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This report fOTIilspart of the lectures given by the
author on his own research work during his stay at MATSCIENCE
as a Senior Research Fellow,

Cha'c1terl,deals viith the characterisation of the direct
-product of a Boolean ring arid a lattice ordered group, thereby
solvinc Birkhoff's pr-o b'Iern nOol05 "Lattice Theory" A.M.S. Col.
Pub. x:.t:V (1948) ("Is there a commonabstraction wh i ch includes
of Boolean rings (algebras) and lattice ordered groups as special
cases?). T.hese resul ts vhi ch are also a generalisation of the
authorts pager "On a commonabstraction of Boolean rings and
lattice ordered [rou)s I" lVIanatshefte fur TJatheuatik 73 411-421
(1969) ~ have been accepted for :publication in Math. Slovaca.

In Chapter 2~ "Dually residuated lattice ordered aemi.gr oups"
or br ief'Ly D.R.L. semi£TouflShave been generalised to semi-'dually
residuatcd lattice ordered semigrolr:?S ti include semi-Brcuwerian
algebras. Semi D.R.L. seiJ1iLroU~Qshave .nany interesting properties
of D.P..L. semi.rr-oups and these have been studied in detail.
The relationship be tween a semi D.R.L. serai.gr ou» and a Boolean-l-
algebra has been discussed with some interesting results. The
results of this Chapter have a:'meared as a note in Math. Seminar
notes Vol.6 (1978).

Chapter 3 is devoted to the study of' the s ta-uc turo of a D.R.L.
semigroup and a class of D.R.L. semi~rou:9s which can be obtained
as a global sections with comp act Casmiss of a sheaf of nontrivial
totally ordered D.R.L. semier-ouvs over a Boolean space , has been
characterised by me ans of two cond.t ta ons , These results have been
conucun.tcated to Math. Seminar Notes and their acceptance for
publicatiorl is awar te-L.

111 the last chapter all at tempt has been made to obtain the
relationship between normal and distributive ,-,*. lattices.

The author has gr-e at pleasuTe in acknowl.e dgf.ng the
stimulating inspiration given_to him by the Director, Professor
Al.L adi Ramakr-iSMell.

v .'V • RAffIA RAO



CHAPTER 1-.:..-~.'--..:--_.-. ...-....-

Introduction--_. .. .•... -

In this chapte r we shall solve Birkhoff's)roblea No.10~

(Is there a common abe t.rootd on vrh.i ch includes Boolean rings

(alt...ebra) and lattice ordered Brouc)s as s~)ecial cases?) by

ch2racterising the direct :!:)roductB x G of a Boolean rill£::

and a lcottice ordered group G by a set of five condi tions

1~2,3~4 811d5~ Il1~2_, this author has obtained a siili.ilar characte-
risaj;j.ol1 u;y a set of corida ta ons 1,2, 3~4 and 5.

While conditions 1 throuth 4 are iQentical~ condition 5'

is a much \<leaker then condi tion 5. Thus the present resul-ts iaay

be treated as a generalization of the author's work in C 2 J .
It may also be noted the rroof.s in [2~J are greatly simplified

and raade much more elecan t, here.

We ape c.if .ica.l.Ly prove the following

Main ~h~.9.rf-Wl.;.Let-\:: (A , li 1\ I -) be an algebra of
i\.,._.,-

spe cLe s (2,2,2,1). 'Ihen a necessary and sufficient corid.i td on A

is is omo rjhj c to the direct :;:roduct B x G of a Boolean ring B

and a lattice ordered grou'Q G is

1) CA;+) is a group

2)

3)
( A;-, ~ r: ) is a 1at tic e

= (a+x+b) U (a+y+bv
= (a+x+b) 0, (a+y+b)

a+x.Jy+b
a + Xi; Y + b if (a+b) n x ( b)= a+ n y.

4) a -(x \;y) =b _ (a-x+b) (\ (a-y+b)
a -(x r y) =b = (a-x+b: t) (a-y+b)

if (a+b) iJ x = (a+b) lj y.

5) atiO - anO = aU-a. for all a~b,x,YE A.

----~---- -~~- ••...._-----
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Section 1 ~ Pr oof of the Main ~~heorelU i3 graduallY developed
.•...: •.....•....•.... -....-..~

ti n A stands
the fol10v;j-ne: t,·:o sections. Throughout this See °

for an ale::ebr8 of ape c.i e s (21'2~2~1) satisI;ying 1 tllrouCn 4 and

in the following a , b~x~y ••• ete denote the eLemen te of A.

LENIT/fA 1.1 ~ If a >b then a- b> .. 0 and -b + a ;;: 0__ .~ - ...., __ ..__ ._ __ .. -.._ .._._ ..,•.. --"0-'--' ~.•.....__,.-_ .•.•.._....•..,._, __ -.- .•..~...,.-- •....- ..,.- .•..-

E.r.9_of~ If a;"b~ then 8-b'= a--a rt b = (a-a),.) (a_b)(byJr):£)·Ka-b).

Hence a-b,(.-,C' . .3iElilarly -b+a = -(anb)+0. = (-a+a)U (_b+a)(bY:l)

; 0 \j (- b -sa ) • So - b+a '?_ 0 e

If a ~ 0 then -a::;:' 0 •____ . .~•.L.~ __".~. ~~- •. _

Proof: By Lemma 1.10 -a = O-a ~ O.____ ':1 -." Y
Q.E .J.

Pr_o,9J:'_E..If an b = 0 ~ then 8_ )c;,. O? b~O and a+b == ct+bV 0 ==

(a+b) U a (b;y 3). Simil<IDTly a-sb =(a+b) U b. ~herefore a+b ==

a-a(lb+b == (a-a+b)U(a-b+b) (by 4) == b tj a = aUb.

Hence a1.Jb-b = a-anb.

(by 4). So by
a':b-af'1J(by 4).

Q L-'- D .

PrC?-ol> 0 ::: cq)b - (aub) == (a\.\b-a) n(aub-b)
Lemma 1.27 (a'.;b-a) +( a\)b- b) = (aub-a) 0( a\:·b- b) ==

COROLLARY1.2: If aub == 0 then a+b = afib,-- ~ ----:- •..,. __ . ~~--~"---'-'---"----~- ~

g...oROL.;LARY1,.,.2.3. I:f__t_.i.s~_cg~ll~_ic:'lti v!} then _a +~_=_~!J?.t.J1Jill

,90ROLLJillY 1.4: .l~(l bLQL9=_q(~bl._= O.

SLQRO~)~ll'L)•5; ~.:=_"'§'~:+-_~()_C2--==__aJ}o_+.?-_:L~

LEMMA 1 ~l:£~ i ?__a~j,),_s_tIl bu ti v:~_la t t~_c,c_.

__________ ..... .. ----_--.--0.-- ---
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Proof ~ Let a..b = auc and a ('Ib= anc . Then b~ Lemua 1. 3~---- .."'.-.-..:..

a.)b- b = a-anb = a-ane = avc-c = aub-c p or b = c. Tl1.erefore A

is a distributive Lc.tt i.ce , Q.E.D.
NovI vie prove,

T'rIEOREJ'1 1.1~ If everv nonzero element of A has addi td ve order.........-.....•••.._,.~,.-.-""'- -r- .,....••.•. _._ .•. ·_·.••••.~ .ao __ • __ • .__ •• _ •• __ •••••.•••• .,--1--. . .,_

ProQi_~. It is clear tha t (1:~~+) is a cormrrutative group since

every nonzero clement has order two~ and (L~f)) is a eemigr-oup

and every element of i, is (multiplicatively) idempotent. In
I

order to comp'Lete the proof ~ we dust now show that n distrj.butes

vii th rc.s:oect to +~ and this requires soine ;)reparation.

We now aasume that every nonzero eLernerrt of A has order two.

o is the least element of A.
I 2_ .............et~.--........--.---.-'...-:-~.~-.,~--.-- ..

.?_r.:.o_oJ.J. 0 = - (ano)n (avo) (by Corbllary 1.4) = (ar.o ) 1\( aJ'Q) =an o .
Therefore a'} 0 for all a E A. Q.E.D.

!2:9_0!; b+al!b = b -a n b = aub-a = aub-(a\) 0) = (avb-a) n (aub)

(by ) ~ alJb. By s~'ELletrJ~ a+aflb ~ aUb. Hovl a-i-b :' a;jb+a(\b =

acb-anb = (aub-a) LJ (a U b- b) (b;y 4) = (b-ane) U Ca-aflb) =

(b+a nb) tJ Ca+a ()b) f: <;3. \J b.

~J~'H •._.1.!-'V lL!Lb..::_=.{2~+..pJ--1l~nb)~¢LjLs.F.i'..<'9--t;b).. - ,0

1?roof~ a Ub = a+b+anb ~ (a+b) u Caflb) (by Leui;ia 1.6)

!;:(aUb)VCa()b) = aUb. So that aUb = (a+b)V(a()b) . .Now

aJb = (anb)lJ(a+b) = a()liHa+b+anbf\(a+b) = aUb+2J\bn(a+b).

_~' E i"

Therefore anb () (a+b) = O. Q.E •..J.

-----....-. .••.....---------------.- ..----~
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LEMMA 1. 8 ~ aJ19_+aQQ.= ane b+c)---_.-..--'=---
Pro·-·fz a nb+af)c+a{lbf)c = aflb+a0C+(anb)n( 3.nc) = (arib) V (a\\c) =----- ..~.--

bVC) == a0tb+c)V(bIlC)~ = (ail(b+c» G (aribnc ) = anCb+c)+anbnc+

= afl(b+c)+aDbf)c ,", anb+af\c == e[{1,l+c). Q.E.D.

LEMMA 1.8 completes the })roof of Theorem 1.

The fol1o'vlin[', t'vJo treo re-us seem to indicate that 5 of .'L2j

is perhaps not I ndepende nt of 1 throuEh 4. However , the author

has not succeeded in est8blishinb 5 completely.

L) i.a-b)i)(b-0 == aJb-\.s...l1

ii) lJ~al\b,= O_:tJ:l.enJ~..:tP = (a:_b~(b-aJ

Pr.,oof: That (i) impiies (ij.) is obvious by Lemma 1.2. We

nrcv e that (ii) implies (i). By Corollary 1.4~ (a-anb)n(b-·ar'ib):O.

Hence a)b-ar,b = (a0b-a)0(aub-b) (by 4) = (a-anb)+(b-anb);:::

,. (a-anb+an b- b) Ij(b-af\b+G.r,b-a) = (a-b )\J( b-a) • Q.E.D.

L) .3.:.U.Q::-_Cs1!.l..Q1== a \..1- a <_

Lf, ) if-..9-..LLP. •..s:»: _tJ1,e~~qQO~.TpJ= o.

the ,:.')r00f of t11is theJrem r-e qujr-e a a Lemma and we now as sume

a,jo-ano = a,'-a f'o.r all a.

LEMMA 1.9: If 2>" 0 then a >, -a --2a ~ 0 and 2a:;' 0
-_.- - "~._-_._ ..._,.. ~" __ , .' •. , ,. . _ .4 ._ • .,. __ •..• _':.j ._.4.'.*_._._._, .•..__

!:.r~oofz If a~O, then a = at) 0-20\:0 = a'~-a by (iL or a ~-a.

Also a == (O~)-a)-0 n( +a ) • Therefore -2a = -a-a == -( (Ou-a) - (on-a) ) +

OL'-Q-, \,,'!t\.= 0(\-a-(00-a) +o0-a+on-a == on-a+on-a = Ol\(-a)n(on-a-a) ~ 0

By Corollary 1.1, 2a~0. Q.E.D.

---_ ...•_ ...•._------------'-----------------_._--_ .._ ..---- ..-
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Kr.o_9J.--.9f Theor_ellL_l~..2~ Let arib == 0, then aljb ~ au+b ==

(a+2b-2b) U (-b) == (au2b-2b)\.'.(-b) (since a()(:J+b) == 0 and by

LeIillila 1.2) == (a-2b)U(2b-2b)U(-b) (by 3) = (a-2b)voU -b~ (a-2b)0-b

;, (a\Jb-2b) (by 3) == 8,+b-2b = a-b. On the san.c li:i::"cs, \.8 {lave

aUb ~ b-a. Therefore aiJb~ (a-b)U("o-a). Also (a-b) iJ 0 = (a+b-2b)UO

= (a\)b-2b)ijO (by Lemua 1.2). (a-2b)U(-b)00 (by 3) ~ (a-2b)I..\'-0=

-.; -2b {by 3) ::: a+2b-2b = a. SlrJi:,Larly. (b-.a) 'JO':;:'b. So that

(a-b) lJ (b-a) = (a-b)U(b-a) U 0) a\Jb. Hence' aUb = (a-b)U(b-a). By

,Theorem 1.2 it now follows that a.ib-ar.b = (a-b)ui~-a)ahia:;rs. Q.E.D.

S€3_ction..2
-,

From no vi on war-ds f He as sume that Ii. satisfies- the addi tional
\60ndition 5 also. We first prove

Proof~ If a is of order twof then a =-a and a r+a = a ~ 0 <

(by 5' ) the f'o l.Low.i ng Lennna gi yes a complete char-ac ter-Ls a'td on of

the elements of or'd er tvJO0

LEND:!~ 1 10' An element a b. is of or de r t',JO iff....-....,_.:_.~~-:...!-.-., __ ..~ _., _.,._"'~ ...•.....,.•."".__...•.'_ ..__ H_. .,•..._.•.._:.•~:.••.•....•.__~.•

Proof: If a is of order tyjQ~ than a == -a and a = av 0+af)0 =

Now arO-t0n-a+O:~-a+a(\O == a";O-a+ar.O = -(ailO)+aI\O = O. Hence

avO+Olt-a == -(OI;-a+ClI\O). /.Lao (O\-\a)\)(Oil-a), == Oil(aD-a) = 0 (by 5')

Co'ro Ll.az'y 1.2 Orta+Orv-a = 01\ :"a+Ona.

1:1.80 aDO-aflO == aU-a = O\.)-a -(O(\-a) or a\;O = 00-a -(O,-j-a) +Dna

= OV-aiOna-(Of)-a) 9 so that aUO+O(\-a = OU-a+Ofla = -(00-a+a[\0)

So a\)O+Ofi+a is of 0 rder tV!O Q.E. D.

--_..-•...._---------'------_ ..--- ....-~------.--.- _ .._-----_ .. -'.
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Proof: a+b = a+(anb)Ub = (a+anb) U (a+b) lby 3). Hence~----
:~~b~a+Ev.b and a ~ anb:;; -(anb) since anD ~ O(by Lemma 1.9).

Therefore a+anb ~ 0 and hence a+b> 0 •
. ..;'

Q.E.D.

pe..f2-n.:Ltism l.~_~ For_2<!:y....c:...~ A, let aE = avO-!-Of\-a. Then
, .••..-.-_ •. _.__ .r,'._ .~__ • ... , _ ..•-_¥---- ._.~ .. "_.--"-

a), is ~all~d.~~~ ..bo~le.~c.aEl}!onent of a and the se t A:B of all aB".0. -... - .- _...._- - -~ ..----- .

for every a <:- A and .inc LudLng 0 is called the Boolean component of
..".,,-,,-- -- .-.-.-- .__ .._ ....•.._------------_ .._----

A.
We justify the naming of. ABas the Boolean componen t by the

f'oL'l.ow i ng

f:l.:gof ~ Let 2.9 b ( Af, then a~ 0 ~ b ~ 0 by Corollary 1.6 and

by Lernua 1.11 a+b ~ 0. Now a+b> - (a+b) = b+a by Lemma 1.9.--
Similarly b+a =?;. a-rb , Hence a+b = b-ea ,

Therefore (A.:; +)r-

is a commutative grou~) 0

Now ajb-sb = 2.ub-b = a+aub so that -(anb) = a-sa+aub = o
a+avb+b~O 80 that -(anb) ~ anb , Since anb~O; atb " -(ant).

Hence a I i b = - (::1,..··\IJ)
I.•...~ t • Then (.t~B~~',t, ) i 8 a

le.ttice. By theorem 1.1 it nOV.1follows but C!~B'+9 n : is a
Boolean rine. Q.E.D.

We vlill prove a very iillportant

;&~~'iMAl~,J.g~ Jf, ,?-_.~L8.. D~f._9£(tc.:r: ~i!.~!.2-.and x ~ 0" then.a. () (-x) = 0,

.. and a+x._=:=.E±'fu..

_---l _.
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P:roof ~ x -a oj -x ~ 0 (by Lemma1.1) and so -(an-x) =
~+aU-X+8,?;.0 . Hence - (8j\.X)-:;'3.f\-x (by 5'). L.lso arv-x > 0 so that

an-x> -(a:,-x) (by 5'). 'l'hus -(al-:-x) = af)-x or' ar,-x is of order.•.

tvJo.

Now (a+x)no = af)-x+x (by 3) so that (a+x)no -:-x = ar--x >- O.

Adding x bo tn sides. (by 3) we have (a+x)no = (a+x)rlO =x.-x -?;.- x,

Similarl;r adding (Ei.+x)nO to x-(a+x)i\ 0 = -(a -x) >, Oy we have
I /'

x = x-(a+x)f\O +(a+x) nO >, (a.+x)(I O. So that x-(a+x)(jO = 0' or
,/

x = (a-sx) nO. Hence an~x = O. Therefore a -x = aU '-x = -x+a,

so that a+X = X+a. Q.E.D •.

~COROjJLARl._J~!.1::o~~,.~~~~:n"<:'_.b9_aI}.~_~:.~~+'~:B where

~.1'e b = - (O{\i» +0 n ,b.

1'.£oof: Proof of this Corollary f'o I Lovs iron Lemma1.12 and

Corollary 1.2.

pe[inUtoll.J-_,g, F_9T_~'}l1Y_a__LA.l __~~~_ ~ (0 i',,- a) +ajlQ_l-_f;3__S':~J-le.q

LEi!;Il:!A 1.13: For 81F a and b A a > b : i:f.'f a- b :::- o .. ...---___ _. :...J_~..__ .._._._....__-:...1._. __ .~ ._ _...• _. ~ ~ . _ - -. -- ..•...__ •.

Before vie prove this Lenuaa , 'vJe hlake the following

lJ.el:g..qJjL_L~J.~ If a- .:::-.0 and x:< 0 then a-x,:;;;. -x and ~'+x ~ b-sx for

b ;; 0, if a ?: b.--.. --~.-_._- ....~..-"'-'--
Pr..Q2£~_ b:y (3) \1-18 have (a-x)

(a-x);.\~x = a-x. Hence a-x 1- -x.

If 2, ~ b then a+x = a;\b+x = (a-x) LJ (b+x) or a+x.;:. b-sx, <J.E .J.

-x+x = aU 0 = a or

------------------------_ ---------_._- .-
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Prg.oJ._.C?.+...-lJ.§g":L?""_J_.13~_If a ':; bL then by Lemma1.1 vie

have a-1:: :;. O. Conv er seLy , let a-bL~ O. T}yn a-(Of\b) = a-COn b)+

(:iti (l-(on -b). = a-bL -(On-b) ~ -(O.':-b) by Remark 1.1. Now a = a-(O(\ b)

-ton b?:- - (0 Ci- b) +0 n b. = bL Q • E •D •

LEA@~!l~J_.14zEI:L+bL'),,(a+b)L and (a+b)L -~ ~ aL for all 8.1 bE- il.•--._- •.. "- .- -;'--.-""'-, .....~."""".-- .....,-_. '.' ----'---'-"-- '-'" ----.---------.-

by Onrollary 1.7. Hence 0-.: b]3+8.]3+(a+b)]3=8.L+bL-(a+b)L so that

by" Lemma1.13 we have aL+~>--(a+b)L. Also~ O.~~·bB+:;:'B+(a.+b)B'~ --

-(b +a +(a+b).) = -(a -:-b -(a+b). ) = (a+b) -b -a so that by1- I; ,_ \... ~_ t.-.. L... L L

Lemma1.13~ we. have (a+b)L-~~ EI:L'

LEIvJIjI~LJ~.~5;~ ~~ __~-_~!_~~?_~nd._~:~_~~.~?_.t~.e:: ::.~ ~.~ •

Proof ~ If a ~ 0 ~ then aB +,aL=a ~ 0 and tlB~ 0 so that

aL :: a}3+aB+aL':~O. If aL?/ 0 than a =8.]3+8.L~O, by LelJ.ll!la1.11 •

•( n-b 1t):Jl1d -.b.L+0L=::. (~.h.+.A,)L-..- ...-- ~----.--------.--•...-. -.
Proof~ Let =r.> 0 and bL>.O. Then -bL~O (b~r Lemmo1.15 2J1d

a1+~>..Ca+b)L~Oby LUELI8. 1,14-. Hence 8.L:..:,\::B-L-bL= (aL+bL) \.-)(a+b):1

-bL = (aL+bL-~U(a+b)L-bL) = aLUl(a+b)L-oL). so that

aL ~ (a+b)L-bLo By LehLl2.1-.14, (a+b)L-bL~ 2_L ' so that

(a+b)L-oL= ~ or (a+b)L = 8.L+D:L.

-------------------------.--".~
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Therefol'~ « (a- b) +1-,.) U aL) - bL=
L .L

~-bL and he nc e (a-b)L = ~-bL. Once again usi~. Lem..ia 1.14,

ve have -bL +~~(-b+a)L and (-b+a)L-aL~ -bL

T'nerefore ~+(-b+a)L-aL<'O and b~r Lemua 1.13 bL+(-b+a)L ."aL·,:'" 0

and (-b+a)L = -bL+~+(-b+a)L ::: -bL+(bL+(-b+a)L) u~) =

.' -b --b +(-b+a) ,. j)S-b +a ' (by (3)) = (-b+a)-.LU(-bL+8~L)'~ L L ,Lj ~ \.: L L.:

T'nerefore (-b+a)L .::,-bL+aLo Hence (-b+a)L == -bL+aL • Q.E.Do

COliQ}~JlRY.l~.,'§ aL == (all a )L+(aO ) L

Proo.!.l.\ve have by Lemma 1.14p( a r) 0) L +( a('O)L >- (a) a +aI\O)L =~

Also O~T Lemma 1.14~ ~-(a;lO)L == (c1.'J)+anO)II-(aiD)L> (al'O)L >r- O.

Heney by(3)

,
~ = (a ..O)L+(a\\O)L •

JJEl!ILA 'l.1_It _~+b) L == aL+bL and (a+b) J3 == aJ3+b13. '" -_., .•..- ..•... --,,-,--... -. --....--.- ..•..•....•.......•• ,.....••......•. _.-- ..•.._ ....'.~ ..

k~oJ' ~ By Coro11a::C:J1.8 we have aL =( aUO)L- (- (ana) L ).

No\11 aL+bL = (a00)L-(-«1(10)L) + (bJO)L- (-(brD)L) = (8.;0)L-(-(a,0)L)

+(o;'O)L+(-«O,\O)L) - {-Cb"10)L+(-(a;!0)L)~ = (aUO)L-(-(aI\O)L)+ l: -r-

(b'.'O -(ano).) -(-(bO)t+ -(a,O):,) (by Lemma 1.16) = (aUO)L+

+(-(-(a,\O) + bO - (a.\O)))L-«-bi\O - a,)O)I) (b~rLemia 1.16) ==

:=: (a.O -(-(acD» + odO -a\\O)L -(-DIiO - a,o)L = a.'O -(-ai'O)+b)O-8.\O.

,/ +a D + b,\O)L :=: (aVO+ah.o+bIJ0+bf\01 = (a+b):L
o
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Now (a+b)B+ (a+b)L = a+b = aB+aL+bB+bL= aB+bB+aL+~ =

aB+bB+(a+b)L 0 Q.E. D.

Therefore (a+b)B= 8.B+ bB•

Hence (~ -) is a subgroup (A') +) 0

kENIIYI.A.1.!...J,...9-~ aL~ bLiff aL+cL::;.'oL +cL and c1 TaL ;;.. CL+bL for
•• lot _--" ~< ._ •• ~_ ._. ...., ..,. ~. __ • _ • _, _. __ ••••• ~, ~ ••• _

2~1 cL'~AL.....--..._--'-

aL+cL-(bL+CL) ::: (a+c)L-(b+c)L (by Lemma 1.!17) = (a+c-(b+c))L =

= (8-'o)L = aL-bL>,O. Tb.erefore aL+oL= (a+c)L:: (b+c)L = bL+cL

b~T Lemma 1.13, the other inequality fo110v18 w.i th the help of

the f'o'l.Low i.ng

Jtemar!s_.1~.1!a ~/ ~_~.f!_._~bL..~a_~ .~~.~2.0_~__2::.:v_~.~.b( A

G;lvg'!IA 1..•.~ ~ ~~!~~s.:~.._IL._i_s~:_a_~~_:t_ticeord~e.~:c:.!rou~.

Proo_L:.- (AL;+) is a group by Lemma1.18 and by Lemma1.19

it is a partially orde r-ed group , It is easy to see that

Hence if a,bf..:lL then a.Ub = (a-b) ;jO+b~'AL . Similarly anbtl\

and so U~~ t.ii\) is a lattice. Therefore (AL; +, V0 ) is a

lattico ordered group. Q.E.D.
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Nov/a.liD. = (O~-8.+8.(';O)1 (O() -b+b(\O) = (Oll -a) f\(OU -b) =
f:. ~

So ( 8.BV aT ) r, (b -t-, iJbL ) =
• J.J J::.o = a IIb

Therefore aL 01 .: 0 .J .•..,

( aUo)L. Thus 2"LL\ bL ::: (aub) L•

10-so (aAb)L = (a-(aUb) + b)L = C.L -(avb)L +~ = aL -(aLJbL) + bL

~Iv1.A.J ..•_2_2J, Caub)13 = 8.13UbB and (a~\b)13 = GBflb13 •-.- .-.--.._--- ........•" .•...---- .....--- -,,,-.-

a:.:.'JO:t:.; Let a > 0 and 0::-.:0, then b~r L:Jm 12. 1 .l2 ,

8.B(\2.L = 0 = P,B(\bL = 2tBf\bL ::;:bBi\GL· Therefore (aUb) 13+ 8.L"·?L

= (aUb)B + (aUb)L = 2~L',b ::: (aJ3+2.L) U (bB+bL ) ::: (aB;~\ ~)() (bB,lbL)

::: c\B\Jb
B

U(8.:i0bL) ::: 8.
I
:)b

B
+ 8.

L
'---'bLsince (a:sUbB) ('\ (8.L U bL) = O.

Thus (2.Ub)B::: 8.J3JbB• Sinilarly w e can show that (cd\b)B= aBr-.b13
Q.IS.D.

By Theorem 1.3 (AB~+ n) is a

Boolean rinL and by .iJe..Li8. 1.15 (A ~ )n) is a lattice ordered~ , ,

group. 2.- )
lJ

is an Lsouor-phd sm, since Lemmas 1.17, 1.21 and 1.22 assert that

the operations +~U ~n are couponerrt=wi ee , Ti'1.erefore 1.. is

I,

1"L •
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Conversely if B is any Boole.;ali ring and L any lattice

Le t C a +1)) (\ X = C a +b) ny .

Then Ca+x+b) n Ca+y+b) = Ca+x+b) na+Ca+x+b) [y +Ca+x-sb ) nb =

On the same lines it also follows that Ca+x+b) U Ca+y+b) =a+xLJy+b.

NOvJ let a+b+x+Ca+b)('i x = Ca+b) Ux'= (a+b)UY ='a+b+y+(a+b)ny-.

'l'h er; (a+x+b) () (a+y+b) = a+G+(a+b) . x+Ca+b) (Jy+x I\Y = x+a+b+y+

(a ib) (l y+(a-l-b)f\Y+Xi\Y ;; a+x+y+x ()y+b = a+xu y+b = a-CC!Jy) +b.

Similarlya-(x0y) +b = (r.-x-rb) U(a-y-+b).

Tilerefore 3 2)1d 4 are sa 'ti sf'Le d in BxL. ,Also in B

a 1)0-aC',0 = ,\ \)O+a{\O' = a = 2.)--a. So that 5' is o.Ls o +,\«e.

Hence BxL satisfies 1 throu{,h 5'.
,

Therefore the yn:'oc)f of the M2.in Theorem is conpl.e te ,_ (J. E .:0.

ovn , though the:/ fo Ll.o w from the M2.i.n Theorem.

If there is a least ae,Je.nt in A then 1\ is__ . ._._.~. ~.' ~_.~ ..• ".' .,-.~.• !.'!;.i....~ ...• _

.i ) (1'91·,n) isa Boolean ring.

ii) a-C,(i)Y) = (2-X) n (8..-y) iff 3,.)X = aJ-:I for all a1~{';Y :,.1\.

iii) a{x; ;y) = (a-x)~' (a-.1) iff 8.:X = 8J.'Y for all a,x~y t.. I..•

Birkhoff~ J?u.Jl . XY0T (194C~)Soc.
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CHAPTER 2

The concept of a D.R.L. Semigroup (Dually Res.iduate d

lattice ordered semigroup. seer .4,5,6])goes back to K.L.N.SVl[Jlly~

who introduced it and obtained it as a COID.H10nabstraction of

Boole~ rings and lattice ordered grou)s, thereby solving

Birkhoff's problem No.105 L1J: Is there a commonabstraction

which includes B90lean algebras (Rings) &1d lattice ordered

groups as special cases. D.R.L., Semigroups include Brouwerian

a.l.ge bras also.

It isinter-esting to observe that both in Boolean rings
,t\ ,,,

and lattice ordered groups the semilattice operation isn..
I

aC~lally not independent of the rest. i.e. if .B (B; + .. ) is
~. '/ \ r· 'Ia Boolean ring \d th U' and I i as the corresponding lattice

oper-a td ons , thenQnb '-=: 0-....~ -::. :.A...-1"'~-t ~ Ub Similarly

if G ::LG.; + ) I,,) J f\ ) is a lattice ordered group then

0... r] b -::;.Gt..- -- l a.... u b) + b However this is not true in

BrCllwerie.n algebras and we call a s;ystem r~ z: c f~·) U 1-)

where (B; i,J ) is a semilattice (i.e. [eL' b is the least upper

bound of a and b) and "_ It is a binary operation on B such

that a-b is the least element satisfying (c,- - \) ) LJ b .? cr /'
as a semi Brouwerian algebra. An Lmp.li ca't.i.ve semilattice

(see [~D is actually the dual of a semi Brouwer.i an algebra.
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The)roblem. now arises . s whether it I::: possible to

o bt.a.tn 8. COI1T,~Onabstraction of Semi-J3rou.werian algebras and

D.R.l. s8migroups. \

In this ch,l;:J"l;erwe shall solve the above problem in the

affi:rmati ve ~ by j)ro'0oS.1n£~a commonabstraction which He call a

Semi-D.R.L. semif;roup and Hhich includes Semi-:Brotlwerian a15ebras~

D.R.L. s enugr-oups and hence Br ouwer-Lan alc':ebras, Boolean a'l.ge br-aa ,

and lattice ordered groups as s:Decial cases.

I t turns out that the class of Semi-D.R. L. semigrOU}7Sis

fairly Hider than Semi-:Brouwerian al.gebr-as and D.R.L. seu.i groups ,

and to this v ider clss s we' shall extend almost all .bhe results

(algebraic as well as geometric) of eenu.=Br-ouwer-i.analGebras a...nd

D.R.L. semigroups.

In 1 y we define s a semi-D. R.L. sem.i group and s tu dy the

consequences of our definition. 'I,:Jeobtain necessary and

suf r'Lc.ient co:nditj.ons for the degenerac~, of a Semi-D.R. L. serui g.roup s

Ln to a aenu=Br-ouwer-Lan algebra2 a lattice ordered gruup and their

dir-oct product. In 21 we study the. structure of a semi-DoRaL.

semigroup and establish a one to one correspondence between the

congruence relatio.ds and ideals ~ while 3 is devoted to the study

of geometry of a commutative seLli-D.R.L. fjemigroup.

Defini ti0D..~~.•l; A ay stem A = (A; \1, +, -) is called a

Semi-D.R.L. semigroup iff

(1.1) (A~ u ) is a semi lattice a ;e , 'u" is a idempotent~

com.mrt.atf ve and associative binary operation on A (Hithi),,}I::
,

as: the Le as t upper bound of a and b) and (A;+) is a semi.

group Hith "0" such that a + x U y + b = (a + x + b)!1

U(a + y + b) for all a2 b, x and y ~ A.
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(1.2) Given a and b in A. there ex.i sts a Leas -t "x " such that

b " tl· "". d ted b bx + ~ a ana 1lS. x .is eno y a - Q Where

11 7. "
/

It i.e."is the 9artial ordering induced by a ~ b

iff a U b = b.

( 1 • 3) (a - b) U G + b.~ a l) b

(1.4) a - a > 0,/

(1.5) If 0 - a = 0 and x .:S 09 then (0 - x) + a + x > a.
/'

We shall illustrate the defini tion by means of some

examples.

Ex2Lll-ple----..?..t1.~If G = (G.: +, () 9 II ) is a lattice ordered group

then (G; \) , +, -) is a semi-J.R.L. Semi.gr oup ,

,ExaID.2.,le2.2: If B = (B~ + 9 .) -) is a Boolean:.:-ri.l1g".then:,.·",E:

(B~ U 9 +, ,-) is",a;. :.Semi-D. It. L:•.,"sem±-g:rQupwhere a U b = a + b + 8.. b

EXaIfl,}?le~_•..2: If B = (B; \.J, \ i 9 -) is a Br-ouwe r Lan algebra then

(B~ U 9 -) is a Semi-D.R.L. semi.group ,

*Ex.ap1.F~e~_2.4 ~ If D = (D; U , n , +» -) is a D.R. L. Semigroup then

(D; U, +, -) is a Serni-D.R.L. Semigroup.

Exampl~_-.W: If :B = (B 9 U, -) is a Semi Brouweri an algebra (i. e .

(B: V ) is a Semi lattice and a - b is a the least element'

satisfying (I 1. ti::...h,.u b ~ a) then (B; IJ , +, -) is a Semi-D.R.L.

Semi grou-p (where 0 f course + ::. U ) •

*E;~;·1~-~~'2.1, 2.2-~~-2-.3 ar~'~n'i;-Sye-Cial ca~-~wf~~--;amT)le 4 but
they have been clearlv stated here for the convenience of the
reader who is not familiar with D.R.L. Semi.group s ,
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Tne ;'ollowinL; is an exampl e of a Semi-DeR.L. Semigroup

which is d,if'ferent from both semi Brouwerian algebras and D.R.L.

EX8fQ.1?)._U 2; Let B be t...hepowerset of a two element ':et ;,a , b,

Let D1 be the D.R.L. Semigroup of all non negative integers

(see :: 5 ~ ). Define f: B X D .... J D by f(O~d) = d and f(c~d) = 0

if ci O. Define 9 on B x D as follows (a~d) e (b,e) iff a = b

and f(asd) = f(a$e). It easily follows that e is an equivalence

relation arid define +~ d and - on (B x D) e as follows

lc:,d1l,lb1ej

and LasdJ

, la,dj +: b,e; = \ a U b, d + e)
'- _. ••• -' L

:, X,~T '\ is the
'- .J

equi.vaf.erice class of (x,y). That the operations are ,"ell defined

is a routine computation and with 'the'ae operations (B x D)!e

becomes a Semi-D. R. L. Semigroup • If .( x ,yJ :s;~,OJ and I,),OJ then

x = 0 and C.0 1Y J <-LO,y + 1J aiO and b,O . Eence (B x D)!e is not

a lattice.

Semf.gr-oup and a, b1x,y •. o •• etc. denote the elements of A.

The f'o Tl owing Lermnaa (e xcep t.i.ng lemma 2.11) and theorems

(upto theorem 2.7)of D.R.L. Semigrougs 4 are found to be valid

in Semi-D.R.L. Semigroups also. We shall merely state thelll here

as the proofs given in 4 are valid here also.

Lemma2.1 ~ .§.. . .: .. ~q.,-=-=~.P_.~~..9.:_.:_jL.;. ~

Lemma2.2: ~-'P.lkL9~.~+ b = a LJ b

Leinua 2.3: Ad ~.1?..J..ml?.liesa - c f.. b - c and c - b ~ c - a

Lemma2. 4 ~ ~,V.Q._~._c__=__ l(=L:__91~\:LJ..b.._-_ql
i~e~understand~ -iha~"- II inR-Aample -3--(-5-J-1-' s-t-h~e-f-·o-ll-o-w""'i-n-g-'.--

If a vb , a-b = usual difference othe rwi se a-b = O.
/



, i~/'
,;~

Co::::'o11arv 2.1::.---- __ * .::.....A.: __ •......•.•~_

Lemma 2.6;
. .~ -_. ----..---~-

Ler-!L11a2.8 z

J.e ml1l~_?_._.9.l,

_hel9::,l,~..2~O ';
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a - (b + c) = (a - c) - b

(a + (c - b) '> a - (0 - c).--
s. &=~b_~~c.. A~IL1)JJ_~_9__(~._=__122__.±.._(b.._~_CU~_=__J.Q._:-~..9l

~ ...+__tL :-_2"""':'--,--_q .~±..Jp cJ_

(a - b) U (b - a) ~ 0

ProC21.i. (a b) (b - a) + a : b = (a - b) J (b - a)+a

(a -b) \ ...; (b - a) + 1) .> (b - a) + a i...~ U (a - b) +-b·~- )

"
.:~>b U a = a . ) b. Hence by (1.2) (a. b) J (b - a) ~ 0 Q.E.D.

il_!.2.1J_ . .c.a_-:Q)_._T_.P_..?.,;~Cl.~~Jl.2_.2Ll~_:_Y.._~_! __LY~'::-_ Y .an<l

<Gh.•~?.2tJ x ,+ yJ .:.;[ -!:- x •

The fo110vJinr~ theorejIls Live the degene r acy of A into a

Semi-Brouwerian algebra and a Lat ti ce ordered group.

KO_:J:'_.ClJ:.:L. ,a ..an..d_..P...!P.J.!3..2_JJ'__LA.i Ij _,_-J_i~La~emi-Brouweri8n a1g,ebrs.

then a + b = a j b.~'.-'--~--~.- ..•..,~'-----



l8

.i ) _(.A~"t_.L J_~__a groUJ2

Li.) ~._-._J?_ ,=...a_= __c_..::_-~_b.~.

iff there exists a , 2/ t:. A such that x + :;- = -;;' + x = 0

1?~i;i}!..~J;;tQl1~~: If there is an element I E--A such that

(1 - a) + a = a + (I-a) = 1 + I for all a, then A is s a.i d to have

un.i ty 1.

Th~~1..g s2: In! with 11 L) 1 is unique Li ) A is a lattice

If A contains a least element x then x = 0",__. -_""~ _.•...._,_,, ~ . .__ .~ __ . :J__ .. ~._,"~--

If 1.. contains an element wha ch is strictly'..---.,.,.._.".'-' .---.-----.--.---'-'.---'--.- ...--....-.-.-~-.-.-..---.-~--.'-*-'--.-.~.....'''-''~'"""'

less thc~, "0", then it corrtacts an infinitv~f elements.~".;-.-.-.." _-----.. ,,""--"-"'~-.~-,--..--.,-.----- ~ --"'..~- .--....-..~."~-..--.-.. - ..--,-.-<~.-- .- - --..------

The f'o Tl.ow ing theorem gives the degeneracy of A into the

direct ·pn;;.d1).ctof a Semi-BrouYJerianalgebra and a lattice

ordered gr-oup ,

A is the direct nroduct of a Semi-Brou'VJerian__ ., ._._ -._' ..•••,.' .••--.. .. _. - ,.,.,._.,--,._-..;4. , c ••. ,·""._ • ••••••••••..•••••. ._-.._ •••••• _. __ .•••••.••..•••.•. _ •.• __ •. __ " • .....--"_'",_

------_ •..•.-------------_._------------
1
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We shall first prove a lemma whi.ch we need in the proof

of the ","'ove theorem.

If 0 - a = O2 and x . 0 then a + x = x + a.
----.- --y- "'- .• - -.-.--- -~--.-~ --- •.••.--.;. ••.•..------_.- .•_- ._""'--_._------- _.- _.

(0 - x) + a <, O~· )\
~.,

+ a ''/ 0 - X since a >- 0 . Let ;;

Then 0 - (0 - x) ';:-0 - (y + a) (by lenuna 2.3) = (0 - a) - -;;.= O-·J.

Now by corollary to Lemma 2. 8~· x > 0 - (0 - x)
'~

0 - y. Hence

~T
-), 0 - (0 - y) ~.- 0 - x. Thus (0 - x) is the least element such:;...-

that (0 - x) + a .~O - x. Hence bv (1.2) 0 - x = (0 - x) - a.OJ

Now (0- x) ~J a = \:,(0 - x) - a'~ ij 0 + a ( by Leu.ua 2.2)=(0-x)+a,
~ J

so that a + (0 - x) -,.a ',\ (0 x) ~> (0 - x) + 8... Or x + a =---, .--
x + a + (0 - x) +x;:;' x + (0 - x) + a + x = a + x . By (1.5) we

have (0 - x) + a + x '?;. Hence x + (0 - x) + a + x ;
'.'

x + a or a + x = x + a.

The I)rlJof of this theore.u is divided into the follo\Jing

lemmas and fron now ori, we aSSUIJle a - (b + b) = (a - b) + (0 _ b)

for all c., b <:- A.

Lemr~a__2~ ~ Let .~>B:::~;(a, " ~ ~~ a = a

Se_mi,A!~o.l1..w~ian. 2-.). ge.9.l??:•

Then A. is 8-
. .~.. _l~ __ ~..•

Proof: If a t: A., then 0 - 2a - 2a = (2a - a) -a =
(J

(".f>. a) -a-,O - a. - ~ '. ;:; c' ... A,.

Hence a ':::,0 (0 a) = O. Sirtlilarly if a < 0, and 0 - a = 0,

then 0 = 2a - 2a = (2 a - a) + (0 - a) = 2a - a. Hence: 2a ~ a.

Since a O. 2a -.:;,a
# ' ./ .• Hence a E: AB•

-----------------------_ .. __ __ .. _. ,.-- .
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Let a, b ,~ A:B • Then a + b ~ 0 and 0 - (a -:-b) = (0 - b) '-a

o - a = O. Hence a + b f- A13• Also a - b ~ 0 - b = 0, so that

\J b
,

b) b. Nov! b (a b) t b ba = ,a - + a oj- = + \..1 - a \) + ::

(a - b) + b + b = (a b) + b = a ! b. Hence 8. \)b , .AT) s"\:.. ....,

that 0 - (a U b) :: 0 - « a - b) + b) = ( 0 - b) - (a - b) = 0 ...( a·-l~);

Hence a - b t A13o'£huc A13 is closed under the cpe r-a td on s t: 8.1)[,.

and so A13.iS a Semi Brouwerian al gebra , Q E .o s , Do

Lemma 2.14: Let AL =;:' 2a - a I a (:- AL~. Then;.... ,J-s a La+t.i cs
__ o-". ~_,--,-_, _ ••.•...•.• "'..-..•... _._---..-;l. __..•.- .-.-,....o-.....-._._._~. _ _,,_ -._.__ .. ~' .

RJ'.o_QJ:.: Bv Lemma 2.10, 2a - a <, a and so (0 - a).( 0 -(?-::>-.-.'
u , ,

and 0 - (2a - a) :::...~(a - 2a) (since a - (b - c) ~ a + (c - b) £01'

all a,b,c) = 0 - a (by Lemma 2.5) 0 Hence 0 - 0.=0 - (20. - a)

Now 0 = 2a - 28. = (2a - a) + (0 - a) :: (20. - a) + 0 - (2a - a)

:> 0 - 0 - (2a -,/
!:.

0 < (2a a)_.! 0 -\:

2 ,0 (2a a)
\

a) \ 0 (2a a) ./ > 0 that, +-t - - 5 sc
J ...--

0 (28 a) o. Nov, 0 2 f 0 (2a+ - - = = ., - p
Ie

1 2 0 (2a, a) "\ (2G, -a) + 0 -~ = - ( -'...I b ! i'·' r:

o - (20. - a),~. Adding 0 - (2a - a) both ai de s , 1, e have

o - (2a +a) ='~ 2 ~ 0 - (20. a) ~ -

\,_0 _. '.._. 0 - (2a - a) ...•..'.J.. -;.. _¥-....,.-..-')/:,'.:~~-'~'\ '...... -' .~. -t .. i~'" ).- ... _---- - " J . .....'. ...~-- - .,; \ -. l- •• ,~ '~.

j 0 - (2a - a) '+ 0 :: 2 I 0 _ (220 -~ ~ a)i - {O
Hence 0 - (~o. - a) ~!-.L [and 2a - a =

+ 2 \ 0 - (20. - a) '} - 2 ~ 0 - (20. --a)' ::

(20. - a) + 0 = (20. =a )

(20. - a) .;-[_2:
0

0 -(2o.-a)-",

(
n ),\La -a ~. I

., I

-'

,
a' - (20. - a) = (2a - a) + o -(20. -a) r+ 0 -

+ 0 - :; 0 - (2a -a)':' = 0 - ~ 0 - (28. - a) t.
b : ~ . J

is Lnve'r t.i. ble and so AL is a La t td ce ordered group by theorem Lt,

Q~E.]).

_-..iI __ ~---_-_--------- -.--.
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Le!l~L.?-__2.!_1); Le t aB = a .; (2a - a) tLc ~1dB c AB
____ • __~ __ ~ •...,.. __ ' __ ~ • ~_ •••• _'. __ >r_ _.. -.ro,, ~. __

a +!.O - (2a - a:).\ + (2a - a) > a. Let

Tn en y = y + (2 a - a) + 'i 0 - (2 a - a)::?;. a -:-

'Ihus a + ) 0 - (2a - a) Z is the least eLeuerrt
" I

a)! + 2a - a-~ a.

y + (2a - a) ;:: a.

(2a - a) 1- .> 0 .•

such Hence a +kO - (2a -a)..c

- a:;: \ 0·· 0 - (2a - A.),-= a - (2a - a). NOvl 0 = 2a - 2a = (2a - a)

+~ (2a a)
~~'l

(2a +a)- a = 0 - \ a 0 - -, ,", J Also a + 0 - r /' 0
l:i J /'"

since a - (2a - a) ~ o. Hence. aB + aB = aB or aB CAB" eL ~E~.n.

L~~a ,2.216': Le._t_~..!:__=__~~ __ .~_ ~: __~h_e=-_b]3_~~~__=_ a~__~_~~.f~_~_

.?-]J.__ ~".L _b.._j1,.!..

Proof. Since every eLeinerrt 'f AL can be ylri tten as the sum

of a neE.~iti ve element and an Lnve rue of a negati ve eLemen t , the

lemma follows b;y Lemma 2.12. (~~.EtJ.

L~£.l(i.::'\_ 2.11: (a + b) B = Ct:c + bB and (a + bi = aL + ~ 0

•.~_"' ....•• -~."••••. ._k.. .-._ ...•. ',' ..•.. _ -.- .••.. _ ..~ ...__ ".- ••"__ ".___ •.¥.,~ •• ,' ••• __ ;....--~ •••••.•. __ .••.•••. -~,,...... __ .~

If x is inverti bl,e , then (a + x) - X· = a ; For if'

y + x~ a + x , then'y = y + x + t ~ a + x + t = a where t is the

inverse of x. Hence a is the least eLeraen t satisfying a + x)· a+x./

Thus a = (a + x) - x.

Nov! for any ay a = aB + ~
. Let a = x + y where x~ AB and

:i r A;. - aL = 0 - ~2a a) 0 - a 0 (y + x) (0 x) -f t = = = v =t.,

o - y = - ~T. Hence aL = y and so aB = a - aL = a - :; = x ,

Hence the representation of a as the su!!'. of all alid
~ is un i r"':> .

No"" aB = bB + ~ + bL = aB + aL + bB + bL -., a + b = (a + 1;)3
",~

+ (a + b)Lo Hence aB + bB = Ca + b)B and ~ + bL= (a + b) T. C~",E .: J~
.LJ



22

Le~I1.8:....2·J,§_3..a ~ tiff 2:a':; bB and aL~' b
L_ -.---------~-.-""--~-.~-.-.----=-.....-.-~-------"""

Proof: If a ::. b the n - bL ::: 0 - ( 2b -b) = 0- b?; 0 _ a =

o - (20. - a) =
b . B= ( a - bt

-~ or "i. _~ bL• Also

+ "n ?-- bB If ~ ~ bL

aB = (a U b)B = G(a - b) +

and 2n > b1:l!) then
"-' .-/ £

Q.E • .0 •

.r_~_C?..Qj'1. If x is inverti bIe, then (2x - x) + x ::: 2x and so

2x x = (2x - x) + x + y = x + x + y = x where y is the inverse

of x. Hence 2x - x ::: X or x - (2x - x) ::: x
B

= O. Now 0 _ a

is inverti ble for all a and so is 0 V (0 - a) 0 Hence 0; (0 a) }B=O

and so (a ,) 0 - ~)B =' to U (0 - a;) b = O. Hence 0 = (adO -a)B.;/

(a I.' O)B - a] -?- 0 so that (a c) O)B L,aB •. By Lemma 2.18
9.•..•... ,

(a U 0)] ~aB and so (a 1,) 0) B = aB • Q. E. D.

L8J:!g·l.?:.._2_._2Q~ 5a ~-~!-A=-~B. ,\L~~_d (a \J '::»L:::~~ U~f_o,~.~l-=-- ..

fu~.P_._~.. ..A 0

Pr.op}: ~ aB =. "n + (0 - b) B ::: : a + ( 0 - b 1B ~ (a - b) B •
~.

Now (a Ub)B =.,(a ". b) \)0 + b'~B = 1 (a - b)UO~r) + b
B

= (a-b)]+

bB = (a - b)B UbB !.:. aBUbB and so (a \) b)B = an U bE by

lemma 2.18.

Also aL - bL = aL + (0 - b)L= t a + (0 - b) fL ::> (a - b)L' ./

ilsb (a b)L bL = 1(a b) bCL
<,

Hance (a b) <,
- + - + ~ ~ • - 'L ':./

aL - ~ • Thus aL - b:L = (a - b)Lo

------------_._ ..•.. ,
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(a .::..b) U 0 + b iL =L (a - b) ;j 0 L + bL =
(aL - bL ) iJ 0 + bL = aLubL since ( a-jO)L = aL'.jO for all a.

Q.E.D.

Pr_oo.f: aE - bE = (a - aL) - (n - bL) = La - ~~"(a - b)L-:-bL ..~J-
( b ~ ) = ~~(a - bL) - (a - b) L '£ - (b - bL) :: (a - bL)

1.,(b - bL + (a - b) L'~= (a - bL) - '. (a - b) L+ (b - bL)} ::
'- ".' k.

E (a - bL) - (b - bL).: - (a - b) L = a - S:.., (b - ,bL) + bL$- (a - b) L=

(a - b) - (a - b)L :: (~ - b)Bo Q.E.D.

The mapping a-1 CaB' aL) is anisomor~:hism from A onto

AB x AL as is shown by Leui.nas 2.17'1 2.20 and 2.21. Thus. A is

a somorpha c to At. x AL 5 The converse is obvious and so the

proof of theore:il 2.8 is complete.

The following theorem of Swamy (Theorem 3.4 6 .) follows' as

a corollar;y to Theorem 2.8.

QQ~01J-_aJ'''y_,2._.2~ A D.R.L. Semigroup is the <iirect product of a

Brouwerian algebra and a lattice group i.l'f a - (b + b) = (a - b)+

(0 - b).

The following theorem cha~"'acterises the direct product of a

Semi D.R.L. Semigroup '.~ilth "0" as least element and a comnurba-

ti ve latti ce orde~d group, among the class of Semi-D.R. L.

Semigroups.
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!t.epr_em ~..•..9.; A. is the direct groduct of a Semi-D.R.L.~_. ._ _ __ .._.,-_ ..- : " ~ ~ _. _. _M_6 ..'".~ r_'. __ ••••..•__ ._--.:.

ProoJ~: As in theorsm 8, VIe divide the proof of this theorem

into he f ol l.owi ng Lemua.s and ae sume 0 - (x + y) = (0 - x) + (0 -s) 0

Let A =. a E:- A \ 0 -a = 0 ]-. Then A is a. s . S
~.: ..- .• ~ -.--- .•.---.------~---~----.~--..•. --......" --.- .,~---.~----~.

P:r;:,.oof: If a , bt-A then 0 - (a + b) = (0 - b) - a = O-a=O... S'

Hence a ••• b As· Also a:;:' 0 - (0 - a) = 0 and so a - b"> (0 -b) =0..;-

Hence 0 ~ (a - b) -: O. llso a L:.. a + b and so O>a - (a + b) =<, <, /'

(a - b) - a -or a - b ~a so that 0 - a~ 0 - (a - b). He:nce

o - (a - b) = 0 a r a - b E: Ac' • Al so aU b = (a - b) + b AS'o

so t..hat As is a Semi-D. R. L. Semigroup w i th 1t0 II as least element.
Q.E. ~D.,

Lemma, 2._g'2 ~ Le t AL=~a E: A \ 0 - (0 -e-- a) = a·~. Then ALis
_ ..•..,.,-_._._-_.-.---. --.--.--.-----------. .•..•....'.'''''~,-•. « ,,,', -.---------.--.---

a commutatiWB lattice ordered groun.
_:.;-"'- _. __ ._. __ • • -4. __ .• _-~-_......-- .•••••.• -.-"' .', •••• __ ••• _.' .••••••••• ~_••-_._ • __ .:..t.t....

Proof;_ ..__ ._----.....•. nO',! a + (0 - a) cc_; 0 - (0 - a).3 +(O-a):;:
I.

0 - (0 - a) + a = (0 - a) - (0 - a) = O. iU:3~) (0 - a) + a -.-
'::' .-

(0 - a) + 0 - (0 - a) = 0 - a + (0 - a) J = 0 - (0 -a)~- -a :;: O.
l J

Hence every el.emen t of ALis invertible and so ilL is a La.t tdce

ordered group.

Now b + (0 - a) :::) 0 - (0 - b ) :_~- a
'0

(0 - a) + 0 - (0 -b) = (0 a) + b . Hence

::: 0 - ~ a + (0 - b) ,.. =
{.... ~-~

~ is com.Ltati »e ,

Q.E.D.

----_ •..._--------------_._-_.-,
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For rmy a, Let ,a L::: 0 - (0 - a) and as ::: (0 - a) + a then

L~~>__~.l.a, ,2.• 24~ (a + b)L == aL + bL and (2, + b)S::: as -1- bS for a11
_____ .•••. __ ". •• ----_._- ..•••••• -0 •__ •.•••.... ~_.;-... ._.••.__-_~---.--=-.

Proof. 0 - ~ + ~

o -; '0 - (0 - a) + (0 -
"'

::: 0 - ( 0- (0 - a) + 0 ..,. (0 - a) :::..•
c. 0

a) (0 a) 0 (0 a)
"

::: 0 - - - " - - ({
~. = O.

.: \ ...r-.. ,

Now 0 = 0 - «0 - aL ) + ~ ) =: 0 - (0 - aL):1 + (0 - ~). Adding

Hence a C AL• And since 0 - k (0 - a) + a j = (0 a) (0 a) = 09
,..

(0 - a) + a i,.- As' Now aL + as :::t 0 - (0 - a) i + (0 - a) + a =. .J

o - (0 - a) + a '1--+ a = (0 - a) - (0 - a) + a = a and by Lemma 2.1?

Now if a = x + y where x E AS arid iy f AL9 then 0 - a =
o (y + x) = (0 - x) - y = 0 - y. Hence 0 - (0 a) =

o - (0 - y) = y~ and (0 - a) + a = 0 - y + y + X = x. Hence the

represe:ntation of a as the sura of aL and as is un.i que .

Also as + bS + ~ + ~ = a", + aL + bS + b --. a + b --o ~

(a + b)S + (a + b)L" Hence (a + b)L = aL + bL and (a +b) S =
as + bS• Q.E.D.

L~~La_ 2. 25 ~ 0~_- ~.~~~~~.~b_~~an~.~D

PrQ.9..t!. If a _?-- b ~ t..h'-'n0 - b .::;:.0 - a and so ~ =
o - (0 - a) .?- 0 - (0 - b) = bL Also as ::: (a u b) S =

(a - b) v 0 + bi S= " (a - b)'J 0..: S+ :'S>r bS' Also if as ?-- bS

Q.E.D.
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Le}A1ila.2..,._4..§.~ (a U b)S : as U bS and (a \,,.J b)L : aL"'~
._-..... .-.--.-----~_ ....._4,_, _, .._,__ ~

Pr'-' , -r-'" (aUb)S = (0 - a ir b ) +aub == y ( 0 - a) b) +a
u '-'..•..~

"

,(0 - 2 "J b) + b S'~l(O - a) + a~ u 't(0 - b) -I- bll= a,,,, be; •,J :J

Ey the a Cove lelJJma~ (el ) b) S?,aS U bS and hence (a i) b)'s= as .: 'b
S

'

Also Le t aL O~ = x!,, Tllen XL + as ~(aL + as) ,) 0 = a ,_)0 • S~h1},[:l

XL: {~)L -I- (as)L':; (a u O)L' Hence (a iJO)L = a
L

UO.

NO\'J (a - b)L + bL =:: (a - b) + b}L ,:;. aL so that (8-b)L'>-.. . ,.

aL- bL• Also ~ - 1?L = ~ + (0 - b)L = , a + (0 - b)J
L

~ (a -0) L "

Hence (a - b)L = aL - bL"

Al so (a U b) L ==1~(a - b) U 0 + b.!L

(a - b)L 'J 0 + bL : (aL - ~L) J 0 + b
1

:

&e~~ __.2~•.J7 ~ (a - b) sO:: as - bS'

=.> (a - b)! I 0 'J L +G J

aLUbL

bL =
Q.E.D.

-_ .•... _ .. ,.. •.....

p~().o.:£~as - bS ::: (a - aLl - (b - b
L

) : La - ( (a - b) -I- b '_~ L l;
(b - °L) = , (a - bL) - (J; - b)L!- (b - bL) = a - ~ _ ~

b- bL -,' (a - b) L 1\ = a - bL - i(a - b)L+ b - bLj =
..!

(2 - bL) - (b -bL)} - (a - b)L =~a - t
' ~, .

(a - b) - (a - b)L = (a - b)S'
(b - bL + bL)~\- (a-b)L

,~

The mapping a '->(as~ aLl f'r-o.n A onto li(' x AL is an isomor-
~ ~ .

phism as is ShO''''D by lemmas 2.24, 2.26 and 2.27 and so A is

iSomOT;-;}1ic to 1~ X i\.r. The converse is obvious. Thus the~ 0 ~ ,

proof of Theorem 2.9 is coiap Le te , Q -.,;' ',\
.J.:JoU.

9o~:Q.118.l'1L.g,~4; L D.R.L. Semi group is the direct )roduct of

a D.H.L. SemiLrOl}.p with "0" as least e.Le.aen t and a. commutative

lattice ordered grol.:''p iff 0 - (x + y) = (0 - x) + (0 - y) for all

x and y (Theorem 3.6 [6 J).

h ,----.-- ,, ,_
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I\. subset S of A .i s called an ideal iff

L) 8-, b

1'1'1' ) X ~~

.. \ ".11) a

S im~lies (a + x) - a S for all a.

SemigrowJ in the sense that .i ) It Ls closed unde r the ol)erations- - --.•.-----.-...•...---.---- .•...----,---".--.------.~ ------- ~,-,-.,. _. ,"- ...•.... .,"'_ ..,..,._------- ..•.- .--.----,~'.•.......-~---.~~

Proof; Let a, b (-S. Since (a * 0) * 0 = a * 0, a * 0 ( S.

Similarly b * 0 "= S and a * 0 + b * 0 = a U (0 - a) + b LJ (0 - b) ~

a + (0 - b) J U 0 ~ (a - b)U 0

Similarly (b a) 'd 0 f. S and

and so by (ii) (a - b) U 0 t S.

aUb = (a - b)'JO + b S by

(i)9 so that a";' b = (a - b) U (b - a)f.S. Now (a - b) *O<a*b
\

and herioe a - b f ::1. Hence S is a Sub Semi-D.R.L. Senu gr-o'up ,

Let Then x * 0 ~ b LJ( 0 - a ) = (b * 0) U (a * 0) (- Sa:s x L.. b.-
and so x ;c S. Thus S is a convex-Bub-Beuu.-Tr.Rs L, Semigroup of A.

Q.E.D.

Pl:Q.9J: Let S be an ideal in 1~. Define a ~ b iff a * b f S

a E:. S. First we shall show that is a congruence

relation.

That "::::His r-e f'Lex.i ve and eymcie tr-i.c is obvious. If a =- b ,

and b ;;:::.c , then a - b , b - a, b - c, c - b E:: S and (a - c) V 0 ~

~(a b) (b c)}UO r r-: and (a c) !J o f. S by it.- + - c o so10

Similarly (c - a) D 0 E- s and hence a * c :: (a - c) U (c - aYE S

or a-=-c. Hence "- " is an equivalence relation.
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Also a - (x + a) = 0 - x a..VJ.d (x + a) * a~l(x + a) - a'}U

<.::. a -- (x + a) ~ ~ x U (0 - x ) = x * O. Hence (x + a) * a ~ S\
for all a , if xES, 0r (x + a) - a t S if.':::: E- S.'

If a=: b , then.t (a -b) + (b - c) J - (b - c) -E S and

1(a - 0) + (b - c)~ -- (0 - c) > (a - c) - (b - c) which implies~ ~ ~

S'(a -c) - (b - c)?.UO CC-S by (ii). SiwilarlyS'(b - c)-G J b
(a - c)}u 0 G. S and hence (b - c) >;- (a - c) E- S or a - c = 0 - o .

AlSO~\(C - a) -. (a - b)J - (c - a) ~ (c - b) - (c - a)

and since t (c - a) + (a - b)} - (c - a)E-S by (iii)t (c - b)

(c - a) 3- t) 0 E S. Simil arly Z (c - a) - (c - b)} u 0 f S and

hence (c - a) * (c - b) (; Sor c - a:::. C - b..

Thus if a:::: b , and c - d., then a - c:::::b - c -==-.b- d.

foJ. so .I' (a + c) - (0 + c) = '1- (a + c) - c} - b ~_ a - b.

Hence ~(a + c) - (b + c)} U 0 (;; S by (ii) if a - bE-S.

Simi:!...arly t (b + c) - (a + c) JU 0 C:. S if b - a E:- S and So

(a + c) * (b + c) (-: S or a + c -=- b + c if a * b f.- S.

O~~ the S8.1.1eLi ne s , (c + a) - (c + b) =:f (c + a) - b -c Z
LJ

.1 c + (a b)} - c~S by (iii) if a-"\) cs. Hence

t (c + a) (c + b) 10 0 l. S if a b f. S. Siillila:::'l~y-

$' (c + b) - (c + a) 1- U 0 G S if b - a G- S, so that (o + a) -l(-
~ J

(c + b) f. S, if a * b E:- S or c + a:=: c + b if a-=: b.

Thus if a:::: band c ::. d , then a + c :::: b + C =. b + d.

Finally, (c. U c) * (b U d) = (a U c - b U d)~. (a - b)U

(b - a) U (.c - d) U (d - c) = (a * b) U (c * d) so that

al) c * bUd E::- S if a * b , c * d f·,:) or a U C ::.:.:b \J d if a =- b.

C d•

..--•..-------~--~--.--- ---- ---- - - ~.-------.---.-.--~--.-- .. - " .



,: r

29

TJ '" II II.nererore ::::: lS a congruence relation.

Let "g" be a corig.ruence r-eLa t.i on and L be t~1E Get of .'0.12.

x .• such that x - o (e·) It is to see that if x~ '.T L,- •• -- . e aey ~- v

t::l.8n x + y ~ and (a + x) -- a f:-. L for c:11 a. Let y * O/. -o- ~*0A.<,

end x o(e) 80 that 0 - x ~:... o(e) so that 0 - x:.LL then x

hence x * 0 = x L (0 - x) (~;Lo Now O~ x * 0 = (x * 0) \J (Y * 0) .:

o tJ (y ~~- 0) IT * O. Hence y * o 4-:t.Also 0 Y * 0 \.Y u(O \ ,= - = Y/ '.., Y,-' -
'- 0 l) Y so that y U o ( L siI.:.1ilarl;y o U (0 - y)f: L. NOyJ-.

y = 0 + Y::: (0 - Y)LiO + y~ ~T LJ 0 so that Y:'; 0 or Y L. Hence

L is an Lde a.l ,

No w let R be the congruence relation obtained by defininc

a ~--b(R) iff a-b~ b - a r; L. Then a~ b(R) fA a ;(.b ~ L.(:_>a * ') -.~

o (e) so th at ( a- b) U 0 =: 0 (e ) . No\.! a iJ b = (a - b) U 0 + b

o + b :::-b(e). Similarly a U b ==a(e) or a - b(e) ~ on the same Li.ne s

if a:::b(e) then (a - b) U 0 -= o(e) and (b - a) U 0 _ o(e) or a * l,., .~:

o (e) or a * b f- ~ e o that a::: bUJ.

Hence the ideals cor-re eoond one to one to its congruence

relations.

Qo~:r.:..oll_aIT.._~: There is a one to one correspondence bo tveen

the congruence relations and ideals of a commutative DoR.L. Semi-

grou}! (Th 0 1.2 [6 J ) 0
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In this section vIe show that a commuta t i ve Semi-D.R.L.

Semigroup is ?J1 autometrized al.ge br-a , A system 13 = CB~ ~ , +~ *)

is called an autornetrized al.ge.br-a iff (i) (B; +) is a binary

commutative alLebra Hi th a zero element "0" (ii) .::::,:.is an anti-

symmetr-Lc reflexive o:l"dering on 13(iij_) * ~ B x 13 13is a

mapping satisfying (i v ) a * b ;:. 0 wit h e qua.l i. ty iff a = b \

(v\a*b=b*a., (vi) a * c ~ a * b + b * c. (for details see 17 ~),-, ..l •

In this section we assume that (A;+) is a commu ta.t Lve

Semigroup.

De f'Lne a . b = - a * b. 11 " as the nru.L ti}Jli-We refer

cation in :~.

Prg.9J.:: a + (a - b) \j (b - a) = (a - b) U 0 U (b - a) + a =

::(a - b) \J 0 + a ?,. u ~(b - a) + a \ > a \j b. Hence a ~ a \J b -
\) -' J.., .) »:

(a - b) U ('0 - a) == a * b. Siiililarly b ~ a ,b , Q.E.D.

I:.ro.2J'~ a lj b - a s b = (a - ab) U (b - ab) ~ (a - b) U (b - a).

Alsoa*b+ab=ab+a *b=(a\jb-a*b) +a*b~aub.

Hence a * b ~ a U b - ab , Thus a U b - ab = a * b. Q.E.D.

.'~;,

T!l.e.Q.!'~m 2.ll: A is an au tome tri ze d al L ebra with "*" as a

dist8nce function.

Proof: Define d: L. x 11 --7A by d(a,b) = a * b. Then by

lemllla 11, a * b ~ O. If a * b = 0 then a - b.z.a * b = 0 so<;

that a I b. Similarly b L and b. L.lso * b + -I.) * C; a so a = a-- -..:"-
-> (a
/' b) + (b - c) ~~\.;.{ c b) + (b - a)'= a * c. Hence Lis

-'

an autometrized algebra. Q.E.Do

,
__ • •• oJ
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From the above theorem it follows that, counru ta t.Lve latti ce

ordered gr oup s , Br-ouver i an algebras comnutative D.R.1. Semigr-ou2!S

811d Semi Br ouwer i an algebras are all autorne t.r.i ze d algebras. VIe

ref@I' to ~- as the metru c on J~ 811d 8. * b as the distance. between

a and b.

In a commuta't.Lve Ls t tt.ee ordered .gr-oup, the metric * is

.invariant under the group tr211s1atiol1s. That th~s :pro}?erty

characterises lattice ordered groups among the class of Semi-

D.R.L. Semigroups is established by the f'o Ll.ov.tng ,

!.11.e9x.eJll_._2..!.J.).~ !•.~__~i_:1Jh_too i_~_0_~"ttiG'§-9r_dered'grouE Aff the

£istan,.9JLj.~ 111.v.§,ri2.D_1..U4.d~r _t~r_®§J_~iigJl~_S_.l-..!~.-!_._Cl.._~_,~b_.::_t~t~-t...2S.t-==-

il?~._±.~)_.. fOX__0J).__X_s:

Proof.
(~ . (")

::: 1 * (1.1) ::: (1 + 1) * to (1 - 1) + 1 J- =1 * 0

(1 + 1) * 1 = 1 * 1 = O. HEnce 1 = O. Hence. by theorem 5 y L is

a lattice ordered group.

l2..efir~ij;J.9n ._ A is said to be aym.ne tri c iff a * b ::: (a + b) *ab.

Our- defini tion is slith tly different from the one Ci ve 8 in 17' -;. !'.. J

but is more general.

TheoreA'!.._~•..1_4.;

alge_b.!'§:.

J?ro_9f : a - a •0 ::: a * a. 0 ::: ( a + 0) * a •0 = a * 0 ::: a 0 - a •0 •

A is symmetric iff l. is a Semi-Brouvleric1l1.,..-"-.--..-~ ..--:--- ...---,-".------<.......---,. ... - - - ..-

Hence a = (a - a.O) + a.O ::: (a U 0 - a.O) + a • 0 ::: a .J 0 so that

a·~. 0 for all a , Hel-lee a + b -?- a U b. 1'.180 (a + a) * a.a ::: a", r,

:::0 which implies a + a ::: a.a ::: a so that aU b = a 'jb + a:)b-:?:-

a + b. Hence a + b ::: aU b for all a and b and so h is a Selili-

]rouwerian algebra. Q.E.D.

-----_ -----_......-------_ -- .
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The yr00f of this t.heo r-em requires the f'o Ll.owi ng two

lemmas.

If a .>b 'J c and a -b·::;::'a - c then c -:=: b.-."' ..•...,.-.,...~. -- ....., .•. ~...-~..-,---.-,- --.- ---------.:.---- •....------~..--.- ..•

Proof: a * (a * 0) = (a * a) . * 0 = 0 so that a = a * 0 or

a? 0 for all a E-. A. Hence a-b~ a. lUSO if a ~ b then a - (a-b)

= a * (a ~-b) = (a * a) * b = 0 * b = b. Now if a> b0 c and
r-

a - b -> a - c then c = a - (a - c) ~ a - (a - b) = b.

Lemma~..?_~)l. ,a.!bJ~~~ great_e.~j._.l'..9\ve~r:~b~()~_cL~..A..§.lm~~

X:tQ2..:t:= Let x za and b. Then a - b<a - x and b - a (·0 - x ,<, ,.. -........;:

Hence aU b - x = (a - x) lJ (b - x) (a - b) \) (b - a) = a \) b -a. b

so that by the above Lemua a s b > x ,
,/ .

Q.E.D.

f'o.l Lows vcha't A is a lattice and so A is a D.F .L. Sem.i gr-oup,

Hence by Theorem 5~ [4] t, is a Boole811 ring. Q.E.D.

.i ) a * b = a * c -::;> b = c ii) 1... is reLular and the group

of isometries of A is Silll1jlii transi ti ve .
•.•.• 'to' iii) h is a Boolean

algebra.

(An autometrized al[,ebra is aa.i d to be regular· iff a * 0 = a

for all the elements a. 1. mapping Q from an autometrized algebra

into itself is called an isometry iff a * b = (T(a) * () (b) for

all 3-, b. The group of Lsometr i e s is ca.lLe d simply transitive iff

given x and y there exists an element a such that x = a * y and

Y == a * x see lU ).---------~-------.........•••..---.-.--- ..-
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Pro0f~-- -- ...•......---~ l' -~(1' .i.i \
/ -I· a ~ 0, then E .* " '" - ( .... - b ):C,.l. c.l , • =L.'

a - \ a (a - b)f = a -, 0 = a * b. Hence a - (a- b) b. T-ri =
a>b ~j c and a - -b .> a - c t'n_en c a - (a - c) » a (a b) G,r -- = - - -./

Hence c '-, b. If x : a and bs then a Vb - x = (a - x) l (b - x.;.?.
~J"

(a -0 ) . '- ('h a) -r., aob. Hence 1./ ••..... b. Thus (1.• b. is- ; I a (j xj ,u = u - ~Cl..

the gree.test lower bound hf a and b , or I.. is a lattice. Hence

1.•.is a Boolean 'a.l ge bra by Theorem 2" 2 [5]. Q.E.D.

ii i £ollo\:-!s from Theorem 13 )-7 1'- -'
iii i and i.i obvious.

'[} a;' b Lmp1i es a - (a - b) = b

vi) a=? b __1,fL'l~b "__-=__b
J'ro..,9f. mht' 'C").•.a 1 ...:::..._/ 11 ? and Civ) is obvious.

i ...:-j> (v) we have 2.. b. --?:- b since ab is the g:ceatest lower

bound and b is a Lower bound of a, but a.b.f-.- ~). Hence ab b.

Sirnil8Tly ac - (a - c) .:;;..
~'Now c = ac = a . J C - (a * c)= c. = a

a-(a - b) = a.b = b.

(ii) )(i) Then x = x .x <. x , b <.x .'---- ...••... HenceLet x .,: a and b.

Xc b = x. How x = x.b L a.b. Hence a.b. is the greatest

lower bound.

-------------_ •.......••..•_----_._---_.---------------
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( " ) ,. (x va) . (x , b) =( "+h en x : '" D'vi... _ !r.. (F!,.;

a.b therefore x a.b

(v·)-~ (;v) If a ~b Jc

(a- b) = b.

- c then c =a-(a-c)'>a-and a

(rv ) C-'", ) a ) a - ( 2. - b) = a - b . Hence a -- (21, - b) = bo
-

(v ) and (v:'. ) are e oui v-,::.lel1.t Q.E.D.

The Lmpo r t anco of the 800 '12 theorem is reflected in the f'o Ll.ow.i ng

(L. o : is a given semi lattice. and 11 " 02")erationis a

0::1 L aa t i, sfying

'1. a u b - c = (a - c)\)(b - c)

a - (b Ll c) = (a - b) . (a - c) where ia general for xyy L

x.y = x\.)y -.(x - y);.) (y - x),"
v

2. a ( b -:-:-;"c - b = (c - a) _. (b - a) for aLL c.

3. Given a and b in L there ex i s t,s c j' P - c = (p b) - a =(p-a)--b

'the n (L. I)) is a Latt.i ce and a coruau ta t.i ve boolean-,

L- al Lebr a j. f a - ( b i c) = (a - b j ,) (a - :)

In vjevl of the above theorem it is sufficient

to aho v that a. b is the qr-ea'te e t Lower b01.U1dof a and b.

Let x ./.a y b then x - a •b = (x - a) U (x - b) ~ 0 the re fore,

If (a - b) • (b - a) « 0, then A is a Boolean-....•..

L-altebra (see [3 J ) iff any one of the above s ta tcmen ts holds in

. ,
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CHAPTER 3

7)6

CHARACTERIZATION O? A CLASS OF DUALLY RESIIDATED------..--,--.-----~-- .-,--'- -.- •.-'-.~.--.-- .

LA':I:TICE ORDERED SEMI GROUPS BY SKEAVES-- ..- .•..•...._- ---.-.-.- -- --.-.-.~- -_.'"-- ..-----.----

~T~OWCTION:

The notion of a DLl&ll:yr-ec.iduate d lattice. ordered semi.grou;

or brjofly D.R.L. scmi gz oup goes back to K.L.N.SwalllY (see

f.?g 3,49 5J ) vho introduced it and obtained i 1j as a common

abstraction of Boolean rings and lattice ordered grcups , thereo~"

solving Birkoff's \;roblel1lno.105 rl1 (Is there a com.non
L -'

abstraction which Lne'Lude s Boolean rings (algebras) and Lattice

ordered grol1ps as s~l)eci;::0. case s" ) in a Leneral ve;', In this

paper ve study the atruc turo of a D.ll. L. seilligrou) and characte--

rise the class of all cj.R.L. 8eilligroups \·;hich can be obtained as

the I glo bal sections I.li-th coeipac t o·;.)ensupports of a Rau.sdorff

~roups over a base space x vh i ch i2 loc2.11~!BooLean ' by a set of

three conditions 1, 2 8nd 3.
~hese three condi tions nave a useful interl)l~e t.at.Lori in the

particular case when the D.E..L. st':;.:nit,roupis a Latt.i.ce ordered

group. Condition (1) is always t.rue Ln arlY arbi tl'2.Ty lattice

orde red J::rou bu f t " t.Lor ('J_') and (3\).u. U t.: P> utA J no so conal lO~lS c: cu..!. In fact

Bal1aschewski has shovn in r 6 -\ that in a lattice. ordered grou:.)'- .

G condition (2) is satisfied iff G has a realization. Banascn«-

VslP-has also establisher} c _..dition (3) Ln a compLete lattice
"..----........
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that of filet::': is ;1 BcoLean rj.ngtl

I

j, ··£:t~)YQ ('....•

s uanl. v OX'UfT€.-:-1._.._....-.._=..l .._...~_._

S1)8.08.~ ..•---,,--.-

:-6 -:
I ' I- ~ in a.; q

,•..1-.i.";'

She si:' ·;__.~r18ore i.~ic;SE;11Sf~ II:

CrC..j~(;._ »:
:t~l:.tF .;'1 {'l:i..-v-i<L(~d trrto t\ ...o E;e(":·tioI18~ In the first section,

• -...J!:l.!lf- 3e.~t:Lon (2) L3 devoted

.•..... ~.. ...- .'

) ,is' ..... ;'

(-. l' f.\·\ ..';..""..l.) \ J.:.:

;l '. b
/ b) u (~ c)x :., S + _. i,a .... x + \ :-;. ....•. ~~-

"
a + x n v + b (x -~.. •..,.. "1-. b) (\ (a --I- " "1- b)oJ ,- J.::'- oJ
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(1.3) Given a and b in A tl>-~'c, ~;;; a least x such that

x' b ~ a (this x is d.enotsd by a-b)

(1.4-) (a - b)U 0 + b c. a \~b fOT all a ~ b
"'-... .~ --~_. X ~ Y 1:.

(1.5) a - a>,€!c

For further res'LLlts OYi D.R.L. se!,1it:r'OU~)S~ wh.i.chVJe vJj11l;(:; usf.ng ,

wi tho"L:..'t Jll,l1cilV~ an cxplici t 1I1€!:tiJ!1 of t.hera, we refer to [2? 3 S 4,51
Throur;hout this :)al)er .Astando for a D.ILL. s€J.Jigroup and

a, brx,y? ••••• etc. deno te t~le ele.U8J.lts of A. vie assume that A

satisfies +he fcl10WiYtC t,~!O conditions

1. a n b - c == (a - 0) (~(b - c)

2. x"> 0 LmpIi e;3 x n (a - '.+. x,, - a)~ o.
We denote by 1:.+ th(; set of cJ.l 7... ~ ';-1 such that x ~ o.

fif,' -:-;i T·,n, T ·1' T" "'.k.G2: '..,_ •• .J... _ • oJ.. __ ••..; _'_'; •....-.. •..-. ... ;..; ..•••. -'" .....•. A iil ter M in A+is aa.i.d "tv bc normal.. • .~.- ..__._ -4._........-

X r T'i .;, -'I' ee ( ,'I, t: ~"T .0 'i' evexv a" "., ~1jL ...l.~,.,'-> a -r X ( - a '. "·!s :!:.2..~__ ~•• ,-..t.._" 0

LEIVn,;:L 5.J:::f 11 ,1.8 ::::11ul tr8, filter in jl.+ then 1'11 is normal.--,. ---- __ .._ .. .._ .~.._ _- ._ _,._. ,,:." ..•_.•__..-. •.J_ ~''''_''''''._''''·.·n···.••...••..••...••.....- •._...-...:._._

~t':r-oof ~-....•.--~~ and 81l.1)1.)(; SC (a + x) - a rt l[ for' some .a,Let x E j'[

Since I!li 8 1.-'.1trR, tiier'c cXj,St,8 c :: r~:'l

Noi,,' x () c (i (::.; -;. .x (1 o , -a = x ;'1 0

sucn t:~ct:;~:;:~);..:.:,,).....~(.~~("...- nv.

"" <:' ( .• 0"') ..."

I I t 8, -t- X) •• a j i I

't(a + 0) - a "j = Q whi ch is a co:n,tradiotiol1 to condition (2)

Si 1"(',-=> x {'\ ,'" ...• 0
_ .•...••••..•"-' .1' I ',~ /' •

TJ'I·'!f.C:t, 7:'2: I+' ~,f -i co ;0.1."; . :1+-1.~'" -r"~L tc r 'i '>") A+ such tha'~...-:.-;.:......:~.;-....'" vr __~....., t":.. ~~O .•. ~:-_\,"":. " •.•.••.•.••'J~ ..~:.:--,.:.,_:- .•..•._1J~_~_~~_. __ -=-_ .. ::.::.-'::::.--'=~.:o

k.+ xl_,~,_Q,J~,Jl.. fgL ..3.9.!l'':~.J~.:~henx ( 14.

Let. (8, -:- x) - a(, M and if poae.i bl.c let r
x f+: Idr: once again

there exi.s ta c f ~',I such that x () c = 0 and Since 0 0. M~
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(a .,. c )

£ (a. .:. I
::: f -. :.> -- (a +0) -a =0-, )v .

and hence i f:l ncnzer-o , 0.E.D.

_. c= : I
- " 9

r'.

Proof "~--
-.;'-,'.: 1°Y} "P.;~ ,::U,n. ..'J:.~,', . ",-_.',~".'"s:.•.• ,.. .•.'...... [, .,.. ~ • C'" '-.... ")'"M , •• ,.;.: ••••• I'"\. ,..,.; n -:..; J ,.' .. -,") l'':)''

~.........; •.•."'\: .• I. .!',:~ ~:".~l c.::, n'; +.;.~~.~'\~ ;':.t.1"~;9._1..'·.) ;'~ • ..:";' .••!.v...J....': •.-:.•.•J..}

r ..
\ =:.. ".- - a j > o.

•• 9. {. L fer c.' '.:,-:v 8~ b, x, v!. B.__ ..•. _ ...••_..•. .-.oL.~__ .......- ., __ -ZJ_ •••. _~ .••••••• ...., •••••.•_l_~ __ .

M is an

K.:; i£1'-;.;: ';.' 0 (. K;o.!I and X f
,!h ~

alia. 2; f:- K:r-';;.,..
,

and. »: * 0 ./,. }. M such thatH,
..... )-, .,

'J
:.:0d •

K,.." •
.cJ

Y*O+x*Cl + x *0r
'C. .;:::*0 ry -1.-0 +» 1('0

"!'f'

'C\'U
'.\

8.1':<.1.

\

'i \.. \

" t.----_ , .

\
---',--- ...........• _ .... --... - .~.- .. --..--...-- .......• '- "
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Now (x+y) * 0 = (x+Y) U t O-(x+y)} ::: (x-sy ) V i. (O-y)-x}~ (x*O+ro--)
r. n

Ut(y*O ,'+ x:*O) j ~ x * 0 + y * 0 + y * 0 + x * 0 E: KM~",••"x+y f KM

in order to completE; the :proof we now have to check Hhether 1.3.2
is satisfied inK.!'!I" Let xf KI:1 then x * OfoM and so is (a+x *O)-a

if (a + x) - a~' KM -then '~,(a+x)'-a:~ * 0 E- M and since {' (a-sx) -a '~ * 0

(a-sx * O)-a~ since the latter be.Lons,s to Ll, we get a ·contradiction.

Therefore (a-sx) - a f KM and so KM is an - C -ideaj. 'l.e.C1..
£tem,ark 5,1: It is easy ,to s!3~ tha't, KM i.~_J.n!ac\ a, mi.nim~

printe,-:-t -ideal.

AjKN sss: the qUoti,E;r__U_.Ji.L~ti!.ij;.r..Q..1.:;::'?§. clodulo KM ~.~ KN

F.,esp~ c ti Y.§.1;l.

Pr,oof: Suppose x(K~.i) = y(KN) wher-e x(KM) Cl<YJ.d y(KH) are

the congruence cLaase s of x and y modulo, Kg and K~\~,respectively,

Now x-I x-s ) = (x-,s)-~ < (x''''' (0"3) ).·X E-KI\f. so .that;
- .t.:J.

x * (x + s) = $ (x + a) -x ~.l)~ (xL J w
(x+s)? r;

..' "-. IS,~'<..,
so that x + s E y CK1{) f therefore (x+s)·-y~ XI-/' 1':0 i·j '~. (x+s)-xr~

':::'1,(x+s)-Y} + (y-oc) k=: KU. S'~;th2~t ~ (x+s)-x'~ V 0 (( KWby 1.3.2.

Also x-Lx-.s ) - (X-'3'\-X t {X+(O-8)','-X (,"K1..,-.,3il~CC O--s~ Kv<- I ./ .••••••• _',,.... "".

(x \ " 1;-·+s j -x "'11. Since "IS~ is no rinal , \0]8 have

KMC K1.. and so N C M. Therefore If = ht



In -:~,hiseec ta on vIe ccnesruc t a Sheaf -; ':f I II, X > of non-

tl'.i.vial simply ordered .J.R.Le semf.group e over a. locally Boolean

base space X •

the following.

( '.Z)· . + .. h ( ,,*' .- ( . -;I.. ". t') g~Y~R-,-8.:.J.E.£_A W~-L._~L-~~ "there .~S a. posi .~ve "I.l_

ba";(,isf~TL1g (x *"'.1) n s. = 0 :~·nd(u) * = (a) * vhe re in general

(z)* -- ." ~YE-A~
v I

zny=o;~ •

•

.,
8. ;': ';\;'1 !.' .•. J

f 10ca.l.Ly Boolean space' s truc ture f cr Xc. A).~

b).
vie will now shcu-l---...

lIenee M (-:'iC c)'.~ (I.

r XC \ ( c•. 1\ i-"\') ro,'
- _40J L ...~···'-i e

1:.18(, if h1,H {..:-X( A)
I

S~' :~;[1 ";:11.2-:J a.~ £1 and
i

~ C. XO\J ~ (c) i.s•.. 2:. n .hvd , of

hence

exis ts c t" euch that

1,','·' - "- , )and is d i.s j oint ·eJ.i tr.'. J:." a ,



i.e.
• ::t.-

HE.; have (a) * C (a n D)'"., (- 'L <1. n b) for EOlle b.
17\
'-.j I there exists 1.1. 8atisf~ril1g (u) * :-:(a n b) * and (a-u)

It. 2as:r

E ...YJ.d so 'YL (a) - 'r), (a t: b) ::: ";'; ( (<:>.-u) (a \1 b) ),i"ihich establishes

OlU' cLai.m,

No"'- let ~1'1(b) \ b :- I'~ bc; a. L~;'i.ilj of basic closed sub-,.

se ts of ~ (2,) \'i th the fj.ni tc Lrrtcr-aec tiou property where I is a

subae t of 1.+. Since l""t(b) \ b E: IJs~tisfi8S finite intersection

pr'oper ty , BO is I and consider the: filter IJ gonerate d by 1. Let

M be an ul trafil ter such that L c:..He 31nce b E: 11 for evci"'y b E: If

vJ8 have M ( ~ (b) for every b which w.eans

Therefore "1 (a) is conrpac t for each a.

,r"\n (1-. ) 1:. rI.
It \,\'\..I ,'Po

b t. T' .
q.e.d.

VIe ·vJill now cons tr-uc t a Sheaf .~ ':f, IT, X> wi th X :: X(A) as

'.J AjKLl and d':,;fine .:
1',1 (.. y( I' ';- \.. ~•.\ ~I

'']' (1~) --7'--..:;,1." ( I. '\

""'~ 1~) =

-,-r.) b)'l...\ ., ';1 For each
"'X
x ~ X( A) --:; 'J (il) be de f'Lne d Then

xfl_'; x(~_ (a) :: '""(A) so

fo rrn a S1"'..1"U~p. Gce. f'or rJ +'o"l')IO'-r all <o (I)•. • L. ':;Lv'" c.... u t! '.';'.«J ..J \ ~.~ •

l\
:~&hY..t..2,:L_ §l3l?~_2Xd~.£~~q._u•.:~"Lo_s_e_r@.,.RT.:?UPSand x ---7~ x is an,
embE~dding of it .in-t,Q, set of~all



:Froof~
/\.

rr :,,)\
First, ve Dh~',ll encv that each 'i: is ooen-contd.nuous

.. t t ''::i nee '~~- i < :~ ( n \ ~.J) " ::: I'-i t- 'Yll\ Q) \= )_;1eni y. .,~,,,,'J' l l ,t. .

r;' ,

( )
(\ '<, v: t' __a . I -: ~~\ ~~I

t
1') (x*v) :.

\; .., ..:.
I,
x is 0pen end 'If"D x =,identi ty fo::'

"
is contd nucua,

every x:~
,.,..-
II as a local hcmeomo r'phf.sin ,

,~ A 1
Now 'x /-11([0 . ~)l (a) t : ~'O- x(j (;:•.) -.- is i)J)en~ corrc.i.nuoue and is
2. bijection. ~usorr/i( ~l(a')) :=:'~:,. ~ \'rl(a)'~-lso th;">,t.lr- is a local

homeomorphism. Lafj~lY~ put t: I, -:' t'1 ) -+- '-:".( /~ '.) --) '-fC {1 )

+ or -. \tJeshall

i\
S :: yO-i)

f'
81111 t :: z(M) and M :: \T ( s ) = -;.-(t) .3.1l~!.

r-;
let x (r',! (a) )

I\. '.••......

x(M) = u (: z (M)
" I>»

which x :: y e z ,

be 8. ~1.h.d. of s r. t. Now 1ft (- \ (P.) 8111 since
it fo1»\J8 that there is a rt.h •d, "n, (b) of M on

8)) is ~ n.h.d. of (B.ut). , .
'\

it :C':;t;"dilJ £0::'=.;"1\/8 that x .---~ x is an embedding.
, I... "

id ,1'1;1 TOl'

Tl:l'i,..tS .,~ ''f, (i, X>i s a .she af of nontrivial

~~
\' (x, '::') -glDba,l ~~~l!.i_O~Il.!3__'·;).:~'lt...c:!t':l'\.r~cj~~j:,-ep.•.•O:oJ..rport.~.

T}y~prr.·oi' of' tj~is t..h.eorcm i::. establIshed i:;';, the follo'Ylirig

•• -------------------------------------~I



..-' .

A+ w i th "Y1 (a) S:...·'l (z ) ~ there exists

t>. /\
u:= Z on (a)

A= 0 outside

* ~-(z)·::._ (a) • Hence by (3)Since crt "':18 have

there exists u •r•.-l- such +~ ,,+ (7*', '\ rl a = 0 and (u ) * = (a) *. Now•..Jv __ .:.. I.".tj;~Ci. V ~ •.•..••J ,..... ~, VI

.r ,,~~"t ( ) .J:', ,i! I·, r· ? .l' r. L-~- -..•. \.... '.. ..•. ....' I!i so that (z *u) E- 1111:fromeny 11 Z(A) s then a 0:

M. I:f IIi1;1 (a) C ('I a = 0 :for some
f\

... 0, at lli.

l'.. r-;
which ve gEe t .~~:= U on t.nen

c E I'll and hence u (,
f\

o r so that u (- KT'!'l' and so U
;"

n _
v -

q.e.d.

LEbL'I.A 3:7: l.~t,_~_~ Ii. and a E )~+.Wi'th_C}J(a) (..")1 (x * 0h_.me,n
1\ ."-

-yo ~ A ca~l.be§9__9h.2.s~n ,tha.~ JT = x on O:1)(a)
A

:= 0 Q."U.tslA..~

Ez:')sf. ~ If' x+ = 0 u x and x-= 0 U (a-x) then x + 0 U (o-x) , =
x\J (x + (O-x:))>xUO and sr, x:= X +0 :='~ X +OU (O-x)<r--/ t J

:2-.0 U (0 x) .'\ ?- x \j 0 0 ~J (0 - x) , Also x U 0 - 0 \J (O-x) :=

.x U0 -.}~ U (0 x ;; 0) + x () 0 ~ x U 0 + x (\ 0 = x,x) .L (-;

so t.hat x =x+ _. x"; Since <Y\ (a (; x+) C 'q(x+) andr\ (a () x) ~ ~ (x)
.. , \ '

f oLl.ows freE. the above lemma thr!.-t, +he r-e exist u , v f: A+ such
/\ "tl'lCtt u = x ..•· orlor') (8., (\ 'J~+)

j

_ ~r- !.) 'f', ",. (r" {"'I x)-.:~ _.&._;. (,..:'" . .J

r-;
== a .on outside./"'-

- 0 ou t.e i de

,~~or~f H ~.'11( ~!.) th~~ Mt·~(a f\ x+)
V :: 0 at ~i~ 311d soy :: 0 0 Nowand Hr' '1('''"

11 E''1(a)

/\
80 tb.2t u = o~

r-n x),
then ei thee :.J( 'f{ Canx+) or M:'_J'\ (a(\ x"') (but no-z

.' 1'\ r-: r: I' +both) Lf ~'.,!f C" ( ••..... '+-).J.- -{~I" ('S' th t .-lJ.L _, \:.. n a r v x ,,,,1.Gn x ,£:) == 0 rlL) so a s > U = X T X
t .

~. A ~
;:: x at M e.. sil.:dlclI ar'gumerrt rives y = x if ~lilT t'-it (a 1\ i) q.e. d ,

let

--------_ .•.... -..........••.... - - _.,-_ -•...-.--.- ---- --..~-~---------------
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r t-.
J.£IqUJIA3.i~If f E. . " (x, '-:f) then,_ f = x for some x E- A

• . -----_- ••••1 __ ._ •.•. __ .__ .~. __ '-- _ ._._~ - -=-. .. :;.,_.. ---

Pr:o L±: ~ Let Y be the support 0 f f.
r"exists xM £. A such that f(M) = xiII(M)

Then for each ME- V: the:ce
f\.

so that f = xlfl: on some

ccmpac ton, C'Yl n '", d c'l'l (0:; '\ 'SJ.·l~ce
- ~ .\0' < L.~. .• it l UbI I .; , • ,

, + f' :'. ....'('v ',~ (. "ana S'l..L ••..~;pOl'u C)" ",1 )J.\ r ... r·~ , '" .'

I'
f :: x,

,(~

It follows that V Now fox each I:.'lf: V tneneis
ox.'(:n

(' 'if " '1'6, c..• v.,~ h_
l JYl .

v so that by the. par t.Ltd.on
, ..•..

0.'
I, ... , C~'), (- \'.
./ such')- <?;.. "" {, L-.}

that
n
U lilli, ), ,. :.,

en
r

ann A- - Iiv
and "(. I~"By the abcve lE.'lliiJ[;. He i:LaveLl t. \: • I

/\.
such that .1J ( -:: "1.~,,

~ Ci

on '-.~ t n ).; \ -v,
,

',:"\ x, -:t~
r'\

we have f = ::;;:no \-1 }?U t tinE ....i.. -'1..1. j -\- 'U ~.of

<l.e.d.
I "-Rem&rk -~.5: If .: -e [I '" ". is 3..."1"; sheaf of nontrivial' GiLl,:):>:

• • _~ -_" __ •••••••• ' p • ; .r". ,.,' __ ~_ ..••.. -.J..•.r_ ....._.. L- •••• __ ._ •• __ ...•-.._ .••.•• - .•• -_._ .•• .~ ••.....•• ;.

lthen cond.i ti·oot!; CJ.); (2) \I (X '-J" ,I ~ ) •

Tj,e au thaI'S it:i sh -'GO -thcutkPr-cf'e SSOX' L.lladi E8lJakri shnan

for his active encour-azemerrt 'durLli~ trH; nrcoaration of this pape r ,
'-' '''C J.,._ .",
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The notions of Normal and Distributive * lattices were

introduced by W.H.Cornish and T.P.Speed respectively in

It turns out that a normal lattice is a generalisation of Stone

lattice, while the class of distributive * lattice includes that

of distributive pseudocom:9lemented lattices and hence there is

some underlying relationship between these tvlO oLasses , which

has not been fully studied. Hdwever9 the following result of

"L.R.Cornish is significant. "Every Normal Distributive * iattice

is sectionall:~; stone".

In this ch apte.r j we shall make a .nuch deeper study into the

internal relationship of normal and distributive * lattices and

ob t.af.n some interesting resul ts wh i.ch we present them as remarks.

These relllarks 1Jill in turn 9 exhi bi t the unl.LkeLyhood of the

\ - generalisation of the results on Stone lattices or distributive

." .j.

;~:

~- .~:
;' >"'i~·

paeudo comp.Lementcd lattices to Normal. and Distri buti ve * lattices.

In a distributive '* - lattice L, ~ i ~ l- there ext ste,

an x t .: L such that x .-, x ' = 0 and x ") x 'is dense. The

following r-eiaark establishes that the association x -~~ x ' can

never be a mapping without L being pseudocomplemented•

~ela~~~Jl: A distributive '* latticeL is pseudocomplemented

iff x ' J x U x ' is dense and.::J, a uni que

*~-------------_._-.._---------'--- ----;---~- - - ~--:~--------- ----~-----~-----
Presented at the meeting of the Tami_ .•adu Academyof Sciences
held on 24.10.1977 at Matscience, Madrasy (India).

-------------------------------------------------------
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Proof; Sup)ose there exi s ts a uni que x f such that x \' x I = 0

and x '.J x' is dense, in L. He shall show that x ' is the

pseudo complement of x .. Let xny = O. Then x r, (Y.J x') = C

and x '.1 (y U x') is a dense element. Therefore y U x ' an eLeraer,"

satisfying the condi tions and hence by the uniqueness of x ", we

have x I = Y '.! x' or y <. x' •...•. Thus x' is the largest element,

which is disjoint with x and hence is the ps eudocomp.Lemerrt , '--\-L' L

Even though the association x --7 x' cannot be a mapping

in a distributive * lattice 9 the following remark will establish

that out of the many x if) not even one can be comp Lemerrted ,

Remark 4.2~ A distributive * lattice L is ~seudoccmplemented

(and hence CI. stone lattice) iff '<J x l L there exists a comple-

mente d x I such that x r\ x I = 0 and x U x I is dense.

Proo+-: Suppose x' is a complemented element such that

x r, x ' = 0 and x U x ' is c'cense, in a dist:cibutive * lattice Lr,

We shall show that Xl is the useudocomulement of x.~ ...

Let x j] y = 0 arld z be the comp.Lemerrt of x' i.e.

Xlu Z andNo v.] = 0and x' C' z = O.1=
x ". y. Zi \ t>.. , \ so that (x J x I) ('\ Y (\ z O. Since x U x 'o= =

is dense we get y n z -:.0.. 30 that x' = 0 \) x ' = (y n z) u X i

= (y \) x') (\ (z V x ") = V-'.L~ •Cy - u X t ) u 1 = Y U x I or

Thus x, is the pseudocomplernent of x and since it is complemented

L is a stone lattice.

---------------------'-------_ ...--_ .._._-----_._---- .._------._-
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Eventhough Cornish has obtained that eVE)rynoruat distrii)Utive

* lattice is sectionally stone the f'oLl.owf.ng r-enark tells us hOH

far a distri buti ve * 1a tti ce can be treated as 8, no rmal. La't t.i cc ,

1ie;ilCL~k4.30 Every distributive * lattice L is a generalised

normal lattice in the f'o L'l.owi nr, sense: given x , s i: L such that

Proof~ Let L be a distributive * lattice and let x Y ==0

for x , y E L. Take xl == Y U x' and Yl == x U y'. Then

Xl \ Y - 'lUX' U x.. \Y' is dense and Y :!:: xl' X -<~ ylandJ'l- .J .....1 ~. -
X Ii xl ==x n (y u X f) == (XClY) U (x Tt x ") ==0 and

y n Yl==y {\(x\)y') ==(y n x) \) (y n yf) - o. Q.E. D.

Re~!.?Xk 4,- 4 ~ A no rmal. lattice M is paeudo compLcmerrte d and

hence is a stone lattice iff x fly = 0 iIUpli.;S there exist

x Y1 9 1 1 ==xl U Yl

groo!: Sup,Jose M is a normal lattice such that x n y ==0

implies there exist xl 9 Yl E- M ') x n Xl==0 ::;;y n Yl and

(x ) * == (J]) * for ever;/ x,y E:- LI. 'He shall show that Mis pseudo-

comp.Lemerrte d , Suppose x E Mis such that ex) * == (0). Then

define the peeudo comp.Lemerrt x* l.")I x as x* :::0, If(x:) * /:. (0),

then there exist y (; III x (\ Y ==o. Then by hYl')othesis there

exist xl 9Yl } 1 ==xl U Yl and x n xl = 0 == y (j Yl. lJe shall

show that xl is the pseudo coupLemerrt ~-f' x , Let X (I z :::O.

¥
Then z t (x) * and since (x)' ==(Yl) * we have z {\Yl ==O. Hence
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z =: 1 11 z == (xIV Y1 ) n z =: (xl n z ) \j (Y1 n z) = xl It z ,

Therei'ore Z -:S xl . Hence X is the :pseudoc0:i;~'l8iF·:C.i'~; r'i-" --

It new f'o I Lows that Yl is tho pseudocoup t.emerrt of xl since s-

is the compLcmerrt of xl •

Rema:rk~5 Every complete norraal. lattice is pseudocomp.Lemerrted

RT...9.g~t:. Let M be a compLete normal Latt i.ce , If X ~ Mis

such that (x) * = (0) th~n vie define 'the peeudocomp.Lemerrt x* of

x, as x* = o. If x is such that (x) * /: (0) then there exist

a "J" f. Mj x (\ y = 0 811dsince Mis rior-ma'l , vIe have xl' YI E:: ~JI

such that x n xI= 0 = y nyland 1 = XI\)YI

N of all Xl's such that x n "i= 0 and I = Xl U YI and let x"

Consider the set

be tll.o l.u.b of N. Then obviously x* is the paeudocomp.Lemerrt of X.

,Rem...§:.£.k..~~§.:,Every comp.l.cjie distri bv.tive * lattice is a

Dseudocomplemented.

The following hold in a sectionally stone

lattice.

i) (x U y) ** = (x) ** U (y) ·~a

ii) (x (\ y) ** = (x)** () (y) **

iti) (x lJ s :' = (x) * ('j (y) *

iv) (x C,y) * = (x)*\)(y)*

Proof~-~-------- Ile t Mbe a sectionally stone lattice. Since every

sectionally stone lattice is normal? WE: have (iv). (iii) is tnll'

in 8l1y distributive lattice. Weshall grove (ii).

(:xny)** = ~ (x)* U(y)* l~ (since Mis norma.I ) = (x)**n(:v;-'"-¥'
b)

•..._--------------_._----. ---- .._...... -.---
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Pi.na.LLy , let us ,::rove (i). It is obvi.oua tiat

(x)**u(y)**~ (xUy)**. Let c 0(x y)**. Since NT is se ct.i.ona'l Ly

stone 9 'Wehave c = tlu t2 for t,t(X)*7 t, E (x)**. Similarl;y

c = Sl\ IS2 for s, I.. (y) *. s2 c (..y) **. Therefore t it s . sV ~ -, ~ • 1\)' 2= 1\) 27

so that tl = Q \
t...J 2' .

Also t,ns, E (x)*n (y)* and t\'\Sj ~ c and c t:" «x)~~ r-) (y)*)*.

Hence tl n "i= 0 so that tl = tl n s2~ s.t Thus c

It is obvious that s U rt.!:- c
). '..!.,

Hence (x ()y) **S (x) ** U (y) '1(-*

= tl V t2 ~ s2 vt 2 c

(x)** U (y)**u

= (x ) ** \) (y) *-)~

Q.E.D.

so that c = t2 US2
so that (xU y) **

An interesting corollary is the folloWing

Corollary 4.l:~

le t C(M) = t. x (. M\
~.

f

D(M) = ~'-xt M \ (x) *

Let M be a secti.onally stone lattice and

(x ) _ (x ) **-r. C(M) is a Boolean ring 8110.
~'

[.= 0:. D(M) is a distri buti-ve lattice.

I am ex tr'eme Ly gr-a'te f'u'L to Professor Alladi Ramakrishnan

Dire cto r , Matscience ~ for his ericour-aremerrt dur.i.ns; the '")rwnar8-

tion of this paper.
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