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Introduction

This thesis presents studies in some elementary particle
interzetions involving mainly the seattering, production and
absorption of pions. While it has become almost conventional
to speak of the inadequaey of the perturbation approach to
the theory of strong interactions involving plons and nucleons,
it is an undisputed fact that, no matter how long and how hard
theoretieal physicists have tried, the approximations even in
intrinsically non-perturbative theories are still based on
analogies and concepts derived from Feynman graphs representing
the processes. Within the domein of field theory itself the

main advance over the elementary form of perturbation theory
has been to consider only 'physical? (and not 'baret!) particle
from the beginning. Ome such method which has had a good measure
of success in explaining the low energy features of the pion-
nucleon interaction is the Chew-low formalism. The major part
of the thesis 1s devoted to the application of this method
Ep_cgrtain pion production processes, and the results obtained
*on this khm basis hawtbeen used to suggest that the concept
of a specific interaction as given by a Lagrangian or Hamiltonian
is useful at least in the sub-Bev region. Using, in addition,
the impulse approximation, the scattering of pilons from daﬁ-
terons and the light nuelei have been studied.




The, other main approsch to the problem of strong
interactions is the use of dlspersion theory. Recently,
with the advent of the double variable (or Hendelstam)
representation, the possibility of a complete thsory of
strong interactions based on the analytieally continued
Sematrix has been -nrhundlj and thus the s»pplication of
these methods to all porsible problems is desirable even
vith drastie approximations. vYe have employed the 'strip
approximation' to the Mandelstsm representetion in order
to study some plon production processes. The pole aporoxie
mation in slrgle varlable di=persion theory has ml=s been
used to study a decay process.

Parenthetlieally, we also deal with the mathemstieal
problem of multiple produstion of partieles withiln the frame
work of caseade theory not with a view to gomputing eross
sections; but assuming a knowledge of them to determine the
sean number of particles st a certain thickness of matter.
This is cited as an example where the study of a process 'in
the grons' using classical stochastie methods can throw
light on the cross-sections. Ssker mew aspesd This 1is
-perhaps reasonable as there exists no reliable theory of

s e - -— —

4) Tals spproach 1s propounded in G. F.Chew's
. ' B-matrix Theory of Stromg Interactiors’,
We Aefenjemin, Ine., New York (12¢l).



these processes based on the methods applicable to elementary
partiele intersctions. Indeed it looks &3 1f modern methods
end when multiple production begins. Other new aspects of
eascade theory are included.

The theory of the plon and its Lnteraction with the
nucleons is co-extensive with the theory of strong intersctions
whieh has undergone meny vieissitudes and the diffieulties
ssaociated with it have become part of the *tradition' of
strong I.nhrutﬁn physies. The early apslication of weak
eoupling theory failed to give correet reosults as E:}:pmua
and other methods like the Tamm-Dancoff approximation were
found unsuitsble for one reason or other. As mentioned earlier,
the Chewelow mma was eble to explain meny of the featupss
of low-energy pion physios, Low o showed how one could write
Gown the matrix element for a process in termr of physical quan-
tities (and not bare ones &s in the Tamp-Dancoff method) the
transition from the interaction t¢ the lleisenverg representation
belng effected by using the relation between th;)phrunl and
bare vacua derived earlier by Gell-Mann and low . The canonicel

= —

1) fee e.g., R.E.Harshak, *¥-son Physlos', MeGraw-iill
. 500k Co., New York {19&2)-
8) G.Sethe-de ii>ffuann, 'Mosons and Fleldst, Vol. I,
Rowy Peterson end ﬂu. Hew York (19:5).
8) GeF.2am Chew end r.n.iw Phys. Rev., 101,1670,1679 (1966)
©4) FZ.low, Phys. Rev., 97, 1392 (19:6)
, %) M. Gell-Menn ond F.R.low, Phys. Rev., 84, 3839 (1951)




comzutation relations were used to convert the partieles

in the state veetor into current operators, before the
Gell-Mann Tow theorem mentioned above, was applied. It 1s
interesting to note that the result that the natrix element
for a process can hHe suceessively reduced to matrix elemerts
(or vacuum expectatior values) of produets of Helzenherg
current operators ean also be arrived at from an entirely
different approach -- viz., the method of Lehmann, Symenatk
and 21nn-rnnnn;} in which there is no concept of a speelfie
intoraction and which is based on certain postulates vhioch
are of quite general validity llke lorents invariance,
microseopic causality and the asymptotic condition.

The matrix element derived by low's method is exact,
inprineiple, but unworksble in sractice. Ome has to make the
approximation of cutting off the intermediste stutes cone
toining more than a few particles snd use a static form of
the 1nt|rant%gn flaziltonian. With these approximations,
Chew and low showed that the erossing aymuetry exhibited
by low's equation and the unitarity of the GS-matrix are
sufficlent to establish the most striking feature of plone-

‘nucleon sesttering, namely, that there is a reromnshisnow
Pesonance in the T = 3/2, J = 3/2 stute. Thelr theory also
‘gave a satisfactory explanation of the lov energy features
of the photoproduction of a plon om & nuelesn.

1) H. Lehmann, K. Symsnzik apd W. Zimuermann,
Nuovo Clmento » 208 (19605)
', G. ¥.Chew and ‘l!! » loe. eit. o




Part I of this thesis is in the main, en apslication
of Ioy's method and the Chew-low formalism to eartain pilon
production, scattering and absorption processes. Extension
of the Chew~low method to energles higher than the first re-
sonance in the plon-mucleon system (at about 300 Mev) where
produetion of extra particles becomes feasible have given
results in quantitative and in some cases qualitative agree-
ment with experiment. The details of this part are as follows:

In Chapter II, the phntnnrudunting}or'piun.pllrn from

micleons is studied using low's method. An integral equa-
tion for the process is set up. The inhomogeneous term arrived
&t on the assumption that the plop-plon intersation is not
important for the process, for the photon energies considerad
(400-500 Mev) ylelds totel eross seetions in ;’Tm.ﬂt with
the experimental results of the Coceonti group . This result
taker in conjunetion with that for plon produetion in plon-
nucleon eolllsions where the plon-pilon interaction is important
even at low energles seems to imply that at these energies the
plon-pion intersction sets essentially as en initial state
interaction for eapturing the incident plon snd would therefore
be naturally absent for the photoproduction processes. By making
on angular momentum and Lsospin decomposition of the matrix
‘pitltnt, th;)lntc:rnl equation is eolved using the Muskthelishe
villi-Omnes method and the rescattering correetion is shown

1) &§.K.orinivasan and Y.Venkstesan, Nucles- Physles,
415 (19869); 336 (18¢2)
') 'HI F‘.ll“ ‘t .-1, e !“\I' 3&5 (1%9)
BeMeChasan et al Phys. Rav, 811 (1389).
8) B. Omnes , Nuovo Simento, 8, 31& (19:8). ;




£0 be small. Finally the effect of a direct photon thres plon
irteraction on the process is considered md {t {s shown that
the same velue of the coupling copstant for the irtersction
eannot explaln both this process and the electromagnotiec struce
ture of the nucleon.

Chepter III deals with the effect of plon~plon interw
-lntlun on various plon production processes initiated by the
pacston spd plun; o A gualitstive argument is giver to show
that the interaction mey not be important for the shotoproduction
of plon pairs. This 1s followed by & eonsiderstion of graphs
in whln:E;uu final pions resonafige or one of the pion: reso-
natejwith a plon in the virtual eloud which leads to the result
thet the contributions from them is small. Next the contribue
tion of the plom-plon interaction to (1) the photoproduction
of triple pions snd (11) produstion of tingle and double plons
in plon-nucleon collislons nre estimated by reducing the matrix _
illunqti for these Pfﬂﬂlnll;s by Iowts method to what eorrenpond
to one-plon exchange graphs . The values for the plon-plon
eoupling consztant tg?a arrived at lie in the rsnge given by
Chew and Mandelstam 4in their digpersion theoretie atudy of
plon-plon seattering.

In Chapter IV, the effect of polarising both the
-ihntﬁnuh particle (if 1t has spin) and the target, on the
angular dlstributions and degree of polarization of the target

1) S.K.frinivasan end ¥, Venkatessn, Nuclear Physiesn,

;g, A36 (1962) :
2) V. Salzasn and Q. salsman, Phys. Rev. Letters,
)i S. Drell, Pgrn. Rev. Letters, M

8 Mandelstam, Phys. Rev., 119, 467 (1969)




in th-' final state ic studied for the processes of (1)
single .ptun phntnproduct;?n from a m1m1 y (11) photo=
produetion of plon palrs and (i11) electroproductiono f
plons. The necessity to polarize both the target and in-
eldent particle in order to obteln inberesting re-ults
regar@ing angular distributions and polarizations La bSrought
out,

The scattering of plons from light mt:%tl 1ike the
deuteron is the subjeotematter of Chapter ¥ . The impulse
approximation is used in conjurction with the Chew-low matrix
Xelement for plon seattering from a nucleon to derive the
gross-sections. Agreement with expariment is found upto a
kinetic energy of 500 Mev. of the plon upto which only
experizental data uu:;.. The ealeulation at 300 Mev contra-
diets an esrlier work wiish In which 1t Ls reported that
the impulse approximation does not give sorrect results at
this energy. The theory for scattering from 1ight nueclei 1is
also given.

In Chapter VI, the processes other than sesttering
whleh are possible when a plon 1s incldent on the deuteron,
= namely, pure and radiative absorption sre considered x in
a unified way ealong with the other distingegration processes
| “initiated by a photon and an electron. Low's method is employed

————— —

1) Alledl Remskrishnan, 8.K. “rinivaszn, ¥.R.Ranganathan
and K. Venkatesan, Proc. Ind. Acad. sei, 302 (19689)
2) S.K.Srinivassn and ¥. Venkatesan, Proc. Ind. Aoad. Soi.
ﬁl 292 (19593)
3) #41 Remekrishnan, V. Devarathan and &, Venkatepsan,
Noeclear Physics, 680 (19¢2)
4) L.S.Dulkova et al, Goviet, Phy:ies, JETP, §, 217 (1969). *
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for desiving the matrix elements for these processes which
brings out the similarity and interconnection of these Pro=-
gasses. The anguler distributions are studied by setting up
the X ‘angular ::npl:l-latn.'arl.-:'1:l for the processes.

In the last chapter of this part (Chapter VII), which
is mainly expository in character, low's method i+ emploved
to study the role in eleectrodynamics of the ‘equal time com=
mutator' term which eslways arises when the field variablex
of the particle which ig being converted into a ‘eurrent' appesrs
in the intersction Hamiltonisn in a billinear or Iﬂlt#%ﬁlr com-
bination. The trouble such terms bring in thelr wake both by
way of unrenoruallzed quantities and erroneous results (1f
proper care is not exerczised in interpreting the matrix ele-
ments) is emphasized by consldering the standard eleetroe
dynamie processes. Questions regerding symmetrization of ,
the matrix element have been studioed.

Part II deals with some -ppltanttun:'iﬁ the dise
persion relatlons, where the corcept of an Interaction as
glven by a Hamiltonien or a Lagrangian 13 given up and the
analytie properties of the transition amplitudes are made
use of for studying elementary particle interasctions. In

_the single varlable dispersion relationa, (the varisble

* belng the energy or momentum transfer) the prineiple of
microseople causality used in conjunction witk the Cauchy
integral formule gives the dispersion relations whleh
express the real part of the amplitude for real velues

1) V.I.Ritus, Soviety Physics = JETP, &, 1P49 (1957)




of the "variasble as an integral over the imagirary part
lﬂd.;iti verss. Though prosf for the existence of suech
relations could not be given in many cases (notably for
nucleon~nucleon seattering) still these reletions have

found eonsidereble application in determining coupling
constents and relsative parities end also in the cholce

of phare lhiftl1}. An spproximation which hes been used

in this connection is the pole approximation whieh eor-
responds to the remormalized Horn approximation of the
Lagranglsn theory. The renormalized propagator has a
pul;;%;it residue at a value of the square of the total
centre of =mass cnergy egual to the souare of the mass of

a single partiele intormedlate state which hl;)thl same
quantum numbers as the initlal or final state . Further,
the vertex funetions (whichappear in the numerator of the
larn -gpruzlulttan} are analytie in the neighbourhsod of this
point .« Thus fhrLﬂlsculsian of experiments close to a pole,
the lowest order perturbation graphs msy %e reliable L{f re-
normelized guantities are used.

The single veriable dispersion relations @ not des-
eribe &ll the physical singularities and nence are insufficlent
oo determine the GS-matrix. Mondolstem's sonjecture that the
matrix element iz simultaneously an shalytic funetion of the

1) See e.g., the article of M.J,Moravesik, in :
'Dlspersion Relations', Bdited by G.R. ﬂaun!;un,
0liver and Soyd (1960).
2) 1e0.0y Kallen 1in 'Relations de disnersion et :
icjes elementaires’, Hmmn cee Paris (1?&0} .
3) A, Omnes, 1ibdld, :
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energy and momontum tran:fer tries to remedy this situation.
The conjeeture ensbled him to generelized the substitution
law (femiliar 4in elegtrodynamics where the matrix element
for ¥ pair annihilation, for instence, is obtained from that
for “ompton scattering by sultable substitutisr) into the
statement that there is a single analytie furction of thres
varieble only two of which are independent which deserihes
all three channels corresponding to a given diagram represent-
ing tunlpnzticluu golng over to two particles. The singulari-
ties (pole und branch poins) of this funetion are those allowed
by unitlritriginh of the three channels. This principle of
maximum smoocthness r eplaces, in & way, the causelity sondition
here. A double application of Cauchy's theorem then glves the
Mandelstam representation in which the comprehensive fupetion
(representing the matrix element for esch of the three channels
if the varisbles are properly ehosen) is B written 2s a sum of
pole terms and of integrals over the double spectral fupnctions
whieh in turn are the discontinuities aeross the cuts in two
of the three varisbles taken 2t a time. The representation cane
not be derived from a general :»rinciple like Elﬂlllltri}bﬂl
hias been verified to all orders in perturbation theory .
;l gener a lization of Mandelstem's ideas to mtn;attan- involving

) amd
* more thng}twn particles has been given by Lapdau and

Cutks '“ .

1) H.J.Bden, Phys. Rev., 1867 (1961); R-T.fde~ |
F-?.!.mdlhoff, J.CuePol rne and J-E-Tlrlnr, .
Huovo Cimento, 839 (196l)

2) L.D.Landau, ¥Nuelear Phys. , 181 (1968) . 3T

3) Hil*c“tkﬂlk?' J.«Hath, Phys. 429 (19690). o



Ia: the earlier applications of the ¥andelstam represen=-
uti;n the double variable rature was not exploited thfough
Mandelstam himselfl had indicated how the double speectral fune-
tions could be computed in the 'elastie! region and the matrix
element built up by a series of {terations. But the 'strip!
approxization recently suggested by Chew and Prantuhiu (and
independently by others) wizieh states that the strips of the
double speetral functions lying in the elastic strip between
the thresholds for elastie amd the first inelastie process
involving production of an extra perticle are asll that we need
to know to obtain a matrix element which will bde satisfsctory
not only im the low energy region but for arbitrary energioes
vith restriected momentum transfer.

We have applied these idess fa%; certain pilon produetion

of this part deals with the evaluation of the double =pectral
furetions for the problem of photoproduction of plons on the

above, integral equations have been set up, which cen be the
starting point for calculatiomsinvolving energles higher than
that of the first plon-nucleon resonanece.

. In Chapter IX, the photoproduction of ploms on plons

L

which is the simplest process one cun think of as it involves

11

processes in Part II. Chapter VIII which is the first chapter

oucleons. Using the strip approximation in the sense mentioned

l) G.F.Chew and E'E-Frlﬂt“hjq Phys. Rev,. I.lt-l:-.
&, 580 (1862); Phys. Rev., 1478 (1961).
Recantly, however, they have given a re-definition
of the 'stript® reglon in terme of the Hegze PMoles
(B. FeChew, S.C.Preutsehl spd 5, Mandelstam,
. Phys. Rev., 12§, 1202 (19¢2) ) :



12

nnlr'nn; amplitude 1s studled in the strip approximation.
Hsin; the one dimensional solution for the problem, the
inelastic econtribution to the absorptive part i= evaluated.
In the limit of very high energy, the inelastic eross section
is shown to fsll off rapidly,

In Chacter X , the pole approximation is &pplied to the
plontdecay mode of the EE} particle and a possible explarnation
for the curious patters of the 7 decay asymmetries 1s given
based on the idea of a parity clash.

In Part III of this thesls, certain rew ltu:!}:utu
aspeets of cascade theory are studied in Chapter ¥I. An
inteTesting relstionship between the old snd the new apsroach
Lo cuscade theory is established d%ln: the regeneration
point method. fn error in the usual formulation of the cas-
cade thaory of multipfle particle production is pointed out.
Application of the ambigenous stochastie process whiech enables
us to consider problems involving back-scattering also, to
the problem of lateral spread in oxtensive alr showvers 1s
indicated.

Finally in Chapter HI% a compxmikparative study of
the wvell-known method of Yiekx for proving the eguivalence
of the fleld theoretic and Peynman formalisms snd the method

1) A.P.Balschandrean and K. Verkatesan, Progr.
Theoret. Ph’l-’ ﬂ, 792 (1“1)

2) Alledl Ramakrishnas and X, Venkatesan

Proc. Cosmie Ray Sy=mpostium; Dupnrtm{ of

Atumle Fnergy, Government of India {(1961). N

3) O.C.wWiek, Phys. Rev., 80, 263 (1950).



- 1) 3)
of Ramakrishnan et al is mnade . The use of the

stochastic concept of reslisetion (or ssmple) is shown to

lead to a proof of the egulvalence which is streighte
forward ard trensparent.

1) A+ Remakrishnan et al , Journal of Mathezatiecal
inalysis and Applications, !

2) A. Ramekrishman, V. K Devapathen and K. Venkatesan,

Joursel of Mathematleal Analysis and ipplicatiang
(in press)

L]
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CHAPTER T '
pote PROTUGILON OF PION PAJRS FROM WuoLEes,Y)
1. ZXntrodugtion

There is n satisfaotory thecreticsl degsoription of the

phote produetion of a single pion from & nucleon upto about

300 or 400 Mev which is the region where the first pione

ueleon redonanoe in the (3/2, 3/2) state is dominent, Using

® out-62¢ and a veluo | = 0.08 for the parameter F  waen whion -
is the pseudovector renornzliged unrationalised pion-nuclecn
ooupling constant, Chew and Low>) were sble to reproduce

‘nany h\f the bhreond fentures of pheto pien pruf:uounn in this
energy ragion, In addition, the Chew-lLow theary led to the
Eroll~Rudermamn theorem vis,, that the 4 ewave amplitude for
sharged photo pion production st threshold is simply relatod to S
and the velue of f° thus obtained was found to be in close
agreemert with the velue obteined from meesurement of pion

| nucleon souttering., Further refinements to theory of photo

production have been made Ly the epplicstion of dispernion
_hlutiun.h?)

—— -

| B-:ts 1
1 ks a5 1988y, tved, 33, 355“(19523" T

)" G.P.Chew and FoEoLow, Thys. Rev., 101, 1579 (1956).
3) Eee Chapter VL
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At energies sbove 400 Mev the photo production of pien
pairs and higher multiplets becomes energetioally possible.
The prooess of palr production was first noted in experinents
with & 500 lMev bremsstrehlung beam of the Caltoch synchrotron®’
by cbsexrving the negative plome emitted from a hydrogen target.
The negative piona sre presumed to arise from the resotion
Y+ p —= T +TT++1:> (%)

More extensive messurenents were csrried out by Friedman snd
Crowe>), Mloch and Sands’) , Sellen et a1%) and Chasth et a15),
The lest named euthoms investigated more thmn two hundred cvents
of dgm-pm photo production snd concluded that the total
cross=pection for this process is nearly a third of the eross-
seetion for the photo production of & single pion at resonsnce.

In view of these date for the process, it is neceasary
to exsmine how far the observed cross-sections ean be expleined
within the present freme-work of elementery particle theory.
Cutkosky ond Zacharissen®’ used the Chew-Low theory to study
the process (a) sssuming that the bombarding emergy of the photon
is low enmough so that two P ~weve mesons are not produced.
Further assuming the plon-mucleen interaction to Le predominantly

M. Ssnds et sl , Phys. Reve, 99, 652, (1955) |
R.E.Priedoan snd X.M.Growe, Phys. Rev., 105, 1369 (1957). |
H.Bloch end M. Ssnds, Phys. Rev., 113, 305, (1959).

Jell.5ellen et ol , Phys. Reve, 110, 779 (1958). X
B.M.Chasan ot llg Phys. Rev., m, 811 {1—*0}. 3

E.E.Cutkosky and ¥, Zacharissen, Phys. Rev., 103, 1108, (lm)-
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P ~wave they argue that the cross-section for producing
two ,\ =wove mesons will depend only on recoil effects and
henoe, expected to be smcll, Thus they sssume that only one
b =wave and one 4 -wave pions are produced. The experimental
fact that the emergy spectrum of negative pions is pesked at
low energy, *lmm'tuthuuvm.

Ve have used Low's method for deriving em integral equation
for the relativistic matrix element for process (a). Retaining
in the firet instence only the inhomogeneous terms and ueing
the statie approximation the totel cross-sections have been
eveluated for various values of the incident photon energy
end these ore found to be in sgreement with the experimental
veluse of Sellim et sl and Ghasan ot a2%)s  In o Leter seetion
the integral equation is colved by meking en angular momentum
and isotopic epin snalysis and utilising the experimentsl faot
mentioned above, that the negative plon tends to come out with
low energies for conmiderable energies of the incident photon.

In addition %o its utility in deeciding the validity of the
Mtunwmutmaihmmmmm
intended which would at t&:t}gpm confirm certain charsoterise
tie features of the static uch as the linearity of the interaction
And the viewepoint that only low energy intermediste atates are
important for low energy processes, a study of proceses (&)
eon be useful for other ressdd. The suggestion hss been made
by Chew® 2} that the role of the plom-piem interaction in

T - e =

1) Refs. 5 and 6 , pyy

2) Remarks by G,P.Chew and G.Bérnsrdini, Ninth Internationel .
Anmual Conference on High Energy mﬂm, Elev (1959), pp.l'ﬂ-l‘fz.

» n #
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plon-nucleon collisions is to capture the incident piem in

the pion eloud surrounding the nuclecn. The effect of the

Tukawa interaction and especislly the resonsmee in the

(3/2, 3/2) stote of the plonenucleon system would enter essen=
tislly es @ final state intersction. Now the absence of such
ulﬂMuhthMpmumdpim,{uptm:_
& posslible direct photonetiree pien intersction for the present)
mlﬁantmmmmhMmummm
nueleon along with the eleetromagnetie intorsetion by iteelf should
h-mtamlnip,thmcrhmd!m#ptmpmw
duetion upto & considersbly energy. Ml'syn-nlta on single
mmﬂﬂﬂwtimmhluﬂmpmhthuﬁutht

the pion-pion intersstion is mot of much consequence in lowe
energy photo production of pilons. A study of process (u) should
throw further light on this matter.

It has alsox been suggested®) that the spplicstion of
the Chew-low’) extrapolation prosedure to the process would
mﬂouhlmmmplm“t-nmthﬂm
photon~three plon interaction. If the differentisl crosge
mrummmnmummmpmwhu
mmmmnrmmm. it is related to the produet
#f the pionenufeleon and photonthree pion vertices from which

1) J.5.3all, Phys. Rev., 124, 2004 (1961)
2) M. Gourdin and A. Martin 1 Nuove Cimento, 16, 78 (1960).
,} G.¥.Chew and ,q‘.m, n”i ReVae, m. m- {19‘59}-



the goupling conotant for the latter should be detexminable
(fige 1)s ¥e have examined the effect of the photone-threse plon
interaction on¥ the double~pion phote production employing a
phenomenological interaction Hamiltenian,

¥e use Low™)'s method for deriving the matrix element
for the prooess, The patrix element for the production of a
poir of meuona of momenta Q, o Q, end 1isobarle spin indices
A s B from a nucleon Gue %o n photen of momentum R end

polarisation € 4s given by?)
<P;C](|"‘JOU.:LF |S| ke P>
o i
= s =3 Sdﬂcgdx -'*'Sd‘xn
nzog ! } = '5.‘)+
(0 ) 9P (H i) - - HEOb g,
where b and F' are the initisl snd final momentum stotes
of the nucleon, | 48 the chronologiesl operators of Dysen

snd H(>) the interrotion Hamiltonien demaity givem by
He) =L %W ()Y, 'TL Y 9, () - Sva¥ () Y0

)]

o W S LT Ye
_ L5 g g ie Wy Rt BT

’ +}EE_"I"-LI») T Fm[l)[_‘iU‘*'Te.)}*b*"}iu‘q;)}*n—yfix}

1) P.B.Low, Phys. Reve, 97, 1392, (1955),
2) Throughout this thesis, we shall write a foureveator =

a three=dinensional veotor by an srrow pleced above 1t.
soalar produet of two foure-veotors x and L'} ‘will be

dnnt-db;r:r:\jt i”,‘?f__ar. .
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; -
. +;,g_(q:*m gi;ﬂ _bgif’ cPijAHm

i e AHLI) Af-* (0 CP*(x] P (=)

= P ]: P, O 'J,J'-_U-:)l:ln

()

mtumimmﬂmrwm-mm. sret
(1) the pionenueleon intersction term,

(2) the nycleon mass remormslisation,

(3) the meson masex Pemornalisation,

(4) the photon~mucleon interaskastion through the charge,
(5) the uagnetic moment intorsotion of the nucleon with
the photong

(6) and (7) the meson-photon intermotion terms, snd

(8) the direct pionepion makwimax =€ intersotionm,

The 7. 's wmre the usual iso-spin matrices of the nucloon and
ppuﬂ M ore the magnetic moments of the proton anéd the
neutron respectively; o 4s the amnihilation operate of
meson and b‘&ﬁ- is the creation operater for & photom of
pelarisation type € .,
t-mmm-tmwmmlmmmtz)m
° represents direct pion-pion interaction. Ye shall take the
internotion into consideration in the next chapter. Comnuting

a,lq) end CLP (9.)« ‘through to the right using
the commutation relation
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a; : )| =& T i
[25CW, @ ] R @t &)

end teking inte consideration only the first five terms
in (& ), we obtain

f ! ol e [“L.}h
<Pt g p|S|RES PS> = (O 2 =

_deé & W :
d tompatans

.jdxlgd::i: i ~SC1'1“_
.@ b ,PLHGe) Heey- - - Hix)

: : +
| LEALGIE Y,
where 9 hmmmutopmmmmah:th

E-RDPG) = (gF YT, T ¥ — Sp™¢; (=)

where |, on the loft is the romormelised pion mass.l)
I-mmttmnmdmtmumh
terms of quentities in the interaction representetion into one
in the Heisenberg representetion by using the relation

| @b'*é L;L;“ Sdﬁgdxf N 'de"
PLHGY - - HE) Rl - |8,

=< PP RA Y . - J1P> (s)

1) Inthfnnomth-ptnmm:hmqmnmtﬁ"
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where A" ‘s are intersction amd A 4 Heisenberg operators
and \p) represents the exset single physical mucleon eigen
state of the total Hamiltoniem., This relation cen be easily
derived on making use of e Gell-liann Low Theorem which gives
the relationship between the "bare"” and the “physical" vacuum,

2 Ut ) B (&
Sl = (&, (o, £=)3,

where U is the usuzl unitary operstor, Thus the matrix element
cen be written as

< \3' 3C\J,"":%ﬁ I‘S\hE;F> = ,_5 d,xj d%
E_zjlxh;c_t“‘é <PI |'P(I=;,L1)Iﬁiﬂ))|hﬁ;|3> (1
where for brevity we have 1;1'1“ @  and QO for m(q.r,)m c(ay)

respectively and the J A are the pion ourrent cperators in the
Heisenberg representation.

If we had taken the operators Q_ (9,) ama Op(9)
through the sixth term of ( 3 ) end followed the sbove procodure,
then upto first order inthe electromagnetie coupling constant ¢ ,
we should have obtained s matrix element which spart from factors
would be

! v
<b IHMijlhEJP> (8)
.iﬁng the equation of motion for the photon~nueleon interaction
= P\PLIT'J = LeY(x) ‘Tp; Y o) = 37 (x) ()

)

. = o

bm.mumnnhmmnrmmmmm
of Lehmarn et &l mmmuﬂamﬂS.tianhcmmm
Erutlu(lim} th:hhmr into eurr
¥uove Cimento, 1 , 205, (19551

L]
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end using the translationsl inwriencé for eny Heisenberg operator
Fedn B = A Cio)
where T 15 the emergy-momentum operator, we could write ( ¢ ) s
_ <PIHolRe; by
(R+p-pH
m-m:nmmmmwrmmmmmm
from & mucieon, Since the erome-zection for this is smsll sbove
the threshold for pion production, we shall not consider ‘Ehij;
term eny further, Gimilarly we oon ignore the seventh term/( 2 )
sinee it is slready of second degree in e
Using translstional invarisnes, we obtain, on performing
the x integratien in ( 7 ) ,

()

<SP, qpls|ke; p> = —S(prk—p—a,— )

: '- ~0904 ‘
(e, wq)T> Sa%‘"’ CSPIPE@@T ) Re; b
G2y
Introducing a complete uﬂdi.ntunﬁm. states and perfesming
- the Y integration we obtain

<P g GBI TR 5> = w‘m)r

% ]:%{:P’ 1T, @|n;p = R+® P~—ch>

—3 =
<Mk = b+b-qm\3{;tn)|he; p>
(o 4By — Po— R, — LE)_I
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| ey

. where the - matrix is defined by 4y

<P 94, o BIS[RE P> = L8(prk-pq-9)

X< P' : CW:{ ‘Dﬂ;MTl Re P> )
Next we nake the usual "Tam-Dincoff" spproximation,
restrioting the ' n ' gtates to one nuclieon,(ii) one nucleon
+ one photon znd (1ii) one nucleon + one pion ptates. This pro-
cedure yilelds en intepgral equation for the double pion phote=
production smplitude, The inhonogeneous part consists of two
. germss The term arising from the single nucleon intermediste
atzte contains the product of the pion nueleon vertex and
the single plon photoproduetion smplitude, The texrm arising
"'-.:!'rm the single nucleon + sinpgle photon intermediste stute in-
oludes the prodnet of the asmplitude for the photomproduction of
& gingle plon sxd $he swplitude fex the sheRo-proingiisn &f =
m pilox rmd the smplitude for the photo-production of = pion
1|L--lllml photen from 2 nucleon, The third term arising from the single
"nmlmn + single pion intermediste state im the inbggral eque~
tion term the kermel being related to the metrix element for
_ pion-nucleon scatitering.

1) It will be noticed that we sxre consistently ignorning 211

. factors of T , These will be taken into sccount correctly
when the cross-sectlon is evaluated, by putting in the proper
factors in the density of states.
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Instead of % "eontracting" on both the mesons in the
state veotor we could have conwerted the incident photon snd
one of the finel pair of plons into current operators. Them
the numerstors of the two terms of the double-pion photoproduc—
tion matrix element would be, in the single nucleon approximatioy

< RhGg BTN > SN T ] b
and

<P qeplheIN SN T e p>
respectively where \N‘) denotes the single nucleon state snd
Ijta} is the complete "photon® current operator consisting of
s part due to the nucleon current and a pert due to the pion
current. YThese two terms represent reapectively,

(i) the product of pion-mmucleon scattering smplitude
gnd the eleotroumgnetic vertex of the nucleon, and

(ii) the photo produetion of a single pion X the pione
nucleon vertex.

The kernel of the integrel equation term whioh arises from
the single-nucleon + single photon intermediate state contmins
the matrix eiement for Compton seattering from the nueleon.

Ve have preferred to work with the first :m(mm
(13 ) for the double pion photoprodustion matrix element. Ve
%hell study the following processes with itz help:

B b S aeaT R
(B) Y4+ p — "n.+T‘L‘++'1T°
(&) T4p —s P s
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3 J4p —b iTT++TI___

In this case we note that a non~vanishing contribution
to the amplitude comes from only one of the two terms in (13)
eine a proton cammot emit & 11 . The complete matrix element
for the process in the apppefimation of retaining the inter—
mediate stotes mentioned in the previous seotion will be

<39 e [TIRE > (14 ey
=<PILOF+k-4)<F+ 3| TO| Resp>
X[+ E(B+R=, )= p— R=ie]”
+7 (K <R (To|Ke 5B +F—q—¥ >
x< Re's THE_;Q_@\TJ@\RC— S .0
Ao EG+R-qr)-pk-to)]”
+Z{dp(dg <B|T@ g B
Kb s aed [Ty ke 3B SR+ G—P-R19,)
AP+ ©@+w— P R L ET
+2 (dp' | Aq <y [To|qesh'>
X< R el | T | RE S P> @+ P F-9)

- =
x (et ¥ —p, — o Le] (19
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' and fourth
The.sumnation sign in the second, Xaf third/ terms en the

‘right == hand side indicates a summetion over the spin, isotopie
~ spin and polarization of the particles in the intermediate staote.
‘We obaerve thut in n consintent ainsle nucleon epproximation, it
‘1 necesanry io icolude & part of the second term on the r!.;ht'
‘hand side of (15) (which arises from the intermedinte strtecone
‘Baining e single mucleon and o photon) sinee this part contri-

ites & term which im of the peme order of magnitude sg the 'n'
‘stote containing = single nueleon. This is begruse the second helf
the matrix element of this term represents the metrix element
scottering of & photon with emission of = pion. In  the
crder the photon remeins unscuitered while o pion 1s

Hlthd by & mmum; In this cnse, there i3 no integrotion

ovar h since h « The wiscnt ered photon now interccts

‘with the nuoleon in the intermediste stategiving rise to the
profuciion of o pion. Thus the meitriz element from this term
15 the seme se the one arising from the first term on the right
hand side of (15) except that the particles TS snd T have
witohed ends, the pionwnueleon vertex invoiving the 11 ocourring
pariior than the phiotowjroduction of T o The fires term of
on the oihexr hand invelves the photo protuction of a TT+
whieh sppears esrllerthan the plon-nucleon vertex involving
: % o In the further caleulation inthis seotion, we
be toking into sccount only there two terms deferring
.ﬂmzm of the in%egral equation to a subnaguent asetion.

24k
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¥e have to use some approximate forme for the single
photo production metrix elemmst snd the plon-nucleon vertex,
ht is generally mzmu” that many of the phenomena in the
b Gev region omn be studied sucecesafully on the basie of e
theory suitably modified by the plomepion intersction.
We shall use the form for e pionenuoleon vertex in the etatic
sximation given by Low?’ and the single photoeproduction
element (ns given by Chew et -1)” in which we retain
y the significant terms, nanmely, the magmetio dipole (or
e shift) term, the electric dipole term and the pion cur=
pant £ term conteining ell multipoles. The matrix element fer
ile=pion photoeproduction cen then be written ae

<P 59, [T RES B>
LT Pef® |2

M s = {_Em!mih)’rf?.
ven
M = (M p=Mw) ;_5{”#-3 A & (9
bmamjl GV:‘

; {J(E’;l. (ExZ))ﬁ-a}&—»?. (Eijax[%lx(g x?)])
-9, (9 % (R xf))}
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) M.0ini end S.Pubind, Nuclear Physios, 13, 352 (1960)
2) - F.E,dow, loc elt

Uhc--tul,lu eit » Here and in the rest of the
¥y is we shall be using = square ceut off in the statio

&Mwa for vertices snd matrix elemente so that faotors

m Yo exp uuy wri

yor U gq)representing the out off faotors will
%%m_ g
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3y (14 2 {q’a S RUERLeR )
Egym D3z F ]
1
L (Rp— M) L2 (%) A 8(Yq)
L'““l“mlrfa qﬁi
> s —
x{a?.,? (Rxe) .3, +7.[F x @, xR )]
==k 3&1 ' (%x (ax-zj)j
i eg = Y e Yo TN
m;(l"\-%‘) {q"';' S B qule'i
‘&5: e o (A S Loty i SR e
B ia,*a)a_‘_l [C‘v.' (R=qpt o X (R "q’aﬂ} ()

Here O(c) rTepresemts the ghese shift for the 33 stute
corresponding to the momentum q end Jlia is the remormslised
unretionalized pseudovector coupling constent which has & velue
0.08,

Squering (17) , aversging over the initiel spin end
polarigation directions end summing over the finsl gpin sictes,
we obtain for the differential eross-section for the proceas,
the expression

LAk = (&T'-')-g (L*Trjaaa}h% “a 9 Y
CLLJ" Ci.ﬂ..-‘_ C,'LJ'L_ (g.ml &3, h) 'IIL_
xlma‘ﬂ‘M‘b \;L (t3)

where M, and M| are the sums of the firet two and the lash
two texms of (17) respectively.
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Tn Ao Whove 6, is the angle that the positive pion
makes with the direction of the photon while O ena @
are the sphericel polar smgles of the direction in which the
negetive pion with momentum Lci; is emitted.

On performing the integration over the angles of both T '
end T end slso over the energy €, y we obtain the total
cerosseection ae

{.'\‘ ")th) bk jG: "I—F)d c.j (l;ﬂ
where "
‘JL e p
E A 3 A (Mp= M B (:'" Vo
D R Qe f
mel Sl S () ]
oy s
S “ 9,
o, % T(ey) - Itq;l
b (e o+ B _tbqq, A
1- I
- (23)
T T (%) H 3
m!
c_ Mgy [ (AP e 8G)am O(q,) ceof8G)-5qy) |
g k * : ey ﬂ“Jf'qu Yq
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Here . A Q %@ g
— Riody (R 1) o by ks
e = aR* > k& FRx> 2
hﬂ.f‘-&hx-bi
$ ﬁc% kL xe* 4 ARt | (a5)
S S - i I - s i akx
ey = RE& L R3? “ R*%+x 1+ AR
(@1

The intogration over o, wam done numeriecally using
aaah naloulating machines for three volues of the inoldent

pholon energy Rk <« The results eve sumnerised in Table .
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Total eross-sections o . _ Cor various values of the ineident

L
photon energy K

+= G— .
K in Mev, in mb o in o in 0ot (Bxnerimental)
> s - Fb ] » ﬂft he Coceoml
groupl)
420 y | 7 14 oo 10
430 a7 15 52 oo §0
589 51 26 77 oo 77

1) 3,4.Chasan et .1' loe, elt‘
J.M.8ellen et al, loe, eit,

.
R —
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IARLE I (b)

DifZerontial eross-sections in

K

#b/sr for a 11 kinetle energy of

i S Scattering angzle

Ke in Mev,
o°® ao® 60° 20°
! 420 0.07 0.083 #.201 0,204
500 0.209 0.367 0.591 0.835
550 0.38 0.502 0.726  0.801
600 0.451 0.481 0.621  0.519
700 0.542 0.302 0.355  0.267




IaBi2 I (e)

Differential cross-seccetions in }l'*hfir for 2 T  kinetie energy
of 120 Hev,

T'-'+Euattar1ug anzle

K. in Hev.
o® 20° 80° 20°
470 0,133 0.13 0,133 0,133
570 02.058 0.178 0.49 0.635
580 0.204 2.251 0.85 0.898
800 Nn.639 0.8 2.90 1,17

700 0,698 0.63 0.61 0.543
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03, emd 0T  represent the contributions to the totel orosse
gection G";t' fron F:D end . respectively, on integration
over <o, o The results are plotted slong with the experimental
data (in the form of e histogrem) of Chesen et lﬂ.."} (Pig. 2).
ill osn be seen, the experimental cross seotion risen rapidly

between 40C snd 500 Hev and reaches a mmximum velue of pbout B0
- miorobmrms at about 600 Mev, Our theorstical resulta compeve
- favoursbly with these dete., However the agreement cesses to be
- good at higher emexgles indiosting that the neglect of the pione
pion intersotion may not be Justified at hisher energies.

4. Zhe processes () Y P > A TT°
4 RS e e

Uaing the smme prosedurs ss in the last scetion we can
write down the matrix elements for these processes in the onoe
nucleon approximation. The =ain difference is that for these
cases both terms of (13) contribute, The complete matriz siement

for process (a) is given by

1) B.H.Chasen ot al , Phys, Reve, 119 , 811 (1960) . Tk b tud
tvods Bedhiand asa fracml-i;i B ) S e} . Tablon
I-Ib) and T (c) %_{tm_ He ﬁﬁ;ﬂ—i&w”fﬁi (g ,1:=1u‘\'m.;:

B ot e fraid gugn 5 G T Tk ey SlffCu !

. O A P obtased  On ?Q}mwi—j Jnﬁj i fLT(L(
e T i Etama g G WRE hand e of eﬂ;.ahw 17)
?:ELL{A“:L capal BT o epated Whsofrobteadly,
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q} and q', being the momentum of the positive snd neutrsl o
p:l.unu resbetively,
The sngular distribution for the process is given by
o e o &
d’g-T° = E;_’-J["*cl,-lq;g M l (28)
d.c.:: d s -:lSLn LYT k =
where

[ \ = ( ,ru-n)L m’*&(qa) h
3‘:: i o Oi’:_

A

X{LL m191+[m9‘m91-mq in(thchaa@ﬂ}

. 3 5;%0*{_33_ (m_.,”-g s,

.l_llt—m&erl magacamﬂ
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Rt

LR g.rj“-vﬂl
x( IRQV. Ll _-C_'ﬁ.'ﬁu) }

VI (Mp~Ma) am? S() 9, (q 2B, 36
S X e ﬂ’, | a
ml {:l_!' ‘_"!:n-_) %5’ ailla-

— Con B‘ Avn 6 Ce» ‘-F}i— Fg A O, (Ao 6, 26, cen P

A Aam ﬁl[m €.~ AunbB conq Con @ Q:MGJ1

4 A8, Auin B Con CP)]

(29)
The matrix element for process (b) is

= 8[: 1
My = bldty Po) s W

Axin ©(92)
3o, > Y,
= =2
X F‘f—\_ﬁzx (§ % (R+ E):]}
(M= H) ELSCG“’“},‘@@S[%Q
?’CGIWS'L ‘:1,3

X 81751 B{ x@i x (R x& 3)]1 (30)



42

-

The differential oross-section for the process is given by

S _ ety g, %
ch;-idLleciJL_L z L[-_i-li_lh \ Md\ (31)
where
\Mc’l\ = (Ph*l’k:“j k__ ,amilg(wl)%‘* -
q'\"n)L o DIJ'.LI

.3 {,»’JJ«:— 91‘4,- f:a?E}l cw191+ M&'%MQBT_{:McP}

i

i 7 Al i3 S
-_i-_ A, E(Wf%, iAm enl_.- Eﬂ'ﬁl@i{:ﬂa Ql
oI, ":"u_h

+ A B AundE. Con @ }

L

te Sbhy

Cas 6tey, ) —8(4,) [Aim B, ) AnO(E,)

3 . :
TT.&-MQGIAMQGiC&:CP}] {3]-}
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There ;.s no experimenteal data for these resctions at the

gien “'m considering. So we content ourselves with giving

2 Table II the angular distribution of the T ' 4f it is emitted
with sn energy required for forming = resonant stote with the
proton, A point to be noted regarding the metrix element of

procesas (b) is that it is obtained nlresdy symmetrised with
feapect to the exchange of the two identiesl neutrsl pions.
8 is epparent from equation (12 ) which gives the matrix
ilnm before the static approximation is mede. Remembering
the conservation laws for energy end momentum, the expression

T 13) 18 seen to be symmetric under the exchange

), e——n

— -
\ , end = 1

a8 is required for bosons. This fenture will persist even if we
satriet the intermediate states arbitrerily. The fnet that the
matrix elements obtained by Low's method sre slready symmetrized

aocording %o the nature of the particles involved is further sube
ptantiated in o later chapter ( see Chapter V1 ).

As a preliminary to solving the integral equation ( I5 )

ifor the matrix element for the double pion photoproduction, we
‘have to expand the production matrix in terms of submatrices

‘eorresponding to the relevant angulsr momentumsnd isospin states.

f"-,"-" 2 anguler momentum analysis for the problem has becn done by Piéenls,

R.F.Paie 1a, « Rev. 111, 1373 1958) and the spin anal Bia
:'- Carrut era {P CarrutheTs, Ihy ﬁeg?,)mz. 1949 ? 2 bEt 7t:u:-tl:'r.':hlr



Igble II.
B

dodon gn MO/ gtered / uov

3

N 8
I;"'.. ';__
. \_\ 0° 30°  60°  90°  120° 150°  1s0°

430 0,153  0.418 0,762 0.553 0.516 0.264 0,153

560 0.774 1.933 2,894 2,757 1.956 1.126 0.774
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. bet us consider the angular momentum decomposition first. If
J  =md M denote respectively the totel smgulsr momentum end
it Z-component for the initial ( U ) or finel (f ) state, we
eén write the | -matrix as

- B o
< q"l qlﬂ; . lll \he ) “M> =T%Tf'u'%nv GLJ'IMITT 'ﬂ',j‘M"IT'ﬂ

)‘:\JJMFTTIU,}{-?(TM‘WB/LI @»

Herc ). mmd j.' denote the mpins of the initis) snd final nueleons
snd T the parity of the atote. &Y . axe funetions of the
energy of the system snd of its isotopio spin, ) represents cole-
lectively the veetor aadi?ﬂ.?:ﬁtﬁ: {orr%h;rl r?.mm mn?ﬁtm end
spin nt the photon and/fss = -cosponent. The prime indicstes the
mupnﬂing quantitieas in the finel atate. Sinece there are three
particles in the final state the engular mocentum addition to arrive
&t the totel enguler momentum J ombe done in two wags, (1) by
adding the orbital angular momentum of one of the pions ( ,El or fl)
with the spin of the nucleon and adding the orbital sngular momentum
f the other pion to the resultsnt or (ii) by adding the orbitsl
nguler momenta of the two plonas first =nd then adding the spin

of She nucleon. The coupling scheme is to be dicteted by the ex-

pd dynsmiesl beheaviour nf t!: systeme In view of the welle
known resonence in the{pTr)+ |the natursl cholce is to add the system
rolative orbitel engular momentum £, ( z- compoment m, )

f the i3 tﬂthllp‘l.ﬂ)u of the proton mmd add the relative
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tol angular momentum f.,{ 7 - gomponent wl}otth-TT_

%o ke xm the resultent L ( = -—gomponent m )

In view of the invarisnce of T under rotations and reflec-
tions, the matrix element of T is dlagnol inJ , ™ and T
and does not depend om ™M . Therefore

, i,
S M |Tlke pus> =5 oy,

TN \TMT“J}]L >IMITY; L] an)
M

o quentitien 2| TMTTV f > <ammm ) (|

which are funetione of the angular verisbles end sre matrices

with respeet to the spin variasbles have been cnlled enguler operne
tors or polynomials of the reamction by Ritu:n. They correspond

to transitions with definite total angular somentum end parity mnd

if other quantum nusbers inthe initisl and final stotes end they
'-,,-ﬁlpht!l:f deternine the emgular distributions and polerizations of
particles in these transitions,

Returning to our matrix element, we see that the initiasl
8tote consists of the nucleon represented by its opin wave funotion
and the photon , the angular pert of which mi is given by a spheriesl
:ntur :Dj M—M(‘%) vwhere ?z iz a unit% veector in the direction
R *« The letter is & linear combination of three spheriesl vectors.

~ ey
'_n”m(m (where .{’,zﬂfﬂil )  @efined by

V.I. Ritus, Soviet Physics, JETP 1249 (1957)3
Also 8, Glulli and J. Pisnary  Fusve Clomate. 12, 264 (1959).
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Eﬁm(ﬁ) = ‘E” G Q} j;“m'w" )Yf'm' (E}lﬁ.\_ﬂu (35)

where Yﬂ,*'m' and the lh“m,. gre the usual spherical hermoiics
gnd the _gpin wave funutim of the photon respectively. The spheriesl
veotor Dj:M—,u- {h) must satisfy the transverselity condition
— N>
:Da e (RY.R =0 (36)

| - A
Therefore in the expension of D. M_M(h) as & sum of three

‘spherienl vectors cnly two of the ecoefficients of expanpion are
1linesrly independent and thuas there are only two stetes of the
photon with given quentum mumbersjend M _ .  which we esm
Iﬂ!ﬂtalrj)\ =0, 1 . Thus among the three mutunlly perpendicular

R(A=0, X DA =y A
sphericsl vectors, Dj Mou  (R)  weesn w-‘ﬂlﬁm) o0 be

(s
longitudinal (i.c. slang the direction of R ) ama T (R end

— ¥ et
DY #{h} asitthe tronsverse veetors with
=

L o LN _ AR Gy s e "]
B, =B & B =1, xR o
>y A @ A ~

IIZD‘SM_LP is obviously perpendiculsr to%-m_ﬁk)mxdh wng Jhe
states with A = 1 ana 0 are ealled respectively the eleeotric
and magnetie states since the emission of a photon in the corres-
ponding state is determined by the eleectriec or segnetic moment

of the system. The parities of these states are (_\)3 and
f{-v,)ﬁ * respectively as emn be seen riw the equation (35),
In terms of the spheriesl tensors 34} ﬂ_}fm s the function

L] N
D (R) can be writien as

jm-»
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B o (i S 4 D (k)
g\"’\)-*(j — &é“‘] g'i'lM,M
o v DN
i 14 +! $ 3 M=n =
1y, it esn be shown that
; {n} . A I: Fa! -a
1D (R) ==~ : R X {_'R} {3:1_)
jM-pm G0 [ ELE ;l"" M
¢an be seen as follows, If L is the snguler momentum
= =
lplrntur}L_ = #L[h x—a—a.|h¢--] o HNow using the anguler momentunm
pddition rules
i Y ey oy e
YéM-# =2 (70 Do ot 0

=L Pl m-np) [ 7Y

jM ,u-t—l: =2

I+

=L = (414, ~(Mmm+2),3) (1)
x [ﬂﬁ*‘ﬂ g M=phty =

TR
::,L C(J19 s M-p+,—) Yim—ywe“’\}‘uﬁﬂ

:[j [é-b‘)]liﬁ‘jMHp ( ko)
=P

In the nsbove ¢ represents the uni% vector in the aspheriesl baais,

."'-'




AP S DO W
eﬂ:—.eﬂ“, l_———ﬁ—_tx ‘j)”
= \ - e
€. = 5 (e, — Le_j) k1)
The laat step of ( Lo) follows from the definition u!'D ?IM_H »
squstion (35) + In the intermediate steps of (10 ), the
properties of the Clebsch~lordan coefficients have been made
use of. I% follows from {3‘4) that
)] A A M
D, (R)= Rk 3 (L
i M*ﬂ) ( ( ) 3”'“ %
It also follows that
= =) ™ I
(e.D: (R = L3
( I}a‘-‘ﬂ% ) j(é’-ﬂj _g?f)yam =M £HSe)
> o A 3 Q
€.D;,  ®) = kx €). o (R sk
( 4= a(d# [ 2R :IYQM—# )
Il’o see from ( L3) that the effoot of chenglng over from a parti-
cle tithhupin gsero represented by an angular momentum function
i (R) o ome with spin 1 ( a8 in the csse of the photon)
18 to operate on the wove funetion h;r the npnratm
A (-E - snd [(h;ﬂe i 2S
FITED 1Y FICED)
tur the electric and =agnetic otates mmtivalr. Ve shall denote

(e ovym)

these modified wave funetiona by 73 T ®

our
The initiel state of xm remction oan thus be written as
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a0

} € P‘> Z C(} :r M- _,LL ,M) JM o [h‘llﬂ_qM)

(k)
he final state.is given by
AR ey o
RS S T )
Fal
X C(Q 5 Lo ) \;@ {QVA)
‘o ( | W
XYML ) | TLL Em> Cus)

by

the [-matrix for our process is given by

<q;, %,,u | T ke p>=3 o CLELT;m )

Xe (g B W Y (435 M, o

L{_"L‘v"rn} I _.{L'“’""""j

ng %‘;)) QI;\)\Y' ok LRJ{ (03,,99,R)

-'r.

LTS (gm-m} AN — (E&apx "'“]r ‘
{Z,? ID{TJ %Q_Jh} EE,TI {mlxmi‘hj
T - (L)
L‘TJ stends for the set of quentum rumbers | JLe g '}
d the b (7| ore popadiv precisely the matrix elements

nucleon spin stetes of the enguler operators mentioned sbove.

L 1]

L
»
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The isotopic spin analysis of the matrix clement for the
double pion photoproduction em be performed in a similar msnner,
Since we are denling with aneleotromegnetic intersetion isotopic
‘#pin is good only in parts, the sllowed change in the total iso-
topic epin beliy given by A T ::C‘J,ft | « Thus we have to speoi-
Ly the Iﬁ velues of the sintes, In the finsl state we agein
use the combination ( Tr+p )= in the addition of the iso=
lpiu apins. The result is

_(eom)

Lj'?! (ywaR) =73 C(t\T;ﬁTTi m”)
xe (1) p7) 9

d+ﬁ+TfT
S ™)
7( {E-}(T]I) ( L mJJIR)
7 T“"‘ " (w0, 05, R) )
= QET'C {th

where | end T are the imisemd snd intermediate isotopic spin
The coefficients ClT"t for various possible photoproduced pien
‘pairs from an initial nucleon (proton or neutron) are given in
Tebles III and IV,

Combining the sngular momentum end isotopic spin decomposi=-
fiona, we ecan finelly write gur matrix element as

}Ju.llu-l fé‘u'f‘ml | ¥
<ﬂ1 %*}* lTlhE“’u> {T]em %bm (q»’]'c’”a-‘h)
(ecvm)
e ijo't)(m“m"’hj ' (L8)
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= (1 Y
b+ T® SRRy | B )
J2/45 J1/ss
_2/3 2/3
[2/5 /s
-av/3) [2/3
~J2/3 -(3/3)




Sl =
M AT T "r"n-q-‘l'l'.f.'rl‘ﬂII '[)J;-Tr—',—T'rn

B
(/3 J/3 ~(#/3)
[wvis \EZ] /5

2/3 —(/3) l2/3
: o3 -(vs)




isotopic spis decompositions of the piorenuoleon scattering

~ and single pion photoproducticn matyix eloments. For the
former we have

<L R IRIL KD =5 el Sainap!, 1)

_1__ J‘ / 1
% Smﬁ C e a)

X € (1T T) (49)
fhe Krencoker delta SL_.,_ |~ Teprenents perity conservetion
in the process. The » ladels Ll and ﬂn for the smgular
momentm will become clesr in the next section,

The snguiar momentum smnlyels of the aingle photo=produgs
tion of the TT  which we shall be requiring lster gives

<Yy AT Re jp> =5 (L 4aimp, )

Xl T 00, . )

5 oY m Pl =3 e
xY R TETT™ (R, w)

3 ;Hl'h'a"'“ L‘J’} (s0)

Qa :é‘ T\ for the eleotric transitions and
{ ,_J' for the magnetic transitions.



Ve are now in u position %o introduce the above decomposition
in enguler momentm and isotopie epin inte the integrsl eguation
for the matrix element for the ( Tih:r'l';l'_j pair prodetion equoe
tion (15 ) « The numerator of the pocost torm on the right hand
side of (IS ) ropresents the product of matrix elements for | —b
penttering and plon psir production by a photon. The denoninator
of thism term in the atatio cprroximation i o' — © o« Similarly
the numerator of the tf!‘ij'.;;:l-‘ﬂthtm is the product of T['+p LR
tering and double pion photoproduction matrix elementa snd the
demominator 18 (' _ ty in the statiec spproximation. Mow we introe
duse the expenaion ( 43 )y ( 49 ) and ( 50 ) into equation ( I5 ),
Uging the orthogenality of the aphericcl harmonics the mumerator
of the secord term on the right hand side of ( I5 ) gives on inte=
grating over the solid angle d*ﬂ-n correspondirg to the direotion

of the plan .,
ZC(ﬂthjmhw)C(ﬂa%L;ma}g")

: XC(45 T M-p ) (L LT m—p 'y



xY Cap)y Y. R
c ]VI“ Yj} M = (k)
-+ (e v .
X R E“ﬂ:“qh)lng%-rt (w,,, @, , R) i

Becruse of parity conservation in the scattering pmma,ﬂ“: ,"{.
« #&lso the orthogonality property of the Clebsch-
Gordon coefficients gives

i ! 1} i)
Y (L ET MmO LT Mo, )= S
(51)
Thus the result of the sngle integration is to reduce the

co=efficient nfR+[m1 Jmthg“}i:: j[mmml,kj in the expression

(51) to the same product of Clebsch-Gordan coefficients,
apheriocsl harmonics and spherical vectors as 1is found in

(e o)
(T}Tt =
Clebsch-Gordens arising from the isotopie spin channels.

Considering the second term slso in a similar way we finally

In the sbove o represents the product of the

arrive ut the integral equation for the matrix element of the process
in g definite engular momentum end isotopic spin chsnnel




07
.(E o) (e orm) ® ;
T o, R == (w3, R) — oy CL‘"L
o {L-IJ]‘ q -) @d{ [ et T :] ) (a'ﬂ'ja
-+ oY
X -.-R_£1 £, tt'm”mh‘)-lﬂ_‘-ce_ j_[_':-“:lr"'l"--J mﬂ,} h)
) — Ip— LE
—(e orm)
X 'Rl-i[it{“"azmn} L Lwh,ml,h)}
W, — Wy — LE
(53)

where . is the magnitude of the momentum of the intermediate
plon and o is en abbrevistion for {T]Tt ifmm}
includes in eddition to contributiona from ell geruine onee
nucleon intermediate ststes also the effect of the pionepien
interaction. But eince the considerstions presented in the
nexi chapter seem %o indicote that the pion-pion interaction
nay not be importont for the energles of the photeon we sre cone
sidering,® we shall omit it and %tnke § to represent only the
one njcleon terme used in gection 3. Pinally writing

- -
.RTE(L% Wy,) — -Ra;la ) 3la (e, :Ji}
a2 R (w) (54
=—8 1 g -y )
whezre L) .
‘BL (m) - e Aam g () C‘:T':_)

- i
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98

(5)

e (e orm)
s ) = T la,q.k @ ook

ok SR e (?mimah)rf"’-—

(e m'm)

Ei (w,0,R) = (Lﬂ'l') Cq D‘.-ah @iemmﬁ(m )
(8w wa k)72

(67)

we obtain the integral equation

(e ""Tﬁ) h)

[e.r:r'f'm]
[RL (9,3,

CPA 1,(4.::,}2)

How we make use of the experimentsl information
that upto 600700 Mev the TT -meson is enltted easentially
in en A— state; 1 This meuns that we omneglect the second
term which involves the scettering of the T (predominantly
in the b -state) coupared to the third term which involves
the scattering of the T'-'+ meson which o:n be emitted in the

p- states Thua the problem reduces to sclving the equstion
(eevm)

®, (0, 0,,R) = @;[Emw)(m“ma..h?

. (e orm)

+___S deal f'-'-"‘:' Y (w), W) h}

[
o= L-JE_L

(59)
Such equations can be solved by the Wlhﬂi - Omnes?)

method. Denoting the sclutien mrrupondin; to 'Iﬁli‘ngﬂli

1) ¥, Blech and Me ﬂlﬂdﬂg lw. ait. =
2) 'R, Cmnes, Nuove Cimento, 8 , 316 (1958) |




2y
( 3/2 , 3/2 ) enhenced stete in sll the amplitudes by C?;E' ’
we have : gim N
L : I (e ovon
[F; (e 'ma,\?\] = ¢ Cod S;’m&) CPIE ](L&, y g ‘R\
toxp | B(0g) + (8wy)]
© .i[E“"‘T‘”]‘ : h) _8{1_ =
Vet Sae AN o )
Y W'— W,
D)
where
> é{m') Bz
— ) = A (k1)
fj[m) TR _P 8 L ( r_ur—-t‘.ﬂ)

\
P denotes the prineipal vidlue of the integral. A subtraction

has been performed in the expression ( bl )m. gh:l.n :ii.n in order to
. . r_,:ll f

teke care of the faet that the integrsl S _ij—'._IJ_- ditd’) doas

not converge for © (0¢) =TT , Thus a subtraction has to be made

at LAJ:'.'D.

[
We cen consider the differemce CF;_E‘ (P;L..aa the effect of

maﬁttgm& s
C?rze W}E’Ju‘ﬂa,h} = CP;:JH -(-""Jvmmh)

it el

copiBeag) S e D)

) S ‘
A .f{-.,.l:mgrf_’ f_.-J“) ech ¢ (o) —+t ({.D ‘) J ()
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How, following §mthmn ¢ We can derive an expression |

for P{m} o The sterting point is the reciprocal function of
Chew ond Lora} defined by

9 (02) = /\/c.rﬂ[m} i A= %‘
where J;L{m‘}:ln related to the T -uatrix for pion-nucleon scate
tering in the 33 siste by the relation ( ) %(m] is cone
neotsd with the phase shift by the relations

&

3 |

Re_% :}\Ouacotg Jﬂ%%:—-h%—- (%)
Ty g

Re
Bonsidering 9 () as funetion of a complex varisble which in

the limit < € 5 becomes the aotusl matrix element,

end using the property %(m} = rj*'[m’_} we can write (b))
i

in the equivelent form

\ . | S ; ﬁs-:.
S{Lﬂj — = L ‘Qc:ca [% C )/%* {m).j ( |
From the defining equation (bl ) , we see that F(f,a} is the
real part of the integral

T ot (e I el
ATTL w‘(m;_m—-lﬂ'&)

|

=, F(m} 4 LS ()
Represented as & contour integral, T csn be written as

L = R R (67
ATEL mr (Im'_. )
I

1) P, Carruthers, Annals of Physics, 14, 229 (1961)
2) i}'-!‘.ﬂhﬂr and P.E,Low, Phys. Rev., 101, 1570 {1?55) ER s

3
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the contour C, being indicated in $ig. A . Tre contour

consiats of the paths C | and (:3 around the rightesnd-left

hend branch outs and the two semicircles (, . Bince we are

interested only in the right=hand out, we ocan omit C,_l

from consideration since the 3% phase shift which dominates

the integrel is small on the nezative real axis. The integral

over thu}?;nih semicirecle alao turnes out to be smell, Thus

the integrsl we are interested namely the one over the gontour
C, is ddentlesl with the integral over the whole cantour C

which is given by

| ot o dagli By,
c 63 s (&%)

since % (o) =1 ( by definition ) .

A= =i ﬁn% %(_m) e Ema !g(m)l-i—iétm] {iﬁ]

(10)
[FTLSJ e MSEM/A%] (1)

Jubstituting thies 1in the expression for the reseatiering
correotion we hnve

Py = ﬁm—.al “3%“”5 jma[ GJAmS]

» / LE@-J‘;

oy FP (La ) h)
+ == L_ak 12 21
% e T | e wyg) a2

Now the genuine one-nueleon terms in the matrix element

for double plon photo production are given by the firot two 1

terns on fhe right haxd side of equation (15 ) o Ve see that - Nt






 the r-quirmnt that the 1T mewon spvesr only in an A -state
with the TT mesen being aﬁ:?d in a p -‘lﬂ:nl(tgg}l enn be

met only by utmm the seeernd of theme terms/which involves
the product of the T nucleon vertex and the matrix element
for the phutnproduutinn of the [T wmeson. The }3- weve prejec=
tion of the T _ nusleon vertex, gzives -qu while the A ~weve

projection of the 11 photoproduotion matrix element givea
! (1—1—- —-1—- ﬂa% i ' )
Dl" l = ql'rl
The value of CP;_. thus obteined 1s fed inte the integral im

(11 ) and the integration csm be performed. Multiplying the exe-
pression on the right hend side of (11) By the proper combinse

tion of Clebsch~lordens vontained in the b and o ecoefficients
(representing the matrix elements of the mmgular mosentum snd
isespin operstors respectively), squaring the resulting metrix
elesent, uversging over the initisl 8pin and polarisation snd
susning cver the final spin and eveluasting the total grosa-section
from the resulting differentisl oross-section, we obtsiln the
contribution o the total oross-seetion erising from the ree
seattering correetion. These are found to heve the vslue

1817 x 10™°% on® for the photon energy R = 3.5 and the

velue 1,976 x 10°7° on° for R = #8 4.0 . Remembering thet at
the latter velue for R , the total eross-section for the procose
in about 70 mierobarne, the rescntteringz eorrsction iz seen te be

negligible, Put this result is dependent on the assumpiion made on
the besis of exporimental fuots that the I -meson ia produced ».

essentielly in sn A =weve state.



It ie conoeivable that if there im a direct photonethree
pion intersetion as seemn to be required by mx to explein the
large isososlar form fnotor for the nuclescn, then the double
pion photopredvetion emgo through such an interseticn as shown
in Pig. §s There is mo field thecretic besis for such an intere
u‘lﬂ.ﬂnn for, while the foure-pion vertex with four internsl
nucleon lines diverge, so that it becoues necessary to introduce
into the Lagrangisn s corresponding conter=term whieh introduces
the pion-pion coupling constant, @ similar vertex with one pheton
and three pion external lines converges oo hat thers is no need
for new new counter terms snd a new coupling oonastent, Dut
following Boamco mnd De mm” s We could sasume 2 phenchenc=
logienl intersction Hemiltonimn involving three pion fields,

The current denzity opexrator then ia 5 e e

. 1 ! 3. () @, @ (=

W DRES IS o i = _— 13,

Lk o gy 3 Tg %) Ty fe) Xg
where CPL (20 are resl plon fields end Ec:{ﬁT 5 is s conmpletely

antisymmetric tensor of rank 4 . The congribution from such a term
%o the double plon photoproduction process orn be satimated in
the lawest order of the photon-three plon-goupling constent

an follows,

maa

| 1) L.Ds Solovev' , Soviet Fhysics -JETP 13,418 (1961)
2) B. Bosco and Y, De .ﬁ.ltnra. Fhys. ReVe, 15 » 215 {1959)
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4 *
o+ e N @
¥ for the positive and negative pionas respectively
where ¢ amd Q@ represent the creation operators/we cen

obtain :lhu matrix element for double pion phote production by
5] ]

taking X final géﬁg operators Brough the seme current density

operntor with h/npacl time label (for onliy then will the metrix

]
element be of the lowest order in A . It is given by

< g9, | Re S b

/
—LeA i
= L"Tj ~q,
Lr(_cimj mah)'h :-i‘m"é 1y q/are. 'f’*q"i‘r]

(R— oy, ~ )
X, ey} /5 il
s~ Rl T = 'P &
(K=~ Fo)% | T.¢0)

i (1)

where the neutral pion-nucleon vertex < ?’ lj’f_o'} l b>
o -
is given in the stetiic approximation by

<P|T @) p> =m® o (73452 -1

On averaging over the initial spin and polarisetions and sunnming
over x the final apin of the nucleon, the differaontisl cross-—

gectlon is given by 3 Oy iy
) d2e-T" N, Efa}tlﬂata%qfﬁ. —.___(h = ¥ -__.cl‘fll.__

Ciﬂ+dﬂﬁdml . JaRErt R 2 [(E_QTE__;?&)Q_‘_J
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A [(q;m 0y =g wl) Z[h—— %.hﬁg)xﬂ"(h—%*gﬁﬁ)ﬁi
'Jl_‘{[q.ﬁx ma_'_ OUQIM'L)&"\' <0Ut‘.d LJ&—CV&%DJII)Q}
e — —5 @l
KEwR =gy = %}z] )

An gpproxinate ealecuintion of the total cross-section
ef ter performing the engle integration in (7¢ ) at =& value
R= |, gives e eross-seotion of ~» 35 A 51_ microbarns whioh
would give a value of A]Rj le4s DBoaco nnd de Alfureo cone-
clude én the basls of the observed mean squered radlus of the
nucleon that }\i should lie beiween 5.4 nnd 1J0. Thus 1%
sppears that the same value of }: is not sble to Tit the

photoprodustion datn end the electromagnetic structure of
the nuoleon.

8« Jenclusion

In this chpter we have evelumted the totel oross-section
for ths photoproduction of a cherged pair of plome from a nueleon
and £ind that the exverimentel values con be fitted for energles
of the photon upte 600 Mev by assuning a pure Yukowa intersotion
‘end retaining all the gemuine "one-nucleon” termsa in the matrix
element. The effeet of the plon=-pion intersetion secus to be
negligible at these energies, The fouct that this is wo wheress
the pion=pion intersotion is dominant at wuch lower energies for
plon production in pion nucleon collisiona ( see next ehaptu}'

Rl

¥




geomn to show that ite role is essentislly that of m initisl
stete intersction whieh will, of course, be abment for the
photoproduetion problems Oup considerations slso show that

if there is n direct photonethree pion internotion which is not
neceasisnted by field theory, then itis not possible %o explain
both the olectromegnetic formm fametors of the nucleon and pion
pair produotion eross sectlons with the sume velue for the

photonethree pion coupling nanatg::tJ A' *
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¥With the esdvent of the double veriable dispersion relations
(see Chopter ) » it has become clear that a knowledge of the
pion-pion interaotion is & prerequisite for =a complete understend-
ing of all reactions involving the plon and the nuocleon. 1f we
congider pion-nucleon scattering for instsnce, one of the crossed
channel will be

TT+TW — N+N (1)

dn the unphysicel region this process is domineted by pion-pien
sentiering .fdnmiveked 3y yiomsw Similarly for photo pion produetion
from & pion or m mucleon or for nucleon-nucleon scottering the
pilon-pion interaction plafu an important role in the crozsed
| chennel (for the Iirutm::ﬂeirmm in the main chemmel alse)
and hence affects the remction in the mein channel slso. Zo

& good deal of interest hes been evinced in its study., Since

- pion tergets are not available for experiment, the proocess of

pion=pion scattering has to be studied only indirectly. One may
suggeated for obteining the cross-ssctions for the process by
Chew and an” is to extrapolate the differentisl cross-section

1) G.P.Chew and FoEJdiowy FPhyss Reve, 113, 1640 (1959).
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for the process
M4 N— N 4+TT 4T (2

%o a velue of the square of the momentum transfer equal to
the square of the mass of the pion, there being a pole in
the matrix element for nrocess (2) at this walue. At the
extrapolsted point, the residue of the pole will invelve the
product of the pion-nucleon vertex snd the total erosazesection
for plon=-pion senttering. The smnlyses of Bonsignori and E!nlhh})
end Derade?) have imdiceted evidence for the plon—piom intere
sotion. The experiments of Perkins et 315) on process (2) mhewind
showed that the relevent cross-sections are $oo lerge in
comparison with what one should expeet onlhe besis of e pure
Tukawa type of pion-nucleon intersetion end this has been
econastrued to meen firm evidence for a pilon=pion interaction,
Purther, the work of Fraser end Puleodon the isovector pert
of the nucleon magnetic moment has indicated that the experie
mental deta for this quantity could be fitted only by assuming
& plon-picn seettering resonance in the T -\ , JT-| state.
Recent experiments® have indeed given clear evidence for
such 6 Ieconance.

On the theoreticel side the pionepion problem has been
considered by Chew snd Mandelsten?) using an effective range

1) F.Donsignori snd P.Selleri s Nuovo Cimento, 15, 465, .(1960}
2) I.Derados Nuove Cimente, 15, 253 (1960).

3) A. Frwin et gl , Phys. Reve Letters, 1961
E.Piekup et al , Thys. Rev. Letters, i’ 152 1951

‘]‘ G, P.Chew and 5. Mil.iu, Phya, R“-' Hﬂ.! 467 (19’60)- 8a
5) . W. A. Perkins et al, Phs. Rev. 118, 1363 (1960)
6) W.R. Frager and J.R, Fulco, Phs. Rev. 117, 1509 (19600

J L]
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approach in which they have derived a possible range of
values for the pion~pion coupling constent )

In the conventional Lagrangisn deseription of elementory
particle interasctions the pion-pion intersetion enters naturally
if one considers the fourth order diagram involving !:::l}lﬂ!-
ternel pion lines. Unlike in the case of fourth order photon=
photon seattering where due to gauge invariance, the contribu-
tion from the square diagram is convergent ,the sguare disgram
yields a divergent result both in seslar and pseudoscaler meson
theory. This divergence has to be removed by o suiteble renor-

melizmation and for this it is neecesscry to introduce a term of
the type

LT (3.9 o2
into the original Lpgrangien with a suitobly chosen coefficient
A which must contuin an infinite part which will compensate

for the infinity introdusced by the fourth-order pion-picn
scettering md may elso contain a finite part. Indeed the
conaiderations of Chew and Nandelstem lenéd support to this view
though in thelr ense the coupling constant enters through a
subtraction term in the matrix element (the pole term which
usunally yields the coupling constent being absent in this ocse

. as there is no single stable particle apart from the photon
which has all the mmmwkiks quantum numbers the seme as the two
pion syntem).
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In this chapter we have examined the role of the plon-
pion ® inleraction defined through (3) in verious piwuﬁﬂ!on
progesa in the sub-Gev region end made estimates of the coniri-
bution of the interaction to these processes.

(2) Ve assume to begin with that the resction proceeds

completely through interaction (3) which we cmn rewrite as
=3

*-
LA 29 ¢+ 4, | (h
Let us consider the reaction
Y4+p—= b+ (5)

On "contracting® on the final pair of pions of moments a

and QY * but teking the operator corresponding to one of
them through the current operator erising from the other,

we obtain, using the usual procedure of Low, the matrix element

for the process as

, sdn gel&T Awosn sy b e,
<PW.W&\S‘P1§>"_W S(p+R P~ Fs)

' it X Q@ (a
[<RITGue ) T(nogofr
How using transletional inveriance snd the equation of motion,
we cen write, on introducing = complete met of "incoming" states
and retaining only the single mucleon intermediate atate,
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< PP@|N> = — {:ELL%::\)&N;—"_‘.E 3

Thus the numerator of each of the terms on the right hend side
of ( 6 ) will be & product of & plonnmuoleon vertex and the
single pion photc production matrix element, the whole multiplied
by the pion-pion coupling constemt )\ . From the range of volues
for A\ given by Chew end Mendelstem =nd also frovwthe considers=
tions of the next sections, the velue of )\ could be teken s of the
order of 107 so that the term on the right hand side would be
a8 factor 10 smaller then the corresponding matrix elementas

for double pion photoproduetion using the Yukawa intersction
only. This fact coupled with the plon propagatds in the dence
Binators shows that the contribution of the pion-pion intersetion
to the double pion photopreduction is small compared to that of
the Yukawe intersetion m if we rotain enly terms of the lowesnt
order in A . This lends again support o the view of Chew
mentioned in the last chapter, that the role of the plon=pion
interaction, at lenst in the low energy region is to set as an
initiel state intersetion which will not be present in the guse
of photo=production. Of course at higher energies ( 2, 750 Mev)
the final pair of pions may resonste in the I =1,J=1
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state and thus the pion-pion interaction nsy mnoke iteelf

felt as a finsl stete intercetion. Ve shall study the

effeet of the plon-pion resonance more closely in the xxt next
sub=-gection.

(b) Ve shall study the effeot of the pion-pion rescnsBe
in the (1, 1) state an the photoproduction of pion pairs from
nucleons by considering the situation when both the finel pione
produced resonate ns well as the cuse when one of the pions
produced resonctes with a pion in the virtuel cloud. To derive
the metrix element for the former case, we stert from the

S ematrix clement

< pigy,9,| 8| pRe>
Teking the photon ereation operator through the part of the
interaction Hamiltonien corresponding tothe photon-meson intere
aotion visz,,

(‘?( 3“? 2 __ o' %%?) A,
end the operaters nu::rnponding to one of the final pions with

, four momentum Y, through the part of the interaetion Hemile
toniean corresponding te pion=pion intersetion viz.,
LN (g

“we obtain on going through the ususl Low's procedure the | ematrix
elenent

L
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=<\ T O <n| ' O\p >
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- "'“:qu-PIHI “3\“}“:“\3-171{‘ }IP> {
E.—R-p,—LE )

¥e shall consider the first term only and take the " 1 °*
Btate to be the one corresponding to a nueleon with momertum
p‘ (the seme so that of the finel nucleon) plus two plons with
four-menente q) end ql" » » Toking the operator corresponding

t¢ the pilons of momentum q., through the photon current operator
»3 6) we obtedn finally

—a-‘a

S P, [TIpke> = — = W7 %‘L“ﬂ.ﬁ' P e O B

1,.

: L | S I =
AP | 9| P[R9y B)(R-q) )]

_ )
where 4 () = L9 (6)Y, (o) is the meon current
operator, The right hend side conteins the product of the pione

=
plon scattering mmtrix element, < Y, \U—TW (o) \qh 0“7
and the pion nueleon menttering matrir element
v
{PJ%I\‘ATLU)1P> « ¥or the former we sssume the

interaotion to oroceed through a resonmce in the ( 1, 1 ) stata. [
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This is simulated by teking & 'f ' particle intermdiante 75
gtate, the PTT interaction being given by

L

: -3
= Jemn ?}Z.,, By s P finy B Sty
where B},_Lx} is the ¢ -meson field., The resulting matrix
element for the process of photomroduction of pion pairs will
then correspond to the dimgram (1). For the PT T coupling
constant 5‘Frr i we use the experimentel value')

{%;Eftfdéﬂ_ RESESE
The differentisl crosa-section A7), Lor various velues of R,
the photon energy =nd W, , the energy of the negative pien is
given in Table I. As osn be seen the eroas_section ineresses with
ineressing &= as well as ineremsing w), )hut the contribution tends
to be smell for values of the photon energy below ihe volue
ecorresponding %o the pilon-pion resonance vig., ~ T50 Mev.

The %ﬁ corresponding to the situstion where one of the
finel pions with four-momentum Mhruaanalas with & pion in the
virtual state is given by Fig. 2. 4 nmericnl estimnte of the
. contribution from this graph agrin indicates that the effect
of the pion-pion resonance on the photoproduction of pion peirs
tends to be smell for values of the photon enmergy <~ 750 Hev.

Thus ve get the result which wes used in the previous
_ ghepter vig,, that the effeect of the pion-pion interaction on the
shotoproduction of pion psirs from nucleons ig negligzible fou
moderate energies of the ineident photon.

1) J.A.Anderson et al, phys. Rev, Lebters, §& , 365, (1961);
G.R.Erwin et al, ibid, 628, (1961).
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W, R = 3 R = 4§
1.281 0.479 -
1.6 1.108 3.7T81
1,847 1.84 12.54
El" an 2&1“
Table ggzggj
B | P
_R=h
;L
, (9% fd e, )% 10
1,281 072
3 3.6 27
1.857 52.4

UBIT OF BUEROY = PICGE NASS = 1
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e il f ¢r

Vie shalil estinate the contridution erising fromthe piovie
Plon interaction to thia procesa. To be more precise let us
eonsider ithe reasction

Y4p—> b4 + T T (19
Ihen using Low's procedure smd the intersotion (4) the relevant
matrix element for the production of one positive pion of momentun

0, » one negative plon of momentum Yq addone neutral pion of
|
monentun ia give

q',& g n by

< IP[:‘wa:"?qJ;:’Chn\S\he ) }P>

L

_Lulhx' [ 5 7 :
E "{am‘;tgd” <'f’ﬂa-l%3a\j‘lmﬂx)\h%?> (v
\

+
where Jo o is the current deneity operstor due to the pione

plon coupling internction.
" The matrix element ( 9 ) can be evslusted in the lowest order
‘of the pion-pion dapling constants M by tsking both the operstors

+|-
‘eorresponding to the plons of nomenta 4, =md Q. through sSCS
Atself whan the nmatrix element reduces to

L3 3RCTTA
(8 Wy, %)%

{'.Fﬂ) qih.;.-‘cb&—’ %“\S\he;‘?:} =

X S(P”fb' & P!"*c‘h'%a_%0< ‘PI \{Fo@\h&] F>
1)
matrix element on the right is comnected vith that for the 8
tn-prnduetipn for m single neutrsl pion by the equation
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< PR ©@|kes b> = < bl RE; P;? (1)
L Copt 4+ 4, ) 4
Usoing the complete amplitude for the photoproduction
of neutral pion given by Chew and Lwl) we obtain the differentiel

eross section for the process am

d.gc"+-c (R) a 22
dose d‘ﬂad“n'adm&d”a = \M\ (&W) VA Vs 150 s (1)
vhere
\M\i- ash T AR _ \
,;..,T. e, Lﬂah E[-g"}..""—aﬂaﬁ'—%ua)ﬂ—'—' .R;L_‘_ \ ]i
j';‘-‘-* '1‘1-'*5;'}1 = T T I
: [ L-,.:mma {[q,., o+ ) *(Rx e}]

— MY g S >
i i{i}zwf;jh Ne {[@Jﬁ-%ﬂﬂ-%‘) X(hxf )‘J \(Q‘+hq;+i‘*q3‘) ]:L

+[ (4, +H;C"y;+% 3) x (ﬁ‘xgﬂi
X |@+a -2l (%)
Here
l'.SL{ > :
i e s /:“’“ 8 (@ (19
E |

the subscripte 1, 2 and 3 referring to the 11, 13 (or 31)
end 33 atstes of the plonenucleon renpeciively. The phase

1) G.F.Chew and F.E.Low, Phys. Rev., 101, 1579 (1956) "
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shifts for these strtes given by Salsmen and Halmu were
used and the angular emid energy integrations were done numarie
erlly to obteinthe totel eross mection for tha Progess.
Table (IL) gives the total oross sections for bwo values of

N end for two velues of the ineident photen energy R .

The experinental velues of Chesan et sl12) (which are
the only owea thet scem to be availeble st the energies consi=-
dered ¥¥e) forthe combined erosspection o (TF +TT_ TTG)
+ o (T w7 ) et energies 700 and 840 Mev of the
incldent photon ere about 7@ and 14 mierobarns respectively,
In our method of derivation, the matrix element for the
proeess

Nrppressnptt aqriftem B

will be

bLLTTA J
T Bao o)t S ( PR p=fyeay, — )

s
<Pl @ @] pe s k> o
Ve notice that externslly there is a factor 2 more than in

the cupe of TT+1T“TT° produotion. Further if we retain only
" the contribution of the isovector part?}.ho ourrent for the

1) . Salumen end 7. Salsman, Phys. Reve, 108, 1619 (1957).
2) B.i.Chagen et al s Phye, Rev., m’ 811 {1960).
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charged pion photoproduction the matrix element for which
occurs on the right hand side of ( 1) o (7w )
will be roughly twice the contribution of o (7T 7w 17°)

Prom Table 1r , we notice that a value of A o 0.l will
£it thesce data.

4o t ione 1lisi

As mentioned in the introduetion, this is the process
which hes shed much light on the pion-pion interaction. Teo
be specific , we confine ocurselves to the progess

T 4+p — T +T +n

The matrix element for this process om be evelusted
in the lowest order In A in exactly the scme way as in
the previocus sections. It is gi'ren by

<P Yy 1 9-181 PG> =—3 (¥ +q.+ 9,-p-9)

bl LA P
'W<P[<P ) |p >  (19)

where o is four-momentum of the inecident pion and 9,

and a{; those of the finel pioms. In the non~relotivistic limit

< ¥ ltho)l p> = L(#T)(P.ii;};-:l- (b %)

Uaing ( |82 ) sma ( 19 ) y We obtaln the differential

croags=gection as

(19)

L1
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Gsloulated vplues of 0= _ O (R) 4m mb

— MF'_
R ET( V)

700

el 0.15
2.5 5.6
4.3 9.7




%2
Pt = s X § 99,
d__;L+dﬂ.—dc-Jl (a‘n‘}a‘ﬂi
(ﬁ‘ El:T_' qa)a (ﬂd)

L{Ei = C;Y*'L —_gi’nl)a'*' ﬂi
We shall choose T":‘J along the z -axis and & 3§

%0 lie in the zZox plene, Let QI be the angle between _::51,
and G, end (6,,P) Dbe the angular co-ordinates of

—

q";{ « Then the total eross aa:tiin can be written as
e [q},) = 1ag A } J (=)
where
=y ==
c'ﬂr F+aq,lqimme; Mgi
2 |

F=89, gy Am 85505,
|
(F 429,09, 48 sinG 3

1
(F- aql’tc‘?'.:‘t'l:"'i""'ﬂ"gl Ao Qi)n]
T R 20nQ A6, A8 29 (33)

P qear9i-299, @029 9,94

az)
+39 9, Cn € O, + | (a3
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The integration over el o 99_ and P as in other
cases cosidered in this chepter osm be performed numerienlly.
We have performed the imtegration for 9, - 340y 3.5 and 6.0
pion masses using dntﬁlg coloulating mnhipea. The theoretieal
cross-wections for x¥ values of A end the experiuental velues
Feported by Perkins et al from Derkeley are given in Table [y .

From the Table, it is seen that )° 1ies between 0.61
and 0.005 which is consictent with the reported results of
Budhlrgl) » However, we wizh to remerk that our fit for )\1
is made on the baois of pion-pion intersetion alome, the

contribution from the Yukawa intersction baing negligidble.

Se

The matrix elements for the procegsess

T|-+~1-p — TT++TT'++TT_—1- = ()
LS s (i)
—5 T e em (i)

¢on be evaluated, assuming the intersetion ( 4 ), Por process
, (1) the matrix element is given by

<P, Vaws Yt |S by > =

I]L_S,Rncl"w.wa) Pl'ujs Rav L"E'U“s )-—3—} Se ( iﬂl&"q}




TABLE

Total cross section Zor nlon sroduckion in ab,

Theoreticsl cross section

W Mev Barkmlayll
Nz 0.01 A= 0,008 value,
ﬂﬂﬁ 1.13 0'5’6 B'Tﬁ - 012
370 3.10 1.55 2.0 « 0.5
700 a,7R’. 1.89 e

1) W.4. Perkin's et al, loc, ecif,

Ty
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(8o, r..:_if.a'j"-'- E(P +9 _PF“C\I’;“ Va— C‘L"r_-.)

<P, || p>
o = (2
(P + = F)1- o !
vhere < ‘3' %H—t”)\ P> represents the metrix element for
the meattering of a nagntive plon. We use the static sporovi=-

mation of this matrix element given by Chow nnda{.wl). if 8”
(ot ]

(9;'1 ’ ‘P;) ond (93 ) CP,_J are the ﬂphuriae‘ikmgm of the
— =N — . e
directions qh ’ o”:-1 and qua respectively with cv along
the = ~exis, integreiion over @ , C?ﬂ and @3 yields the
d¢ifferentinl croms section

&’Sr A I s T e ) T
d.cos QI d ces EJLGL c.a-:-.ea 'iwa.d“‘:’s =[C\R_L72)3fi E-_'cl’e:("*- -t—qq}"e.)
+§ac+ad+ue_—b}] @s)

A = _Lcla_.‘f__ _ﬂ_\?_lqr'i";"’“isa'a
i 2 YT
Q & a
o = g +uu,l+r:=“_.q_,3_;tovomcﬂzue1—aq',th',mga
‘l“s'q}laﬂaﬂmglcmg;,
b = ﬂqho"'a }.sijI mimga

8. A a g - d 2 2
Cro= °v5°U=CD°93+an %, o 6, coo 93_

8 = S
+O\,i c.': mieg_ ceo B, — aOUEquJ, Ceo Qacmel

& o 3 = 3
— 510._,5 Y, oo 93m9a+aqwquiq,acm Ga Zcen®, CoB)

1 el s dnEE N albarnel

LEY
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te o ML Al -
ci = q}:{. ::1-"1 Al 93 An 9]
e = 19 Am&e
Al GUE. a'.r'.i a4
= ES | : o
J =9, 5, AR A 8, i, @

Ixperinentol deta on double pion production in plon=nucleon
collisions in the low energy region is seanty. Willisd) ives
on the basis of o single event g volue of '!Oyuh for the total
ores section for peeesa (1) at an incident pion emergy of
500 Hev . A rough cnloulation using the fesot thet thevrluen
of the momenta q, * Y, umd an are small compered to y
yields s oross-section of ebout § 40 pb for o velue of

A= 0401,

6. Corclusion

In this chepter we have made estimates of the volue of
the pion-pion ecorpling constent sseuming that the processes of
"double and triple pion production in pion nucleon and photoe
nueleon collisions procecd mkewrxk only through the pion=pion
intersction. It has boen found that wherees the internction

1) ﬁJ-EmiH. Phys. R.Tt._m. 755 {1959]-

*a
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may not be inportant for double pion shoto=produetion,
it is otherwise mm for the other processes considered,
From the previous section, 1t will be seen that o value of
/\a = 0.01 seems oble %o give the oroaso-gactions for the
verious processes considered., Purther the veriations in the
value of \ foll within the limits ziven by Chew nnd Mendelstemt)
in their effective range wvurosch involving e single resl parce
weter which we esn ddentify with N\ . Aspuming $hat there is
no plon~pion bound state, they obfain the rense of veristion
of A es
«0.36 S AL 0.3

It mey alzo be mentioned that a value of )-.JR:’ Ueld hno
been obteired by Khuri and Zreiman?’ in thelr study of the
effect of plon-pion intexrcotion on T ~decay.

1) CoFoChew und S, mmm' loc. ait.
2} NeNeEhuri and E-B.mm’ Phﬁ'ﬂi Rﬁ?t' m' 1115; (19601t‘

LS

ta
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It is cusitomary in the evaluation of the differentiel
orose=pection for m process to aversre cver the initial atatea

and oua over the finel epin etates end polarisations es 1t was
experinentelly difficult teo produce spin-pligned targets or
polarised besms of projeotiles till recently, “he sumeing over
the final spins snd polarigations is in ecse one is not interente-
ed in the spins sné polarisations of the final particles,
I'uli.l} hed pointed ojt in mx intercuting psper in which

.he eonsidered the scrttering of a plon by & mucléeon that even
if the initiel muicleon is unpolerigmed the final stote nucleon
is polariged in a direction perpendicular to the scettering
‘plane. This shows thet in :;aru.ging end sumaing over the sping
and polarimations we are losing many intercating aspects of

& process. The caleulntion of magulsr distributions for
polarized targets and projeotiles is of interest now.ss It is,
for instance poscidle, us shown by the experiments by Golde
heber et al 2) s to produge high energy bremsstrshlung which

i¢ almost completely eireularly polarimed using polariged
eleotrons originating in F' =decny,.

1) E._!‘nmi. M. Rﬂ'u' 21’ 947 (1953}
2) u.Boldhaber ot el , Phys, Rev,, 106, 826 (1957)



In this chapter we have examined the questionof
whether the sngular distributions of nions produced through
variouns agencles from a nucleon are sensitive %o the state
of volarization o the nueleon as well as that of the ineident
projectile (17 it has spin). ‘e have studied this problem
with reference to { 1 ) the vhotoeproduction of a single pion
from a nacleon, (2) photoproduction of nion pairs rom a

nucleon and (3) electropion production froa a nueleon.

2.

feveral Teatures concerning photoproduction of pilons

by nucleons have heen well understand on the basis o the
sinzle voriabla dispersion theory of Chew, Goldberger, Low
and Yaabu (C O L H)m for the process, As referred to ga=iien
in Chapter y the ealenlations =7 Hallm gshowe that the
CCLTN matrix elessnts Cor single nion photoproduction give
a zond account of the proecess upto about 400 Mev incident
enerzy ol the photon, “e wish to sugzest that the study of
polarigation phenomena (i.e. the angalasr distriﬁﬂ:lm of the
plon when the inelident r;l'ﬁtnn is nolarized and &nrgat nuclaeon,
shas 1ts spin aligned /e atmax the degree of nolarization of the
final nucleon) ecan slso be used to check the validity of the
€ 5L N foraula.

gy

1) Alladi Ramakrishnan, 3.K.%rinivassn, N.R.Ranganathan and
K. Venkatesan, Proec, Ind., Acad. Sei, 47 , 302, 19593
and :unpnhllsﬁad
2) G,P,Chew,M.loldberger, F,Low and ¥, Nambu, Phys, Rev,
= 1 (1257)
2) T.S.Ball, 1loe, eit.

““ri ll. \\



The complete matrix elesent for photo-production of
e vositively charged pion as given by C G L N 1is
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Here A, and [L, are the magnetic moments of the proton

and the neutron respectively; 'm the mass of the nnulunn,_};

and 7:::; area the aomenta ol the shoton and nion respectively;
o> 1is the plon energy, ¢ the polarizstion veetor of the

photon and o= the spin operstor for the nueleon and

L

k , Mo=M. ‘F‘Lzﬂ im S
‘?_l[-"‘}h —"i-('E‘.I_lQ-\'ﬁH Q\.M—l- E"ﬁ\)
L{—"r\} J“(LI\+ QEL13- L. kit L’*’D

the subscripts of J?ﬂ- relerring to the isotopic spin and
angalar nomentus states for which 2\- 1s the amplitude

D i P
Fg = = Ji(l+ Toas 415 -
'.-1:r g
L.
v~ g v
B 16 Sprratiien g e
F'm L LV I+

1o being the veloeity of tha nion,
To sianlify the kineaatlcs, 1ot nsg choose the direction
|
of nropagation of the photon as the =z eaxis and the x -z plane
.—?
is dofined as the plana which contains R amd & . Let 6
-
densta the angle between R  and ‘% . It 1s to be noted

that the above matrix element is a matrix in the spin space

S



of the nuecleon, We shall now work out the polarization
effects froa (1) by preseribing that the tarzet nucleon

the photon . fere as well as in the next secetions we shall
ngse the superscerints 1 and 2 €o denote the no-snin flin
and spin {lip eross scetions respectively., Ve note that
with our cholece of the coe-ordinate gystem, the right cir-

enlar and le™t eirenlar polarization of the photona »are

€.+ tEy and _EE_ET_;i « Making use of these
v a V

exprassions for ¢ , we enn obhtain the relevant matrix
alements whan poaitively charged nions are produeced by
rizht eircularly polarizaed and “eft eircularly pola-iged
photons, Since u:_ruquira the spin of the nueleon to be
oriented along the Z eaxis, i.e. in the direction of pro-
pagation of the photon, the onerator o _ = E:Eéitfji
ecauges the spin-flip of the nucleonn while 0y = (U}t‘+'L°ij1_
actling on this apin state of the nucleon yields zero eigen-
value. Froa the smplitudes thus sbtained Tor the various
cases of right and laft eircularly polarized nhotons and
snin-f1ip and no-spin {1ip for the nucleon, we ean caleculate

the angular distributions and they are given by
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Here the suffix »xn.c, denotes that the phot-n besm 1s right
eireularly polarized, In a similar wayy, the an-snlar distribue-

tions when the photon beam is left eireularly nolarized sregiven below.
In the above as waell as in what "ollow= 3l) the phase shi’ts

other than the dominant 33 phase shift are omitted,
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We notice that except for the case of right eircularly
polarized photon with spin-flip of the nucleon, the expressions
for the angular distributions are cunbersome, But 1T wo take
only the first Tour terms of ( | ) into consideration we will
be reteining the dominant teras, The Iirst tera which is the
Tintersetion current”™ term in the statie theory of Chew and Lni;J
is dune to the electric 4dlposle intersction of the photon. The
second torm 1s the "plon current” term which inclundes all mnlti-
pole aomenta, The third and Tourth terams arising from nagnetie
dipole interaction o” the photon with the static nueleon intro-

duces the plon-nucleon phase shift into the photo-production

problem, Retaining nmlalthesn terms of the matrix eleament ( | ),

da
we will have, for ci;;: only the first three teras of
% Bty o DB
( & ) which we shalb wrii_:;g; as %‘—E—}E—@—TM_(TF Y e
as 1t 1s; for {15-{;Err - only the Ffirst three terams of
B get |t %) +
( 4, ) which we shall write as ____t_iL 3}1b[IT Y
dog G ;
and Tor €. only the first three teras in ( 5 )
AN Eﬂ‘t 9 :]_m Cn—*)

which we shall write as R.c; « The angular

dot  © dofurh dofam® L\ Tdegiarh)
distributions T ! [:l_ﬂ_ ! an '

have been calculated for the simplified case for varlious values
of the photon onergzy. The results are given in Tables (L B\ )
;asneativaly and also drawn as curves in Figures (I—-1+)

As ean be seen aven from the expressions (2), (2), (4), (&),

the angular distributions are entirely dif”erent for the “our

ceases congidered,

1) G.7.Chew and ?cE-Lﬂ'I!" Phys. Hev,, m Y 1579 (1“5) \\'

4
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Zgble X
doy'. (™)
d i in microbarns/aternd
et g g gy 3P
0 2:29 6475 9.0 6.75 2.725 0
0 D.48 28,43 37.9 28443 J.48 0
0 12,36 3T7.1 49.43 37.1 12.356 0
do s
da i.n micreburns/aterad
0«16 0.68 0.60 0.20 0.02
0 0.33 32.21 2%J014 0,63 0.05 0
o 0.T0 534 3.14 0.87 0.07 0
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Zgbie X UT
o (m (ot
“ilie ) in mierobarns/stersd
don
3 gk 0® 30° 60° 90° 120° 150° 180°
1.5 0 0.07T 020 0426 0.20 0,07 0
2 0.50 1.49 1.98 1.49 0.50 0
?-5 1.47 4.42 5-9{) ‘-42 1-‘1 0
Inble 4TV
&T{ifc ("ﬂ'+)
= in mierobarns/sterad
do
Gn m o] (v] L+ (+] 1] (4] o
oo 0 30 60 90° 120 150 180
1.5 B S38% Gx9% 6389 Sx6& 2 Oz6F 8
Ted2 TeT5 Te21 12,57 21.98 31.37 35.8
2 11,19 6,56 4486 11,61 29.89 46.95 56.59
2.5 29445 15,47 8,02 9.87 22.31 33,97 40,77

e ——
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FIG. |
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FIG. 2
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For the simplified cnse we ecun slso caloulate the degree

of polerigetion of the rueleon in the finsl stnte aince we are
in possession of both the spin-flip end mo spin-flip amplitudes.
If A end (1 B) are respectively the spin-fiip and no spin-flip
amplitude, then the degree of polarimation P is given by

- (ff\ B*)

\A1* + B (6)

kTR

defined by the ineoming photon gnd the oufighoing pion (see, Fermi

1953). Ve obtain the following experessions for the degree of
. polarization when a positlve pion is produced for the two pola-
rizations of the incident photon beans

(_h.. BJ [ h)'lAJLm Qﬂ.dﬁg AJHI:‘HSE,B
35 +:rU-}"] G+ 2=)" ]:{k? ) +'.]
N aaf,e..:,;ﬁ'e(h_q;mg) ]
G+ )" [CRZ % 1
'pi'c(.& 6) — a2 L AT 8.

Con B Aunm B
I:Tm +FF;J¢] q _1'5"5?_—

T oy i, 2
(+ Sy (R )+ 1] (R3]

QAR coa835 Aun Say (R 9 cor) e sm 6

104

This polerization can only be in a direction perpendicular to the plane

2 L 2 [(R-9)% ] ]

‘
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P(R Hdenotes the degree of polerizmetion of the final
nueleon when the pion is emitted =t sn gngle B to the
direction of the photon momentum TE? « Here agein we
notice a noticeable difference in the degrees of polarize-
tion when right eircularly polerized end left eicularly
polarized photons ere used, a difference which c¢an be con-

fronted with experimental deta when they become aveilsble,

b) Photoproduction of meutrsl pions
The complet matrix element for this case ns given
by Chew et al is

(T-ﬁ-P—*P-FT) a‘reﬁ [ (hx&))\hw+w (cvx(hnej}\h“'}

e A {:-;— LL{Q.‘—.%)%-%LQNH}}

M M L
L E.Di-%-a P aua S,
"
X XU‘Q— LF)Teq R+ (Fa+55.) Ry E%
B 2o rdUPane o
E 1w q qJ R AV Cas W
2 BptMn L," oo E
—Lr-%x(hx ) = e e
LD

(2)
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The angular distributions for the various cases are glven
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There is sn enormous gimplifieation 17~ we retain only

the dominant magnetic Aipole ke¥xm (phase shift) term in the

satrix element (the Tirst two terms of ( 9 ) ).

eross-sections then look as follows:

do7® (T7)

=

d N

(1

clu*z’::_ (TTUJ 18 }fg‘]{h et B a8,y

T da

Ane 't B oan B asg

Bh

cv:\

08 Dhalgs i E,,

e qlf'

L

o

B

The various

(k)

{IE)

(18)

(m)

Thus the anrle denendence of the 417 "erential cross-sections

is particulerly sienle., The dif"erential cross-section for =

right eirenlar photon is sroportional to A" 6 while that

for a laft oircular photsn 1s proportional to

the no=spin-"1ip ease and

Cos B

Al O
for spin="1in,

for

farther

in this asproximation thers is nno aninelip for the nucleon if

the incident photon ls rieht eirculsrly noleriged, These fos-

tures in the angular distribution can perhaps be checked with

gxperlaent, Also due to the vanlshing of the spin lip
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fmplitude in the case of a right circular ploton, the

finel nueleon cunnot be polarised for this case, i.e.

| "Pii'.a\} = 0 « Ue alsc note that if we have the nucleon
polarized opposite to the direction of propmgation of the
phcton 1% is the right eireular photon that will yield a none
mero spin mf smplitude while the spinflip m smplitude erising
fron s @eft-circular phot:n is sero which means that Pg(k:j.gjz (®
in this cese, This remark also Lrings out the need for polerising
the target nucleon, FPinelly we wi h to remnk that recently
considersble inferest on the polarisation <f the recoil nucleon
in T'Fu procduction nt higher enmergies hss boen evinced with

8 view to determining the parity of higher resonsnces other

than the 3/2, 3/2 rasonanun-
e Mumwnm_n:_mm”

a) Ye shell next conzider the polarization effeets in pré:cnnu

T+P — p+T 41T
frooovs) o Rimpiw the matrix element for which is given by equation(

¢ch.
Agedn Lixing ihe spin of the mucleen elong the direction of
propagation of the photon, we gan derive the anguler distributicn

for the various esnes. The sngular distribduticns of the T[T for the

varicus cnses obtained by integrsting over the sngles of T ere ziven by

.

1) JJ.Sekurei, Phys. Rev. letters, 1, 2568 (1258)

2) Sek.0rinivasan end ¥, Venkateos n, Proc.Ind. Acad.
50, %92 (1959)
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Ve shall eslealate the aatrix elements for the anm!ssion
of pions when polariged electrons eollide with polsrized nue
cleons, We ean agaln investigate (1) whether the type of
polarization of the orojectile electron affects the sngular
distribution of pion emission even 17 the initial nueleon is
anpolarigzed and (2) the desree of nolarization of the final

ry
Pabinl et sl and rncantlrzxiiy have analrsed the

nuelaon & initially !ﬁ was mpulat-imhi.n % Eiven direction.
process by the method of dispersion relations, the Cormer
using the single variable disnersion relations and the latter
the Mandelstan roprezentation, In hoth cages the matrix element
Far electro=pion nroduction is reduced to that "or the rhotoe-
produetion o” a nion by a virtual —:réuntnn. Thlis can he sesn as
follows. The metrix element Tor ¥ electron of our-sosentunm
,5! fapinzing on a nuelson o7 mosentum PI by whieh it
goes over into an elzetron of =oaentua 41., the orodocing a

pion o momentum q the flnal nucleon having the monentum

Fi. is 7iven by
< Pas 42, 98| Pua>
o itaih S S dxdx o (§), o)),

T (B G2y - Rk G, (403,
(33)

1) 8. Pubini, Y. Nambu and V.,Wataghin, Phys. Rev., 111, 329 (19258).
2) P.Dénnery, Phys. Rev., 124 , 2000 (1961), :

a
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T he interaction Yasiltonian density is ziven by

H.:“'c (3¢)r = pe _‘{‘; (x) Hf,p. ‘{Je (&2 ﬁi,_l €3

—+ renormalisation terms
whero Yy and VY. are the field operators of the nucleon
and electron resncctively, Commuting o(hs,) to the right
and a (4 to the left but taking one 5% them through
the earrent operator arising fraa the other (only in which
easge we will have a astrix element which ia of the lowest

order in the electromagnetic coupling ~onstant € ), we 1::‘!:*!.::&1:1J

)'!;.

. 4 L £
U (A w(4,) de S s

on going over to the Helsenberz representation,

a
< Py) A&J%\S\‘Plr‘hl> = e(?gl

<y A RS

Perforaing the <X integration, using transZa tional
invariance for H.M (X) we esn remove out a delta fanection

S ( P+ A~ P;t_ h;—cb ) corresponding %o over-sll energzy sosentum
conservation, The aatrix element < p, CU\ H}Al"‘} \ P, >
o anansestod AR <SR 440 b2, eresafsle)

i the photon current ﬂﬂrltﬂr? on d1 ffarnntiatfma by O .
Pinally we get
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k&
< Parta, I T R, 20 = - Le C;E) WP Iu@ B> (o)
The aatrix element on the rizht corresponds to photo-pion
sroduction by a virtual photon of polarizstion,c - WG Yuls)
The importance of a study of the process annugé;:jum
%o stem Crom the virtusl nature of the photon sinee in the
inhomogeneous teras of the dispersion relastions, nuclear form
factors which depend on the invariant momentum transfer
A = (A‘ = “5;.)1 enter, These foram fu:?ﬂ are exactly
the sase as the ones obtained by Hofstadter in elastic electron-
nucleon scattering. Since the eleectro-pion productlion involves
both the proton snd neutron foram factor effects it can offer
an independent method, 4ifferent from the electron-deutrsmxeron

seattering or ilmtrn-dinﬂnlmathn of the deuteron
[for deteraining the neutron form factors.

Let us now conslider the electro-production of a NEEE¥EY charged

pion from a nucleon, the matrix element of which 1s given in the
&
statie approximations and an retaining, only the dominant mag-

netie ununt tera by

) s Z Ey (h W)(i"ﬂr h) E
r [H-— 2 e . N—ak.q
- o= > > A [r)\‘)e;.hg?‘?';,' S
_'_:I’J_T {,QW'CR n&_)- Lo? g (R xE)E By

- %3 (27)
where { 1s the pesudovector remorsalized rationalized
plon-nucleon eoupling eonstant O  and R the momenta of

the pion ond virtusl photon respectively, O ,, 18 the plon-
nacleon phase shift for the 33 resonant state and p‘“(h‘)

1) R, Hofstadter, Revs, Modern Phys., 28 , 214 (1956)

1
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the iwovector magnetic moment fora faector which is given in
terms of the magnetie moment form factors of the prntnnl[ﬁih)
and n-utrm) (F;‘ )) by

]: ™ ad
Pﬁ(hqj = Pppﬁ(Ai)“'PmFa(A )
where !.L.F and M, are the aagnetic moments of the proton

and neutron., € is the polarization veetor of the virtual
Le wY W Le WY W

photon and is ecual to = T

o — 22"
Bquation ( 27 ) eontains a;lr the aatrix elements

for the case where the polarization vector S has only spsce

conponentsy the matrix element for the time component of the

four-current can be obtained by using the continuity equation
- -
R, 4o — R.y =0 (29)
From ( 277 ) we can now find the matrix elements for
different polarization states of the nucleon and electron, Ve
designate the various combinations of the polarisation of the
partieles by M and—— where L represents the polarisa-
tion of the incldent electren :nﬂimt of the outgoing electron,
R that of the initial nuecleon and ! that of the final nucleon.
Bach of these indices esn toke two values designated by F and
B « In the case of the electron (which we take to be come
pletely relativistic since st the energies considered, namely
~s 800 Mev , the rest energy of the electron is negligible
compared to its kinetic energy) + and P refers respectively
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to spin in the direetion of and opposite to the electron
momentum, In the ease of the nucleon which is static, I

and B refer to spin slong the 2 =axls, which we take

to be the direction of the incident electron and the negative
Z —axisx respectively. The spinors corresponding to spin
parallel and antiparallel to the directions of the ineident
and fimal electrons of momenta '4‘_¢ and _4i respectively
are required in order to compute ¢ « Since we are inte-
rested in production matrix elements when the initial and
final electron sre with their spins in either *forward’

or ‘'backward' direction with respeet to their momenta it

is elear that we should use spinors which also satisfy the

egquation
S P — =
A w(A) = A
\ %

The two elgen funetions will then deseribe respectively the

) (a9)

>

electron wvhose spin is parallel or antiparallel to its direction
of motion, We give below the spinors we shall be nusing in our
ealeulations in which we have made the aporoximation that A,
equals {;;l whenever they oceur together and the spinors

are normallized as

" T (Z)u(E) = &m (30)

e

1. FEleetron spin parallel to its momentum
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A+ [(2)F)
u(d = l{e+m | %[ /(& +me)
A A (E+m) i
2. Eleetron spin antiparsliel to its momentum L
—ﬁ—/{ﬂ].&‘[)
R U,
w(Aa) =\ E+m (5=)/ & (E +my)
'-.i’_'-""l/LEﬁ*'\‘ﬂé_) (3

Using the above we ean caleulate C for the four
different cases of polarisation states of the two electrons,
S5imilarly there will be Tour different types of matrix elements
eorresponiing to the various nucleon stetes. FHence we arrive
at the Tollowing sixtesn differant matrix elements for the

electroproduction of neutrsl plons from nucleons,

LM = CAE,+iB (R —q,),
+ e[ Lk —Bey)+ 28]
8 M .., = —iRe, - iB(R-q,),

*CEL(RZ‘{L* p&Z)_ '18!]

T = LRe, +(B(R-9),
+LCE'R+'\-?I._. Pé-l-]
YO = thRe_+iB(R-9q) _«
L icT k= - pe.]
%) — - LRe, +18B (kz-?tz) L,
+ C [_';*L_hmz.r‘l" PEy )+ "18;]
6 M aan = —EBea ‘*LB(kz"q-‘z)D{.l

. i (ha—ql_pe;)_a%]



i = = ol.
= LAE_ +(B(R—9); %2
?'MEBFB : i
+ v C [“ﬂ;—ﬁé_]
_ (Ae, —iB (R=9)_<,

8 M gr =

+LC[R—YJ1_@E+—_}

9 %o 16- MF’EFF = MFBEB — Mrai‘:g — MFEEF ;
StM e B Mo cu gz Mo =M
=

In the sbove ;
\ VIR o
= ; e (A7)
B Joo e 2 :

e (M) = e [FEY=F N ]

Sl ¥ | |
Sl A R_akg,
VPR i
C - § m AT H&“Sﬂ
6%} .b‘.i::‘clla
S A S
Ex oL [ JE-L T ;{E_.L ]
& oS A4 Ag—
P J?‘E"‘ [ E E ]

193




124

A = A, LA g nEwE = -E_E;—F__Le_i_
i i L % e
Ry = Rak ChRIPES LSl
5 ey i VT
A = A[EE E_é.l— (2, = Ry)

) s L

A ko=

+ — R + (29— hz)o Lls : -)]

= th—_* ¥y Ay V- Ar*’éa v
A ;_g e aE + Y (‘ _I:EETE?_:>

5 o .20y == : D‘H— a1 ’d:+- aif——
= L&,f’e‘Ea[ L2 *"’;z){ "L;Ei TE. j
Al — A% 2 =
+( tx ){ "V 2E, LE, )}
. Ay Ag s A
<+ 2 > ol o f U
(—’shé AQ_%_){%IQ L\'E-. Ea- ) cbz(,..LEar 5 :LE] )}J
hgtmd i jamsint 5 Spedl )
Al g 71“71 AR (2

To investignte whether the stste of polarisation of the
incident eleetron affects the pion emission eross-sections without
regsxrd to the polarigzations of the other particles we find

the total matrix element for electropion production with the incident
electronpolariged in the forwerd direction
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Mz 3 MFFFI—‘ T MrFFB_HwI

FFBB +MFF5F

=iy MF BFF R MFEFE +MFEBB +MF EBF

= (T [Ae +B(Re=92)%, + C(Rym,— PE talT SI)}
(35)
Similerly the matrix element for pion production by sn electron

polarised with its spinsx antiperallel to its dircction of motion is

+M

M:r. :MBBFF +MEBFE+MEBEF BRBB

+M + M + M

BFFF BEFB BF BF BF BB

+ M

= L@ | e +B(Rgu)el”
+C(R7, —pe—ialm S.UJ (36)

Ve see therefore that ™M ™ ) is identicplly equal

: e
to M:r_ !v]]: which :l.m:a‘.lian that the orovs=gection for elegiro-
pion production does not depend on the stete of polarisation of the
incident electron if the nugleon is unpolerised. Dut if both the
electron and the nunluﬁhnj;\m see from the expression { 23 ) theuselves
thet the crcopesectluns will be different for the different ocrses.

Ve plse compute the degree of polerisetion of the fingl
nu::lem.r if the initisl nuclecn is polariged with ite spin up and
the ingident eleetron 1o polurised with its spin slong the direction
of motion. Using ( 23 ), this is given by
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P = ﬂ"’r“ﬂ%{ﬁez +B (hz_ CL'Z)O{|
+C(\hﬁn|—6ﬂﬁ-—ﬂisl)]

x| Ae, + B(kR-9), &,

4+ E (h+nt— '5E+)]
X = oot 2
DMFFFFI +\MFFFB\ __l} (31)

Prom ( 31, ) we see thet this will in genersl be different from
gero end can toke in any velue between O end 1.

Congliusion

Ve gee from o study of the three preocesnes considered
in this chinpier thut the angulsr diotributions are quite sensie
tive to the state of polorisniion of the incoming particlea,

) pensurement of the degree of polarigation of the finel nucleon
vhen the partiele incident on the initicl nueleen 1% ia aleso
polerimed may throw forther light on the correctness of any
perticuler theory.

Recently Chanmberlain et nllj have produced s target
conteining poleriged protons. Only one proton im thirty was
polarized but with coincidence methods (e.g. for proton-proton
senttering) even this wos found to be useful, A much lerger

1) BE. Segre , Legtures delivered nt the Institute of
Hathematicnl “elences, Madras. ( Noverbax  19¢2)
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depgroe of polarisation is expected to be sohileved with
inprovenents. Vith polarised targets, it would be poscible

in addition to testing epecific theories of intersotions ne

we huve shown sbove, to carry out other experiments in which,
for inotance, & polarimed proton beam is asentiercd off a
polariged terget of protons, which would directly give the

8pin dependence of phuse shifts, Also relative parities could
be esteblished by cbserving the polarigation of the particles
profuced. For inatnnce, by observing the polerigetion of 2 ‘s
preduced by pions ineident on polariged nucleons the (KZ)relam
tive parity could be established,

-
¥
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cuaperr V.
" — (1)
SCATIRAING OF PIONy BY DFUTERONS AND LIGHT NUQLRT
1. Introduction

4 study of the intercotion of pions with targets contai-
ning more than a single nucleon would be extremely complicated
if we did not use some scheme of approximation in the caloulo=
tions. An epproximation which has been frequently used in the
cage of seatiering and photoproduction from deuterons is the
impulse aporoximation which assumee that the matrix element for
each of these processes is the sum of the matrix elemente for
interaction with esch of the two mucleons in the deutron ADOU-
ing that during this intercction the other musleon plays the
rele of a apectator. Ve have used this spproximation end the
Chow-Low matrix element for pion scattering from mucleons to
study the scattering of pions from deuterons at verious energies,

In an sppandix, we disouss the scattering of pions from light
nuclei.

For the soattering of a positive pion from deuterium the
following procecses are possibles

{1l _ﬂ-++ D —?TT*F__D (Elestic Seattering)

Ca)s, T +D— b4m T (Imelastio Seattering)

(1) Alladi Romekrishnan, V.Devanathen and ¥.Venkates
Fuclenr Physics, 29, 630 (1962). o
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3 TT+D—>b-pyTT° (Charge Exehange Seattering)
) T —p— —> b+ p  (Pure rbsorption)
s 1" —+-D—=>p+P+Y ( Radiative Capture)

The absorption processes (4) snd (5) will be considered
in the next chapter. The early evperiments of Ashkin et -11]
have shown that there is no great difference hetween the scattering
of 11" ana 11 indteating that charse symastry holds.

Fernbach, Green and Watson and Rockmore have studied
inrliarj:euttlriug o plons by deuterons using the impulse
approximation which involves the negleet of the internucleon
potentisl, mmikwk mnltiple seattering and offeenergy shell seate
tering of the plon by a nucleon, The correetion due to the inter-
nneleon potential was investigated by Roclmore who found it to
be less than 19¢ , But there are diserepant views rezarding
the effect o™ multinle seattering, This effect was studied
initislly by Bru-etni;) who found = considerable reduction
in the eross-section o about 50 £ at 30° and at an ineident
enerzy of 135 Mev. !lowever Rockmore points out that the
negleet of off-gnerzy shell mastrix elements in multiple seattering
is not valid., He has esrried out the caleulations at only one
enerzy (85 Mev) nsing the impnlse spproximation snd Tinds an

o —

1) J. Ashkin et .1 ‘h". H.‘F.' ﬁ ? 1104 (1““}

2) S8.Fernbach, T.A.ﬂ!tun and ", M.Yatson, Phys. Rev.,
gg. 1ﬂ!4, (1951).

4) K.i.Brueckner, "hys, Rev., 824 (1553);

Ibid, 90 , 716 (1983).




exodllent sgreement with the experimentel results of Rogers
and I.-dm” ¢ The elmatic secattering of pione by deuterons
hes alsc been studied by Prenaden and Noorhouse?) employing
the veriamtional metlod end they glve numericel resulss for
verious incident energies from 85 to 378 lMeve In the exprene
g8ion they have derived they are able to identify the terms
corresponding % multiple ponttering and mhow that the inclu=
sion of these terms alters the eross-section by less than 5 #
even at the moat favourable engles and energies for the runge
of energies considered.

In gontrast to the nhmjaﬂm” reported esrlier &n
impulse approxzination eslculation for elestic seattering at
135 Mev whers he found too large velues for the eross-sections
a8 conpared ¥ith experimentel results then aveilsble, As o
result he has mode some agepticnl remerks sbout the validity
of the lmpulse spproximation et the s=nergy 135 Nev. Purther,
in presenting their experivental data for eolamstiec mcattoring
ef poaitive end negntive piona from deuterons at 300 Hev ,
Jul'kova et a]."] give for comparison a set theoreticsl wvelues
supposed to have been derived on the basis of the impulse
epseaximation which exe in viclent dissgresment with the

130

— s - - S——

1] K0 dlogers and L.H.Lederaan, Phys. R.'f' 205, 247 {19,'?)

2) B.H.Bransden end R.0.Yoorhouse, Nuslear les
310" (1958) - - PRI

3) T.A.Oreen, Phys. Reve, 90, 162 (1953) |
4) L.B.Dul'kova et al , Soviet Physica, JEUP, 8§, 217 (1959)
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experimentel velues, - a disturbing feature ginge by the very
nature of the sprroximation ene might expeoct the impulse appro=
xization to give good results at higher energles.

In view of the cbove it was conaidered worthwhile to test
the validity of the sppreximation by making use of the Chews
tow') emplitude for plon-mucleon sostiering in order to study
the elmstic, inelsatio ond charge-exahange senttering of pions
by deuterons at verious incident pion energle=, The numerieal
results thet we have obtained for elsstic cid inelastic socate
$ering of positive piong by deuterons st 85 lev sgree well with
the experimental wvaluea of Rogers and Ladaruin?). The agreement
in the csse of charge exchange senttering et this energy (which
is the only one which seems %o be available) is not good s la
slasg the ¢nse for elsatie sostitering at 140 ilev when compared
with the experimental valusw of Pewitt o8 a1¥) | Bat She value
of Duk'ove et al‘) for elastic scattering et 300 Mev ia fitted
exoelliently by our computed velues at this energy, which indie
cates that theoreticsl ealoulnticns reported in thelr paver is
incorrects The fact that there is a dissgreement at 140 Hev
may poesibly be due to the faet that we are ap romching the
resonance region of the plon-nucleon system, Unfortunately
;there are no experinentsl data -.tTmu- the resonsnoe energy
( ~v 190 Mev). :

1) G.F.Chew ond P.E.low, Fhye. Bevs, 101, 1570 {1956)

2) K.CoRogers and R.G.Moorhouse, 100s Site

3) FeGePewitt ot sl , Procs of the 1960 Annunl International
Conference on High Energy Fhysics (Rochester) p.196, (1960)

4) L.,SJuk'ove et al, loo, cit.

2



In this seotion, we shell summerise the theory of the
impulse appoxination which was firast introduced by chnv")
end developed by Chew mnd Hiu‘ka) end Chew snd Euldhlrm’ J-
Ve consider = particle incident on a muelefiys its interaction
with the individusl nucleens of the muclelubeing represented
by the pobntial Vi, (for interaction with the R™ nucleon).
If K 4s the total kinetic erergy of the ayntem omd U the
inter-nucleon potentinl then the totel Humiltonian for the

gysten emn be written an

Ro= s e R+ V (@)
where
V = Zk- Vy
The T ematrix fer the process is given by the equation
ARy ipapetys Sawml: VT
ot L.'Tl-—Ha
= Mo 1 Sy ()

139

1) 0.F.Chew, Phys. Rev., 80, 196 (1950)
2) ©,P.Chew =nd G,0.Wiek, Phys. Rev., 85, 636 (1952)
‘5) G.P,Ohew und E.L.Gﬂldh:m. ‘hys. Bev., ﬂ. T18 {1952}
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The first form for | (v ( b ) is obteined from

the O -matrix expansion of Dyson by doing the space and

(time-ordered) time integretions separately. The term

+ LY in the denominater represents the outgoing wave

boundary conditions A lmit of 1) >0 is implied in ( b )

Ve define the two-particle amcottering matrix

t'R e Uh ok ()
where i s
L =% L
Wk B =K, Vi
How i€ © end L are two operators defined by
B b A
ED‘-_% LYP_HE-_[‘J

bh » 1

E£+L7_K+Uh
vhere A is any operator, then

BN Lv? STy i[_u,, lbh:) (V= Vh) bh} {(e)

This result follows on using the operator(denkiity
| |

WSy SRR
Ve wae (e }m(b}ﬂhinhurmih

Lty S
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Erom ( e Jand ( d ) we nave
| v |
EQ+ L’Y?—FH;U Uh » (mh-—l) LE E L-r?—Hn—\;

}({EU] th] +(V__VR) (r.ah—l)} (H

gubstituting ( £ ) 4n ( b') we finelly obtedn
N
- |
b _E‘ ith *V E,+ i.."l?-—-Hu‘—‘\f EU/ L‘J'R]
|

=S, Y Ea + L*}—H;V-J (vhvh)(mh_')} @
- which may be cslled the impulse meries, The iumpulse appro=-
ximation consists in reteining only the first term in (3’}
which represents a sum of two-body matrix clements. The
segnd term will be negligible if the inter-nucleon potential

U 48 negligible, The third term o!(ca) gives the effeot of

multiple scnttering.

3

The impulse approximation requires that we should know
+
the matrix elements for $he scetlering of a N1 from n proton
end a neutrons The Chew-Low mli'tudlu for pion

1) GuFPuChiaw and F-E-hﬂ" loc. eit



nueleon seattering in thn statie approximation is given by

el Wz?@.)g "‘”
e M g @) (9
L s =

is the P -wave scattering amplitude and E (2, D are the
projection operator for the state { . A stands for any
m::ftht!::’fb -wave states 33 , 31 , 13 , 11 , where
following Faramisnotation the Cirst number in each case stands

for twiee the totel isotopie spin and the second, twice the

total angular momentua of the pion nucleon system. In a statie
theory the amplitndes 13 and 31 are identieal so that we

need consider only three states. Uxplicitly the EHA are given by

P @Y P 6=+ By EFIE T
P D RS = a0, ST,
+L T, T, 12 (4 F -1@"_73@‘ el
’PE} (L'D:P3C%E?}D :[:8 1. —(T’ z_.’r |j
e
BGET _> g2 (- T
The 1 's are the isotopie spin matrices for the nucleon.
In the matrix element (1), we have assumed that the cut-off

factor | %) C“V) -



136

¥e spply the above amplitude %o the case of the deuteron

and follow essentislly the approsch of Chew and I-nr.llln

In
~ theimpulse epproximation, the matrix element for the process

¢an be written as

Q——ﬂ\F\T “D"l'x“-‘r-"“\' % (L'I'Hﬂﬂ>
(L
The pubscrits 1 snd 2 refer to the mueleons in the deuteron

end they mey represent & proton or & neutron, 1) represents
the transfer of momentum to the mucleon. >  and x, ave the
position co-ordinestes of the nucleons 1 and 2 . The initiel
pnd finsl state wave funections of the deuteron are isotopie
gpin singlets and spin triplets and are given by

_h I o
‘L\H}‘ = {&) = LPLH n(r) — ]::U—“ﬁ *nf_njl| fa}tﬂm WU 4 ()
J

‘ %;) e LR]-‘_.I_J E P J “ﬁ{‘-‘-ﬁ —— ‘3{‘._\1 T IL_HJ
3 31“‘;“&(?3 each (L D:R{‘]

uh-r- X end u, ere the gpin snd spece wave functions respectively.

5 (4)
’R = ’1—:11— The trensition operator | ¥ in ( 4 ) can bewritten as

]J} ﬂ.r’-'ﬂhﬂ Bnﬁ Iil“-Il“,-!' Pm.‘ RﬂT-. Ei’ ﬂg (1951}




. ' - (9
' ® pRY | W@ -T
T(g) 8 EP‘} 'H;A 0 L 5

- ; SR :
e D B ey alier 1)
= 0 | | 3

(%)

Here 1; is the third component of the isotopie spin vactor
of the nucleon and EF and E,L are the matrix elements Tor
pion seattering froa praton and neutron respectively and are

given by
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vhere g, and q, are the moments of the initial and

their
final pilons and (- w)andw (z.5) are sthex energies, The tera
containing T; ) in ( 5 ) does not connect the charze

singlet initial =nd Tinal states, Using the ecentre of aass
and relative co-ordinstes siven by

a1 =-R-1--£:| J"i_L =R—% (..1_)

| T

the matrix element ( [ ) finally reduces to
w [:l.) L‘. (D 2
Q =< 3%, |[£LE + %D P J|ax > E @

vhere E is given by

E = [u) () exp (LR€)u (0) A
Ep — 1 o 7 \ (‘:D

Bguaring the matrix element ( 2 ) , suaming over the
final spin states of the deuteron and aversging over the initisl
spin state, we obtain the differential eross-section for elastie

plon=deuteron scatterin- as

e D l
b2 eed) JET (0
flere o g
|a+clt s E(? m&zbam 853

Qeo*q,”
r I
g + % CM'SMQ;M 63| 4 288 Egﬂ A 5“)
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Hare 9 is the angle of scattering of the pion. The
integral in equation ( 9 ) tnrnu out to be

E=, ! 3‘*0‘ {bﬂ.“( — )4 o

1—.::!1
) 13 |
“'&\.M [p{.hg )j ( ) {
if we use the Hulthen waVve funetion r the deuteron.

Here oA ’ ,4 and FI are constants, the last being
the triplet efrective range.

Using ( [0 ) , the differential cross-sections for "
elastic pion-deuteron scatterinz have been nulenl_ntgﬂaﬂnémarically
at incldent plon energies of 85 , 140 , 195 and EED}QM“.

It may he noted that the expeession ( /O ) has to be evaluated
in the eentre o mass system of the plon-nucleon system
(and not the pion-deuteron system), since in the impulse

aporoximation the ineident pion "sees" only the individual ’
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nugleon and the interaction is described as the sum of individual
poattering amplitudes, The results are tabulated in Table I and
have also been drawn for the case of 85, 140 and 300 Mev, The
effect of including the p -wave phase-shifts other then the
 dominant O, phase shifts have been studied and as ehowa in
figures (1) and (3), the effect is to reduce the cross-pections
alightly,.

At 85 Mev , there is a goodm agreement between the numeri-
esl resultes that we have ubtnin:;:! in: EE: ﬁzﬂtﬂ dnte of
Rogers and lederman, (fig. 1) :ndhthuan of Pewitt et 511)
(fige3) =md Pul'kove et al (fig,. 4}2]. At smsll snglea the
theoretical erosas—-seotions have to be gorrected for Coulomb
pont ering, the effect of which is, &8s shown by Rockmore, %o
depress the cross-sections a2t amell snglea, The dotted lines
in figa. (1) snd (3) are obtnined after ineluding the smell

p =wave phase =kfiux shifte,
3. lInelastie seattering
In this case the finasl proton-neutiron syntem cmn be &
charge singlet or a chnrgetriplet state and corresponding to
each of these possibvilities the spin werm wave funotions can be
symanetric (triplet) or antispmetric (singlet). The corresponding
gnaoe wave functions will be symnetric or entisymretric as the

1) E.C.Pewitt et al , Procscdinge of the 1960 Annual
International Conference on High Epnergy Physica at
Rochester (1960).

2} LeBsluli'kova et al , loc. cit.
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Zable I
The d@ifferential cross-gection O o~ / dsL  for
the elantio soattering of TT by deuteron in
units of m.b / sterad
Pion
kinetio "\ Lab
energy 0° 30° 60 90° 120° 150° 180°
L]
(Hev)
85 12,62 7T.568 1.74T 0.636 1.039 1.388 1.495
140 45419 25,66 4.5342 1340 1.974 2.503 2.641
195 68,71 3117 4.737 1.311 1.660 2.008 2,186
250 38e44 15.13 1.480 0.476 0.611 0,713 0.735
300 22479 7,954 0.854 0,201 0.243 0.279 0,285
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Jable |V
The differentiel croas Ilﬁ‘iﬁncﬁi;L in laborotery system

for the elastic sonttering of charged pions from deuterons
at 300 Mev in units of mb/sterad

BuMs | 10444  2,72] 0.25|  0.03 0.02 0.03 0.03

- = 18,00 400 0 0 0 0

_i
|

w=Te5 £ 3|1 £ 0,5 1 % 0.5 0,5+ 04250425 3 001 =
| |

22479 7.954 0.8543  0.2007 0.2426  0.2785 -

0

BuMe = The theoretionl velues of Nransden snd Moorhouse given
in rur.‘ﬁifﬁj enargy 298 Mev,

D,5.8, @ The theoretienl voluee at 300 Mev ;;ﬁgincd on the impulse
(Thecret= approzimetion as raported in vel JWES "the values are mévem
eal) token from the ourve given for the purpese mef comparison
with their experimental results.

; The experisentsl velues at 300 Mev taken from the
(Experi= = exporimental curve fiven in ref. Bal,Pi3o

PoCo = %he present caloulution at 300 Mov besed on the
= 1npuitt spproximation using the Chewelow amplie
tude for the secattering of plons from free nue
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case any be so as to make the total wave function antisyanetrie,

We 1list the transition operators Tor the varions possibilities
for the final state maltiplied by the appronriate space-wave

funetions:
Charge singlet
0} Y fu (2
EUE fE T L ) &
3xm—-:p 3xm} L(' F+ I.'n"l.‘ ‘n+ by

(5] (%) ] ()
—a S ERT R A -
3x-m ‘.Xn S e ( P 3 T En “)D

Charze trivlet
i {23 o %)
[ {23 ] ()
3y = by 5 E(HRE - BN )e (1w

In( \, )=sd ¢ and O Treoresent the intesrals
/7] —s -
e - [u, G B)emp (R Pyu (D d?

o= [, (k) e (- Hywgld) 4F 0%
|

Here k 1s the relative momentum of the outgoing nucleons and the

suffices ¢ and ; refer to the even and odd part of their wave Tunctlionxs.
In the evaluation o the integrals in ( |5 ) plane waves
have been used Tor the final states and the Integration over

the final relative anmentum of the nuclsons has been carried



out using the elosure spproximation. This approximation
implies the neglect of the anerzy of relative motion of the
nucleons in the final state éﬁ the over=-all snergy conservae
tion, The meson 1s assumed to have the charaeteristies of
a free particle enllision, Slnee in the complete set aof
final states the deuteron is also included, we obtaln on
snuaring and nuraging} the sum o" the differential crosse

gections for elastic and inelsstic scattering

X (1ol b5 el 14 17)
+QF{RLQP&Q+S%& 3’!‘“"—

+ L (Reb Red + 3k Sed)p)

where .8 5
o - W (nB G.leL 3 53+ Sha 831)
LY :
Le : lgm é‘
b M hmg(g 33,4,.,,.,..53—2 A a)
= v
& s a C. Q(&EL 2] /:umcg.y;
Lo ] i
ou’ ¥ B'E.Lg;“ rawn.tg o &Ehg"aﬁn ‘SH)
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4 - W am@(eté‘%mw 83 +e oo SM
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The differential eross-secctions were calculated
nuaerieally for the ssme values of the inecident energzy as
in the c=se of elastic scattering. The results are given
in Table || and Pigure (2) . Only the domimant
phase shifts have been taken ints seccount, The experimental
points in Mg, () are those of Rogers and Lederaan. As
ean be sean the agreeaent between theory and exneriment is
1ti;:Fut 85 Mev . Fo experimental data are available for
other values of the ineldent energy.

4, Charge “xchapge Scattering
For this »rocess we require the astrix element for
the »rocess

Tr++’?1, = 1T°+p
vhich 1s given by

bR = =T 55 {am

wa®
—L;‘i(ww)j Ben8,
3 [> —= _
e 0,, QL. (OV xavl)}g I Qh

— —_ - L ;
+_‘I:;'f"' {7%1 Y s 01:;!)] et S, 9
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Zable T

j_ﬂ__ for the sum of elastiec and inelastic scattering
Lyl

TEe by deutersns in units of m.b./sterad

0 30 a0 20 120 180 180

12.62 B.104 2,844 1.674 2,928 4,263 4,751
45,19 127.54 9,754 5,253 10,08 14.62 16,21
68.71 40,18 14.43 8,794 14,99 21.82 24.%4

33,44 21,75 7.B67 4,884 8,333 12,08 12,47
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In this case there are two possible final states,
States (charge triplet states) and the square of the metrix

elenent esn be written as
lal"= [Qe| +]%
Qo= T <t | 4= (+-E0) 3¢ > €]
;L-(a l“( DO ]3 ~[cr|

The differential eross-section is given by

(B @Sl SERMEDF] e

vhere : .
= 8 . . . ir"bn S
e = _;l_‘j_L_lCmGCl&L 3“,5ng? e mémgm—-e Avn bu)
E‘:LJCU
= (£ S gt
é = }_:._TT__ AV 9(2[“ 3"‘-"‘,:,&“9 —oe WallV . & “"3"“'5‘.) {1:@
'}mqu 23 M b,

Tor numerieal evalustion o the cross-sections
the samall p =wave phase shilts were dropped and the
closure approximation was used to evaluate the space
integrals., The results are given ‘n Table li_jj +« The
values we have obtained are mach lower than those o Rogers

and Lederman at large angles and this msy be due to the
negleet of 4 and the small F -wave phase shirlts,
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Table 'L
Ao

B for the charge exchange sesttering of || ' by

denteron in units of m.b. / sterad

Tab,
angle
Plon ™. 0® 30° e0° 90° 120° 180° 180°
QNeTEy -
(ev)
-\I
85 0 .3865 .3708 .2826 .4489 .6488 .7252
140 0 1.878 1.471 1.058 1.740 2.530 2,820
195 0 3.417 2.871 1.644 2,760 3,990 4,460

250 0 2,163 1,397 .9315 1.563 2.277 2.544




5« SQonelusion

At pion energlen 85 and 300 Mev, there exlsts good
agreenent botween the numeriocel results that we have cbe
teined and the experimental data of “eogers snd ledermen
ané Dul'kova et nl o For churge exchange sontiering however
the valuee thet we have cbtained ere muoh lower than those
of Hogers wnd Lederman at large angles and this may be Zmxa
due to the sepleet of A and other F-n:u phase shifta,
The agreement at 140 Mev Leiween theory &é cuperivent secmn
%o be poor end the large cross=scotlons nt Lnokwerd sngles
ecnnot be explained swoy by the on=theegnercy shell sultiple
sectiering effeets and the inclugion of the A -wave phase
ohifts and the D «stete wive furction, An exhauative study
of the slastic sent ering mt 142 Hev which inoludes the
effoot of various uér: setions has been onde by Pnndlﬂon”
using =hnt he cclls the z;rn faotor ap roximationy but his
finul result doen not seem to differsuch from the mumeriesl
values we have obtsined,

In Pige 4 , the oulculnted croco=-section for the
elaatic sontiering at 300 Hev is precented together with the
expéricentsl results of Dul'kova et ale The agrecment is
excellient whioh seems to show that the complete dln greement
between the theoreticnl vnlues cbtained on uaing the impulme
eporcxisation and the exzerimental velues of Dul'kove et ol

1) Pendleton, privete gonuniontien
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reported 2 them is incorrect, It may be cbserved that
the values of Dransden and Moorhouse nre also in disngreenent
with the experimental results at 300 Mev snd slso with those
of ours. We present in Table IV, the three sete of velues
for the purvose of comparison,

It 1s instruetive to compare the crosse-scotions for
the deutercon with the free nucleon erose-sections

ji——— <ol & a 2
dz )Tr“"+ b—T b =) S b)) (a3)
da- o 2 a o
( dn )_“_++ﬁ—}Tr++h =(amm) (lt’ l 4= \ C{\ ) (an)
d o ; m
da jTF""J.-‘n — T 4h s [E.‘IT) 71 (\ ) (25

We fird that in the cave of the sum of elastic and inelastie
soatiering by deuteron, the orossescetion is larger then the
sum of the free-proton and the free-neutron cross-secticns.
In the croe of oharge exchange sestiering to which only the
neutron contributes, we find that the cross-nection is reduced
by the presence of the other parsicle (proton). This effeet
is to be atiributed to the Pmuli exclusion prineciple. In the
former onse (elertie and inelsstic senttering by deuteron)
this effect is ghroudedby the precence of the interference
terns, E and F ere decrensing funetlionn of both energy smd
engle. Henoo at high energles and at lerge engles, the

differentinl eross-section for the process (2 ) eprroashes
the sum of the free=proton snd the free-neutron oross-seetioms
end for the srocess (3 ) the nrﬂus-wentiﬂn spyroaches that of
the nhnrgn—czuhanga -senttering of T by free neutrons,



ABCERDIX

In this sppendix, we examine the soatiering of pions from
light nuclei like lithium, earbon, snd sluminiua for whiegh ntpari-
‘menta have bsen don-”. Previcus theoreticel work on this gube-
Jeot mainly uses the cptienl model eccording to whick one repluees
.ﬂln intersnotion between the ineident pick snd the nueleus by =
eonplex potentisl well having the form

V., €x) = Viw) Pex)
where Ftl) is the nuclecr density snd \ (o) is & conplex
quentity eslied the" welledepth” and is = function of 65)y the
energy of the pion. The procodure then im to obtain V(W) for
laone E}Lx} viich best {ilta the scatiering data st the ensrgy
W  « Mternatively the value of V(w) de deduced fron o

knowledge of the elementary two-partiele interactiona, This hae
‘beon done by Frank et nlﬂ who have e'ralt&tad both the real and
lmaginery parts of thepotential froum the knowledge of pion-mueleon
soatiering,

The usual optice. model auprosch does not meke une ef the
comple te matrix elovent forthe elesentary pion-nuelecn sent tering
process but only the forverd senttering amplitude _—FH}) « Thus
the predicted mnguler ddstributisn of theseatieringin determined by

the nucleuvdenasity snd the forwurdd soatiaring smolitude JC (D)

 mrm w e

1 B

ElKJ' “-rtnﬂk‘r! Jd JRainwnter and i‘-.l.""illlmn, Ph}'ﬂ.ﬂ“- !12' 176 1958

EJ .;‘.}JT.?I'IEE' deLoGumnel and E-E-Fﬂtlﬁﬂ' :.hy..R“. m‘ 291 {1?5‘5)0




for neutrons snéd protoms. But recently Hulinslr” haa deve-
doped a theory which tankes some secount of { (@) forB+0
#lso, The experisentsl datn of Bojeér et n:l.2 seen 0o regquire &
Elsslinger-tyse model which tukes into sccount the p=wuve nalure
of the basic pion-nuecleon soattering progesn.

Ye shall develop in this sppendix an siternative point of
view based on the impulae soproximnticn whish uger the gcomslete
enguisr dependence of the vion~nug.eon scst tering modified by a
form feotor of the nugleus, In fect sueh an sttenpt wae already
. made by ¥illioame et ﬂlﬁ}, who trisd tc £% their theoreticzl cross-
. Beotions =blaind by combining echerently the peattering smplitude
for pion-nucleon intersetions welighted by & fora faotor wih thiy
their experimmtal results for lithium at 78 Hev, But we wish to
point sut that LL-I has & opin 3/2 snd hence the mpin-dependent
terne of the pionenuelecn seet ‘ering amplitude will contribuls
along with the apin-mdapnnﬁ;nt term even for elnatic seattering
but Willioms st aln neglect the spinedependent part without
Juatification, ¥e outline below a rigorous method of evalusting

- the gross gsection

T“he pilon-nucleon matrix slement can be symbolically written

1) LeSeEisplinger, Phrs.ieve 98, 761 (1555)

2) W ¥ Buker et al, logc. git,

3) Villiems, Heinwater mné Yevener, Phys.Rev. 101, 412 (195€)
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as ors K b of which the first term is the

spin-dependent snd the second the spin~-indevendent parts,
The coefficients _‘pg end |  sre fundiong of the pion
energy ond momentum and the pion-nucleon phuse cBifts, Ihe
metrix element for the "elastig" scatiering of pions by a

nucleus of mese nunber can bewritien as
A
Q =Y (@M TM)

() Wy (W (L)
32 S, Sely
L=\

] L

lﬁ
LR 3

X e et e T

(R

vhere V is the isotopie spin operator T, « The quantities

t'P end L are the direct scatiering amplitudes of the
plon by the préon snd neutron recpectively J end I repre-—
sent the total angular momentum of he nucleus end (t)e % and

My refer to similer quemtities for isospin. L end Z- gom-
poment end | refer to the imitial sd final stutes respectively
writing —

x

o

b
— m—
o=

B =T R s

end



wve ocbiain
Ey + E =t
P BRSRE Kyt X L +ly
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Y oo K
s o= I =D
T=0 | i) oL
wnd L — —r
©p— w == Np — Sy Ly =ilogy
=== | WO v 2
& = 2
— —
= o Ko ) =]
=0
=S A (2
vhere
% | L L_l, == I
oo ay
2 ol
K — KP T H_N_ K — Rbhr H_T‘J_.
s ’ n ] (11 5
— —
Iz (22) we sre shletd write Tl K 1L a8
S S Gmcl_
Z T Hh by defining the cperstor o 7T in
'“-1‘5},1 L. 'ﬁ* -5_? =, ’A B
ppin spece. Lxsanding e ' into aphericsl her-
sonics, we ocmn wﬂ?_ﬁ" i 0
— — 7 -
(-K+L)e = LTy Z ) (R)
o Lm
o =

X (=) o (1) \f[mdi)z G- K:

o




159"
where the aymbel /A indics‘es a unit veotor. Thus we osn

write the matrix elenent ca

A L
- - 52 2 E)nel
U% h;—::ﬂ_,j = E: E,mm"ka’*""“)\

E“:h"/\\

i =0
R Ve fh) X K ) x |
()

A R
K {Tﬁﬂ.THT[C YE“HJ}‘U_;}A ‘!_L{ERL}T% {

T g TP
Cre)

n using the orthogonslity property of the Cleboeh-Sorden coeffie-

clartz ond foraming the tensor productis. Using the Vigner-iokort

theeren that the Independence on the megnetie quentum mumbers
ie coentained in a Clelsoh-Gordem coeflicient we con write

£ 5 7 M}' = __T-H.
¢ my g ] Yel® Trw Dy | =T >
¢ Gy ATg 3 LRy

o LTy YA R e T2

CAsS)
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where the dcuble bara in the matrix element of the dght hend

side represent the reduged neirix elemont (L.0. the purt of

the matrix elemont whieh does not depend on the mugmetic g ine |

tus nusbers)

Squaring the mstrix slecent and evernging wmd sam
the Initizl snd Pinel spin st

tross-section

wWhtie },\ End

the plon (in the centre of nass of the »
]|~ 1s given by

\Q\Q = Ltﬁ'_']‘“z E

fdees mnef dopanz = sha mErnetic oguantan

IRE over ‘
'tes, ve obtaln the Gifferentisl |

do

dsL (A<

R0 Ml 1Y 5

K. Sre thesomentus und energy reapectively of

ion-rmcleon system) wnd

P e |
! T, }i;f‘ﬁh

g,u

‘ ﬂ_gr. 0 0! I L T % :
A L0) =) St r ‘\L

E
A =My ._Tn;r :
x(‘lg £ X Ko ) (4 % th,m:)} |

. il
x| {‘; ()@ (1)) ”7“)3 L Sy M [y

L=l



In the above [T:l :(;’L:r.i_ol'lf’- ond ,I':_},:i -_-lej\_{_lj 5"?_

g e v, _ ot » Symsetry prepertics of

“he 264z Cleboch-Uordsn cosfficients hove been used s the

redundsnt sunn-tion over Mjr_ omitted mnd the suamstion

over ML perforsed to arrive st the expression ix mrrive
afixtke (&%)

*he reduced matrix elesents in (& &) can bo svalucted
as follows. If the nucleus containg certsin ecloged shelilas
plus ¥ nucleons in the outer alell.

A A : s
< w3 Yi QHL)KG:DA jiih’”:,)ﬂfm TS

L=|

=]

A A .. oL .
= <00l <\f£ wt)m_“)h 3, (R )T, 100

oV
R DN CRCHEER NN CED RN ERN
. (A §)

The first term will eontribute orly for )\ == (O since
the matrix element iz taken botweon olotes of serc spgular no-
nentus and sero isotoplec 3-in, Bosides the ulue of [ i=s

restricted to saro by theparity Clebmeh-lordnn eoeffieiente,
Thep the first ‘erm iz (A9) reducos to.



Af there is only one closed shell or tos oum of aimilar terus

if there nre more shells, is the expootntion
value of end 1% ip different for diferent shella,
The second term in ( )

ean be avalunted an shown by Devenathan end Hmhmﬁ:lrm‘} by
using ‘he concept of fragticnal parentage oveffiolente, The
onloulation of this term is of ocurse = litile tedicus,

If we onaider the elugtio soattering of sions fros nuglel
for whioh both the poton «nd thenuetron shelle aro cloued o.z.
corbon, then the sroblsa beoues enormouely sizple, The aguore
of the matrix element in the case of cerbon ig

She suffixes and denote that the expesgtation velue
of is taken betwosn ih correspanding stases.

is the spineindependent tern and thus we ose that only th spin
independent part eontridutes for b elratlo seattering of plons
by enrbon. Using hermonie onoilletsr wave furidionm, exp, | )
oan be ovalunted.

- — = i ——
0

1) V. Dovenathen and G, Beaachendrnn, Nuolesr Mhysicn, (In pﬂﬁé}.—
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\Q\L:\E\Hmr ¥/ {3—%}1 L

where r& is a persmeter whiech dependa on the oseillaticm
potentinl well depth, the vanlue of which con be.determined by find-
ing the expeotution value <:h > and nunting it with the
experinentelly determined veiue. Altnrmtulr, the mperinentally
d@ate of the seattering of pions from nudlei cen be used to deter-
mine the velue of [3 whigh gives the beat fit. Thus the seatt-
ering of piona from nualel ocan be used me m tool to probe the
ptructue of nuelei,

Prelininery onrlodstions have boen carried out in the mse of
corbon snd the sgreement la good at low sngles but the theorctical
velues obteined sre much emalier st lurge angles, In this conneo-
tien, attentisn may be drewn %o the experimental findings of
Ba ker, Raimwater snd Willinus. The dfferentisl cross-sections
they have obteind sgree well with the previocusly reported results
at small angles but smelle &t lorge angles by o feotor wrying be-
tween two and ten, It may be pointed out that at large smgle, the
inelastic eventa predominate due tolerge momentum tranafers; and
it is very dikely that mome of thee evens with low loss of enwsy
maybe gounted ne elantic since in almost all experiments, the
elestic snd inelastle events are distinguished only by measuing
the ensrgy of the seattered pions and the reliability of the ex-

perimental result thus largely depends on th energy resclution of
the sppraratus,



164

Fith the improvement in th exporimental toohnique, the experi-
ments register a lo er oross section at large sngles endwith
further inprovement, itma; be expected that thelurg: angle oroas-
geotions may further decrease giving an agrecment with our PIie
lininery findinge. On *he other hund, in order to obtain e fit
with the saistingeperimentl results for theelastio soattering

8% large sngles, we have to take into socount some of =@ inelastio
eventa with low emergy losses,



Qs vIQ e

ISINTEGRASION P EBS DEUTER]I
In the previous chapter we studied the variocus sentiering
process thet a pion osn undergo on the deutercn. In the present
chapter we siudy the asbaorption process.

2 — B
I T+D =28 s = (Pure abasorption) I
Ti4+D —> pPapty (Rediative onpture) II

‘gnd also the disintegration process initiasted by a photon snd an

‘electiron, namely

WV P et ’j s {Photo-Gisintesration) (III)

e EPEELE PR R T (Plectro~disintegration) (IV)
These processss are studied in a unified woy using low's method which
brings out the similarity end inter-gonnegtion between the mailerix
elesents for these processes,., , The generanl features of the angular
d stributions have been studied.
Chew et nl”
They mnde the cbserval.lop thaf to explain the cbserved sngular distri-

agonsidered process I under the impulse spproximation.

bution, it is neceassry to include the D-atete wave function of the
deuteron Later Eou‘.‘murnz} cxloulnted the contribution of the pien
gboorption process to the totul seattering cross-section of the plon
on dsuterium. He ussd the model for pion absorption due to Brueckner

snd Yatson whieh trestes the sbasorption

1) G.V.Chow, M.L.Goldberger, J.l.Steinherger and C.5, Yang,
Pm' Reve ﬂ v 581 [1951)

?) R.M.Rockmore, Fhys. Rev. 105 , 256 (1957)
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as o co~operative process huthim nuelsons. He obtained an

order of megnitude nccursey for the cross-section which, aecording
to the experiment of Rogers and hdmﬂ ares about 7 millibarns

ot & pion kinetic energy of 85 Mev. The differentisl cress-section
is of the ferm

a LT
o~ r)( Jﬂl—l' Con™ B
s U A+ 3

so that if one obeerves the outgoing nucleon at an sngle O for
which o4 6 = TIIT » the differential and total crossesections
will be indepandent of A and differ only by a fuctor L;iTe The
total oross-section for the radiative capture at 85 Mev ss given by
Hogers snd Lederman is 1 millibarn which is not inconsiderabis.

The phote - and electro - disintegration of the deuteron have
been studied by different wprroaches by veriocus workers, Pearlstein
end H“na) have suggested thut it is convenient to divide the
analysis of the yhoto-disintegration problem into twe perts corres—
ponding to two energy r-g:l;nl. In one, the region below 100 Hev,
the experimentsl resulte csn be completely understocd within the
fromework of conventionsl gquentum mechenice which gives the result
that the process easentially procecds through a dipole tronmasition
in this energy regicn. In the reglen above 100 Mev,however, there
is evidence for the presenge of virtusl meson currcente which make
themaelves felt with inorecsing photon energy. Mixing & covariant
formalisn for deriving a formally exset expression for the metrix
element for the process with a phencmenologicsl procedure they

1) K.C.Rogers nnd L.H.hdm; Physies Neview, 105, 247 (195';;

2) L.D.Pearlstein and A.Klein, Phymica Review, 188, 193 (1960),

' References to esyrlier literature is given in this paper,.
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show that such s diviaion hes 2 theoreticsl basis snd that con-
tributions from the virtuel mesons are neglizible balew 100 Mev,
fletaining only the on~meson exchange effect they comneet the
matrix element for dipole tramsition with the p-wave mesonenuoleon
eoupling constant and the smplitude for photo-production off the
energy shell,

Aa regards the electro-disintegration process it has been
most useful in studying the form factors of the nueleon, The
basie nonerelativiotic theory of the process wes given by -T-ntul”
who caleulnted the Gifferentinl cross-section using a Hulthen
wave funotion of the outgoing nucleons. The finsl state intersotien
between the outgoing nucleons wao treated approximately using a
gentrel force model for the interastion, Mmﬂ mede a more
comi;lete formulation of the problem of esleulating final atate
eflects and studying the influence of the D-gtate component of the
@euteron wave function on the process. He has slee diccussed the
relativistio corrections ueing the methods of dispsrsbn relations
and haz pointed out that the cnleoulation of the final state inter-
aotions would requlre an exemination of the double gpreatral funotion
in the Mandelstem representationd) for the tronsition metrix €lement .
The importance of the finel stete intersotion and mesoniec ocorrections
near the threshold for deutercn bresk-up was slso poindd out,

¥e have studled the above processes in a unified way using Low’h
technique, The deuteron which is of composite struecturs is alweys
kept in the state veotor und only the other purticles sre converted

)' Veiia Jnnkun. mlm Heview 1“?, 1586 {1955}

) Durand III, Fhyaios Review 115, 1020 (1959); ivda, 123, 1393 (1961)
) S.Mandeletan, Physics Review- JUTP,5,1249 (1957) 112, 1344 (1958)




into gurrent operastors when meccssery Gtad ., Ha Mmabin olenl BB

in esch osse will inglude 4 term involvieg the De=p-n vertex which
hes & soiv the residue of which is the mormalizstion fuoteor of the
deutercn wave funotion. Integral egquations sre derived for the
matrix e«lements for the vericus progesmes which are interrelsted.

An angulsr senentum snalysis of these processes which would be
helpful in the solution of these egquetlons is msde using the engular
operstors of E!.tul“. The sngulsr distributions sre discussed on
this basle smd relations between the energy dspendent coeflieients

are glven,

Using Low'a method ke matrix eolement for prooess I when s pien
of four-momentum iso cbserbed by the deuteron of momentu: d o the
outgeing protons having momentsp end P, osn be writien =s

<'P|PL\T.qud> = -——ﬁ______ w U’-:.)

Ep. g
%P : Lb| T, @) r > n| T )| d>
Weblrh “p T Bp, " EptiE

i <P 1T @<Ll T @ |4y

RIT S s
+La V. T <ol la 1&
3% G

(1

1) ¥.I. Ritus, Soviet Physics - JETP, 5, 1249 (1957)

T e . e —
i e I e e e —
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where Jwand J v are the nucleon and meson currents respectively,

Ty = CIVLNP R Y n) 4+ Em W (x)

T o et S Tl )

The lowest intermediste state that contributes to the first
term is the two nucleon state so that this term will give rise to
an integral equation for the matrix element for the process, the
kernel being the matrix element for micleon-nucleon scattering, which
in our procedure, represents the final gtate interaction.
Diagrammatically this term is given by Fig. (2). The second term
gives the "pole" or Born approximetion term if we teke the single
nucleon intermediate state only. The numerétur is then the product of
the pion-mucleon vertex and the deuteron-proton-neutron (D-p-n) vertex
The latter on the energy shell of the intermediate nucleon is just
the normalization of the dsuteron wave funetion, which is equsl
to [ o L //[—Qtﬁ ]_L’L where o =€, Yw being the mass of the
nucle;L, and (= +the binding energy of the deuteron. f’ is the
triplé effective range, Insterms of the dispersion graphs, this
term would, if we assume it to be written in terms of the propagator
(instead of the energy denominator) by addition of a term cotazining
a sultable higher varticle intermediate state (see next chapter),
correspond to Fig. (1a). Fig. (1b) corresponds to the third term
of (1) if we rewrite it such that the denominator becomes Q} affﬂjlﬁﬁ?}
However, by this procedure, the first factor in the numergtor, namely
the pion-nucleon vertex, would then be written in terms of bare guanti-
ties whereas the second factor which is the D-p-n vertex ig given
in the Heisenberg representation. A suitable renormalization procedure
has to be gone through beflore identification with the dispersion grsphs

(1) is made.



Howsver, by this srogedurs, the firat fuetor in the mumerator,

namely, the oionenucleon vertex, wouldthen bLe writisn in torrs
of bare quantities whereas the second frotor whigh is the
P=p~-p vertex ls given in the Heisenberg reprecentaticn,
b aultable renomaclisation precedure hes to be gone through
bofore identificat.om with the ¢is erelsn graphe (1) is msde.

The loweat two particle Intermediate in the segond tera
of (1) corressonds %6 n one plom pluz ore muclecn atate, thus
giving rise to the reduct of matrix slements wt for thosze Lfuor
piok-nugcloon scaltering and process Y itself, This ters is
represented Ty Tig. 3.

The matrix elemont for the photo-dilnintaogrution of the
deuteron (prosess ifl) 1o similur to (1) 1f we reploge the
pion=gurrent operator O by the photon gurrent sperator,

» the only difference being an sééitional pole

Lol b Tgieone] 41> s Ll apild >
g o

E‘{:.l —-]-E}J.‘ — Egil '{_iﬁ

(3)
ebtuined by taking the deuteron intermedicte stmie. This
tors is aboent for sano-disintegratlivn begauge of the re:uirement
of conservntion of isctoric spin. The pole teras sre rapresented
by ¥ige (4) snd the term representing finasl stste interuestion
by Pig. (5)




Fig. (6) which corresponds to Fig.(3) for process I invdves a matrix

élement connected with that for photoproduction of a pion from n.l?il
nucleon and represents the mesonic contribution te the process,

referrad to in the Iintroduction.

Using the procedure adopted for deriving the matrix eslement

for electro-pion production (chapter IV, Sec. 4 ), the matrix
cam bhe veducad o thol- Ao ko Al Db agrali o

element for electro-disintegration of the deutercqxpy a virtual

photon with plarization vector € Ulba) Ty. b e O
whers s, and sl_ar- the four-momenta of the 1nitial and final

elsctrons respectively. An impertant difference 1s in the fact that
the =lectromagnetic form facters for the nucleon charge (F, ) and
magnetic moment (Fy) appearing in the expression for the electre-

magnetic vertex of the nucleon

<p | Ty In > i

and the electromagnetic form factors of the dsuteron charge ( (4 ),
magnetic moment {Fﬁﬁ& and the slectric quadrupole moment {ng} appea-

ring in the expression for the electromagnetic vertex of the deuteron.

v \ B
/ SAUPHSS T Pipal L ( / i
<! PRy > = St MR e ey,

*
in EacCytd {’Eﬁg’-@ =£';A § o8 )

+ P (%) (ie Y _%‘f/(cf A |l %

are aiz® ne longer constants (since the sguare of the momentum
L
transfer 9 which is the square of the momentum of the virtual

‘photon need not be zere) but will depend cn‘u% In (5) § is a complex

vector representing the polarization vector of the deuteron. As




in the cese of photodisintegration, the mesonic contribution 172

erising from Pig. (6) is likely to become lmportant for emergies

gorrennonding to and sbove the thyresheld for pien production.
Finally the amairix element for the roadiative eapture of the

pion of momentum o by u deuteron of momentum, d, (process 1I),
with enission of & photon of momentum R is given by

AT @] a><A T @|d>
L:.'.ICU 3 2 EF‘_tn EP:._EdI +it

LRl = e [fiw
< b R|T|o ook

L g < b b | Trto) [P > < pin [Ty 4D
w ¥ Cﬂh'_"'E ‘-}-EPL—' ETJI‘—E.‘,.”‘-]-I:_E

X ST Ay —p—a) &

L

P

SS ShP T | PR >LE P [ Te 9>
R P LJW-I-EP{‘\“EP”"EC}._“LE

x5 (e T— i 9 ) dp' dp i
(€) |
if we retain only one and two-particle intermediate stateqy, In the
sbove, the incoming pion snd the outgoimg photon sre converted into l
eurrent operatora. 7he first term om the right hand aide of (6) is |
represented in Pig. (7a). The numerstor representa the product of ‘
the meirix element for pure abaorpiion in deuterium (process I) and l
the eleotromsgmetie vertex of the deuteron. If imstead of |
"econtructinz” on the pion and photon we had gonverted the initisl
plon and the finsl nucleon into eurremd we would heve cbtaind the
torm represented by Fig, (Thl whieh in;:}m the
APHMt of the mutTix elsmsnt for radietive onpture of the piom
by & micleon and the Jwpen vertex. It is interesting to note that

this is precisely the term we should expeet on the basis of the
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impulse approximation. The second term (Pig. 9a) involves the '

matrix element for photo-disintegration znd thet for piom
produetion in nucleon~nugleon-eoliision, The thiré term (Pig. 8b)
represents the meso_disintegrntion of the deutersn followed by
radistive seasttering of nuelsons. The three particle intermedicte
atate cotnining two-nueleon =nd n photon gives & contribution

to the two partiele internedinte states if we conzider the
intermedinte photon to go off as the final photon without
intersetion, Then this term Wil represent the finsl state
interagtion (between the nuclecms) for the process (Pig. 9).

3¢ ANGILAR NISTRIEITICIN
In chepter II we saw how the metrix element for any process
o be decomposed into enguler operstors vwhich are mmtrieces in
the spin epsee of the nmucleoms und whieh give the enguler dis-
tributions gomplétely and an energy dependent part. MNore
speifienlly, the mguler operators for plon sbsorption im
deuterium cen be written as

I'-"-1 ,.h ; 3
e sgigy LR B BT g ORI 0,879,

Is't'sy

B

M A O'm—pd sl | EM-pm, Sl
R)= ot €
o B (il TGS A

X VE'M-P‘LQ) Y:M—}&{'E) &

In (7) 981 revresent respectively the Sotal sngulsr mommntum,
the totsl epin S (= | for triplé-trizlet and O for singlet >triplet
trensitions) and the relative orbitol anguler momentum of the _
pion. The prime dehtes similor quentities in the final stete.
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Rand R sre unit veectors demoting the direetions of the j

initisl snd final set of particles in the centre of mesa. ™M mdn
are the 7 -gompononts of the total sngular mommtum snd spin.
The pummation over the 7, = gomponents of the initiel end finel
spine S and S resvectively oun be conveniently resresentad by
the insertion of the spin projection opersters, o, ic:r;_:t)
g Log sl Substituting the values for the
@lebseheGordens and sphericsl harmonies, the amgmlsr orerators
for verious partiel transitions for e given totenl smgulsr momentun
J" een be derived snd have been given by Ritus'’

The smgulur operators for photo-(and eloetro) disintegration

of the deuteron ean be derived from those for pion absorption

(preeess I) snd mucleon-nucleon scattering by eserating by

‘ & O TSy

T ar th ctirie snd by — — L =
qG 3R/ e 2%
for the mognetic multipele transitions (as exp d in chopter 11).

These are given én Tables I snd I1 respeciively. In the cuse
of nlutm—dinint&;rntimT“ have s further contribution from
the loglituanal multipols transitions and these are obtsined by
multiplying b7 rh\ h%} the unguler operators for these trunai-
tions a=d whieh hove the eeme parity es in the oase of eleetrie
multizole transitionm. A further pointtc be nmoted is that here
oo J=0 —T=-0 transitiond 1s ellowed unliikethe
other casea., The angular operstors for thia ense are given in

Table III. In these tables, we use the following motation.
—3 —

B =¥ 1 i W 2. =Y =
S Barina T e T L = o5,
A o g A 1=
S (R R B = (R xE) @)
— s

07 and U] are the opin operators (metrices) for nuclooms 1 and

TR N (S PO TR
U T*,I: Elh-'-n; ﬂJ':*CJ.'i‘
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Wow we consider the amgular distribution for the warious

processes, using the notation o7 () =nd Gy, g for the
energy dependent parts of the matrix elements {for plcn absorpticm
ind photo-{or electro~) disintegration respestively.

(a) Pion absorptiomi- If we assume that the pion is absobbed only
fnan 4 or P state which will be the gzse for low energes, the
anguler distribution for process I is given by

2 Gl
die=" "= == E3 (@10] 5 4+ s Cr+3cms®e) |aya)°
AR =
g |
a
o mlaani™ 5 adTE ) Ree (Aue o) |
(9)
New, s mentioned in the introduction the experimental
differenticl cross-secilon can be represented by
2
BT e - oy kv EReCe
o A A+ (10)
A *

where the quutity/(\hnn been observed to ineresse with ineresaing
pion energies. Ve motice that for (O B = ‘/f‘-f:!._ s the
differential (and { Aewe o total) Wantimﬁnﬂwnﬂmt
of A. Using this feot we get the followlng relstioni between the
energy Gepgpendent coefficientas

3| qu!l —+ 1€ fa»ii-‘l-JL i IQGMIL T e=

L
(11)

?urthnr} by equating the sngie dependent and independent parts
in (9) with the corresponding quantities in (10), we cbtain
2 L% L
sl @l o+ S CU=3AD | Ay A 2R R
4= 2 \fTo EU=13, B2 f;;l&[iﬁq_ Bo(o) = O

(12)
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From the expression (11) and (12), the various energy dependent

coefficients cen be evaluated.

(b) Photo-disintegration:-
At low energies only an electric dipole transition
jg likely to occur. The corresponding differential cross-

gection is given by.

B! ‘E L9 Jlr:kﬂlrllL —1Ta }':J‘.'uj'l

dTed = 64
C-‘L—n.— _:,r, - . 1 _j_
-—1‘1{;}2“‘?-. C ati ﬂ“iufl__{ Aiwt-8 —+ "
% s Iqqllli— . e (o, Bgy") )est ®

? 3 o o= .
i Y —+ 13 layl = Re (&l Gan)
\“S2 1] )

(13)

The experimental cross-section is of the form

25 1 ; g
b+e¢ ABnb ) which gives us on comparison with (13) the

relations,
9 2, X _
By 1 B o SRR e P
ﬁ i | e <ol
-—-Ilqi“]"'_ + 3" Jl'f{lliif = Redsib

v p 2 -
'TEJQ;‘LH]L -0 & | = L
(14)
from which we obtain
bbb B (TR e )
g I e
Sl A CIsh +39¢ )
E':"—.lli { = —.'_;'-E—TL_"? : re (15)

Retaining only the square terms, the contribution f¥mM o
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magnetic dipole transition to the differentisl eross-section 1s gliven
by

e Tg — il e dnle
A rmrci_ SiEs [{ ey -g A

A ' b + 120 )41 b (agya) "
4 3hAnE B Gl RS iz bogiie 2

2
+ 12 fﬂnnll S 3?__ (13 =19 M8 WlQJJQf-lL! _:(
¢

(e) Zleetro-dipintesrations= in this case we hove in addition
to the electric and magnstic trensitions the logitudinsl multipole

contributions slso. Hetsmining the eleetric dipole end longitu@inal
dipole enly we huve

do= o = 0 TR
A0
(17)
whers
S S b PRk 0
A i {\[“’?CIUL?-;JL"{-%C&’xell—f@‘L
= |
: ?

% e Chixe > rtf?f*ﬁ] [Agq )
S o3 -.__'32_ -
= ]:’ECE?.E}JL .0 (7 ChIxE e Ilqhn"z

—) T

e T = 78
bl (B B o CRERED | g

LrE e (Br@)] Re (&l q-ﬂ“)}
(18)
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R J—- '."I" o / =y M?‘}' 7
: (A8 + 9CR'Y TR ) 1;h_ f 4, |
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=
A
T
I

T

— |

Wl T2 Lt L
L {3tﬂ19‘-+ KPWlh)14'h j}*mﬁ

= 1
Lye ":mfa, + h ji“uif
4 18 i_ Lﬁﬂ '4+‘ *E
NG Ep e T~
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& L g R B y—h ) 2 L
4 Tt BT =S
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— & _jl_% P (G CAeg )
3 A Lp el TR e
e < =
1 I'E. et —
—

iy s =12
In the above h. represents the direection of ﬂi; Xq )
and E;? = e E;Efizl Y ow (A1)
"_fQ_‘L “’L". JL

5‘ is the angle of one of the outgzoing nucleons in the
centre of mass system of the virtual photon and the initial
nucleon, A and B correspond respectively to the contributions
from the electric dipole and the longitudinal dipsdetransi-
tions. The energy dependent coefficients can again be

|
determined by comparison with experimental anguler distributions. ’

|
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In this chepter, we shall eprly Low's procedure

to asm some electrodymenic problems with o view to undere
stmnding the reole of the equal time commutator in eleetrodyneamics,
The equal time commtstor ocours both in Low's theory and in the
¢ispereion Sheory, the latta:‘r being sodel independent and hence
more genernls The difference between the two appreachen ia that
we are interssted in the time-ordereod product in the former cnse
and the refarded product invelving a commutsotor in the latter,

Although the name “equal time concutator" has come into vogue
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in dispersion theory, we shall use the s=me momemclature for the
correaponding term in Low's approsch.

e oan see how the equal time commutator arises indispersion
theory by considering for simplicity the scattering of two identieal
neutral sealar bosons intersoting through their self-field. If p
end R represent the moments of the two incoming psrticles and

p and k' the moments of the two outgoing perticles, the

S =matrix element for the process con be written down using the
vsgymptotic conditiofd’ to reduce the particles in the state veoter
into current operators. Thus

oo

b
<pRis|ph= die e K SPR|AGO|PS> + PRYT|PRS
Pk |s) @‘%_Sm
|
S S P’b'\'}(x_j\ +<pk|T|pR> %0
o, 0
Here K. 48 the operater (IO — ) hich epurating om

the field vorisble A(x) gives the current operstor J'Ex} .
The second term indicates propagstion without sestiering of the

Using
particles. XXXy transloticnal invarienge this could be written as

< PR |s|pk> - ”:“ $ (P p-R)< PR O ©

How

1} He Lehmann Em gnd ¥, liﬂm’ ¥ucvo Cime. 2
1, 205 (13553,
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' _ik'x , ;
L oL (d¥%e K. <P |T(A@iw)|p> (3)
<pR'ifolr> ‘Eﬂj l |
-T(qu)ﬁn)) =9m[mn),§m] +4e A th)

KT (Awpe): 00340 ] - (o) § (x)
= B(In‘] [_pl ["Lj. 4. !’0)] — -E%'E— {EL:}EQ[I_}!QIF lﬂ:}]]

Here O(>) 48 the stop funotion which 1= eyuel to 1 when

x>0 &Ml 0 f x <o . If vo sesume thet ()
gonteice no time dﬂi‘u{;ﬁu of AW fthe fourih term on

the »ight hond slde is serc. The third terms is the ejucl time
comzutetor term for mn ubvlous resson ond ite contribution to the
matrix element is given Yy

. L= 8 (x<< 1:' [_RLx),'j(n)]\p:v At
P

|

5)

A1 'Lh.1+ L (P-F)J}" ' 1 b
3 S <pl[AERF D ]lp> >
ij (D <pIlr &) 4R

LS E*LLh*h')% G (el x) drx (&)

where causclity imolies that G(p b, X):0 unless x-0

Hence Xk we oon expreas G a8 & sum of finite derivatidi of
SL:'-) i.0,

1 N 1 e
G (prP)x) = Eﬁ““‘“”s (=) (1)
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80 that the nt:h element will have the contribution
E g (pop!) (Rt RD®
which 48 a m.mm

The term corresponding to the equal time commutator in
the Legrangisn theory nlways arises when we are converting into
current operator a particle iu the state vestor, the field varisble
of which ocours either in bilinear or sultilinesr combination in
the interaction Hemiltonian. This term brings, es we shell see, un-
remornelined quantities in 1its wake.

Now as alreedy mentioned the equel time com-utator whisk
torm contributes a polymomial to the matrix element in the disper-
sion theoretic aprrosohs But for its explieit evaluation one has
o asaume on internotion end the esnoniesl ccmmmtation relations,
Por exumple in the pseudoscalsr meson theory withpssudoscaler
soupling we find with unrencysialised operstorns

LR, £ W) ]84x,=Ys) =0 .
[ ??;:” 4 {3}] 8 (X =Y) = BENQ () S (X-Y)

o

(&)
Fow tho stetemont is usually mede that these equal time commutator
tersanced rot be ovaluatod expiicitiy’’ as they oan be eubtracted

out since they dc not depend on mm;)- i1t is therefore interesting
to study the role of the equal time gommmtafor in the e aventional
Ww:zmmmurl-mwmlnﬂmﬁ y by examples

1} 0. Uspisrowies, Fortsohritte der Ihyeil, 8, 665 (1960)

2) H,L.0oldberger, Phyw. nw., m 879 (1995).
llao "Leotures on nu ations’ by
-ﬁ.’i‘ay‘l&r. mm uﬂimr‘,.
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involvl g the elegtromgneotie intersotion, this term in fact
forma pert and in some csseo even the whole of the matrixz cleaent
which would mesn that it is dependent bDoth on energy and momentum
transfer,
¥We shonld expeot that sny method such se lLow's procedure
whish enablen one to write the matrix slement of & process in the
lMeisenberg repromentation end which is none-perturbative in She
genso mentiored ear)ier should when applied to prodlems in eleetro-
dynomies reproduce the wellwcstablished pesulia of perturbtation
theory under suitable rpyroximetionn. In the course of the ebove
investization, we ahow thst thin is the ense in the variocus prob-
lems in quantum ﬂntréﬂnﬂu viz., the Compton sikmm effeot,
 electron-slectron sonttering, electronwpositon s@atiering and
the bremmsstreblung, Ixplieit expresoions for the lowest order
matrix elements are derived eand they heve been shown %o de lden-
ticsl with those obtuined by the Peynman meihods ALL the Feyrnman
grapha heve been obtainsd es & consequence without the need of
geparste enumerstion. The rolstive signe of the veriocus tarms
in the matrix elements are alse obinined without recourse to gd
hog principlesy i.e, the matrix elements obtained ave properly
sraretrised 4if the finel state imvoives identioal particles.

-
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(r) Zhe Oompton effect ¢

Firat we shall ecisider the Compton effect, vis., the
seatiering ¢f a photon by sn eleetron. Using Low's procedure,
g2 desoribed in Chepter II end *contrasting® on the photons
the matrix olenent for the procees esn be writtsn as

" ek tqx -Lg;
<lslpy o7 A

B IR o ) P2 2

where P amd ' |©represemt the initisl snd final four
monante of the eleetron and o and o the initial end final
four momenta of the photon, jw@::;. and ﬁplg) are tha Nelsene
berg photon ecurrent operators which setisly the eaustion of
motion :

O A, 6o - _éy GO = —le $ ()Y, ¥ e

and similerly for é“ (4) « Using the tremelaticnal

invarianee of the Helsenberg operators, the x agnd 4

dependenge of the operators ¢sn be removed, The integration
dimensional

of the IM -ju-uu the energyemomentum conserw

vation and we have
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dx' E'th,:ﬂ:
Vha,%,

<P |s|py > - -Lj

8 (p g -p-q)< B IP(], @4, )e> o,
vhere . - -y + %o vemwve the x  depemdemce
& oomplate set of inmternedinte stutes hﬂ& to e intere
posed apd the intogration of the varinble < gives the
monentun of the irtermedials elube wul the energy denoe
minators. PFinelly, we obtsin

*‘iﬁﬂul\s\%}:ﬁ JCETERTETD

o o

. < PI4uIm> <n| 4, )| p>
[.;EZ : Fn+qﬂu‘nu+tz

s/ RIS miju O ]

= B Po - Vo~ “‘n*_l:'E I
A ()

The above expression is exect ant if we switoch cver te the
interaction ropresentation, we will get the serturbation
expansion, W¥e shall deduge the lowest order metrix element
combining the energy denomizators suiltably to obtoin the ususd
Feynman matrix elements for the process.

Firet we shell evaluate 1he firet term in thc sounre
sracket in ( xi2) 4n the lowent erder. Por the one-sleotren
intermsdinta stute, a wepluoement of the atnte weotors =nd
gurrent operstors in the metrix ilmmﬂ in the numerator
by the corresponding quantities in the intersotion reproesenw
tetion snd use of the usual commutation relationn betwesn
oreaiion and annihilstion operators ensbles us to aimplify

7
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Vibp, bl v

where € is the polarimation vector of the photon. Similerly
for the three particle intermediste stnte (one electron plus am
elegiron-poaitron palr), the contribution is

i

a T’:P' é;# Y, By T LE o b fg)
Jlep,par® Part S i

wheare U, ia the positron mpinor. It can be ensily seen that
the higher partiocle intermsdiste states will not contribute in

the loweat order. NHenoce adding ( |3 ) end !ﬁ ) end simplifying

we obtain

<Pl O\n> <nldu©|p>
P“‘ + Glf'u = ﬁo

g \ \s
S I e i E (18
ﬁﬁl{l: W e 20 0]

Expression ( 3 ) 1 precisely the matrix element correpe

ponding to one of the Feyrmsn diagrﬂ# UEFTEREBNATNE X5 EXB
afxins il:nn fingx (Piogrem W hfﬁ‘. 1), Ramakrishnen et 1123
heve shown from different considerations that the Feynman

1) ?iﬁ;;’;"m Suantum Fleetrodynsmies Leoture Notes, Usltech,

2) A+« Ramslkristinan T.E.Radha and R. !m, Procs inds fomd.
Sei. 52 , 228 (1960).
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propagator in momentum representation can be convenlently
gpli% vy irto two parts -— one arising from the positive
energy part of the intermediste state and the other from the
negative emergy pert. They show tThet .

| "-}E," S _____L}b“— o { ;y

——

| = - =
T el e R CER v

-
where P is a four-vector with energy component
T, = +xllg+q BiE and P, the four-vector with

energy component -—wn_ =+ We obtainthe seme result, but we
use a different language = the one and three particle inter-
mediate states. The three particle intermediate state here
corresponds to Feynman's negetive energy oropagation.

In a similar way, the second term in (iir&"l oan be
evalueted, As shown earlier, the one-particle and three=
perticle intermediste stﬂtban alone contribute and adding them
we obtein

<p] 10(2) [ <m| 3, )| >

bni'_'aﬂa_ e T LE

+ I
_IA=E — £ =l R (
B |

Expression ( 317 is identical with the Feyrmen matrix
slement cxrresponding to the other diagram.

{ Damean S TSN o i
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Adding ( ¥A15) and ( BX|1) we obtain the complete matrix
element for the Compton effect in the lowest non-vanishing order.

Now one of the principal features of Low's method or that
of Lelmann, Symengik and Zimwmermenn is the transeription of some
or all of the particles in the initial or final state into
current operstors and there is a variety of choice in doing
this. In the eshove, we have conwerted the initial and final
photons into eurrent onerators. If, instead, we convert one
of the photons end one of the eleetrons into current operators,

we will obtain the equal time commutator term, as shown below.
) |5\ Py il = ey
&3 P S
Py 4 v e P
Aqr -idy |
SS c\:nc’nj ™V e ﬂ{q.r][}?(j‘m}a“{ﬂ)
12
IEIERNIRA || (0

Here we have converted the initisl photon and final
electron into current operafors. J(y) is the electron

current operator given by

J(y)= (Ygﬂ—' VY ()= ey Ay (y)
19

+Om ¥ (Y) ¥

RHemoving the Y and ﬂ dependence of the operators and
integrating them out; we obiain
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The equation ( 20) is exnet and the operators snd state
vectors ere in She Holsonberg representation,The third
term in ( 20)) erises from the equal time ecmmutotor and

when ite it s . el
wa rswrise n L':Q_ &MT}A ¥, C!B -5/ )
& U8 kS g —Prw)  Tpl :
\r_ (’ﬂ “UnJ — {il”"ﬁ-”fj ,{:.suf'{'jfﬂ) |I°>
P e . <i
Tp-7OF cag)

e find that the firat helf of the matrix elspent represents
the bare eleetron photon vertex and the secand half, the phye
siesnl elsotron-photon vertex, Thus wher we write the former
in terms of rencranlimed quantities, we will be Maving the
mmalintim untlmtt n]lncmu and thly have to hl

e e 44 e ——

1) %his »oint hu bun noticed by Mﬁhum. Uehme and nmu
while studying the sirgle wverisble (ispersion relaticns for
nugleon=nugleon Mnt o K M L.Goldberger ¢t. al.

{inne Physe, 23 T} e
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evaluated suitebly. In the lowest order of course the matrix
element is well-defined,

Heverting to the interaction representation Illﬂ thereby
to the perturbation expansion, the first term in {3&} can be
evaluated in the lowest orderes The contribution from the one-
perticle intermediste state is the ssme ss ( 13 ) . However for
the three-particle intermediate state, this term wvenishes in
the second order if we meke a direot evaluastion. This is
apparent if we rewrite the numerator of the first term in
terms of creation and annihilation operators. The first factor
in the numerator viz., {Du'\j-to’j\"ﬂ} would be

1 () DA‘ ﬂ*‘ % (=]
5.;“:‘1“9;\"'1*;&‘»[“)1*(” b, plbipa‘):"

: N A \D'} oT o "o+
; \iev, |(d, + dhy(a .+ )] b,
_{&w\LE#L b b)( b b P, ‘F
ol
(&)

=0

since we cannot mateh rll the creation and amnihilation
operators in the stete vectors snd the ecurrent operater.

This result, of course, is not correct and the three-
perticle intermediate stete doea contribute ms we have seen
egrlier. DBut no ambiguity arises if we interpret the numerator

o]
of the first ferm in ( 2k ) in which ell the quantities and
in the Heisenberg resresentation ss the product of the matrix

elenents for three-partlelies going %o two particles and two

%) a,b and d represent the annihilation operators for the
elegtron, positron and photon repsectively and the symbol,

A, abye the operators indicates that the th
func‘t::ﬂ‘:m asaccfnted with the operators. IRESFEY L. e
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mummwmmumﬂmmuwm
product of similar matrix elements in the interscticon repre=-
sentation. The result is that we oblolathe complemeniary tern
(%) . Thus we sse that we have to exexoiss mows camtion whom
we zre pulling out a feramlon u a gurrent aperator.

The second term in {an} venishes identieally, The
third term direcily gives the propsgator fur the other Feyne—
men diegras snd in the lowest wdsT gerresponds %o the
diugecm of reference 1 , pase .

Ao = third slternative, we oan pull sut hoth the elee-
trons from the stete veotor snd eonvert them info curremt
cperctors. Jut es pointed out, oane has to be esreful in sueh
cages snd it is convenient %o kecp the fermions in the atnte
vector andeonvert enly the bosons inic curwent operators.

The matrix element for Moller scaftering omn be

written as products of the mmxm electron-photor X vertices
by converting twe of the eleoirons, oue from the initisl snd
the othor from the firal stste into currest cperstors, In
this eose, the equal time commutator is ungvoidrble and in
fact 1% represents the matrix element ocrresponding te one of

the Veynman disgramn (Dipgrem R m{f-ﬂf 3 4 pags 0l ) .

The complete metrix element cen be writien es
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<pp\s|pp>= —* oLk thbR)

|REE,
-[—ﬂb {Z“_ <Pb,| I+[°ﬂ“?‘f~:'lj:c_r}|p;::
’ -?1_:'-;:4:;1 Pl':'JrPlo ot LE

+
_,‘_?_" {pdj'fo}\h}i“if {ﬂ']'“’;;'-" }u

o Bl bl Tt &€ W
SE REES

i

+Leﬂhjpuh (23)

< b4 (] P> ]
U’H‘ Pﬂi

Bquetion (33 ) is en intsgrel equation, the first term being
the homogenecus term involving the electron-eleotron scattering
matrix element itself.The second term is the produvet of ele¢tron-
photen vertices. The one photon intermedinte gtote in the lowest
order gives the following contribution
. (ﬂp;f» ﬁPJ (Epui uh) (ﬁ)
QD CE{,“E.)" @y

where ¢,  represents the energy of the photon. The zbove
corresponds to the emission of & photon by the electron of
momentum P~ snd its sbeorption by the electron of momentum

P, o We must add to this the complementary ternm represent-
inz the emission cf the photon by the electron of mormentum

p, end its subsequent sbsorption by the electron of momentum

B« This yields the complete metrix element corresponding
to one of the Peynmen dingrems, (Diagram & in{i'c&. 1, Pe 201)
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(Tona ity (S, ivi et

( Py— 'Pi‘)l

since
a5

Y [__*___ 1l s ] ) \ (Z8)
Lwm | (E-E)on (B -E)+v (pi- p*
ponlils
The next higmrlintm-eﬁiah atale vis., one-phofon plus

elugtron—-poslivon peir gives rime %o disconnegtsd Feynman
disgrems 1ln the second ordere.

The third temin{i;} is the equal time cummutator
term znd in the lowest order it represents the matrix elament

correspunding to the disgrem R of ref. 1, pe ViBey
(X, Y ) (g Y Me)
(FH ( P‘-)l

Ve notice that the relative sign beiween this "compounded”

second term of ( 13 ) and the third term of the sams, which

ie usually attributed to the Psuli exclusion principle, is
obtoined maturelly in thie method. %his mesns that we nesd

not symmetrisze the matrix element with respect to the inter=
change of the two finel elegtrons, This eonfirms the point

pade in Ohapter |l . ¥e also motice that the relstive sign
of the two terms in Compton soubttering hae come out gorreotly
end even with energy demominators (equetion (23) ) we notice
that “ercseing symsetry®, which in this context would mean
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that for every disgrem with the initisl photon sbsorbed first
end the final photon emitted later there is zlso snother dia-
gram with the ﬂnﬁm-itMﬁntmdﬂHMtlﬂphutm
absorbed later, is satiasfied.

A lniln‘miﬂrntiun ahows that in the came of elegtiron
positron sortiering slss the equal time commutator term forms
paxrt of the matriz element, The complete matrix element for this
¢rse is ;iven below

< o Byl | e 7=~ (et PP =P
.[Ep;t zc [{PF\ = \“‘?{rﬂlﬁu]lp@j pe
AR

Ppo+Peo— ot LE

L= : {ccbﬂb’cn;lnvﬂh' "o | P> }u )
i B F Peo +Mo—Ppi— L E
—ie Upy Y Upe {PP_'HFN}‘ Pp>
( Pp' ~ PP)&
The first tferm xepresents’ the Yeynmsn dlagrsm ecorrespending _
to electron~pocitron ennihilation ond their suleequent erestion
(Phabha se-tiering « As chown esrlier, the complementary term
has to be ingcluded to get the em complete propsgntor for the virtusl
photons The second term venishes identieslly. The third term
is the equel tize coswutator and it represents the metrix
element corresponding %o electronepositren sosttering with
exchange of a ni.n:ﬁ:l..c photone




(e) Qther processes.

Some further examplss where the equal time comautator
term gives the whole mx netrix element or part thereof sre the
followings

(1) Elestror~proton seattering where in the lowest
order of the elsetromarnetie coupling comstant, the comnlete
metrix elemert whieh in the product of the eleotro=-masnetio
vartices of the proton and eleotron is givan by the equal time
aommntator.

{11) DBremsstrahluwng vhich may be comnidered to be the
limiting am-” of the radintive seattering of =n eloctron
by a proton as the proton mams is made infinite.

(111) FElectro-pion produotion wherein the lowest order,
the eoual tinme commictor term gives the completematrix elezent
for the process, making it equivalent to pion produetion by
e virtual photon, = & result which was derived inChapter
5020 .

(iv) Elautw.tﬂint-grntiun of the deuteron which
pzain onn be equated to disintegration by a virtusl photon,
ne mentiorned in Chapter s The comtributicon to the matrix
element for the photo=oreduction of pions from nuelvons
arising from the photon-piont intersction term

1} A, Remskrishnen et Il-l" Proce Inde Aonde. Sol. ﬂ ’
306 (196G1).
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which is biiineer in the pionfield veriable @ end hence
omn give rise tc an equnl time commutntor term which is the
"pion current” term ,

in all these cates, we soe t'hnt the squal time oomEm-
tator term forms the complete matrix element (processes i,
ii, i1ii ond iv of C ) or o part thereof in the other cnses
considered, Thus we are ferced to the conclusion that in
the couventionsl gppromch using en intersetion Hemiltonian
we have to include the coniribution from the sgusl %time com-
mutator in the caleculation, JAnother notable feature that
emorges frua our econeiderations is that there is no need
for separate symnetrisation or emtisymuetrization of the
natrix elenent as the matrix elouments exhibit ercssing
synnetry amd the effeot of Pauli prineiple im the derivation
itseli,
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The Mandedstem representation®) is a preseription for
the locstion of the singularities of the O ~natrix elements
of & process involving two incoming eand two ocutgoing particles.
Hence in the beginning there spreared to be no way of ineluding
the contributions to the uniterity condition from intermediate
states with mare then $wo particles in & consistent within
the framework of the representation. Thus inth--éruﬂawu-
cutions of the representation there wos a feeling that the
representation might be welid in a restrioted domain, nemely,
thllo-wm’} .' mmmdpmmmmm‘)
to the problem of pion=pion scattering using the representation
which night be regerded ns a generalization of the effective
renge snslyois familer in the low energy mucleon-nucleon problem
rested on the plousible ssoumption that the behaviour of an

anclytie funotion in a small region of the complex plane is

- -

2} Se Wﬂ, m. n“-' m; 1344 {19531u
3) 5. Gasiorowiidz, Port-Johritte der Phyn., 8§ , 665 (1960).
4) G.F.Chew snd S.Mandelstem, Physe ReVes 119 o 467 (1960).
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dominated by nearby singularities. The domain where most

of the experiments are done and where the sirgularity spectrum
is simplest is the low-cnergy region or more spocifiecally

the region below the threshold for the production of an addi=-
tional perticle. High mess singularities were neglected or
spproximetely represented by empirical oonatants. These assump—
tionzs and restrictions led to the reduction of the double=
variasble dispersion relations to a single voariable one, the
resulting relatiors being the particl wave amplitudes for the
lowest angular momentea.

Cini snd Pubint)) also made en equivelent approsch
to low energy problems. They showed that a econsistent proce-
dure besed on the nesleet of inelastic processes in the uni-
tority condition leads elso to the reduction of the two-
dimensional representation to a one-dimensional one which
has the correct mlrtulit: properties in all veriables ful-
f11ls the croessing rletioms snd is spproximetely unitary.

This reduction is ensbled by the fuet that for some
proceases, the lower limits of integrstion of the two variables
in eagh of the terms of the Mandelstam representation are
never recched at the sme‘timej that is, while the lower
limit of the one strrts from the normal threshold velue,
the lower limit of the other varisble may start at the
velue of the inelastic threshold snd since for the lowm=
energies considered the gentribution, from this region

1) ¥, O0ini snd 5, Pubind, Ann., Phys., m » 352 (1960),
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h :
will be in any cace =k smell we omn expemd the demominator

containing the corresponding variabtle in a powerseries ntah-‘
ing only the first few terms. But this procedure may not always
work.@onsider the proceas
Y+ T —_ N 1-_?\'._
which formsthe third chmmnel for the process of photoproduc=
tion of & pion from a nucleon. Now depending on whether we
are considering the isoseclar or isovector part of the photon
interaction, we have two or three pion intermedinte stotes
respectively as given by the left hand mhr:hgge figures
(la ) and ( \b ) « Expending the vertices in wowe graphs,
we obtain the graphs on the right hand side. We easily see
that while for the iscsealar pert both the varinbles , and
L do not touch their respective thresholds vis,, (ﬂmﬂ)"'-
and L at the same tine so that the Cintd~FPubini spproxima=
tion holde; the ssme is not true for the isoveotor part
with three pions in the intermedicte stotes since both the
varisbles 5 emd L touch their threshold values vism.,
(M) emd q  simultaneously.
_ These spproximations have, as mentioned, only a
limited range of velldity and are therefore relisble only
for those velues of the kinematic waricbles for whioh the
singulerities coming from the inelastic processes are suffie
ciently far off. But the "strip” spproximation recently
suggested by Chew and Prautschi®) and also i:depondently

1] GeFoChew ond S, Mlm. m- Reve, M'I“S (19649).
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FIG.1 (a)

iy

FIG. I(b)




by !u-nrt:l.ru;rlnl}. MWZ} and others indicotes

a way out of this diffiemlty. Ve shall follow the pro-
c&ﬂndﬂmml:g:::nmmnthaﬂmd
high end low energy/sixmg intersctions in a unified way.
Thio wes neceassitated by their attempts to understand

low energy sosttering consiatently within the lHendelstenm
frame work. The difficulties they encountered in trying
to incorporate the p -wave rosonanges into the pion-pion
end pionenucleon systems made them believe that they could
be resolved only by explicit consideration of higher ener-
gles and inelastic effects.

One of the consequenges of the Mandelstam represen=
tation is thet it is possible to give & formal definition
of & "generslized potentisl® for relativistic scot'ering
which leads %o suggestive ennlogien with crdinary potentisl
sesttering. An emplitude h(s,F,u) which is en snelytie
funotion of the variscbles 4 o U and uw (defined for the
photoproductionproblem inthe rext seotion) except for possible
eingle perticle poles and branch points for intermedinte
stutes contoining two particlessx or more, obeys the Mandele
stsm representation which ,Mm& poles and spin and
isotopic spin complications 6 cmn be written as

W T S e Y
H["h*t’ ) TE'LI] £ fﬁT—A}(t;-’t}

1) Z.A. Ter-lertivosysn, Soviet Physicse JETP, 12 , 575 (1961)
E} YaloOribov, Fugl. Phys., gg s 249 (1961)
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ot ({dadul AL(4L W)

(4-A)-w)
2 (1 dildyy BadE) .
e SS (-1 (w'-w) i

Fixing the emergy variable, » this could be writtem as

AlA L) = J 1 L_’“ I H (u"ﬂ (2)
Ha .tMIhmﬂmitrhMlmlipuiwm
i B
Bk, ad= N (b a)as ?r_.icu EA'-/.':.
. where ﬂni"ﬂ) contains the sosttering into elastic (two=

particle) intermedisto states in chenvel I andV, EEE , which
serves as a generaliszed diriltpn‘!lntialfﬂm:l I,
conteine everything else, The generslized exchenge potentisl
oan be defined in terms of Chennol II with & used in place
of it, If the genernlizmed potentialiare given the elastic
double spectrsl funetions for channel I gan be computed
from the expressions for the double spectrsl functions in
terms of the absorptive parts

rrph G 4t db AL (E, )A (E, 8)
TrEiJ S K:" (':‘-,r‘: 5 l:1. ' l‘:z,)
du du AT (u,, A)A. (u,, ) |
sty T M L ! )
SR LCLIY

Kl:- LOH'L;‘ "‘-'l U'L: ILJJ)




x (D) |
R (0) =o SS dt du,

CAY (5, LA, (AU + AL (51U Ay (5,5))

W
Rt (q_,-& ;“#tmu 3) -
A o
S L Ly
R= (o, 1555)
l el eolatel I 5o
= =0 M\‘?-W c :}"U:_ +"'-"'~.L '
Ri‘i (C\Lﬁ ) 't, u-:.:u‘.h) 2
' _ 0 ambs uE )L" l“- (s
h (“n, ey L‘I.J 3) iy )

zquum(a}mt a)mummamim:u
mmn-mmmumwam-mm
to the set of equations dﬂominm non-relativistie poten-
+16l soattering (of the type whichm obeys & Nendelstem
representation ) the difference being that the genmeralised
potential is energy upmmjmmm.mm
inelastie threshold and hes relstivistie kinenatic fectors.
Prom equations (2 )y ( 3 ) smd ( |, ) o the complete
metriz element for the prooess for fixed energy, A(;s,t,u)
gun be eveluated as follows. For convenience let us take
the gose of pion=pion sestiering. Let us assume that A, =
which means A um.m.mmmmu;es (5)
we see that A (4,E) =0 4 oo b ]
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But we kmow that P (4, ) -0 4f b < (1seubelow
the threshold for the seattering). Hence A (ak)=0
if £ ==L . .F Tius

2 A | s

A8E) = v, (6,|:} Jt.c-v E< 14 by P

Now if V, (the direot potential)is givem, then A (k)

is nown for L < 16 edn epplying the inequality in Gt

we find that F\ﬁ{a,k) ' oen be esloulated for L <36 since
A (5,t) 1s kmown for L< 16 . !rontm-lsl:l.nieuul

esleoulate p'at""‘t) for L< 3 from equation ( 3 ).

The above procedure sssumes that the potentisl \fa is
known which is not the case for the relativistic cmse. This is
where the strip spproxisation ‘eowes Mo guuogid)s useful,

E -

1) 7The stetement implied in the sbove that the mstrix element
Al» 1) can be determined ecompletely omee we lmow the single
(A, snd A, ) end the double (f, and A, ) spectral funo-
tions is true only if there is no subtractions in the matrix
elenent, i.e, 1f all the funetione are wellwbehaved at infinity.
If however there are subtractions, the subtraeticn constants
ere not determined by the speotrnl fungticns and thus the matrix
element A( 4, L,u) 1s not determined by the upeotral funotions
alone, The introduction of Regge poleas however removes this

difriculty. ( See, ®.F. Chew, S5.C. Frautschi snd S. Mandelstanm,
Phyﬂ- Rev. ﬁ’ 1202 (1952} ]i
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In terms of the double spectral functions the strip
approximation cen be stnted as follows. The seattering
amplitudes in the physicel regions are dominated by the
strips of the double spectral funetions lying between each
of the thresholds for the three resctions invol ed in a Nen-
delstem greph (sce Pig. 2 ) and the corresponding thres-
holds for inelastic processes (i.e. production of one more
particle). Trerefore the double spectral (or strip) funo~
tions csn be ealeulated uping the elastic unitarity condi=-
tions iﬁm. More specitifically, the strip spproxime=
tion is the sssumption that

inn[{b) . A:i (6
# ok CH
A 5 (») = Piw_. 2
and similer relations .f.u:_e the other double spectral funo-
tions, "elmskbe” and "inelmsbém" refer o the elestie and
inelsstic perts.sf The sbove spproximation is based on
the following experimentel faetss
(1) The elastic meatiering oross-sections tend
to be lerge at low energies, with resonances inthe low-engular
penentun atotes,
(44) A% highenergies all elastie eross~scctions show
a cheracteristic diffraction pettern gorsisting of & pesk
in the forwerd direetion. In the cooe of pion-nuecleon and
nuelecn-nlleleon eollisions, the sccttering tekes place
minlyint'hrmm —20 <L t< 0 for t the squere
of the four-momentum trensfer. In crder that (1) may be




FIG.2. The Strip Regions
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3={m+2)2

DIMIIINR

8= (m+1)2
) S=(m+1)2

5=0 S=0
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fecaible for fixed ensrgy, the "range” of the corresponding
potentisl must be shoxrt which mesms, in the 4 eghannel, ikxk
the momentum tr-onsfer wvarisble should be large. The comple=
mentarixy nature of the elastic and irelestic region in
the energy A  eond momentum tremsfer | varisbles thus
indicated by experiments is expressed in terms of the double-
spectral funetions inthe atrip approximation.

Now we defived V. (4, £t) as

V, (AL Y= SCL.»';' T

; ’ )

$ince mocorcing to the strip approxination
ﬁlg"“‘l )= B S5 EA)

theis quantity osn be cazlculated using the elestiem unitarity
condition in the third chamel amd V, (4, t) om be formelly
determine d.

The approxisation esn aleo be understood in terms
of the Curkosky diegrams for a process. Figs (30) correspends
to a two-particle intermediate state in the 4 -—channel while

(3b) ecerrespends to n two=particle intermediste state in

the '~:- chennel but hus elso the signifiecance of o twowperticle
exchenge potential én the A =channel repreoenting the effeot
of a sum over inelestie intermediate states containing definite
runters of perticles in the 4 =ghannel,

¥e shall study in this chepter the problem of the
photo-production of a single pion by m nucleon in the above

: ! _._i
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approximation. This problem wes studied using the single

varisble dispersion relations by Ghew et sl ! hereafter referred

to es (08 L N ). Recently the Mandelstem representation

has been applied to this proecess by Gourdin et ala) and

Solover et alﬂ who however use 'Fhu one-dimensional form

of the relations when it is uppliua.‘ble. In a datailad study

of the process using a similar g,pprnx:l.matiun, nll‘g] has

come to the conclusion that a;par‘h}fram a small additive

term to the isoscaler amplitude snd a posaible contribution

to the isotopic symmetrie pert oI; the photo production matrix

element from the three-pion rem niFmoa the C G L ¥ matrix

elements are in sgreement with abuhent upto at least

the region of the 33 ﬂﬂﬂnﬁnﬂi-i For energies beyond this

where the threshold for extra particle productions sets in,

we have to use en spproximation such ss the strip approximation.
In the next section, we give the kinemsties and invariant

amplitudes for the process end in seetion 3 , we study the ques-

tion of subtraetion and kinematic singularities. In section 4,

we derive the double spectrsl functions for the phote production

channel using the ";iastin“ uniterity condition. In Seetion 5,

a similar evaluation is made for the third chennel, Finelly in

section 6, we set up the equatioms for the sbsorptive parts

1) G.F.ﬂhﬂw, ¥.L.Goldberger, F.E.Low end Y. Nambu,

2) H.Gm::rﬂiu, ]2.'..3‘.~1:r.‘-::|.+£|ra and A.Mertin, Fuovo Cim.,18, 933 (1860)

3) L.D.Solov'v, G. Bislkowski and A. Jurewies,
Sovietx Phys. JETP , 13 , 589 (1961).

4) J.8.Ball, Phys. Rev., 24 , 2014 (1961)
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in terms of the double speotral functions. The solution
of these equations should yield us & matrix element wnlid
for arbitrery energies (with the momentum tromsfer restricted).

We define the veriasbleas

b= —(pak)= —(Rr )

Wz = (p=9) == (k)"

b= - (Pl_ Fi)l Soe= (h‘cvll)l )

with

Asu +E = my) (10)
Fiere |, end [ are the four-momenta of the initisl
end finel mucleoms , q, and kR those of the pion and photon
respegtively and +n is the mass of the nucleon, The tlree

varinbles 5, 5 L emd u are respectively the squares
of the totnl energy in their respective centres of nass
systems, for the three oonnected processes representedlk by

the ssme dingrsm (fig. | ) vis.,

Y +N —» N 4T @

Y4 —> NaN

n T— 4
| \

. |
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FIG. 4
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Tor ohemnel I (photoproduction of a pion from a

nucleon), the virisbles are given in the centre of nass

of the photor=nucleon (or the plon nucleon) system by
s we el R

= |-§hw+ahqm&9

W o= "mt—SEih— ﬁhof coh B (1)

vhere R and q ere the mognitudes of the centre of mass

momenta of the initisl and final pair of particles respectively
and © 4s the engle between their direotions.

E1I snd E
are the energies of the initisl and finel nucleon — end

L ,thli.rmn.

Yor channel ITI (& photon plus a plon going into =
nucleon=ontinueleon pair) these verisbles represent

g i q(p1+ﬁ)=(h+%)1
w = 'ml-t»\ —&paum?_.ﬂ&:%E
= m - apqes@ —AGE

,-h =

™ i apq 2@ - 89k

=i 4 | 42 pg e - Qg E e
3

Hmob. is the mammitude of the centre of mass momentum

of the pion (or plioton) and™pP that of the final nucleon
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(or entinucleon) « @ um@nmmmmﬂ
of the initisl and final system of particles and E is the
energy of the nucleen (antinucleon)e.

¥e ahall now write down the inveriant smplitudes for
the photo production of a piom from & nuclecn as given by
¢ B LY .The relation betwoen the S and the T matrix
elements is

. m
651' = L'LQTT)H 8 (h‘\'Px_' P C‘Dfﬁ} &(huq.r - P&n)j;' -T;‘i
(13a)

Becsuse of the energy-momentum conservation, only three of
the four vectors p 4 b, » R mmad o ere independent and
we ecn choocse the independent vectors to be R |qu
’PzE%‘El_ . Forming nll possidble independent senlars
from the three vectors above, the Y ematrices and the
polarisation vector C , of the photon,we obtain the follow-
ing four independent forms, on using the Dirse equation end
geuge=inverisnce which is imposed by requiring that the netrix
olement venishes if we rep 44 € w R

M& = LTE (T.’E:)(T-h)
SR ARCRICEURCRY (L)
M, =%, [0re)(q k) - (K]

MP = swﬁ_[tr. e)(P.R)—(Y-R)(€.P)
—lwm (Y.e)(Y. h)] (W
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Here the ‘Ih_ metrix appears in ench of the fundsmental
forus becnuse of the pseudoseclar nature of the piom.

In terme of these inveriant forre, the photoproduction
metrix element can be written as

T o= MHH -E-Mﬁ'B +M.C TMDD 0s)

thot
Peceume of the feot Lin en electromagnetic intersction isotopie

gpin oun be conserved ar ean change by | , we must introduce
three (in contrast to two for the cuse of pion nucleon scnt-
tering) invarisnt quantities, nomely, an isotopie symmetrie,
on isotopic entisymeetric end an isoscalsr pert. In terms
of these xmd each sxx of the inveriant coefficients A, B,
Cy P con be written in the form

A = {0 b e T (%
Here + refers to the ihotophe spin index of the plom.

We thus have twelve inverisnt smplitudes for the
orehloms viser <AL IGRpete) SN gy 5

The smplitudes for ghamnel II ere obteined from (14)
end ( 15 ) by notieing the cmrossing symmetry of the ampli-
tudes Ay By Cond D under the interchage of » end w
Prom fige ( 4 ) we see that going over from process I to
Process II emounts to chenging b te-pb, andp G-p 4 Leee

P %0 -P, lesving the pion and photon variables unaffected.

From (9) it follows that this is equivalent %o the exchenge
A—sw 9 B <>t o Under the exchauge of the T
matriges in (O only the antisymaetirie gconbinetion will
chenge oigne The crossing relations are given by




(+ o) (+ o)

Nl RS, R QWA

(+ o) L+,

["5; :E) —-—-—':r (U A t)

Tl mnk) — ¢ (wab)

(+,0)

SOy Wy s DTV D

Pi{-) (a‘!:rJ u, iC) — = (.U‘: A, t}
8 sy s =B A E) \

O (k) —> -7 71,8 \

ZD‘JJ (5w, k) — _;Df“_j (4, £) (1)

?he amplitudes for process 11 are thus cbteined from ‘
Mlﬂpﬂm-ulmnwnmrwuﬂhuﬁnlm
of eigne :

Js

¥e have next %o examine whether the CGLE amplitudes
defined by (14 ) end ( 15 ) are free from kinematic singuleri-
tiem, l.ec. singulerities other than those postulated by
Mendelstem. Balll) hes exemined this question and we will
present hia argunenta heres Iy tnki_n_a aprroprinte traces

et A

1) J.5,.8all, loo. oif.
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over the nucleon end photon indices, wé can form sealars
which are anslytiec funetions of the momenta and hence by
the Holl-¥ightmen theorel®) are mslytic funotions of the
scalar products ofthonﬁntlﬂiahtﬂlhu:mdh
satiafy the lisndelstam representation. Now the sealars

Ay By Uy D oem be written as linear combinationa of these
anslytic sealars, If the transformation betwesn these two
do not introduce kinematic M]aritiu,bﬂth sets will
satiafy the Mendelstam representation, As the besie set,
Ball chooses the non-gauge invariant set of amplitudes

B, (L =,Q, - -+ 8) by writing the T -matrix as

?
T o=z B(sbw Nk, p., R €1) (1%)

where the NL 's are independent Lorentsz-inverisnt matrices
thoat osn be formed out of ¥ , € and the independent momentum
four-yectors snd ore given by

N =LY Y.eY.R , N =tY (bt .)€

N} :glLqu{e ) Nh:aLTﬁhE
P = e » Nz gY YR(ptp) €
N =YE_T.1Q R.C, N, :'YS'T.F%-E (1)

1) Dy Hall and A.5.¥ightman, « Donske Videnskeb,
Selokab, Mat.~-Fys. Hedd, No. 5 (1957).




Ve now obtain constraints on the B, by imposing

gauge invariance inthe form mentioned earlier om 2®([ge
$he result is
{A-u)Bl = ol (t--'-)Bs

55-1"11;[1..\-&) B (k-3 =0 (20)

Imposing these conditions on (7T ) , we obtein the relations
between the set A, By Cy D and the © ‘s

Qe
pl = Bl _—"mBh ? .B:. l:v-\

2

Pall has shown that the emplitudes B: are free from
kinemetic singularities so that the smplitude B will have
an extra pole in the t varisble.

The fixed momentum transfer relations for photo produg-
tion given by € G L ¥ were written without subtractions.>’
Eﬂuﬁvﬂnm ergue thet if we oan assume that the photo-
production fer differentisl cross-section behaves at infinity
like that of the forwerd scattering of pions on mucleans,
then there is no need for subtraction in the photo production
problem since there is an energy dependent factor in the
relation between the invariont amplitudes =nd tl® physiecal

1) L.l'.ﬂhn. Report on the theory oé strong “(1960
crdinery particlea, Kiev Conference
and am.ﬂm -

2) L.D.Sclovev et sl , Soviet Physics = JETP, loc. cit,
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photo production, matrix element due %o gauge invarlance
whereas no such factor appears in the scattering problem.
However Ball argues that the € G L ¥ formuls are probably
velid without subtraction for the ( - ) amplitudes while

& three-pion resonance would require 2 subiraction in the ({+)
amplitudes. The two~-pion resonance will necescitate a subirac~
tion in the isosecalar ( O ) amplitude. Writing the represen-
tation for the B.'s in the most gemeral form (including
single spectral functions,)we observe that since the ampli-
tudes A, C and D have no poles in the  variable, they do

not also have & ono-dimensionsl speotral funetion in that
variable so that they could be vritten es

A= R(s;u)(Feg E e

paefd e £ [ aw 0]

(a1} 2 (o )*
| r {4t ﬂh{"&.: ti}__
i ?!- K} v g (A-4) (£'-£)

Ba -
i Logdfoegy! Au(8.24)

(et (ma) Lo e dUka)

ol il o el
L Us's o (o B o) (22
L= 5 dug (u=u)(k-t) )
() h
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and similorly for C and D, “RILA*:;U)!.- the residue.

Becsuse of the relation D = ﬂi"} y the

¥ondelstem representation for the © amplitude is

R (4] u} ( | )_{_RJH

=

homr u-mE

oo 1 1 o i |
__1___%' ﬁ;[*’”d* ﬂ_g £ () dn
(ro+)*

=

\
+ e T
(k —1) iU A w =y

ﬂi f.(£dE j
r *—Er"—"

L‘ o
l F\ (.’.\1_. tl)
Sh J,,, HE 3
)

{mﬂ)l

(s-A)(E-E)

\ 1}
ey Al
fj A S (J';-.-&) (_u'-"'-l‘j

(s '-‘]" (e \}1

_.____m& 4! S&L ﬁiﬂ,(“bj (23)

(w—u)(t'-t)

Tn this section we shell evaluate the strip (or double
speotrel) functions for the phote production problex. The
procedure is ss given by ![unhlatlln. To stort with, we go
over from the inverient set of emplitudes ( /4 0 and ( 15 )
to the corresponding centre of mass mmplitudes (as enleulotions
will be essier in terms of the Poull spin matrix o appearing
there then in terms of the Y ~ matrices sppearing in the.
1) ¥°. Mendélstam, loec. cit,

e
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invariant smplitudes). Denoting by k. the centre of mass

smplitude we have

E = L-:r_z’ ‘}! & Ezrq, G“.(hxé) 1
a, R
2 LT R e L2 TlE T (ah)
Rg . A% b
Srimmdis » '}3 lnlyii are funetions of the three

vorisbles » 4 U mmd € o, The T.'4 ave related te the

invariant smplitudes by the relationa

A = e (W=rm)F = (W-m)A 4 (W) D~ =D (c-p)

= n)(m+E, k—1
g o= E(Ni‘*c{:( TE) g,f& = ;Q.ur ) A+ (W+m)=D ik = ) (¢-D)
Yo = g??' = (_1H--“rﬂ}'e"r = fhl‘.q_‘_[}}
l'.'.b,
& = -a—M{ﬁ_E‘ }H = — (W m)B 4 (c-D) (>-5)
m _._!_i _1__1'
o n ATHE AN (Fam) ()
W= AT 4 the total energy in the oentre of mass frame.

Our smplitudes oL 4 2 o 7V and O are connected with the

amplitudes F o F 4 F 4 F, of OGLYN by the relations
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A = (W~ ™) &

B = (Wem)E

P e

S = th (27

The differential cross section in the centre of nass frame
is given in terms of the emplitude F_ by
e A f.‘é- |F r'
dn (aa]“}
We have chosen the set of funetions L , g vy o & o8
basis in view of the faet that the trensformetion from A, 5,
Cy D %0 L 98 0 » 8§ do not introduce any further
singularitien.
¥e shell now proceed %to eveluste the double spectiral
functions. Define the divection of the photon _fl as the
z @aivection. k @nd O define the ;_x plame, The
polarization vector ¢ of the photon lies in the x-y plane
end we phall assume it to form en engle Y with the X -axis.
¥e shall now use the "elastie™ uniterity condition written

in terma of the absorptive part, F. of the amplitude ¢
e = T

1) Aeotually the differentisl ecposs-section in the centre-
of-nass , on restoring the moraslisation factors and
usi: g the two-m:rmlt denaity of utam is

;W “'k. .| mateix element |, but a factor

A
7w hes been included in F. @0 thnt the differential
mal section is es given hyI(




i.0. we shall retein in the complete set of intermediste
n

states in [ s only the state containing the pion and

the nueleon = that the sbaorptive psrt can be written as

the product of the pion-mucleon sesttering amplitude and the
photo=production matrix element itself. Vriting the plon=-
meleon senttering matrix element in the centre of nmass
frome as

5.3 3 =
FE = a+ﬂ‘-fﬂz W g

VoV
where , and T are the momente of the initisl and {inal

(a9)

pions, respectively, we can -_:r'.-rih the uniterity condition ul)
! a

FIl{as,t.j :'?‘J’ld.'z.:_j do.
(3a)

where %) is a normelisation factor, 7, - CoA 2= CoAE,,
and (@, , ¢)mmd reprosents the angle between the initial photonm=
nueleon direction amd the intermedicte pione-nucleon direetion,
end 5 the copine of the sngle between the intermediute
plon=nucleon direetion and that of the final plon or nucleon.
Now the wnitarity condition only ssys that equation (30 )

is velid in the physicsl region, F  must then be obtained
in the unphysicel region by analytiocsl continuaticne T

and [, om be expressed as anslytic funetlons of t or

1) ¥e shell introduc® the isotopic epin labels of the
ﬂplltllhl later.
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equiwlently of Z by mesms of the fixed energzy varisble
dispersion relatiors similar to equation ( 2 )

= | ¥ [
¥* T (B2 Y4E (5,7
I7(s,2) < 2 dz! U FE )

e
A 3 !
T 50 A Sdz’ Fr (b Z)+Fs (4,52
T \ A, 1) ™ a %y - %,

(3D 1)

In (2! ) I;. end IZ: refer to the mbsorptive parts of the

second (pion-muecleon scattering) and third (MT+T = N +N)
e 3

ohannels in the seattering problem snd k. and B ave
an

the absorptive parts of the second/third channels in the photo

produetion problem. For simplic ity the sbsorptive parts IQ

% 3
and LT (as slseo . and Fr ) have been written under
the same integral though they contribute to different regions

of 0w vaxiablen of {ntegentions.. Py T, (4% will be
' A={m =1
non=sere only if 2 <\-— T apart from a O -function
A-ra— 2
et z= |- iT:F_'l and I'.a(_f:, Z) will be non-zero only
ir
1£7 > |+ ":%‘t « Similerly F.  will be non-sero enly

Reo — 4 (W -2m —1-4) spain apart Lrom o
=y
$ ~funetien corresponding to_ithn nucleon pole sni f.: will
be non-gero only if 2 > Bi"—,:-f-—-
Substituting the expressions ( 24 ) ama ( 29 ) for
F end T respectively, we cen finally write the
uniterity condition in terus of the absorptive parts of the

amplitudes <« , g o 7 .HS as

if Zy <

l) Ve sssume the pole terms to be included under the integral
gign by ueing § =funetion factors snd suitably redefining
the lower limit of integration.

*
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FTIF[A,LQ t—i‘._{f”._.%;}_ [ur cos Y 4 0, m\i))

e w—-m)
_ Busbz).9o (1—:-,) Adre Y
e(d +Tﬂ){m+E1)
1Yz
LP (Ay Z) - _rlzlcmw__ajdz.lm}n‘f+0;(t—z') cmﬂ-’)
+ e[_H-\-'m)(-m+E=;]

a &
+ LTi( A, Z')'?g_— o, U'_ Z;:):I.

' : " — l-i;' zzl -:1;_{*.-—2?1_)'%
e LSL}:‘,LJ.D" () Z ) c.:r:-‘i-’(c— + )

e(m+E))

dz, da,dnde oG e 50 2)
"75558 (: 2.)(Zy=%3) L <Lj+

{0 )+ ] {0

7, (1= B YR A0 @

5 ke
oyLa, (1-25)F cor P (- 207 2]

g (Ve Y (- '?-’j_)li i c?jﬂ X
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X ]:;-(3';1(}-'-; 1;)+}?(A, 2;)(TLM‘?+¢5 A )
a2 = T,
+(3§(*“*Zi3*3‘:@"'*;))"[’(“ZJ)‘(Mﬂ- g ~bim Peony)

2 JE@‘”‘?“’"T*

BT TN LG

JrM“‘Pm"“‘?)rm}
! 3 Ceo ; P
pe(Bsed Wi ira)eahiies gemtrangri) e

3 2 i
40 (?ri (5,2, )+ 3, (4, 2;)) (1= )*

X (con @ ceny in  4im ) {“‘Zi)ﬁ > 0%

+.(l—2.3)'!1'm4}ﬂ¢n-j +z:¢ii] (32)

In the above, the absorptive parts of the photoproduction
amplitudes are indicated by superscripts and those for the pion-

nucleon scattering amplitudes by subscripts. The number in each

case represents the channel concerned.




We now perform the @ and CZy integrations. The

main peint to be noted here is thet the integration, term
by term, gives the ssme type of functions vig.,

L ﬁnca 2y Z&Za-]-.j_'_

kR =R

Rizsadrati z;"i_ \-22 Z %, (33)
It
2 a8 in the orse of pion-nucleon uattu:h:g-khm both
right end left-hand cuts in the 7 varisbles (see Vandel=
stant). This is & festure of all two particle intersotions
involving two-particle intermediate states.
fne next step isto write dispersion relations for

the absorptive parts L o ﬁ' S 8!'

| I
A80= :rg j—k = gl £)

= "IlT ?—" |a (#35E) (34)
gnd gimiler relstions for p . T.1 end Sil with the
right snd left hand cute displeyed. Such relations are
simple corsequences of writing a double varisble dispersion
rolstion 1ike ( | ) in the single varisble form (d ) »
Now the other expression for B vizs, ( 32 ) on integro~

T

tion over c? end Z_.L mtﬂﬂhnmﬂrtﬁtﬁlﬂnﬂ

E  end hemoce of Z  with discontinuities of magnitude
26, and 26, es Z, ecrosses the positive smd

1) S.Mendelstem, 10o. oite -
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negative real axes. Here ¢ represents zmky any one of
the quantitites L F; A 5 2k comparison
of the left end right hand sides of the equation ( 31 )
with equations (34 ) for G{! ’ f;i ,‘1".' ’ SI substituted
in 1t should therefore give expressions for the double
spectral funetlons on identifying the cuts. For this it is
necesgary to disentangle the spin-dependent end spin inde-
pendent terms in (32 )«x A point to be noted here is that
once such an identification is made the factors containing
the direction of polarigzation of the photon (such as coy
or AmY ) happen to be the seme on both sides so that
they drop n'.ut and our clhivice of the polarization vector
in an mk srbitrery direction in the 1-13 plane has been
Justified.

Comparison of the spin irdependent terms in (32 )
gives rise to ihe following equations involving f_J, (AE )
and F,ﬁ(.{g ) onl;f.

_ e(Wm) (m+E) K, (2, %%
ﬂ’ A => __i____._-—- SSda ci‘-a*

=2

' i( ﬂz (hf 2'3) 3’,: ("’-‘, za) e ci;@ﬁ;% CA’ 'zﬂ) (Zih Z‘- za)
~ (5 62T0.2)fumyge ) GD)

N A0 N RN SO
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F’Un‘} ) E('H"‘-mq}(m""Eﬂ gg&zidza____gle_:zgl_ﬂj___
%(a* (4,2) }"'{_4, 2 )t a’:(,«g z,) }a(/% ZJ)
x(2, _Zmzﬂ
— (4 z )§ (4, z)+b (4, Z)E}-(a z;:))
x(z i )
Jr(b (4, 2333(,5 Z jfb (AZDH—(A ZD
?1(51— Z..ZQ} ”

The primes over Z, end 4, have been dropped. It will
be noticed that the combinations of absorptive parts sppear—
ing in (35) and ( 36 ) are similer to those in pion-nucleon
seat lerings This is beesuse of the restrietions on the
functions Kt and Ha which are defined by

Ki(zt}za‘;za‘)‘; ——-[h(’l.lj‘zl}za.ﬂ a
#‘" Zl}z&za.l_(zj_,i b _])J_T
TSR ﬂz""- )R (&5 )"
ko (3,%,,2) = [kia,5,8] &

|
oL, a o
Iﬁm Z = Z;LZB + (za_l) (53 _I) 3




= Ofer 2, > 2,2 — (25-1)° (Ez_\)i{ [
3D '

K survives only if both 2 @nd 2, are positive
or negative and K, survives only if ome of them is positive
end the other negative, The points
z = 2,2 (22 _;ﬁ“ (zz,, i)ﬁ'
sre the points at whieh k chmnges sign.
Gimilerly the comparison of the coefficients of Lcnd ’
. snd (op dn ( 3% ) gives rise to the following eguo=

tiong for the double spegtral functions

Lo

DLE. () (4, z') 1 zl, ﬁn(-,;_) (4, Z,)
:255&2 da, K (@,2,,2)

X[CL 3)3- aa,z._,l) Z o, {,52.5)3'- (A'z,l)
i Eabf. 4 2,) '}l (4, "z'n.)

Oy s nge Blz2aS)

|- 2%

b (s2) 3, (a..,zg] (39)

o{};‘,(l}( 2) -2 wq(xsz)_t-(s z)SIU 52)

I—E.I
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% [{“*;(’5:23) ”:]-IL(a, 2 )= % “T (5, 2) 3_{; (5,7,

v bl (85 (43 (- 2)

Faifegs Zizaf D:E (4%) '};(‘é‘*z&)

e iﬂ(z; A Ea( za*zlzi)z Bt (Af 25} 35(&’ Zﬂ)
={E=5 ) (E'anznﬁa) bﬁ: (4 %) H-; (4,%2)

b (=22 (22 )b, 2) Pr"'m,za)]
" (39)

\{B(iﬂ.‘)[ é’zlj T lg'&.ﬁ:ﬂ,) (éi 1)‘1"2" Bn(m}(a‘a} Z.')
= Zgg Cﬁa dmg Kia@ (Z%a%)

| —2%
i

‘i[{aﬁ (4, z}&'—i (4,2)) + > (5,2 )EL (4,2,)
+zan (4,2 )9 (hﬂa)i(z =ty
_,r(z,,_z.:f..)b (%, Z)SL (4,2,
R85 F (5,5

{
1 Q.}(z%_ Z.2,) bt (5, 2,) El;{;ﬁ_, 2,)

+ 2,( 257 22q) bf_ (AFQ 3‘: (A, Z;J] (%5)



In the sbove, the summetion over L indigates that terms
like "“FE. (~2) F',_ (5,%) should be replaced 'b;ra?:(é,zij £(5,2,)
ﬁ.qj[hfﬁs)f?s(_ﬁ’ 2,) in the double spectral functions
€1 and they should be replaced 'hra: (a,zs)é; (ﬁﬁa)+5(423) Qﬁ,ﬁ )
m3 €u and similarly for products containing b e
Before solving tie above equations for the double

speetrel functions we shall introduce the isotopic spin labels
of the smplitudes. The complete matrix element for photo
production ineluding isotepic spin is

) (e}
A A LA AR o

2

on the risht hand side of tho unitarity eondition ( ¥ )
we have the product of the pion-nucleon scaettering amplitude

the complete matrix element of which is
fd') ] =)
J:IYEUEBI +x [T JTrJI

end the photo production gnplitude
| () | ©) T ©
IR S Y

We observe that a {Ti ,T31 een be genercted both by sultiplying
T Ty (T T [Tp T;) w [TT)
Similarly the antisymsetrie part [T ,'Ta] is obtained by
lultiplyinf the pymmetrie pert =s well as the antisymnetrioc
by the antisymmetric part in the other and the isoscalar part T, is obtained
pert in each of the matrix elemente’ by multiplying both the
symmetric snd antisyumetrie pert of T with the isosoalar

part of t_ o Ineorporating these in the equations for
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the doudble spectrsl funetiors viz., equations (35), ( 3b )
and ( 38 ) to ( L0 ) and solving we obtain finally

(x,0
pdr:‘-{n} (AR) = EQNI- "m.) E"T‘; Eﬁ% jj DLZ" dzﬁ

y K,‘ {a}(jz,” EIJ.’ ZZ)

|-z,

x LY
oo 4,27 (a2)(0-2)
LY
— D“*{:"l’ (5, 53) 3.‘1 L’E’J‘E'a) (B4 23)
=k b?:T (A2 E[LT@"E';J \:z.% (1_2':1) +4, (E'fz"z‘*ﬂ

e btﬁl, (4,2,) }f(ma) 2%, (2,2,- Ea)j . (142

(&, 0) (W) OB d
[a{n(n){h‘z‘ e E a, ﬂ- %%Sgdza Z?’

Kl[ﬂ‘i Cz‘"s} E’al 23‘)

\— z‘l

P [ o (A,2.) ?rirr(zh,za) (‘213—2:,3;)

LY

LT
H e 3, (sa) (- £)

EoMCENE HORICR IS
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(2.5 z)
(59 g oo 0 e . Kiallig
\5{11] (5,2)= G"uf};T LSS Ly =

(z—-zzj[ .J‘:,Z)!} [4)2)

41_(&?’,]_,(#‘)‘2'3)'} (/3 2,)
o (m)? mj)(____ﬁ)_.

T oy
z(z

[hzﬁ) %’ (,»:a z)(?i g ==y zzj)

+b?‘",r(,fg 2)3— )Z.('* (f’_;) j (%)
&j (82) = E\M*E ZZSE dz c,lz

15(1:1) 9
£a2a)

K@C” ,2) - (. EE
| %\ah (4, 9)3 (Az)@a_ﬁz, 2)
— 1 b (49)} (w)
i (42)'} (/, gg)](a _22)
(w)if’ (wg)(z z)} &)
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In the shove, we have used the motation 5;-, to indicate

that
(1) for the isotopic spin w symmetric part, & (the '’
L
amplitude) we have to replace esch G J vy

LAGHE SR S e

(11) for the isotopic spin antisjmetric part replace

each O:t '\:riL by A
% &) L (-t-} C L—)]

% () 4L &)
o ) - = [
in il
and (iii)/ the isoscaler amplitude replace o, 3 by

[rf: L 2. &’ ] 3[{' &
L L

Equations { I+§L ) thrmgh ( 4L5') have to be re-expressed
in terms of theimiama with the help of the relations

g hmw "rj(t‘l}
Rey
- =) (A= )+ 2 4 (k=) (16)

(A=) {(/:.-*m“'-t—l}"_ b ili
far the photoproduction amplitude and

E
A9

Z =V V5

(=

AL On}

R CSTCeee S paye
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fw: the pion-nucleon scuttering smplitude. But ss the
resulting expressions ere rather cumbersone, we have pre-
ferred to give the strip functions in temms of the z variables.

The inverisnt metrix element for the process Y+TT— N+N
is obtoined from the corresponding metrix element (\vs )
for chnnel I (photo production) by observing that in going
over from channel I to III , the following trensformntions

tuke place 3
b=t b = S

and the positive energy spinor for the antinueleon hes Yo
be used;more specifieally,

MP- —_— LYE_ Y.EY-R

My — 2 [=(p—p)- € R

+ (Pa-p). R |
Mc- L —"fh_ (‘YE CUh — ¥ k "b*&)

My — 23 [3e(parp) k=7 R(Pa—h) €

— LUy, € 1.‘9] (na)
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Thesne have to be ssndwiched between the initial smtinueleon

spinor v ond the adjoint of the final mucleon spimcor u
where

s
T \ TPy Y | E+m
s (Em> e = (313

HmitE is the energy of the nucleon (or the untimlnm)
3

in timir centre of mass). Using the expeRiclt representations,

T -~ ¥ e
Ts‘:'(—j: tu)’ Ty h‘(o—-)

TP - i PR (s
:l e o ) PEFLHE E't)

go: the ) =-matrices, the matrix element in the centre of
maps frame can be evil uated and is given by

(59)

- —» o W
. b. €& M S (px?)
= Lk o B ===
= b b
I_E,'—?—:? "3‘):’
where ﬁ
| = —-]—J-(F‘H—}-tE B)
™
2lEp
s

N = (E+m)N = —E—i—ﬂ—@waﬂﬁ)
po= L(r-222Y (55)




a
In the nbove A, B, C, D are functions of E= LWE

mddtm@:g;i_:- where © , ! end p ave quantities

defined in Jec. 2.
Sterting from the centre-of-mass metrix elements and

retaining in the unitarity condition the lowest mass two
| particle intermedinte stete, i.e. the tvo plon stnte,we can
| evaluate the double spectral functions for the III chemmel
in the ssme manner as in the previous seetion. In this case,
we require the matrix elementa for the progeas 4 TT—N 4N
and ¥ + T+ , The centre of mass matrix element
for the first of these can be obtained from the inverient
matrixz element for pilon-nuecleon seattering in the same msnner
as we derived the matrix element for Y+ T — N 4N
from the photoproduction matrix element and hes been givem
by Fragser and I‘uluul]. It is given by

4

= =

Ch ,
| R ':?-;’ 2=t L (51)

T

where > and Ti’ are the centre of nass momenta of the

intermediste fymixtw} (pions} snd final (nucleon or antimucleon)
particles respectively. The amplitudes G and Y are given |
in terms of the invarisnt amplitudes A andBfor pion nucleon

seattering (ﬁ the notation of ref. Do ) ["LJ
I =
G’:‘—w&ﬂ*r———f P-fﬁ
+m
e et Bl Gs)
T

1) W.R.Fraser and J.R.Fuleo, 117 , 1603 (1960).
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There is only one amplitude for the process Y T

— 5T+ Y yhich we shell denote by @ « Then
proceeding as in the lest section, we obtmin the double

speciral funetions as

M® (F) = Zzgg dy 4%

\3(&3}
‘T@”E*)F (e-gs)@‘ggﬂ)
.E'H{ﬂf:?g) &H E):‘
! Qé@ (B8 (58)
YNGR rzgg dt, dE
(2 (Eli }ga’g) e
;ll : [g ’5)

{[ﬂ**“‘u ARSRCE]
X Q;‘j (trza.)

Q) (¢ !
HEC ;g} ()

1)

M. Gourdin snd AJartin: Fuovo Cimento, 16, 78 (1960).
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?;23} (t‘ E:) =2 Sj dgl d}éa
R R R R
() NS
-[H? (EJE!’)_.JH_-J ( ;E,)j

> Q?( £, E) (5%)

¥e observe that only the isotopic sealsr banl:
of the strip functions survive pince for the resetion
Y+4+TW— TT+T1 only the isosesler part of the photon
contributes to the matrix element. Also there is no apec-
corresponding to /
trel funotion/ Llataa) e The Ea whiok are the cosines
of the angles in this case sre given in terms of the » ,

w end L verisbles bycyxxixikizs by the relations

== e b—"r:r-.a—rﬂ.fj_
E\ S apL
sk uu;n;iiais (59)
_ t¥(byas3 s
5= (ESnye (e '
%nr the reaction p o e S and
e a(h=1=m?) 1 £ (5Y)

{_t—- L‘)Ji (_ t - h-n-?")']ﬁ_
for the resotion T N4N % Y  is a normalisstion
fanotor.
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6. Zguations for the sbsorptive peris.

We cen now obtain equation connecting the absorptive
parts of the phdto production amplitudes and the double
spactral functions by using the diepersion relations for
absorpliive parts. The "elantie" part of each of the absorp-
N T R LB L R RN
end S[i’ ) obeys in dispersiocn relatioms, given hy
equation ( 24 ) in which the doublé spectrsl functions m.
the ones celoulated in sec. 4, nomely, the ones for the photo=
produetien channel, Ve recrll that inthe evalustion of these
spectrol functions we fixed the smergy in the "elastie"

region for the procesas. To obtain the "inealasstic" parts

of the absorptive parts oLFt'D} etcs we use the strip
epproximation 0
ine € ; 2
EJ;1-.'L— LA} == P.e:'t O
inel el .
P’EU— (4 = sz (W) (62)
a

Now P&t UC) ia given by the double : spectrsl funetions

for the third chunnel if we make use of the equations. ( 35 )
end ( 53 ) to express the smplitudes oL 4 § 5 ¥ o & dn
terms of the amplitudes L. , M 4 N end P  Explicitly
these are given by
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(W) (W2 E) £ L E (E+m) I

oLk AALREITA [{ﬂmw(t-— 1) +Tf\(_[‘_~—'-){W-—W-—QE}{ W=yn)

(We m-2E)(Wm4 m*— Q™)
+1L(H W)E"'{* LE(E+m) \)]}N

L 7)

[ [eesntn oy

h[L+M) ;

LW G aeFlws ) J 'F]

o E(Eﬂ-"n'{j

-.t—

el (mm)(www“—-ﬂﬁl ]N
= e [YL uE{ewn) 2 E( Eamn)

e L I(L:_x]+3(‘”+“rﬁ)(”+"“+15)}1{i

hE,E LE(E+)

i L»E:E;wn} [_(E;:_ﬂ {Zm‘ (=)
= {1""""‘*-1- (NH-W\‘E } M=y (Q-H—ijP__l
S = e [tmw“ﬁ L1M+[H+w‘)L }

LES(E+m)

(W) (E— Q)N 4 (W+™F a)?J (63)
ol
Pmu_[u,.ﬂh obtained on using the oroseing relations

(1 ) along with the equation ( 35 ),
Thus the finel equation for the absorptive part, wakiad
fax sk smergiea is given by

-~
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¢t, 0) T qu rp&Eo)y o &0
E (aub)= Tirgh de TE )8, (s |

‘_’r _:T oa i tt D}(/_l, U.) +P (ul-‘ /5)] (b-’-l}

u—u
(m)

‘The corresponding equation for the absorptive part
of the III chenuel (Y+TF—->N+FI) is

i) ° 8) © o kel
i ‘(t;uj,&)z__:f-s 5 (t;"-‘)‘l-ﬁ.:’ {x’:,%)}
(oY
a U’) ¢ {D) I
i eyt (u,t)} (bs)
(ma

In ( bY) and ( LE5) we heve mot displayed the pole
terms end poscible subtraction terme. As mme alrendy mentioned,
a two plonerescnance -ﬁ% :eamitah « subiraction in the
isosoolar smplitude hxbramm and a three pion rescrance
would require & subtraction in the iso-symmetriec part of the
amplitudes Hecently there has been evidence for Loth these
resonanges.’ fThe pole as well as the subtraoction terms cen

be emsily incorporated in the eguations.

1) For two pion resonance t O.Goldheber et sl , Thys. Rev,
Letters, 3 o 161 (1355)§ Ae Erwin et ol , Physe Reve
Letters 623 (1961); = et g1 , Phys. Hw.

Letters 192 (1961). For the ion reso

. Meglio "ot ol , Physe Rev, Lettero, 1 5 178 (1 151);

KoL.Stevenson et al Phyae Reve, 687 (1962

P.L.Baatien et al , Phr'l Rev, Letters, B s 114 51962}‘

D.lsCarmody et al , Phys. Rev. Letters, 8 , 117 {1962).

w



T. Qoncluaion

Bquetionsx ( 54) teken in conjunciion with the cross=ing
relations (17) and the expressions for the double speotral
functions viz,, equations (La-15 ) and ( 56—5% ) form the
basia for = study of the photoproduction of pions from nucleons
in the strip approximation. As 1s eppsarent, & knowledge of the
ebsorptive perts of the matrix elements for the processest

TN —> TN
T4+ — N +N

and
N+ —= T
available
is necesssry for this purpose. When these are
gufficient

eubtimed exk relisbility, they cen be fed into the sbove
equations snd the resulting expression for the absorptive

parts for the photoproduction matrix element ean be expected

to ::1 correct for erbitrary energies, Yut as the number of
amplitudes involved in the problem mekes s numeriesl eveluation
& formidnble tesk, we huve made a study in the sk chapter,
of the meening of the strip app cximation in the cmse of o much
simpler problem, mmely, the photoproduction of pions on plons.
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CHAPTIRYX®

THE STRIP APPROXIMATICN AND PHOTO PRODUCTION OF FPIONS
0N PIONS

1. INTRODUCTION
We apply, in this chapter the strip approximation te the

phote production of pion en pions,

A study eof the process of photo preductioen of pions
ons pions has a special role in the present framework of
the theory of elementary particles. A knowledge of this
process leads to a beiter underatandiné of the phencmenon
of phote production of pions from nucleon and in this res-
pect the role of the process is similar to that of pion-
pion scattering in pion-nucleon interactions. The process

is the simplest that corld be thought of for studying the
consenuences of any particular theary gince the matrix
element doss net have in its structure complications due to
spin or isospin. Thus the algebra invelved in the evaluation
of the matrix element is net much compared to more compli-
&

cated processes like pion nucleon scafitering or nuclieon—

nucleon scattering.

The process

it =il (1)

has bBeen studied in the Cini Fubini approximation te the 3

Mandelstam
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1)

p representation by Gourdin gnd Maxrtin, Saé%!’v and Wong ~
However, as mentioned in the previous chapter, the very nature
of the one dimensional approximstion restricis our considera~
tions to only low energies. The gtrip spproximation ensbles

us to include both high smd lbw mwergy phenomena in & gingle
scheme, »rull and Fraze® 2) applied this spproximation %o cal=-
culate the inelastic effects on plon-nucleon scattering for par-
tigl weves of sngular momentum L 2, oL (for which only the
approximation is likely %o work) in the energy renge of agxse-
ment withx thexehsexyed xssiiien sf ihe mexksy duk the higher
resonsnces gnd alse for K — p secattering. They found quali-
tative agreement in the assignment of aquantum numbers and

rough sgreement with the observed position of the pesks, but the
elastic effects thus calculated were found to exceed the uni- -
tarity limit. On the other hand sxsasxmnd Gnsaandrn’j who hes
node & similar caloulation finds that the "strip" integrals
reproduce only sbout 30% of the inelaestic X= terinternedizte
statexincihe effect. Chew et n14) argue that the inclusion of
more than two particles in the ieturmuﬁiﬂt:ii; the unitarity

condition might remove the difficulty regarding violation of

1) M.Gourdin and A. Hartin, Nuo.Cim. 1 78 (1960); L.D.Solove'v,
doviet Physies = JETP, 13, 418 (1967); H.S.Weng, Phys.Rev.lett.
5, 70 (1960)

2 Jd.S« BOll and W-R.Mr‘; Phys. RQV.Lﬂtterﬂ I‘l 204 (1951)

3) W.Cassendro, Nuovo Cimente 26, 196 (1962)
G.F. Chew, S.0.Frautschi and 2., Mandelstam, Phys. Rev. 120,
1202 (1962)
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unitarity mentioned mbove, Ve show in this chspter that
for the sizple cuse of process: (1), the use of the strip
approximation along with the one-dimensionsl nqput:l.nn for
the elnatic abosorptive purt leads to the result that the
contribution from the inelasstie part is of order 1/s for
large A -hmim the square of the total centre of mase
energy for the propeess., This would memn that the inele-

stic cross-section goes down like ‘/4"' )

2. Kinemagtics.

As usual we introduce th thme Mandelstam veriable®

A, W, and L defined by

A= = (R+°qY ==(q,+9.)

WA= LK - 5 e )

it LI I C A

(2)



where

N G T e 2 @

R and g, ere the momente of tho initisl photon end pion
end g, =ad g, are those of the final pions, By the symmetry
of the prloess all the three verisbles represent the square
of the centre of maps energies of the same process, different
regions of the varisbles contributing to the matrix element.

In the centre of mass of the corremponding procespses, the varisbles
are given by

A :(&Jk-\-h}l == Lt-"-'--)qf‘

bl = '.f:lhcaq', +2Rq ces € :
£ = I—J-kwq'ﬁlhqi cos O %)
where © 4is the ongle between the directions of the initial -

end final pairs of particles, o

In the present problem, there is only one Lorents
and gauge-invariant combination of the available wvectors for the

/ processs The inveriant matrix element cen be written as

M T 4 ’t.
<_WTT\T\TTT> — Ernvrrs N Y qufﬁa e Ep{FT F(A’u_J_
U6 hmhmq’:&. 9,1 (5
Here E,m“né and édﬁT ere the completely sntimynnetrie
tensors of renks four end three respectivelyp ol o and Y
rofer to the isotopic epin labels of the pion.
In the centre of mess system, the matrix element ( 5 )
osn be written as
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e(Rxay) €py ¥ (A u,b)
<™ i 12 =
VT2 & 55 e
The differentisl cross-section when the initiel photon
is unpolerized is given in terms of the smplitude E { Alguint )

by

do | e ) e
o KTy 1&%Tr*ho"m € ]F(’&"U"L)\

&)
3. Zhe stxip epproximation
fo study the process ( | ) under the strip approximation,
we have to evaluate the double-spectral functions. Since we hove
only one amplitude %o deal with, theeveluation is perticularly
simple end in feot hes been given by Mandelstem.t) Teking only
the lowest two particle intermedijate state as the two pion state -

in the uniterity condition, the double spectrel functions in
the elastic reglon of the 5 ~yarisbley are given by

E&. (‘EJE) =k Sg dzadza K't (25%a ’13)
X [I: (4,2,) F (5 %) +I: (n3,)F, (5,2)]
1;;1(}:.}'-&) = Ltgg d‘ﬁ& dz‘3 K;.('Z.H'z'gl?"'a)
A R._IZ (4,2, F; (4 )

%
+ T, (r,2) F, (5,24__&)] (8)

1) S.Msndelstam, Phys.Reve, 112 4 1344 (1958)
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MZ!:CE—&E .zlmd 2g are respectively the cosines
of the engles between the initinl and intermedinte set of partie-
cles end the intermedicste and final set of particles, T represents
the amplitude for plon-plon seatiering through T° = | atete.

H‘ pnd K: mﬂvuwm-uiw-shw

.

¥e can introduce the isotople spin labels now, The unitarity

condition, if we retein only the twoepion intermediate stete,
gives the abasorptive pert of the photo pion production smplitude
a8 & product of the matrix element for pion=pion secttering and
photo=production of pions on pions ( process ( | ) ) The

complete matrix element for the former es given by Chew ond
Mendelsten®’ is

‘S;B"r 85_’} Sp I S-n'] _‘:t Sfan 5‘1 8

where S  and Y e th- mtupio spin lebele of the
intermediate state pions and ﬁ mﬁ}@hm of the final pione,
Vhen this iz combined with the rhotopion produetion matrix element
which conteins the isotopic spin operator eaw]*s we find that
only the combination B —-C of the smplitudes for pione-pion
internotion survives. But B_c = A" where I"Jhml isthe

% pion=-picn seanttering matrix element in the isotopic state,

T =1 which is precisely the state in which there is a yesonence

1) GeF.Chew and 5, Mandelstam, 119 , 467 (1960).
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Since we will be msking use of the dominshie of the resonance
later, it is a fortunate circumstence that only the emplitude
corresponding to the isotopic spin state with T —| 18 mon-
venishing _
The quantities in ( ¥ ) have to be re-expressed in terms

of the L varisble using the relations

_ . aP(ak+a-3)
W m(_.fa—b,jif’l (A=1)

=
i)

oo b bbb
3 ~ A=k
I';[-L F o --J".I
- (A=u)® (A=n) ‘

Further we need to recuire the aboorpiive parts "J:q ,
and photo pion interaction. For pign-pion 2
= v end F3 of the ptm-nipuznud% tering, we can

Lo

3! o
use the resonance model with a finite width and write the

| ma‘trii eleme ‘t“

T, (,5) 3I (R + A=K/ (5-1)

A, SIS (_:‘:— < 1)11

where /,  denotes the position of the resonance in the (!l )
state.

The amplitude for process ( | ) has been given in the one-
gimensional spyroximation by Solov'ev:) . He points met % that
the four-pion vertex with four iﬁiﬁe nugleon lines

verges so that it becomes necessary %o/ into the Lagrengian
(inthe field-theoretic approach) & corresponding counter-term,

} L.D.Soclove'v § loc. eit.
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#& which introduces the pion-pion coupling ccnstsnt, a similar

vertex with one photon smd three pion external lines converges
g0 thut there is no need for new counter-terns and anew coupling

constsnt as used; for instance, by Gourdin und Htt_ﬁnﬂ- e

glves two solutions of which we toke the one glven below. The

couplete matrix element neglecting P and higher partial waves

is given by

it : LS(u)
| | =1 Ole o

where 5(11) = 5” the pion-picn scatteringphase ghift in the
resonentt state and

e s e

A=l (12)
Here v — au"‘“ s /L 4@ the pole contribution from the
procésse Y+ TT — N+ N and ¢ 48 given by
< {‘u—vhj
@ =2 (Y= ) b
(V4 b—v)(V +b-2)
/
("ﬂk'{-b—'l") &
" ‘}J—_.).—_u_....ﬂl/g
v +b — Yy
(1)

) M.Gourdin and A, Hdrting loc. oit. ' ’




The solution is wvalid for the region where

Here ':lLH = |+ and b="0:L @

is given by

— 'rl'l o
R ) D (%) fum Sy

(U —
L ‘—"La- 1J .,Ilr'-_ - LN } "i"r r’_&s‘ |\]

it s i o e
; 5 { < W=b, VYV, +b

= (7T/2b) (P +b =) Yp~b < ¥ <y
(T/ab) (%t~ ) <L Ytk

Thus the absorptive paﬂ for the photo-pion pruduut&ahm.l

Using relatioms ( ic ) and ( |5 ) for the ebsorptive parts of
the pion-pion sesttering and photopion production metrix elements
respectively esnd changing from the angle to the - wvariables using
relations (7 ) we emm rewrite the double spectral functions ( 2 )

. - ('Ai—_i.‘j_!f:‘- {J—;“ A — 1A \Ihk“ﬂ(_j_l_ _0 -Lq‘“T.kL'?’" ‘-':) —
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SNE I -PE

{ A - {(A+:l'i:-3)+ (s+ 2% ‘?’j]

k;_.‘c A= b;) ]

(J':. 1—\) -
,ﬂéﬁb+ak ) (A ?LL -—h)(é+ﬂi-‘3j] y
‘ (s—n)*(2-1)"
_— (v
' ol
Kl ("5¢Ezu2_iu5) ZQ[[A_SE{_&..L&)E(‘{}-‘“EE_ 3)

2
+ (32— auijh}_*_ %{‘S?&) ) =

%
2a(sa 2 —3)(3=5_ au,_)(h-a-ii] L

(A-1)" (A=)
(1%)

F (4,0 = +,L-:j Eamu Kalhw byug) 4
= (A=) ¥ (4-)
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i [ct._,;u) 2 eai ko 4 mind (L =0B(R-)
(ug=) (A,~ FQ(L——)

B dt CL Ka(_"') L u!t&)ﬁ
ESS B SRR el

e T s g A sct_i.qt)ﬁ(%-g}
(g) (4,~ La?f +|_'1(—"-$— )
with g

oty [ty 10 -0

[t T
+@”""a"*‘2\3} oy
P QALQE;:,“FA—J-»)(?’“Z\-‘QH)(3~/5"3U~£_]-/i
(A=n)-(A—1) ]
o (ae)
K, (A, 0, ‘E, ug )= [{h 0% 5 {(3—-/:. 2a)"
.t B _(h A- Jul)
sl au)(hﬂt_@w —A= 3%)]
Ca=3)" (A=)
()

To obtein the inelestic parts of the double spectrum functions
nmmiwwﬂmmm""m

‘F‘MR g mdl
5, BRI =R GRS, s ‘; (w,r) (3a)

p)

mmum-mmutmmhm,nmﬁtmmm
double spectral functions Hr the third chammel but can ob*ain them

[
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immediately from ( |b ) and ( |19 ) by the change of varishbles

indicated in (23) .
The dispersion relastion for the absorptive part of channel
|18

I is
| \ : ('ﬁ-";tJ I
ERAE= — \ At o e
"MJUH
S TdL Ralsw)
" T A e
, Ib S
ol s W g U et o e i
of t'-§ w UGN
; {(23)

We should expect that if the one-dimensional solution
(15 ) is good, the solution of equation (23 ) retaining only the
first two terms on the right hand side should not differ amppre-
ciably from ( |5 ) « We shall therefore be content with estimating
the contribution from the inelastic part given by the last two
terms, ® for large values of | .
!nrnrylargc,,ﬁ)i{ﬂtj A, tgltz.j can be spproximated

by (=l =8) € vy : :
L :;;E : 5th(t—h)+l+a[t‘—s)(l?-h)

,—i/
~halErity- ) (B ot 2)] )

_ (E-NE=W) ?Lm? (E=L) — 1ALl - %xﬂia(t ~3)

2,
k L i
= —
—3 z;Li(t -lfjj




Substituting this and similar expressions for K': »
K, ond K_L o wa £ind on majorising the integrels over '
thet the contribution from the first temm of F_ (E,A) 48
a convergent integral end is of the order of '/,5 es is also
the cese for the contribution from the second(erm of F . (U, 4)

Ve cen neglect the last term of (23) since for lurge positive

volues of 4 end fized values of £ , w will be large snd
negetive so that the denominmtor of the integral ocourring in it
will never venish =nd will be large for large values of u .

Congluoion

That the inelsstic congributicns are of :-hm /s
for every large . secems to be a significont festure. It
is interesting to note that o esimiler result fellows for the
process of plonepion secttering which is a little more compli=-
cated in that the matrix element here involves three amplitudes
corresponding to the three velues, 0, 1 snd 2 for the totel
isotopic opin of the two pilons. Put if we sasunme aimnm- in
the T = | otote we need desl with only one amplitude. Both the
absorptive perts appearing in the double speotral :l'mnttml‘,_a
end Im (where T represents the pilonepion seottering ampli=
tude in the T = | 47 = | state) will correaspond %o those of
plon-pion seattering in the second and third chennels, Using
the expresaion (10) for the sbsorptive perts, we have




dk, db
T, 00= - 54 T

(;ltj,"l' H= h)(atg+ﬁ == l\)
Lo T (2 - )

w, d
'_E}?SS ia, :) B K (4

(b —s— Fu)(h-4 - 2u,)
B"“’n”’&f-“"ra(%‘ 1)3:55, (as5)

where sll the varisbles ccrrespond to those for pion=-pion
sonttering. As in the cnse of photoproduction of pions on
pions we oonx write the expression for IE (5, )  whieh
representa the inelastic contribution by the simple change
of varisbles & <> 4 end introducing = mumeric:l fector
given by the erossing matrix.

In this csee agoln the only faetor which contains the
verisble , s the funotion K ( end K’ e In the limit
of large 4 this behsves like I/A_ again, Of course thie
result es well as the nimiler one for the photoproduction of
pions on pions depcnds on the form of the sbsorptive parts
ssoumed. 54111 the result gives us hope that the atrip spproxi-
mation may yleld results in agreement with experiuent at high

energles.
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In this chapter we use the “"pole" spproximation to atudy
the plonic decsy mode of the cascande particle. The "pole" term
in the matrix element for a process in dispersion theory correse
ponds to the renoraslised Pern approximation of the conventional
Legrangien theory. Recently the "pole® approxination has been
used in various problems in wesk intersetions of elementery parti=-
oles. Bernatein et al2) utilised the dominmoe of the pion
pole, in the satrix elesent < bW |3 B |0>  (where 3,
behaves like a pseudoscolar and [p"ﬁ} is the protonenntineutron
state) in order to explain the rather invelved csloulation of
Goldberger and Treiman>) for the rate of deccy of the oharged
pion. Peldmen et a1*) gpplied the pole spproxination to &
study of the non-leptonic decny modes of S and A  which
possess s mumber of curious feetures, The deery modes Z'tar'ﬂ +r

AoP.Balachondran and K. Venkatessn, Progr. Theor. Phys.
26, 792 (1961)

2) J. Bernstein et ol , Fuove Cimento, 757 (1960).

”m-mmrumimmmm ong of the atrongly
intersoting particlies" by M. The Summer School
in Theoreticel Physics, Bangalore,(1961). ,

3) M.L.Goldberger snd S,B,Treiman, Phys. Reve, 110, 1478 (19%8)

4) G, Peldman, P.7.Matthews and A, Salem Fhya. Hev.
302 (1961)s ’ .
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and = __ 74+ 1T  shew no up-down asymnetry while the mode

'E."'_a_, P _,,_-n-‘-" ' seeas to have an asynmetry parameter very
near unity. Assuaing global sy=aetry “eldaan et al were able to
show that the = decay asywmetries could be explainad and
assuaing essentially one more paraneter the \ and 2 decay
times and asyamnetries ceuld be correlated.

The suecess of the pole approximation in the problea of

plon decay has enecouraged ns to use it to study the ﬂ.auiu deeay
modes of the = particle. Recently Powler et al have pre-
sented data on the magnitude of the asyasetry paraneter "‘55
and the lifetime of the deecay of — 1into a N+ 1T . We have
ntilised these values to obtsin the possible values for the re-
normaliged = - —TT  eoupling econstant G, . Fowler et al
have also noted that the decay asyamstry JE and the asyametry
naraneter in j‘\n—} b i or fn+T|'° have opposite signs.
We have used this ralnit to suggest a possible nechanism for the

S  deeay which can explain the curious pattern of the asyametries.
Mnally we agaln sugzest a pole approximation caleculation for deter-
mining the mass difference of lf(.n and Kf and the self-mass
T

Caloulstiong
(1) Let us first consider the decay of \—. 1inte a A°

and 8 TT~ . The results for the mode — —> N+ TT.  will follow

from this 17 wo use the |AZ | = =  rale. The diagram of interest

1) Towler et al , Phys, Rev. lLetters, § , 134 (1961)
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for the (= deeay is the pole diagram shown in Fig, 1 @ .
The diasgre=a with the K «meson pole ( Pigure 1 b ) maskes a
esaparatively ssall eontribution as we shall see. G denotes
the renor=alized = —=.-T ecoupling constantj G, ‘the
eoupling constant for Eﬂk—gmm; a+bY_ the E-A
vertex and cC is the coupling Lfnr the K-T1 wesk vertex.
The matrix element corresponding to ™ig. 1 (a) 1s given by

ifit * TV CRA+BY .11, . ()
VT VEE, P dPS Ry

where P  denotes the four-momentua o7 the particle represented
by the suffix and } and B are given by

Pe_(mgrmp)e 5 Be (ry=mz)b,

m denoting the mass o a particle. The matrix element
eorresponding te Pig. 1 (b) isg

gt TN s STy 9 TN @
* VaiEg Py

where E_.  1s the emergy of the plon. Therefore the total

matrix element M 1is given by

i |
P Vi L ORI :
‘ e i P

lp
'{‘_“EEB”'E"&-]H} {
where
P=P\1‘ £
i B9 ymabr &PEF:_T. 5

G P_E" + oy
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2e2
G1 a+bYs 62
Jr— (o] O = W
= = A = N
e
C
1115 m
FIG. | @) FIG. | (b)
ViA
= + o o =*
T+
or
VEA P m
> = ="
e ="
n L
FIG.2
K® me° K®

[J] Denotes the Strong and

(O The weak vertex figqure

FIG. 3
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Squaring M and Pixing the initial spin of the =~
in the . Z - direction, we find that |
% 4 ~ L
|M|q'= Ly CE, (I1Bl+[f]+m, B-8")

_a|B | R (Bp ) e ]
En is the energy of A . ( b ) ean be written as
p'+Bloct 6 where
sz I_""rﬂ.-:-._EE,«.(lB]tf"Fr‘i“mﬁ(B:ﬁt)]
B - —%mg |B | Re (BB) ¢

%ﬁmﬁa&mﬂ, & i_&.ﬂu mwz& fﬂ‘et‘uﬂm ];Luzt-&inecﬂ}m aivicl
the divecdien c% e cii-‘:cva ?mﬂtﬁ\b& (ﬂcrrTT)

Now the asyametry paraseter AE whieh ean be nea=-
sured experimentally 1s defined by

o S . (9

where N denotes the nusker of particles. How

TI?‘- ' b . GLE
NW:KTL (A4 B cos &) sum 6

s sy wr Lot il s ) fun 16 440 @
down 1,

where K is s constant.
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-~ alplR@p
=R :B"(En+‘mh)+f5"(En—-’m7?

(1e)

If the — particle is not completely ‘I_Ijlllriliﬂ and its
degree of polarization 13 ¥  then o :EN_'T}

Using ( 6 ) , we ean ealeulate the life-time T of the
particle, Assuming it to be unpolarized, T 1s given by

ok Gy EplPal [ ' : ]L

T 21T WE*‘WLn S‘WE‘ —

. ]:Ex(Eﬁ"’WD'i" ﬁl (E, -mﬁ)] an

= - "
“rom kinematies, we have an|= a5 MeVie
Eﬁ = 12 M;U_r; E‘IT = 196 MeV
rou ( 5 ) we then Tind that
p:{—nuaaa+a-;13—i—ﬁ‘ “} 4
C-i:l
o i
If we assum that ?m-ﬁ R . ?ma

the seeond term on the right hand side of ( |12 ) 1s 2. 713
which is small ( in absolute velue' eompared to the first
tera, Therefore we shell oait 1t from our consideration which
means that we shall be setting A=A . Fowler ot al
give a value o =T 0-69 for the asyasetry parameter,

the sign being unspeelified, Using this % in (1D) we obtain

a quadratic equation for (cl/ b) with the solutioas
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(*[p)=F 0.88 or T 4.42 ., Using these values in ( !l )
we arrive at the Tollowing values for the disensionless parae

meter G5 "
2k —UTF B,

.G"_tk’._ = 0-33296X% 10 l%—l s D58
LI

and

G }3_. BT I e ]_‘L\-_L.-ML (13
L, TT B

T 18 independent of tho sign of (O[,) as can be seen from
(1l ) « IT wo assune b, and take the value of 0,3 x 1u'u
for C as ealeulated nfﬁ“nt subsection we get for the first
of these possibilities (G‘:L/,r_’-n-) ~ |

(11) The experiments of Fowler et al indicaste that
the asyasetry naraseters a(E and a:n hate opposite
signs, the absslute sign of each being undeterained, This sug-
gests that the observed pattern of the = ~decay asyacetries
might be aseribed to a parity eclash between dimgraas involving

A and those involving (= . Pigs. 2 (a), 2 (b) and 2 ()
sre the relevant disgrams, Pig, 2 (a) with the [\ pole is
sssuned to be doalnant, For — intermediste states pole
disgrams do not mmik erxist and those in next in order of

simplicity are taken into mecount, The =% — %  vertex can
arise from = > A + 17 —> =~ « It ig clear that
for sultable values of the parameters involved these three
dingrems ean yleld parity-conserving Z+-—? T 1T 7
and = > v+ 1T decay modes and parity-violating> 5 p+TT
decay wode. The proton frem > = decay and the [  fron
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=) decay will have helieities of the same sign. Such a pro-
eedure would however lmply tha® relations like R (=" p+TT°)
~ g*';;(;\n__, = +T'|") * are in the nature of dynamieal
accidents,
(i11) Tinally we wish to remark that the pele approximation

ezn be eaployed to ealeulate the ecoupling eonstant for the weak

K_TT Vertex C . The fact that the K, to K, asatrix
element is conneeted with the K — K nass difTerence
ean he seen as follows: The mass matrix is dlagonal in the

KI"_ K: representation, i.e.

o H' = A <
Ki 425 0 - i e ( o l)
a
K\ © s U1
+ m. =T, ( . c}) li\“'l)
& A
z |
In the K. g K representation this matrix becoanes
Ha T{o
K 8 ‘ aid "'\ﬂn.. Jf w]. ( 1 E )
- 5
| e Ao
L M= ( ] D) (15)
g

—

“roa ( 15 ) we gee that the transition ¥, te K involves the
mass-difference J'm between Klu and K: s the exact
relation beling

T e B S B

1) 8.B.Treiman, Nuovo Cimento, 15 , 916 (1960).
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Froa Fig, 2 we g Tind that
= {
b < =
=ee— & = Kn\ Kn'-? -;'.-W\H 'q,..ﬁ-n';
o o -5 n)

Teking the K — K mass difference Sm to be ~u 10

we obtain C —~u 0.3 x 10°* | 4 precise value for

§+n would allow us to deteraine £ c more accarstely. Siaie
larly the pole approximation eould ba uged to find the self energy
of 5° or AN  due to transitions of the type Z— A—> =

e

1) Muller ot al 4 Phys. Rev, Letters,4 , 418 (1960),

“
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In the earlisr chapters of this thesis we have used some
of the methods which are svsilable for computing the orosp-
seotions for verious processes which involve s produection of
only a few additionsl purticles in the final state and at low
energies. A% higher energies encountered in cosmic radiation
( 10° to. 10°° ov }s multiple-preduction of perticles, partie
eularly piona, iz quite frequent snd for sich energies and
prooesses no relisble method based on field theory exists,
Stetistical thearien, such as that of Permi?), hyarodynemioc
theories of Helsenberg’) end Lendmu®), models 1ike the isobar
and fireball®) models end meny other theories®’ have been sug-
gensted to explain the vafious sapects of multiple-pilon produp
tion, but each of them hams had only & partisl succeas.

1} A« Remakrishnop and K. Jenkatesan, Proc. Cosmioc osl
) Department of MEthrmm( ﬁl -
Hﬂﬂﬂﬂl.‘J;'lrlmlli ru-ﬂmmum
Rm.rtrsunn?ruaissz}.

2) B, Fermi, P?‘ﬂl 570 (1950)
) hys. Rc'n. 683 (19511; ﬂ! 452 (1955*, 93, 1434 (2 )e

3) W, Heis fe 61 (1939) 569 (1949)
mtﬁﬁm- Physe 113 } 126, .

*‘-) L-D.m. Igve Akad. Nauke UsS«SeRe n [ 57 (1953}'-

5) %. Eoba snd 5.7 Progre Theoret.Phys. k 123 {1952}:
Wi.l.Eraushaar and L.J.fecks, .Bﬂ. 3

G uﬂ“m' m !“i[ m, 99 19'53

€) see, 2.8 "Elementary Partieles and Cosmie
Rays", Plrsl Press (1962). -

1]
|
|



There is another sspect to cosmie rey phenomena whare &
direct application of field-theoretic techmiques would again
not be possible, hut where however use can be made of crove~
sectiors for verious processes evaluated using such methods,
mmummu..mmuma
fundeomental particle interaptions when & single particle enters
e finite thickness of matter. This partiecle collides with mirx
muclei in the aimosphere snd in sseh collision & mumber of obher
particles sre produced. These secondery particles in their
passage through matter collide with other nuclel ané produge
further psrticles. Thus a cssesdo is generated and one of the
msin problems in cosmic rays is to study the neture of this
multiplication, In eny typlonl collision psrticles of different
types at various energies snd sngles of emergence are produced
and the probabilities of the individual eollisions ere dotemmined
by the corresponding quantum mechanigsl orovss-sectlens, The
succensive ¢ollisions sre considered independent end cesonds
multiplicatiion then becomes & stochsstic process which can Le
studied by methods of clsssical protmbility.

But further reatrictions bave to be imposod to make
esloulations tracteable, Thus, for instsnge, ome gmn consider
the czecades to develop only longitudinelly amd ignere the lateral
spread of particles ir which case one osn deal not only wit: the
mesn values of the various guentities involved but slso their
provability distributions or ot lesst the flugtuations about

L
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the mesn, One ganelso include lateral spread but then one
has to be satisfied with the moan values of the various quantities.

If is however generally felt thet the literzture on
mwmmmma;mwmwmuﬁnv
in the understending of cosmic ray phencuena or in the applics~
tion of probabilistic methods. This is essentidly due to the
feot thet in eny discussion, only ‘conrventional' questlons are
formmlated. New waye of looking at the problem mey however
reveal hitherto unnoticed aspeets of the theory. In the subse-
quent sections, we present some attempts at such a depariure
from gorventional methods.

The "0ld" sprronch to caseande theory was councerned
with the number of particles of 2= given type st a depth
which is the thicimess of matter traversed sssuming the shower
to be irdtisted by e perticle at [ -0 o Ve confine cwrselves
to the longitudinel development of the cascades gnd neglect
their latersl spresds The main object is to obtaln the pro-
bability distribution for the mumber of particles with specified
energies at a given depth L defined by

L #
Tr']'_ (.‘h”"r'l._._' e En .‘er}Ei'EL_ e s E‘-‘mlEo) [:)

mmmmmmumtmuutn partioles
nrtmg mhefﬁhhhummuwmm e

; d
(§=1,2, .- . i) a8 £ 3 the coscalis is initiated

st -0 by = perticle of type L 'ﬂhlnmra =
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Thie definition of the distribution function for the number of
particles st o given depth was matural in the early days since
caserdes were exporimentally observed in eloud chambers in whiech
the mmbver of particles st = given depth can be ensily recorded.
The use of emulsion techniques in the study of eascades
suggested however thet 1t would be more convenient to estiaate
the energiecs of tlw purticles at the point of their production
rsther than of sll the perticles at amy pertioular thickness.
Based on this, Rsmekrishnan snd Srinivesen®’ suggested & new
spprosch to cnsecade theory. Instend of the funetlon TT_
defined earlier, they define s mew fumotion
T (MM, 5 EE,, Em|E, )which s the probabdility that m
hll'till]ﬂﬂttj'plj ,MﬁﬁmmmE]’ Rt the
point of its produstion are produced betweem o =nd b if the
cascade 1z initiated st t-.c:, ..leﬂnl-utw L with
energy E, o+ They used the n’thnd;‘pruuﬂ densities, introduced
esrlior by Rmpkristnan®) . In E -space which is a continmuum,
the produet denaity of degree T o (E“t S
is defined such that (BgEsy = sunisBgy dE, ATy snidE)
repregents the probebdility that there is o pariicle in -:LE‘ ’
a particle in Jde... and a particle in de_ irzegpegtive of
ﬁmm- The product density functions in the new
sporoach which are over E spase s woll as [ cpace are defined
as follows:

1) A, Resiakrisman and H.I.Brinlm, Proce. Ind. Mt Sui..
ﬂ, 265 (1956).

2) A. Rapekrisimen, Proc. Comb, Phil.Soce, 46, 595 (1950).

1

|
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FR(E“E:_. o 'Eh:i

Evibr Lis. 1 .Eh)iEldEl..._d_E’

|‘J 3

R

LAkl d_th

is the jJoint probability that & particle of energy between E,

amd £ c!u.;1I is produeced beiween t,' ﬂqﬂl_l:ht partiele

of energy between E_ emd E +dE  1s produced betweem L

amd bt 4+ dt and @ particle of enexgy between FE

ad £, dE,  is produccd between t, andb cdby .

Using the equation for product densities of degree 1 , the firet

moment of T, hes been caleulated numericslly by this method.™)
The epsentiel differaence between the old and new approa=

ches to caseede theory, while aspperent from the definition of the

two types of pﬁnﬂmt dennity functione given above, is steikinglfy

brought out by the integrsl equetlors for the funotions Tl,'I

and T,  derived by using the method of regenerstion paint

which ia quite useful in ntud;ing a olass of norn-larkovian slto=

chastie progcesses which however heve a simple dependence on

previous hiatory, Consider = stocha tie process desoribing the

occupation states of e syntem as a psraneter t varies and let

the occupation statos be denoted by SI ? SL . B W

We ahsll csll the process non-llnrkovism if given that the system

hmnutﬂl‘ﬂa‘ at t , we are not able to prediot what heppens

between ¢ mudb i dbt. Byt let us sseume that there exictn a

—-—

1) G .9rinivasan and !-ﬂa“mm. Proc, Ind, Agad. “ei.
45 , 69 (195T)e s
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st 5' 5;' sese  sHONE the oceupation stetes of the system
guch that um:nmurmnwmumn-hmn
© s 1% 1o possible to prediot what heppens betwesn t engti df .,

Such processes are enlled regenerative with respect to these
states; 1.e. when the system resghes the regenerative stute, it
*loses® all memory smd sterts sfresh. '

For simplieity we shell consider a simple cencede consisting
of only one type of particle smd the development of the eascade
is charscterised by the eross-seotion R (E |E)dE db
reprosenting the probveblility that a pariicle of energy £ drope
to en emergy intervel lying bvetwesn F' ang E' + dE' producing
another partiecle of energy - E'  in traversing n matter of
thickness dt

A deofined earlier, let 11_(m, E|E;E) represent
the probsbility thet . pertioles aro at t with the energy of
each particle greoter tham [  amd D E] E,5E) y the
protability that thellf are produced m particies between O and

U o esch having enerzy greater than E at the point of produce

tion, the energy of the primery in both ceses being £, . This
differcnce in peckoning the energies of the particies gives rise
%o & corresponding differcnece in the sunnation in the egustions
satisfied by them as chown below,

Consider the first regeneration point 7  where the
primery particle of energy E.  1s replesed by two particles of
energy E' end E,-E' whioh become in turn independent
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primeries for the suls ecuent development of esscades in the
fnterval C-T o Por T (W, E|E,;E) s thene twe
prinaries together produce . particles with energy grector
than E in o distange C - s 1.0, there exiat at &
. particles with energy greaster then £ ., However in the new
approach, the counting cf particles ip different se it depends
on the energy of the particle at the point of productien, Sinee
even the primary perticle with an energy £, at [-0 forms pert
of the system of v particles with primitive energy greater than
E that are produced between o mnd L o it is clear that the
two independent primatfoat the first regenerstion point T
need produpe together only v -| partiocles, the two primaries
being included in the countisge.. It 1s to be noted that in the
new aprroasch it is quite possible that the smme particle will be
counted meny times at verious "production” pointas provided at
each such peint, the particle has sn energy greater than the
specified value,.

¥e can now write down the integrel eguation satisfiecd Wy
T, end T using elementary arguments.

E —RLED}‘T' EI‘.I |
T, (n €| E5E) = § de | R(E'E,) dE
o €

x2 T (mE| £ E=)

"m-]-'vn' =YL

x T, m) E|E,—€ 5 E-T)
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t € i '
Ty OB D) :S dre g R(E|ENNE

E

K2, Ty (ﬂrnﬁ\ﬁ';tﬂ’)

r‘T"-E (.ﬁw:l Elgo _E":I tﬁT}

+ edR(E")tS (=) T On, EVESS ) @)
where €. .
R(E,) :3 R(E'\E ) AE
ad S(n-0)=1 u;n =) ond is mmms sero otherwise.
n«mmxummxnumlnmu)
satiafied by T, end T are exeotly the seme except for the
condition on summations over ' eand ' o It is remarkasble
that the chenge of the condition £rom i =1L 30 My = -
mgnmmmmmmmm-mmma
in the funotions V. amd T . It nay look surprising that

Mmtwwmm.htmmum
MmHMﬂﬁnhhmmtuth-Mtuﬂ

Let us define the moment generating fumetion
Gy ¢ (W, EVEG E) corresponding %0 T (u,E|E, 5 t)
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”Wltﬁ:E\Eai‘C\ ap
B 5 (w, E|E,;b) ;Euuwwzm (n, E\E,; &)

ummmwmmmmuﬁm
% .nmmmmmmnmﬂ
for G. md G with respect to ©

I

) =
36, EIESY :._E : {Glﬂu,E\E'; k)
3€ ' i |

% QILu,E\ E - E'; ED

-G'x(M,E'.E.':U}R '\ ) dE (o

6 (WEIE;R P bl
:!:_E AR _S {-uﬂli""’rE"‘ J-)

"‘G‘Ikﬂ!E\lEg == E’ 3‘ E)
i ENEs ;l:‘;} R(E'|E)AE’ (5>

In the more realistic models ﬁimwaﬂu

usumnhuummmm T, end TF1
aﬁommtiﬂttnmhdﬂulmmmmtlm-

ean be galculnted.
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Ouxr next observation iz regerding mn error in the ususl
formulation of the problem of the multiple produciion ei particles
in o easgade. The type of theories mentioned in the introduction
for nultiple=pion production amssume that even in & single rucleon=
nucleon eollision multiple production is possibiss Per contra,
snother type of theory sssumes ‘'plural® produgtlon, i.e. it is
assumed that only one meson is produced in single nuclecon-miclsoon
ecollisions btut s nucleon when pessing through a pucleus produces
an intermucleon gaseade by successive collisiors with nuoleons
in the muoleus. Tor simplicity the colllsions inaide the mucleus
are considered independent and the methods of cesoade theory are
uged, the total thiuma of matter Mm traversed being the dig-
meter of the nueleus, - Unlike the ¢sse of a ¢asende in finite
thicknessea of mabter in the gross , it is not possible to
enalyse the Gevelopment of the intraenucleer cescade ai various
*thioknesses"” but we ean only make oanleulmtionas on the basis
that the rueleon hae pasgped through the entire nucleusy i.e.
the cascade hypotiesis is used to compute the oross-sections
for the produstion of particles in the various energy ranges
in e single encounter between a nucleon and n nucleus.
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Ve esn defire a cross-section

T (EE, - &l EYEG . v < dg dt
that perticles are produced in the energy intervals
(.Ej ' E-I"'l' d'Ev‘) ) (E'a- JE:.+ d'E-:.),_u' Sl (_E‘h , Emt dE"h)

and pons clasgwhere by a perticle of energy in passing
thruughnmtm:ofthj.ehuucﬂ: . "The totel eross-section

is given by
BN ((dB = v « dB
T o R R Bl )
1

The mean number of psriicles produced in dX 4in the energy
interval AE, is given by

e(E|E) dE At =% gk

™ (w-)

S e e ENEDAE
SE.._ [ T(a.E En|E) Ao,

Em
and mean pumber of pariicles 1n dt 1is

JACAIESIRICY E,) dE,

s oo o MBI £ 0 S ER S
We observe thet the expression for the orosp-gection is different
from thet for the mesn density ¢ (Eu) exeept for the caese
A -\ when the function repropenting the mesn deyvaliy ia also
the crose~-sectlon for the replmoement of a particle of energy e

by one of energy E, (However, if we write the equatlons
obeyed by the product dennities ireluding degreo one, they will
ve different since tne total cross-sectien J is different




4n both cases and this occurs in the equations for product
densities). Thus even for writing the equations for mesn
sumber it in mot emough to know the { for the process, as
ig generally assumed, but 1% ig aleo necessary to know the
deteiled crose-sections J,, o This fect may prove helpful
in gleeming the multiplicstive neture of the cross-section
even from the mean number. '

4

An ulire=high energy ( > u:rtg eV ) primary cosaic

ray perticle inoident on the atmosphere produces on enormous
number of particles in succesaive intercctions sand theae pare
ticles sre scettered over a large Area. Such showers developed
in the stmosphere in which tHe laterel spread of the perticles
mey extend safor es onehilomduare cslled extensive air showers.
In a atudy of these showers we are interested in the aversge
pumber of perticles in the energy range E, (E +dE) et the
shickness [ o Tet O be slong the = =axis snd ». the radisl
distance “from the 7 =-axis in the x-y plane, Let the particle
move at sn sngle lying between © and © +d0 with the = axis.

B, and Q,j are the sngles which the projecticn of the perticle
direction in the x-2 mkﬁ-z. planes make with the 7 -xa axin.
Thus the musber of particles com be demoted vy W(En, 6 t)dEdndb

f

. *

i=.
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“e include the distribution in gnd © by defining the
eross=nection 7 (@) iq 4o be the srobability that the
inoldent particle 1s deflected nt an sngie § snd § +4F
with its original direcilen in travelling & thickress .
o (@) 48 en even function as the scutiering should be sym-
metrioal sbout the sriginel direcions
Using the usunl srobability argunents, we ctn write
the veriation in the number af varticles within an inservel
O snd O+ A0 osused by seatiering es given by
\
J
o

_AT(E 5 0;5) | (@A g -+3“ﬁ'-_¢- NT(ENg; )3 Q
P
There ie =ls0 8 dltminiat-ln_iatﬁrﬁl dieplscenment
gdt due to the fact that the particles with co-ordinates
»n-0dt at C wmove-to n @b L +db 3 e
{8, L 4dk) =TT (- edk 8 L)
ope ehonge in the number density at = dve to voriation dt

in | assusing only this rroceas is
T(n, 0 trdl) = TW(n- edk, 8 ;L)

¥ ' o !
— TT(m,8,b)-64k __'_Tré‘*_'fe.’lt}__
i R |

?I?f-‘-ﬂﬂ‘iﬂg e, 0% 4 L\h pgs & Taylor serieain €

we have
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== B a8 ut)Su-rch} clth[g %(E,mle;'c)
o

2
L PUAT(E =, 6 B) 4 v MUE20:5
ol

O ] (2) d @]
The second term within the square brackeis vanishes es O
is an even function. FKEere ususlly the metm”
is made that all moments of @ higher than cp‘: are negligi-
ble which implies that the probabiliiy for deflection o (@)
rapidly tends to sero ms ¢ differa from seroy i.e. the
geettering i confined to extremely small sngles. This appro=
ﬁnﬁm is uumﬁmu negegsary sinoe even the cumulstive
engular devistion © 1s treated to be small enough so that
Aim@ = O 4.0 the path length E  traversed is identical
with 2 ~axis. If the Landau spproximation is net mede finite
values of @ will be allowed and hence 6 oan teke values
greater than T/;_ . This mesns that the particle ean be
backescattered which will disturb the lerkovien nature of the
process with respect te 2 and such & situation is suppocsed
to lead to considerable wathemetical dir.ﬁault:l.“.z}

i v .

1) De Lendouy Jehysey 2 o 237 (1940)

2) Kanate end Nighimura who believe that the Lendeun appro=
ximation oan improved by replsecing © by gin ©
do not seem to heve reslised this peint, J. Kemata
end K. His __Progre Theor. Phys., Supsl. 6,
25 135, 1958,




Regently, however, & new type of stochastic process
culled ‘“smbigenous” has been studied’) which involves
bagk-peattering, To illustrate the srocess, let us conaie

der the simple csse of a particle characterised by ita

veloeity which osn take positive or negative values an

the cne-dizmensional parameter x represeating the dis-

tance travelled by the partiocle is veried. If the partiocle

is assumed to move in the direction -+ X when the veloeity

is positive, 1t is necesoerily implied that it movesy in

the direation of — x when the velooity is negetives If

we ochoose time ea the ocne-dinensional parmseter with respect

to which the process is supposed to be develo ing, then

transition probebilities onn be defined per unit time for

the valooity to change- sdgn and Varkevian properties cen be

asoribed to be stochestio process unfolding with © . But 4f
X  is chosen as the perameter of the process, the coneept of
development with 2 bresks down eince tho velooity cen take

positive and negative valueno.

1) Allsdi Basmekrisohnan, R, Vesudeven =nd P, Rajlagopsal,
Je ¥ath, Anal, & Applne., i 4 145 (1960)
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;mmmnrmm.mmu
that a differentinl equation connot be written dowvm
for 1ts motion. 4 way out for this problem, suggeSe
ted by Bellmapnl) is to switeh off the back-scate
tmmmmmuumumnrm
tmmmmwmmuuzm.tmm
particle emerges at © or L oQyep oll tizg. Ye ore
M-Mﬂthmthtmhwm 0ond L and

beyond this intervale this is precisely the ides
of “Switching off™. tie wish to suggest that this method

the earth) and bDen are buckestatlered, the thickness
o the atmosphere providing the fiiite interval referred
to sbove, Further the possibility of tncluding bacle
Mwlﬂhnmwthmuﬂ

of lateral nMﬂMMtﬂ Landou approxie
matiore

M

1) R Bellmann et alj Proc. Satale icade Scl. BB
43, 617 (1967)3 J. Mathe Hechs 2y 149 (1957).

-
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OX THE EQUIVALENCE OF THE FIELY THECRETIC AND FEYNMAN ?OMLI:-JI-E'

1. _Intreduction

The chrenological eperator P which orders the relative
time eo-ordinates of the interactlon Hmilt:-ninn,prnduntl of
which appesr in the Dysen expansien of the S ematrix

Z('L'} SSS 'Sd‘xlixlaxb" ..d:r,_rL

-(@3( P ) H D H, (D), @D

dees not preseribe the ordering of the operators within any
single interactien Hamiltenlan Ay (x)  which represents the
vartex contalning operators correspending to the same space=-
time point x . Other unisiﬂaratuns have to be employed te
re-order the ereatien and annihilation operators occurring in
HI_Lﬂ and one such was the introduction of the normal preduct
sperator N, which rearranges the eperators such that the crea=-
tion operators stand always to the ieft of the annihilatien
eperators so that the vacuum expectation eof any product of epera-
tors in normal product form is zere. The necessity for the intro-
duetion of such an operator which gtems from its property Just
mentioned arose out of the following difficulty pointed out by
Hansh;enbargn. Tn electrodynamies the "natter" current ﬁ (x)

-

" 1P W. Heisenberg, Zeits. fur Phys, 200 (1934)
¢’ o, hyss 22 93, 692 (1934) o

#* Alladi Remskrishnan, V.Devenathan end X.Venkatesan, Jourmsl
- of Mathematicel Analyasis and Applications (in f\:'ea;} -




s e YOIY, y(x)  where Y (x) 1s the fleld operator
for the deetron and € the eleectromagnetic coupling constant.
If one uan;ut-: the vaeunm expectation value of this operater
Ill!linzkhhﬂ space-time label of Y| ; which is X ig slightly
4ifferent froam the corresponding label of Y  which is %
and then takes the limit as < —> =  , then one gets an
infinite result., Helsenberg attributed this inlinity to the
contribution Prom the sea of all the occunled negative energy
states. He also suggested that by redefining the current density
four-vector as the commutator
S0y 3]

we wonld “ind that its vacuum expectatlon value is zero, Sime
the normal produect possesses exactly this sroperly we ean use,
instead of the above form which is obtalned by syanetrizing the
theory in mrti:lci:étimtulu verisbles, the normal product fora
of the current onerator and since the boson and fermion operators
conaute, all the vertices renresented by &L ‘s can be supposed
to be in normal product Terd,

We may also argue for the necessity of a normal product
in the 5 ematrix in another way. Since the vacumm (as also
the one-particle state) is an elgen-state of S , if the latter
conld be written in the form |4 T we see imaediately that the
vseuun pxpeetation of the eperator T should be zero vhich wenld

mean that 1t is in a rormal prodnet form, Of course this does not
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,- should be
ensure that the individual H? usdel he in normal product

form.

However, Ramakrishnan and eollaborators demonstrated that
the notien of a norasl product is really not necessary if one
1g interested only in physical processes with prescribed initial
and final states for which the reductien of the S ematrix to the
‘eynman Tora ean be achieved anch more simply and transparently
tmﬁ. the ease with the coaplicated algebrale procedure of
Wiek . They use some concepts of stochastie theory for this
purpose and zive two methods for redueing the S ematrix to
the Peynman form. In the first sethod they 24 puild up an inter-
action Wamiltenian in which the feralon ereation and annihllatien
operators are not all in the same order as in the product
but such that the creation operator b for a pesitron always
oceeurs to the left of aither an an whieh is the creation opera=-
tor for an olestron or b  whiech is the positron annihilation
operator, The interaetion Hamiltenlan then is

Ay A Ay R o L
il it “ﬁgt:' i e’ Q?“‘”b\"&?j- s

where the symbol ) Aindleates that all non-essential factors

1) G.C.Wick, hys. Rev., 80 , 268 (1950).
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have been oaitted and the syabosl N\ 1s to indicate that each
ereatisn or annihilation operator is accompanied by the corres-
pending wave Tunction., A unigue preseription for this eholee
of he 1s baged on the TCollowing stochastlc argusents, The
intersction at a vertex takes place aot at p single space-time
point but in a small interval of time L. o (This may uhiint-
the difienlty regarding the vaenuam expectation of the current
operator mentioned ahﬂvu;ﬁ The process of palr annihilation at
t ponresents the transition of a positive energy alectron at L
to a negative energy state at t+/A , the interaction taking
place in the interval A ap that the electron destructl on
operators should be placed to the right of the positron destruction
operator. In the case of pair creation ia the interval t -~ and

t ¢ the negative energy state of the electron at 5 has
to be traced back fto a positive energy state at ﬁ; so that
in this case id; should be plsced to the left of o, o

Jor electron and pesitron gseattering the ereation operators will
be to the left of the annihilation operators thaus justifying the
snteraction Hamiltonlan i

e Hesently Cainiello has suggested that the 1imiting operation
of jn-a:x' need not necesssrily make the vacuua expectation
value of the enrrent operator infinite hat the istter aay be

serely undefined under such an aperation, E.R.Caianiello,
Yuove Cimento, 14 , 185 (1959)
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ek ol
¥ith the Haailtonian (3 ) , Remekrishnan reduce

the S enatriz element to Feynman form in a eimple way
in which the commutation relations of wmtm COrromn-
ponding to ifferent tise points mre ignored and the
process is viewed ob initio in the Peympen sequences

In the second mothod Remairishnen et 01! use the
conventionsl intersotion Hemiltonian whieh however is not
in noreal profuct form. In the sext meotion we will make
a comparative study of this method and that of ¥ick which
brings out the feet thet 4f the otcohestic concept of ree-
lisstion of a typiesl sequence of events is used to write
out the integrand of the § =uatrix, the yreduction to the
Peynmen form of the nmatrix element becones very simple.

-

2e ak"

As mentioned in the introduotion, Remalkrishien and
nis collsboretors®) have re-sxmined the cemnection betwsen
the ficlid~theoratic end Peynman dencription of quantum mecho~
niesl collisicn processes snd have arrived at a new end simpler

v - e cpeip —— - - i— - e

1) Ae Remakrishean ot ol, Journel of Math. Anclysis
and Applications,

2) A, Remskrishuen et al , Yos, e, Ubdd,
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proof of the equivaience of these two formalisms ueing
etochnatic srgusents, In the scecond of theae uethods tha;,rn
use the oo-ventionnl interaction Hamiltonimn which is not
4in noruel product form ond the stoochastio conocept of & reg~
1isntion of a “typicsl sequence of events” in the integrend
of the S =matrix,e ¥e shall ohow in this soction that if
this corcept of reamlisation ie apslied ix to Vick's proce-
dure, we obtain n simplfiontion which io sioilar to that of
the nothoé of Remsvyishnen end Renganathan?) ,

We ghell first briefly reonll "ok's prooeiure of
reduoing the S enetrix which contains the chronological pro-
duot of operators into & oua of normel products. The firet
atep is to replace the Dyson ohromelogicel opercior P which
obours in the $ ematedx expession (1) by the tise-ordered
produet 1 of Wick , the two being the same in the conven=
tionel thecrisn, since the fermion operatora which slons may
cnuse & relative cign botween D end T products ocour in
bilinear combination, he time-ordering fixes the relotive
popitions of the intersotio: Hmalitonian density H_

4n the inteprend of the § ~u=atrix , bul HI which

- — — -

1} Aa Wiﬂhr{ﬂ:l et ol M oo cit

2) k. Rnpokrishran end N, R, Zanganathen, Xvke rx Trawnador gy foaly,

{}.L.r_‘l ﬂ by liF-' i .\ i
|
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itoelf is & produect of emnihilstion and creatlon operators hes

to be arrenged inthe nermal produet form 1.e, with the creation
operators %o the left of desiruction operators, furtggnanna mieNe-
tiorned in the intiodustion. Ve sholl now show thatl ®EF reqguirement
that Tﬂl (%) should be put in normal produet form does not in any
way enter the acsttering process where the reduction will concern
operators belonging to different times (except for potemtisl
scntering in the lowest order, whick aotuslly turns out to be

a triﬁﬁl sxe coge) end in such a onse the procedure suggested by
Remskrichnen et sl using the conventlonal Humiltonisn is identiesnl
with that using Hi(X) defined in normel procuct fomm,

The fundmmental definition used by VWick ie

s 3
T (UV)= N(UV) yUV (X

which defines the'contreetion' of two operaters U and V' indi-
csted by dots pleced over them. [N 4is the normel produect operator,
Writing ?ﬁxlij in the normsl produet fornm, we find the integrand

of the S5 =natrix to involve mixed | profucte which can be ex-
pressed by mecne of ¥ick's theorem ss & sum of normsl products with

all possible contrections (emitiing, of course contractions betwesn
fuctore nlready in norusl produet form)}e For instmnce in quantum
electrodynrmics the intogrend of the second order term in the 5 -matrix

expanpion cen be writien as
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wheve H - e/, Y, nd the contrected pairs ere the Peynman
propagators im  eonfiguration spnoe. Each nowmsl nrodued on

the right hand side of ( PO gorrespends %0 = Poynmen diageen
in configuration epasce. As is svident, for & given infticl and
finsl atate, there is cne smd only ene type of noruel product

which has a nongsnishing matrix element bBetween given states and
this normal produot reduces to & profuet of prepagstore end the

noraal productor of operators te be matoked with the initisl and
md stotes, yukuiwd the h:l’lill end finsl state wave MIMi
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It 418 to be noted that Wiek's methed is quite genersl
and the reduction into normel products is made without reference
to any epecific procesa with given initisl and final stotes.
Remakrishnen e%, sl. have emphasiszed that all the algelraic tech-
niques involved in the method of Wick cem be avoidsd and the
procedure much simplified by specifying the initisl and final
states from the beginning iteelf. They do not work with the
field operators hut with their components,i.e. the ammihilation
end ecreation operators with their wave funetions and consider a
$ypicsl sequence' of events which a;ntri‘huin & non-vanishing
term to the matrix element snd then sum over all momenta to get
the respesotive propagetors corresponding to the intermediate
states, Of course, the integral over spasce and time of the
non-venishing term corresponding %o a typlcal sequence will
venish if enersy and momenta are not conserved for the process.
The proecedure therefore consists in building up the propagator
from the non=-vanishing constituents of the integrand of the
5 wmatrix rather than pileking out the non-venishing matrix
element from & genersl reduction of an . th order product
of field operators. No use,hovever, is made of the normal
product form of H_(x)
We shell now give a brief deseription of the method
of mxkimg matohing pnauﬂbn_d by Remskrishnen et. sl. and
then show that it is identicsl with the procedure of Wigk
provided we tske only the non-venishing term in the latter.
The integrand of the 1 th order term of the 5 -m
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trken beiween the initial and finel sisles Ly and B
gen he written as

Il

1 [k =0T T3 1R &

SplEnd -t
f " 5

f’ur o typicsl realisation ef the time-ordered soquerce of
ororeters with definite momentun labelo. Tor simpiigity we
ahs1l gonsider the one-psrticls inmitial and finnl stotes
dafined by

{ire GBI Wip Bz = =B

In( ¥5) , g typlesl braeket conteins

. h ,ﬂ., 6
A n, + 4’ g ]b " (D)
&P &Fl + & b -P' T i

whigh, lesving eside the intersstion potentinl which 13 not

relevent for the ﬁtacussim, is the i teogrend of HT_ with

definite momentum labels, Exolieitly
I | L-F'_‘x_

D‘p = _ﬁT'éTp “p Ay €
and similarly sach erecticn and annihilsblen eperaior is

aoasmnenisd by the sorresponding weve funotion. The creation

-
aparaior Oy whieh easarating dn the voouum gives the

|
indstel ménte hos to he matchsed with the oorresponding ernl-

hilation eperator O heving the same momentum label which
)

fay the varticular re.r-ﬂiw:tﬁfnn may ogour in the R th bradcet.




Locking et the structure of the intersotion L6'} we find

that this sapihilation operater :l,P mey be accompunied
A A :
pither by en a;- or 8 hp, ¢ which in turn has to

e matened with the eorremsponding snnlhllation or creation

pparator.

A
1} 2 If it is 1‘; then Lt hes to be

patered with the corresgeniing smnkhllstlon operator Oy
4n the L th trecket with £, >, o € denotes

Cag

A\
Ogae (A1) ¢+ If£ in fhe ‘Rﬂ“ brackat DL'F" in pocom=

P
gpanied by e bP' whien 4o the snibilatien oparutor lor a

positron (in electradynanics! we observe that the corzespond-

ing oraation ouerater b ahauléd occur in an sarlier bracket
F

[4] witn C i "th pinoe the pesitron which is dantroyed
should heve been orssted earliew. From ( 6 ) we ses that

L gecurs almu tb risht of man a" ora b =o that

in bwringzing 'bF

to grons over the left=hand member of the btragkel conteining
b:}, #hioh ylelda the negative eign, ususily attrlbuted

to the positron propasetors In Wilek's procedire whe negotive
gien io alresdy fe€ in by writirg H (X)) in normsl product
formy Leos in o iyplenl term of Ho (), b‘"P coours o

the left but hus a negative algn.

This process of matchirr ie continued uniil all the
annihilation snd creation operators in the integrond of the

S epatrix sre exhousted except the creatlion cperator

I
. to the left of ':?ih. » 1% £5 has necessarily




+
s shich for the partionlsr veslisation may coeur

in the -~ th’ braoket, This has to be matohsd with the
ennihilation operator O, in the fi sl state. The
satehing of sll imtermediate operators {leaving aside the
operaters of, amd ) corresponds i Wick's pro=
soduze to esntracted pairs and tho mstohing of a.*;‘ snd
oy actuslly yields the initisdl snd finel atate wave

funetions vhiok, in 7ick's method, are cbieined from the
mmua* £ield operators in the nonevanishing morxzal
produst when taken between the initisel end fingl states.
This ofn be peen g follows. In moving the ereation and
annihilstion operators in the warious brackets of ( ¥ 5)
wo hove left the wave functiens atteched to them undisturbed
in their respeetive Lravkets. Thus for cese (1) , the R
nracket after removing the oreation and pnnihilation operctors
would be [ LLFJR Wl (P P) 2y

: ! 1l
and the  { th bracket wouwtd be [ . u\,.]eL(P'P )%
Thus in Juxte pesition with t_tvth, we wouid have

[ %] o [ uﬁ]n;{p'_ p g LlP-p") >k

Now Wy Uy osn be idontified ensily to be o aingle
element Bf the positive enmergy part of the Teynmen propagntor
in momentus spnce. The sum of sll such Texmy for all poasible
reclisations of mowenta mnd spin will give the positive part

of the Peyrmen propegrict.



Far csse (11) on the other hand, we found that there

bl
we now use the preseription that the tracketas, bereft of their

ghould be & kf_ in a bracket 3: with tjﬁfk;h . If

creation snd armmihilation operstore should be juxtaposed, stert-
ing from the right, inthe scme seguence in which the metching
of *he cperstors hes been done, then since esch of the brackets
is a sealer we should have for the spinor rart of the wave
functions
L M B _J FJ\:

the nerative sign arising for the res on nentioned above.
Sumning over all poasible momenta and spins, &P-igv‘
cen be recoznized to be the Peynnan propagator for negative
energles., This process of obtaining the propagators ean be
continued until we nmre left with Just one spinor at ihe ’
extreme right end ong et the Em extreme left which corres-
pond to the wave functions for the initlel end final strtes,

Thus we see that the method of Remslkrishnaen is
equivalent to teking the non-vanishing terms of the norasl
~roduct sum, XXXx¥® between the initiel end finsl sistes
in Wick's procedure, All we need to employ in this nlimplle-
fied method is the comzutation relations between snnihilation
and creatien operstore without heving to evaluetie the commu~
tion relpntions of the field verisbles in which case one is
forced to consider not the spinors themselves but their %&%%%ﬁii?s





