)' are defined in (5.15).
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Nov, solvine, (18.1) (*)or (**) or (***) is equivalent
"

, ..Let k i. > 0) l::- O.J I}

be_fiven re8,1 number-a and let Qbe the uaxi.umm of..
I f C+.J l,(.o, l{f' • • ., U.<V+I)) on the coupact set

{ (i, l.{.O) Lt.,) •• 'J It )r:.(V+I •

L:: 0, I.., .

Then~, if

1.

• J V ~ 'the 3VP (18.1), (*) has 8. solution.

2.
: : :,,~ "
... - - '... ; .~

fM i:t. x, ' t
Ci.0~ t ~~h

(18.6)

( k~/ ) y",,- ~
Q O<'Y'-, L

the BVP(18.1) 1 (**) (or( ***)) has a solution.
I:,
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1?ro~o:t:.We shall prove L, .and for 2 it will follow

alEloguusly. Define £) L G\..0) 0..hJ as in Theorem 6.l

as folloYlS

The f0L_ovling ~)ro_:erties of T may be eas i.Ly established

(a) IT-X) (+) = {> ct-) ~ if .

(b) (T)() (+) is n tides continuously dLf'f'ez-errtd ab'Le on

0..
1

::: +~ aA-

.)(.

(d) (Tx)(.+) _ Q (t)
I

satisfies c6nditions (3.8)

(e) fixed podrrts of n are solutions of the 13VP (18.1) p (*)

(f) T is a continuous opere.tor.

Fov, we shall ahovr : that T IJ2.·.•)S B [QC) Q...Il.J into itself.

For- this, if o...C) ~ t ~ a: 1 . then \.'8 have from the property (a) and

(18.5) 1\ (lX/i.) II and hence the

concLua i.on , If Q..) ~ +- ~ ~:)\... , then from the ,,!roperty (c)

we have It (-\ )(.)'h - ~ ,("n)H .~ \I (r-xf" H ~ ~P also on using

--~-'--------- ----
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( -, )'Yl - l
~IL - C(j ,

Thu~, condition (18.5) implies thatT ille.pS 8 [0'-0., Q.1'2J into

itself. It then folJows fr011 tl18 Schauder' s fixed point theoreLl

that T has, 8. fixed poLlt In B [QU) q n..J
Let kOJ k, y x l<.V be given .po s i tLve cons tarrts

a;:~d let D defined by

I.;: o,I)"/.JVj",

Weshall aSSUlUethat f sat:i,i:;i'ies the Li~lschi.tz c ond.itLon

I f( t) IA C) J It I) ,

whe r-e L~ Ci:; o , \ )

conatarrte , faT all <::\., <-

c-c;: ) \;, ) . ,

. " u. '), :2. <y'+ I
.:2.'V + I
L i.. I

-\ ,
) .' I , '

1.:::0

• ) :i.. '11 +- I) are Id.pach.i tz

-t ~ C\ Jt. and (l>.- Cl J U IJ ~ , ,

t:(.2-CV+t) E- ::D J
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Theorelli 18.2 [42J Let k~ '> 0 , t:»: 0.) t" . . r.J \I

Let f satisfy the'Lipschitz condition on

[ 1· ~..Y.."u..liJ X Then~ if

1. "<V+l Li} S
, (l2: <m o; X- *~ T\ -L <C'Yl,~ ((\/2. - a..,), l 5O~L~'1J

the J3VP( 18 .1) ~ (*) has at most 0118 solution x(t) vi th

I )( ( i )C t.) (~ k(') t z: OJ I) • . ) V.

2.
/2..~+1 )
l L L~

l ':: 0

thE; 13VP,(18.1), (**) as vlell as (13.1) ~ (***) has at most one

solution :,;:(t) vi t·.l I x{OU-) I ~ «t· ) i. =- 0., I) . ,.'" 11.

F:t:'.o~)~f.:We shall pr-ove 1 J and for 2 it follows a:naloe;ously.

1)cfine M as ~;he set of q ti,JCS corrtd.nuoue Ly differentiaiJle

fu.nctions all [QO) Ci.../l.J with +he norm

If xl/ = ..-,,'-;c\. X ~ 'W\ a.. x.. . I X ( i )(t) I }
o ~ i ~11 l0..0 ~ i~~il



Let us assume that there are tv!O solutions X I (f-) and ')( < (+)

of the BVP (18.1), (*) with \ ')(,(l)(+)\.1 ,\-x;C)C{:)\ c. \<'{', L::uJI.,·,·./v.

Then~W€ have

X I (t) - "X 2 (+) z: ): It. ,t (+ ; 1» [ f (/:',XI ("'), • . • ,

I

(:v) , -,
J X:l. . (,6 - E\/ (/~)))J

d,~ .

satisfies the hY::lOthesisof Tlwore,.l 5.3,

a.id we have on using the Li.:1schitz condition over D

-
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[C::k ('t~_"-,f-kJx
1/. »c ( _:x..? IJ J

which is Sale as II 'tt - >2 1/ -: fI X, - )(2.11 This

contradiction ~"roves the resul t.

For n = 2 tho re su.l ts si.]i.lar to that of Theorew 18.1

811d 18.2 were ob·;.:,ailwd l\y GriL.1ill et al [721 [73J Jain e t

a1 lT4]811d for n :;,3 see ALarva1 89J" [_75J \-Jhere the

nested type of dcLays wc.r e also cono.i.de red ,
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