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The Farev saries i« an old and famous set of fraetions
associated wit* the intesers, Te here show that i€ we form a
Farey series with Wibonecci Nwihers, the vroverties of the series
are remarkadbly preserved. In fact we find that with the new series
we are able to observe and lLdentify 'noints of symmetry', 'intervals'.

'generating froctions! =nd stages. The naner is divided inte

(xQ

thres carts. In part I, we define 'voints of symetry', 'intervals!
znt 'gener-ting fractions' and discuss genersl nronerties of the
Farey series with Fihonacci numbers. In part IT we define conjugate
fr=ctiens, counlets, an® conjusate couvletis -nd deal with nronerti~s
2ssociated ~rith intervals. Part ITI considers the Farev series
with fihoracel numhers 2s having heen divided into stages and
contains vpronerties associatad -rith "corresvording fractions" =nd
"corresnon?ing stases". A gensaralisation of the Tar~ gerias with
Fihonaceil nunhers is giver at the end of the third Dartf

The Farev series with Tihonacei numhers of order Tn (-here Tn

th

stands for the n' term of the Fihonacei secuence) is the set of

911 'OOSSihle f‘I'QCtiOl’fS Ti/’T\' 5 i =0 l _.,?,.t-. l-l, j = 1’2,3’....

J

n(i j) arrange” in ascen”ine order of magnitude. The last term
. = T
is 1 i.e. he Ppet topm 4o O . e set T =0

= —Tiu . The first term lS—T . 5

- T 1

“+h + T == 0 =% = 1.

so -‘that TO 1 5 " o
’ a2
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For convenience we denote a Fibonacei numher by F, the Farey
th .
series of Mibonacei numhers by f.f. and the r’" term in the new

farev series of order T by f

n (r)n °
PART 1
F’(.’ i:.‘L c;{.ﬁ.‘_’; %*
Definition 1.1,  "Je define an f to be a voint of zymmetry
A (r)n
L gy poand f (1), PaVe the same denominator. ‘e have shown

in an anmen?ix the Farev series of all Fibhonacel numbers uoto 34,

Nefinition 1.2, "‘We define an interval to be set of 2ll f.f.

fractions between two consecutive points of symmetry. The interval
may be closed or onen dependins uvon the inclusion or omission
of the noints of symmetrv, A closed intervaliis denoted by [ ]
and an oven interval by ( ).

_Definition 1.3. The distance between f(r)k and f(k)n is
ecual to r - k.

THIORM 1.1,

\
the form /Ti . Moreover f

I firyn is 2 point of symm~try then it is eof

and f have the same

(r+k)n (r-k)n

denominator if they do not nass beyond the next point of symmetry

]

on either sides The (o 15 oadeo Fuw

Proof: 1In the f.f. series the terms are arrsnged in the

WY
following facshion. The terms in the last interval o= of the form
Tj-1
The terms in the interval orior to the last -+ of the form PJ
=2 ste.
! T
T I, ;
If there 2re two fractions “j-1 , and i-2  then their
T, T
J-1 j-2

me7iant %l_ 1ies in between them. That is
3 X



T. T, )

12 91 i-2 than s I, T
L 2 - -
T < & < i s 2

J"l J-z T. I‘. > I‘.
P J-1 J j-2

if T, 2 T-
=2 < li-1 then 5 _9 f3 L,

T i1 5 < o < il

thistiBequality can easily be estsblished dealing with Ve tvo
cases separately.

e shall adont induction 2s the method of proof. Our sumicse
has worked for all f.f. series unto 34. Let us treat as Tro1 -

For the next f.f. series i.e. of order Tn y fractlons to be irtrocuct

are

T T T, T r

-2 3 =2 g «u %y — 3 n-1 4 will fall in between

A In T I

n n

I cens § | . Tire ¢ momae B L, r
Aol angtMi-2 First assume that _1=1 ¢ _i-2
ln_ 1 I‘n-z I""l-l In_z

Since our assumption is valid for 34, [i.1" Ties just bef‘or'e
g Tiog - - ;-1

— will occur just after _i-2 from our assumotion
fn-Z I‘n—Z E -1 D

regarding noints of symmetrv., “uo* "Bt _.1::_3:1 Hlesrid betusen

L
A o o . . - e L

those two “fractions Tho ~ ‘distdice of —i%l “ffonn ThHe Yolht Hf syrnrintd

n

. Iy
1s erual to the Aistance o2 from that noint of svmmatrv.
n 9

Hence this Is valid for 55. Similarly it can be made to hold
good for 82, .... Hence the theorenm.

=5 1
THTOR™ 1.2. ‘Thenever we have an interval| p  ’ Ty l\}the
i

denominator of term next to“%—— is Ei+2 . The derominator of the

nex-t term is r1+4 y then r1+6 . vesee Je have this till we reach

the maximum for that f.f. se-vence i.e. till J?1+2k does not exce~d
depmunaler ¢ IC ¢
Ty . Then theAterm alfter "I+2k will be the maximum nossible ters

not greater than fn y but not equal to anv of the terms formed
’ n Aireait ey rp [Re

. . 5 L L., T

1.e. its either 7 4or+3 or “i+2k-1 say j The , termsafter
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L will be L'-2 9 r'-4 eoe 111l we »aach — (As an
J J ‘J b] . o 'Ei-l
example let us take{% ’ % { in the £,f. serie: for 55, Ther the

denominator of the later terms in order are 8,21,55,34,13,5,2).
Proof: The vroof of Theorem 1,2 will follow by infuction on

Theorem 1l.1.

THEOR™ 1,3. a) If & | A W' are three consecutive fraction:
k k' k7
of an f.f, series then
- bt o g if Bl 45 not a point of symetry
"k k!
b) 17 'ﬁT is a point of symmetry say % then
h }
I, o h+ "
h T. -1 h _ n
+ n
i 2 k T -1 k e
Proof: Case 1.  (From 1.2) We see that
h = Y2 ' - o1y B I;
= = - = 1 = +
k -, X T o0k T%_E
I, + T j+2
in this case "i+2 i-2 *5 e A
- f -.‘._..l.._. = ?Ll = h'
& jt+2 j-2 3.1 T3 k!
Two = Ip0 =3 L is a oronerty of the Fibonacei
sequence,
al _r B Jo 1
: j-2 (From u 3 )
L+ T )
Then flh 12 2L .1 . n' similarly.
L5+ + Lo oT. T k!
N J J \
Casg av oo h = A" I
k' T, 0k gA=E 0% T =l (Fron 1.2)
J j=-2 g1
j=1
T .
. ' . rl"'l 1“2 = ‘Dl — h' +
~ P R Hence the result.
d=d j-2 J
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/

i k' f;‘
h" _ “2 nﬂ _1:_1 = .I‘.g_.....
K Liwg 7 K i+2
N n i H N + i i
T fie A + Iy 4 h! - 211_2 31;1_1 - Li4p i} %
F-— T kW § I I. T
Ii.2 * l1-2 k Ll i+2 1 7i+2 .

Hence the thoorem.

THEORRM 1.4. If i , an? %ﬁ" are two consecutive fractiors
of an f.f. series thenl£=§%—) f.f. (k! £ 0).

Proof: Since f is of the form Ei_ it follows that

(rin T,
lh.h'[is ecual to I, and ekt = Iy . Jsince ﬁ and ig_. are
members also, h = f , h!' = Eig , k =fjl , k' = szx .
Further Pj - j \— T, and\ril -_T12\= Ii. But from the
Fibonaceci recurrence relation £ = St T2 we see that the

confition for this is|i; - i5(¢2 and [§; - 5| <2 (but rot

zero) vwhich follows from Theor-m 1.2. Actually Q'h are the

k-k'
fractions of the same interval arranged in descending order of

magnitude for increasing valu-s of %

Definition 1.4 "e define the dist-nce hetwe-n [

(r) n "nd
f(k)n as ecual to |r-4. *
We now introduce a term !Gener~ting Froction'. If we have a
) : +
fraction i; (1<3). We split L into Tl 1 L Lok
j .

~-—.,.

,3‘

& J - .
form from this two fractions i-1 and I‘11 2 J sucg Ehat 31

. T
is the mediant of the frﬁctiong Rbrmed. %e contirue this Drgcess

and soplit the fractions detained till we rench s state where the

numar-tor is 1. é; then amounts to the Generating fraction of
the others. ™We call i% as tae Generating Fraction of ar Interrl

-

J
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(G.F.I) if thr-ugh this process we are 2ble to get from the G.F.I.

all the other fractions of 'that! clog=zd interval., WWe can cle=rly
T

see in a f.f. series for I, GRS A Zi will a GBI (We
D .D- ’I‘_ n
also note that Tj - ;o belong to the seme
ek T%—l— , 2

J—l T?j':_g 9 o o4 0

I
interval because %he difference in the suffir of the numer-ter

denominator and is j-i ). Hence the sesuence of G.F.I's 1s

T T T I -

o R - - = < . T2 now see some pronerties concarning
I'n In 1, Ty

G.F.I's.

TTE0R*M 1,5, If we form a se.yence of the distance bet-reen

tw70 consenutive G.F.I!'s such a secuence runs thus

2y 2y 4y 4y 6y 6y By 8y seeen

i.e., alternate G.F.I's are symmetric~lly vlace® about a G.F.I.

THEOR™ 1.6, If we take the first G.F.I. say f(gl)n then
f(g1+ n and f(gl -1)n , have the same denominator. For
f(gz)n the second G.F.I. f(g2 +,2)n , and f(gg -2)n  have the
same deno~inator. 1In general for f(gk)n the kth G.F.I.
f(gk+k) n and f(gk-k)n have the ssme denominator,

The proofs of theorems 1.5 and 1.6 follows from 1.2%

o 5 T, -~ f
. (YOTE:~ We can verify that for alternate G.F.I's “(g,)n ,

fegn s Tleggdn woveny Tg w00 ana T(g -xym
have the same denominator for k 1s even snd the secuence of dist-wuc

shown above is 2, 2, 4, 4, 6, 5, 2, 8y ceeess)e

Definition: We now define T5_o to be the 'factor of the

; 1 3 ; ;

interval! L P- ,More vrecisely the factor of a closed Irterwral
i § =]

is that term fz wrere 'z' = svffix of denominator minus suffix

of the numer-~tor, of each fractlion of that interval. It c=n be
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‘easily seen (Part I) that 'z' is a constant.

LEM L 2,1, If \31 - il\:iiz - izl 7 °

Then t { _D !;71
N 5 Ig 1 2 Y1 1 1} ‘2 1l e
(Note:~
. Bhe Fihonacci seruence 1is capable of extension to
; . Nl
I—,¢ s and n}zi L More accurately I_n - Pn('l) 2

being positive and Fk} %

Proof: We annly Binet's formula that

: n 5 -5
Tn = al- b where & = 1 *is , b= -

a - b 2 2
Then (L.¥.8.) the left hand side of the expression, and (R.¥.S.)

the right hand side of the expression reduce as follows.

To prove

2

2f1-pl1 lo-bils L oadal vl i1l pia

a =-b ° 2 - b . a~b ° a~->b
=Rl plemdy -t en
\ a -b (.\ a - b
because j, - i_~ 0 T. ; is vositive ~nd hence can be
1 1 .‘11 -l" ’
put within the sign, .
To prove ) ' i ; :
i j 1o 12 J 3 1 1y | g =]
(a’t - v’y (@ %bp ) - (a'? - b 2) (a -b lﬁ =J(a 271
. R | Jo; Jy=1 di-t1
Tt - AR B Y )‘

L.H,S., reduces to

11+ 5 J i, *+i i, 1
RS IS U lo o iy 01, 95 2 11 2,1

- a +a b +p “al
- b2 11/
3 i 1 i i
3 J . i
= \-a Lp? o a® L plagizgl e




R.¥.S.Tre”uces to
ja’27hL Jdomdy | ity pdemly | oty | Giith
This may be simnlified further using ab = -1 and jl-i; = jg-ig
R.H.S, then is
a1l pie & p2 gl2 _ 92 M1 | ydg .15 e con see that

L.H.S. = R.H4,S8. HUYence the Lemma.

T4

—~ i
COROLLARY. From this we may deduce that iijl and 7 2

J
belong to the same interval i.e. jl‘il =35 = i2 then 2

T. I'. - ’I- T '.r° Il' K\" T' ?_;:‘I.. ¢ | T
i1l 2 h i’r—"ll 4-112) = [Hzmhi ik
T, . T, . \J1 33

; T
p, I - I, T, . ' : jo-i
31 i, Jo 11 will be an integral multinle of Y3171

or j_ = i2 (the factor of that interval) whic» is the term obtain-
ed by the difference in suffixes of the numerator and denominator
of each fraction of that intervai.

Defir’ tions e now introriice the term 'c- njugate fr-ctions'.

Tvwo fractions h/k, and h'/k', h/k h!/lct are conijugate in an

T eocuale

the distance ofh'/k' from ‘7%“3?“ (h/k # h'/k").
o

COROLLARY: To consecutive points of symmetry are conjugateo

1. 1 1
interval Eff sy T '"1 if *“he Aistance of h/k from
i i-1 i

with distamce zero.
PIITAR T t /et . i U
TH=0R™ 2.2. If h/k, and h'/k' are conjugate T.» Tj_1 then
i -4,
gkh' - hk'! = ri_z '
Proof: Using I, we can easlly see that if h/k is of the form

5 then h'jk: is fil-l (1)
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1 1 . b ;
iz ANQ e are conjugate., This - - - with (1) since
T, T
i i-1
Tg = Tl = 1, since the term after Tl_u = ‘Eﬁ“, , and the term
< Ti+¢’. '
7 A TN .
before Tl o= ... . e see it AT with the statement (1)
. T ’
1-1 1+

above. Proceefing in such a fashion we obtain the result 2. Of

course we assume here that there axist atleast two terms in

1
[%i ’ T; 1—] . If there are less than two the result is immecdiztz,

Hence we can see that ny two conjugate to fractions in

[Tl ' % 1 Jare Ty _j,.p ’ L
L i -1 ] T, T
J J
To shew
|z 7. _ . -1 T =T . This will immediately
T3 T3-1e -1 d-ivel 1-2

follow from Lemma 2,1,
THEOR™ 2.3. a) If h/k, and h'/k' and ts0o consecutive

fractions in an f.f. series, which belong to

1 , 1 ] then kh' - hk' = T, .
Z T Ty | -2 :
b) If h/k and h'/k! are conjugate in an intervaljll__ y
- Ti
.i__;Mﬁ-}m'=T_2 .
T2 | .

Proof:- Theorem 2.3 a) anid 2.3 b) can be proved using Lemma

2.1 and Theoreml.2.

§ -
Definition. If h/kél:l . A we define the couprlet for

- Ti Ti_l_ .
h/k as the ordered pair {(_1_ , k), (b , _1_ )
T; k k T, 1
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TUZOR™ 2.4, In the case of couplets e find that

kTi h)- k =T 5 . Ti-—z

and

il
—H
=

k ~-T h

11 o1 o (where Tp is some

Fibonacci number).
T

Proof. Let h/k be ~j-i+2
5
Then {3 h)-k 1s T, Ty 4., - T,= T, T, (1)
and k - Ti-i h is Tj - & Tj_1+2 = Tp+1 Ti_z (2)
Adding (1) and (2) we have
Tio Tyoee © Toee Tyog
. s Tj-i+2 = Tp+2 or j-1 = p.
loe. T, Tj_i+2’- Tj = Tj_i Ti_2 . (3)

“le can establish 3 using Lemma 2.1. Fence the proof}

Definition: We define [(:_ 1 ) (& 1| and
[-Ti k‘ ] ’ T i 1 i

} L%%"" §§‘$ QE% ) —T%‘I}[tc be conjugate couplets if and h/k,

-

and h'/k! are conjugate fractions of the closed interval

TN
9 e | @
Ty Ti1
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THEOREM 2.5. In the casc of onjugate counlets

if Ti h -k = Tp . Ti-z and
- h = T T th
k Ti-l " Tpel 12 en
T h' - k! = T T and
p-1 "i.2
k-«T ~1h= T T
£ p i-2

Proof: We note that (J-1) in the previous proof is the
difference in the suffixes of T, and T . If now h/k = Ty 1+2

IJ
then p = j-1. But since h'/k!' is conjugate with h/k, h'/k' 1s equal
to T, .
J=1+1
Tj-l

Therefore the constant factor sav Tq in the eocuation for

hl/k; Ti h' -k =T T is such that

q = j-1-1 = (j-1)-1 = »n-1.

o » Tih‘ -~ k' - Tp-l Ti—2 . Hence k - Ti-l ht = Tp Ti-z since 1%

follows from 2.4,
THEOREM 2.6. Since we have seen that if h/k, and h!/k' are
conjugate then the difference in suffixes of their numer-tors or

denominators = 1 we find

no+n | 1 ‘mﬁ{h-h'_fl 1
K+ kT r%zf' ’ﬁg:zﬁ g ¢ A }

i-1

+ nh!
if h/k, h!'/k! —}- y : . We may also further note that 1 o
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are the fractions of the latter half € the irterval arranged in

descending order while h - @L are the fractions of the first
k - k!

half arranged in ascending order, for increasing values of h/k.

[

PART IIT

We now give a generalised result concerning !sequence of

distances!?!.

THEOR™M 3.l1l.a. Points of symmetry if they are of the form

f(r)n then r» 2,3,5,8,12,17, ... . Or the sequence of distance

between two consecutive points of symmetry will be
1y, 2y 3, 4, 54 8y enae
-an Arithmetic progression with common difference 1,
TH"R™M 3.1.b. The secuence of distancs for fractions with

common numerator T or T, 1s 2n.l, 2n, 2n+’, ...
2n-1 2n

Proof: To prove Theorem 3.l.a. we have to show that if there
'n' ferme in an interval then ther= are (n+) terms in the next.

Let there be 'p' terms of ratio Ti « It is evident that
T,
' J
there are »*l terms of the form Ti+l . But these (p+l) terms of
T

J
the form Ti#l are in an interval next to that in which the 'p!
T,

v
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T

terms of the form __1 lie. 5o the secuence is an AP with common
T
: 1
difference 1. Moreover the second term is alwavs —— (2vident),
n

Hence the result.

If we fix the numecrator to be '2' and take the secuence

% y 2,2 s eess 2 then the secuence of distance between

T, Tn_1 Tp.o 3

two consecutive such fractions 1s

3, 4, 5’ o880 090

From 1.2 (Part I) it follows that _2_ 1lies just before a
T
1

point of symmetry say . Since we have seen the sequence of

&
distance concerning points of symmetry it will follow that here too

the common difference is 1. The first term is 3 for there Be two

terms between = , amd _2 . The inequality —2.< —2—<_ 3 __
Tn Tn-l Tn Tn—2 Tn~2

2

—— can be established, Hence the result. .

T

N~

In a similar fashion we find that the secuence of distance

for numerator 3 is
3, 4, 5’ > a0 80

We shall give a tzble an? the generalisation
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nunerator Sequence of distances

T, or T2 1, 2y 3y 4y 5y eeenses

T3 or T4 3y 4y 55 65 secose

T5 or T6 Sy 6y 7y 8y eevee
'I‘zn__loz:-'l‘zn 2n-1, 2n, 2041y 240 ceeees

Defiritlin: Just as we defined an interval, we now defined
an interval, we now define a 'stage' as the set of f.f. fractions
! lying between fwo consecutive G.F.I's, The stage may be closed or
' open depending uvon the inclusion or omission of the G.F.I's,
v Since the sequence of distance £ G.F.I's 1s 2, 2, 4, 4, 6, 6,..

b Tt is possible for two consecutive 'stages! to have eoual number

;of terms. e define two stages

i g
\:‘i-l , E;:\ and [fi , T; 4 | to be conjugate
Tn Tn . T
: n

}gstages if the distsnce of from Ti-l eouals the disbance of

g
n

z
i
Tn

3 il
1+1 from i

Ty T

. That is the number of terms in two conjugate
n

fstages, are ecual. We call a stage comprision of both these stages,
; oA fel X
gos a 'oon%aga%e stage'. Let us now investigate properties concerning
; Complex P T T '
Estages., If we have cenlugabe stage {11 , 1, “j41 |then

Tn Tn T
Re define two fractions % and E% to be 'corresponding if




- c js and ﬁ?‘é %; , T%+1 and if the distance of
- n n -

h from ‘-1 is equal to the distance of 1' from r; .
k Tn k! Tn

THEORuM 3.2. Iwo eorresponding fractions have the same

numerator, If % and ,E% are corresponding fraction's then
k

Proof: This will follow from 1.2 (previous Part).
Let Tj_1 be the maximum reached in its interval so that

n
T, y I
T#:%_ will be the maximum for the interval in which _i1 belongs.
Ne= T
n
The terms next to <Ti-1 1is Iy_o . Similarly the terms next to
' T T
n n-1

%i_ is ;i-z . But these fractions are corresponding fractions.
n n=-2

i Procseding in such a fashion we obtain the result.

T, necessarily 5o be the maximum in it inte=val.

| Since e have considered conjugate stages 1 is odd, Using 1.2

{ (previous part) it can be established that alternate G.Fyl's ar:

i maximum in their interval and that too when suffix of numerator is

1 even (i-1 is even). Hence the result.

‘Definition. Since the number of terms in a stage is odd,

' we define B to be the middle point of a stage |li.1 , I3 | if
= Ty T
> n

b 1t is equidistant from both G.F.I's, we can deduce from this that

= 1is a point of symmetry since ri?l_ , and ii have the same
{
Co n
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denominator. So the middle point of é stage is a point of
symmetry.

COROLLARY. If two conjugate stages are taken these their
middle points are corresponding. (This follows from the definition;.
But their numerators should be egual. This is so, for the middle
points are points of syvmmetry whose numerator is 1. This agrees
with the result we proved,

Definition. Iwo fractions % , and %% are conjugate in a
O hlex . . h Bs: -
= " stace if the distance of % from i~J equals the

t

n.
h T pragele Y
distance of kt from ri+l F
L
n

,f_1< h' and the o "+ stage being
) k¥ T Kkt

| I S " )
i-1 0, i ; irl . Taking their middle points) Z ) Tl \
e T, T ]’Dp p¥l_

—

we can see that fractions conjugate in this interval are conjugate
in the conjugate stage. Further e saw that for conjugate fractions

of the interval X, and Q% . h+in' are fractions of the
k k k + k!

latter half of the interval arranged in descending order, and

E_:_ﬁl_ are fractions of the first half arranged in ascending or-er

k - k' )

for increasing values of ﬁ .

kt
. ) h +n' .
in the outer half of the stage we see that 737 are fractions

PHEOXEM 3,3, For conjugate fractions % and ' 1ying

of the interval in ascending order while 'h - ht
kK - k!

the first half in descending order for increasing values of h

are fractions of

. R Y S *
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in t
<“e here only give a proof to show that Lt e , and h-ht
k k! k - k'

are in the 1inner half but do not prove the order or arrangement.

Proof. For 2, Bl the proof has been given (previous

k k't
paper). The middle point of ifi-l , 1 = 'fi—"" .
| I'n J n-i+2
< . . . . II. r k - _l___ - -
Similarly middle point of i ir1 ) = 7
f Dn ! fn “=-1+3

That two conjugate fractions of the outer half of a conjugate stage

differ in suffix by 1 can be established,

i.e, if E = Tj-(n-Z)-l then < — rj-(n-i)
i k! T,
i 1.1
h +ht _ T, .
* rx' j-(n-1)+1 € I whers I is she Intarval.
fya
-l o Li(ne1)-2
and [T T J ¢ I where I is the Interval,
- T, <
g~

Hence the proof.

Definition. In an f.f. series order T, {%l_ : Ti+1*\
2T

n In
represents a stage. Let us take an f.f. series of order Tn+1 .
; If there we take a stage rf 5 Ti+l , then we say the twe
8 T n-q-]_ T
n+l

¥ stagos are corresponding stages. More generally in an f.f. series
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We state here proparties of corresponding stégei.

Al arder T .,
ng

fhese can be proved using 1.2.

THEOREM 3,.a) If |11 Y141 | ana %5- ,.ﬁll_)
T, I, wl‘n i I, o

stages then the number eof terms in both are equal.

-\'}\Q CAMAL

. .4 3.%k. Thera axists a one-sne correspondenee

§ Dbetween the denominators »f these stages. If the denominatar »f

d « tn - o= T . o,
8 the g term of i . ri+l is T, then the denominator
_Tn i :
‘i of the q®® torm ar Ty , T+l 4s T .
! Tiae . Tom i+k

‘We can extend this ideas further and produce one-nne

] T P :
acorrespondence betwecen Ti . i+m and i;__ s Liwm where
n T tn+k L
y“a . @ \ A & C
B- o0 - stands for the set of fractions between 5 and I
k. b £ : ) * )
&

nelusive of both. A further exitension -ould cive that ~iven tem

b

[T.7, series one of order T and other order T .

T7E0REM 3.5.2. The numerator of the rth term of the first
iseries eouals the numerator of the rth term of the second.

th

THEOR™ 3.5.h. If the denominata of the r term of the first

fserics 1s T , then the denominator of the rth term ~f the secord

: J
fis T.., . Precisely

;-

e £ Sinaills.
; /
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[ 84 4 - » f
a) nr of f(r)n nr ol (P)n+k

#
=

») If dr. of T

(r)n ]

d ® f =
Te O f(r)n+k Tj+k

b where nr stands for numerator and dr. for denominator. This can
i pe proved using 1.2, We can arrive at the same result by defining

jcorresponding intervals,
Definition: Two intervals, L , 1 in an f.f, series
T T
( B 1 i+1
g or order T and - y 1 in an f.f. series of order T
] n T T n+k
ivk 1+k

;‘are defined to be corresponding intervals. '

: The same 6ne-onc.cqrre5pondence as in the case of correspond-
;ing stage exists for carrespoﬁding intervals. e can extend this
'~icorrespondence in a similar manner to the entire f.f, series and

?prove that

o f = nr, of .
a) nr o) f(r)n ’ (r)n+k .
b)Y If dr of £ - = T
(r)n 3
dr of ¢ o

(r)n+k= Tj+k

3) Generalised f.f., series, We defined the f.f. serlies in

f:he interval|0,1} . We row define 1t in the interval (0,0 .

Definition: The f.f. series of order Tn 1s the set of all
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T,
funetions "1 3 5?11 arranged in ascending nrder of magnitude

1,J >0, If 1¢ ] thom the f.f. saries 1s in the interval
[?, 1 } « The basis prepertles of the f.f. series for 0,1 are

retained +with suitable alterations.

TUEORTEM 3,5. 1. 2 a nolr ; et
TTE0R 3 1 f(r)n 1s a noint of symetry if f(r+l)n
and  f have the same numerator (beyond 1 ), TIf ¢ is
(»1)n ‘ yord 3 ()n
a point of s etry then and f have the same
i e {r+k)n {(r=k)n © a

numerator,, if cach fraetion does not pass beyond the next G.F.I.

in either side (beyend % );

THEOR™ 3.6.2. A G.7.I., is a fraction with denominator T,

THEOREM 2,6.,3. An interval is the set of fractions between
two consecutive points of symmetry.

THEREOM 3.6,4. A point of symmetry has either numerator
or denominator I

THEORIM 2.6.5. Beyond ; , any interval is given b Tn-l
: E{LHT—“_

L}

T
EE—]" The factor of this interval 1s again T o

THIOREM 3.6.6, The two basic properties

a) -b—-:._}}.g_ = pL. and
k + k" k!

b) kh* - hk! = Thoo are retained.

b}
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THEOR™ 3.6.7. If a) docs not good for h! being 2 noint
X
 of symmetry, then
n ! 1 R——
Tn-l k + Tn-2 k k! k k 7
I'DTE: Only in the casc of ..1. y and % does a) hold geol
2
for 2 =1 + 21, and we do not accept 1 being split up.
o i - . { 1 g i 3 2
f.Te serics of ovier 5 % ? = %‘ y B 1w, Ty g 3‘
lnf. SeELrlLes Of oraer 8 % ] J8. [} %}' ’ é‘ s ’,.,‘ 3 8 ) % sy
2 5.2 1
5’ 81311
fefe series of order 13 1 3 2., 1
el R - R TR A
5.,2 L 32,8 &8 2 1
13 5725 13 *rg813 1"
fole series of order 2. Q@ 1. 1. 2 L1 &. 2 i 3
17 21?7 15 °21% 3 7 21) 12° ¢ 187
5 2 1.8 & E % 1 3
1?83?28 2idr B 95 ?
Imr21 82311
{ofy sericc of grder 24 9 1 1 2 1 3 & i 3
s 217 34 *:1? 34?7 107 34 21 7 ¢ 21
& 2 1 3 8 5 2 1 %
M5 I 3T 8050 § o
8. 13 5. 21 3's 21 13
217 34 * 15 1 512 * B T3 T 21
2.2 L
g8?31?! 1




AEFaDTIMATICON OF TRUATIONALS WITH FAREY FIBONACCI

FRACTICNS
Krishneswsml A1l1leadi

The sutnor in | 1] had defined the Farey sequence of Fibon:cci
Numbers es follows:

A Farey sequence of Fibonacci Numhers of order fnz is the

. f .
set of gll ©possible frezctions _i J < n put in ascending erder

: J
of mugnitude f n,i,j > O, are positive integers; f, denotes the

0
n—-th Fibonacecl Number . T;:i“ is the first frection., This set

is denéted by f.gn.j

We zlso defined an MINTERVALY in f.f, to consist af 711 frac-

B | L
B tions in f.f, Detween frections of the form [:fi y T. l_J
E 1=
;‘i <n [fj—l’ fj} J >0, J apositive integer. Twr symmetry

b propertics were established:

h "
1) Let g %T, %ﬁ he three consecutive frections in f.f,

) . y b . h’  h"
all greater than 1. Further let fi“l < E < T <'§W < fi'
then
h*hn h!
Ak A ‘
b) kn' - hk" = £, ..
RE_7+
1%) Let % h' BT th;
et -, AR be three consecutive frzctions in f.ﬁn
1 h! gt 1
n —=— o h o=
then ). Further let fi < X < K7 o < fi—l . Then
.-) h+h?tt _ h?
a) ¥k = %7

¢ o
b) kh' - hk' = £, .

leny other relsztions of symmetries hesides these are proved in

[l] - 1(2), 1(b; are similar to properties which are preserved
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by the Farey seyuence aslso. Actuslly instezd of srranging Tibonzccl
fr.ctions, in estending order, we had urranged fr.ctions of the

seyuence Wn = Un»l + Hn_g 4, > Uy 2 0 integurs, still scme of the

rroperties will remagin. However with the Fibonesceci Sequence we get
more symmetries.

The problem we discuss ir this paper is the zpproximestion ~f
irrgtionsls with Fare; Fibenecci Freactions. We yrove some theoren
on best gpproximestions.

DEFINITIGN: Consider sny f.fn. Formn & new ordered set ffn,l

econsisting of zll reztiongls in f.fn, together with mediants of

consecutive rstiornals in f.fn. Define recursively f.fD Pl as all
=

’E the rationels in f.f “ogether ""ith mediants of consecutive

n.t

. rotionels in f.f, .. The first retional in f.fy r4y IS rewritten

9

7 . ®We now defins

02 r
F.Fn :II»\:J]_ .fn,r s
FAOFCOITIONS: F.F, is cvense in (O, ) in the sense that
b 1ts closure gives the interval (O,o0). This implies thet every
‘girrational '6' can be spproximzted by & sequence of rati%nals
:gi in F.Fn. "“ithout loss of geherzlity we consider only the csse
?G > C, for 6 < 6 can be sirroximzted by %F where % belong to
Fo. They are £11 yuite obvinus, «nd can be eesily seen from 1)
Eend  19),
l We now begin with & theofém on hest aprroximgztion.
LIECAZil 1. &g) Let € be gn irrstional >1, say fi—l<e<fi'
hen there esist infinitely msny setionals % € F.Fn for ezch 'n?
iuch that




——
K viex®
’ : 1 1
b) Let ® be an irrstional < 1 say -f-l-- < 6« n .
j=1

§ Then there exist Anfinitely meny 1\%6 F.Fp for every 'n' such
| that \

4 ; v/ 5k <
i Moreever the consteht v& 1s the test pessible in the eense thst
! the sssertion fails if 5 1s replsced bty = bigger constant.
; Eroof. We I;rz‘zve only Theorem la). The prod of 1b) is similsr.
In proving the theéfem we follow the proof of Hurwitz theorem as

] tiven in Niven's bq»cgi 2 .

] e need the well known lemma

Lerih. It 1s ‘wpossible to find integers x,y sueh that the

v two inequslities simutaneously hold.

) LTy 1] o L[, "j
o 2. vE [3} v<d 3 X(xHyY Z¢5 LK \X"“J

Mow let g7 L:?e between twe consecutive frzetiors of f.fp

a ¢ Y - :
(" 5 < € <L 3" It "..s ¢clesr that
I}
. s+b . e zte
< & £ )
% b+d ~ 4 and b+d r’fn,r+l *

Fow we shall show th:t at least one of these frectiong say %‘

satisfies le T
| ka:‘
2 \' at+ce P C
Cese 1. Let 3i< &€¢ 8 < £ . and let
g ~-& > l. Q"a+c 1 C_e>_ VR
b 2 J5pe bFd = 5(brd)? ' Q °

hese three inequalitizs give rise to
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f, - f
g iza 1 1 c . &tc 1=2 !'.1.,+ 1 :
% Z r Lbé + dj and 3 BT 2 V5 l d< b+

N

o

Yow by prc.erties la) and lb) we get

1 x Jd | 1 —
2 WE ["'b'z' d(otd) = % F;‘c (E+d) <

L which is 2 contrzdiction according to the lemma.

G 5 3 i <7 T Y a. a+c c ¥ a
Froceed gimilerly fror the case - <8< T3 < I Hence at

t lezst one of the three frections say ¢ gives

REIRE

» Ok €
Cne can Very ezsily see that there are infinitely many of them
in F.Fn from the Proyositions given and from the very definition
of F.Fn.

It is easy to see thzt +»5 1is the best possible constant.

4 14h/5
¢ Consider the case 8 = '2'4" . Now f; ., =1, and so we heve
8 -b| ¢ =
' E v 5k 2

1 for Infinitely many % in F'Frf We can't obviously improve v5.

s

E This f‘ollows from the classic ‘reoren of imiwitz 2 .

- 1+ 5 .
Fote. &) The counter exzmple =5 — which Hurwitz gave 1s

“ actuzlly *he 1lim Tt .
' n-"sw

E) In the interval 11 ; ’3.1 F.Fn provides the same approxi-
gtion as do the Farey Frectionsy for f,_o * 1.

In theorem 1 the constant +5 was seen &s the best rossible
ver the intervel (0,c0). Thet'is i° #/5 were repleced by a l:Tger
onstant the theorerms do not hold for &1l irrstiongls '67 > 0. MNow
ur yuestion is the fMllawiwq,.— Is,/5‘ the best possible constant

' fnr every WINTERVALY (fi_l,f‘i) ? The snswer is in the affirmative




in the sense thet if ~5 1is repl:ced by a lorger constznt the

theerem fails to held in all "TUHTERVALSY (fﬁ-l’fi) and

(T” . —T“'”“ s 1 = 2,..., 0. iie now stzte end prove our final

palr of theorems which sre much stronger tnan Theorem 1.

LIZ0AMH ge. Comsider emy 'INIZXVAL"  [r; y.f| . Let @

be an irrstionsl which belongs to this intervzl. Then for zny 'n?

there exists infinitely many Eéf F. F such that‘

< f1-2
v5k‘

The constant &5 1c the best presible in the sense that 1f v5  are

- h
O

r¢rleced by & lerger constznt the sssertion fgils for ezch 'n' for
some © which belongs to the intervsl. |

Froof. The existence hss alreszdy been estabtlished ir Theoren
' fi4-
1. We shall concentrzte on the bound f1-2 . If we show thast == itz
v 5 ’ xe
i1s the best possible constsnt when n = 1, it proves the theorem {or

X . X X
using properties la, 1° a one can show F.F .. C F.F  for cny n.

TTnt ,
T =4 ‘L 7o 'T.;‘"*:.&n Foea b xo 1)
Consider the intervel L-iézl . f; lm'gg& ezll 'c' the set
. 1 1|
¢ f. - i 4 .
R, B L et s; = | fi-p, _im1tfy = | . Defined recur
1 i 1 11

- sively let Sppy  Consist of 21l frections in S,y together with the

¢ mediants of consecutive frecticns in S,

00
- I T - l 7
t S == ) {i I 5 9 = =
Le %él sr. Similarly let s {1! I] and

v _ | & lt2 2 Do o o
e 1 9 171 1 ; efine sr+l as all fractions in Sp to-

gether with medicnts of consecutive fractionsg in s; Nlw let
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What we gre interested here is S snd not F.F,. If we compare the
sets sy, and sj, the following can easily ®e seen.
(i) t one-one onto mszp can be estzablished between s, and
sy as Tollows.

tep v

-f. + 4 T
"1+ w.p , Vieg U h
v1 + u.g ¥ 1 +i2
We call two such nurbers corresionding nunbers.

(ii) The negr saye thet to EVETY % & By, there existe 2 uni ue
?

r_ e s; and conversely.
4

(1i1) The Cistance between the consecutive numbers in s. is

cr

fi_o times the distance between consecutive numkers in B

. " 14 5 . 15 )

Low let o = =% end € =7 - l.hCIearly fﬁ—1+fi—z”1:e'
is in S Now if there exist infinitely many F% in $ with

h £, ,
8' - T i< 172 | o > 5 P = 1=, ..

o r % kd ?
1A r d r

~ (1), (41),(141) would imply thst there exists infinitely many
: ‘ h!
corresronding numbers & in o?! with

5

Kp
o h; i"_",_
kr ol k<

which 1s &« contrzdiction wccording to Hurwitz theorem. ‘Hence the

G'

with <> NS

theeren. fzils for €' if w5 is rerl.ced ®y a bigger constant.

By . 1 . '
T.5Cao 2b. Let —?5— < 8 <L qT%:i— be an i:rgtionsl. Then ther?

€xicts infinitely meny % in F.F for all n > 1 such thst

E D
< M < —_

The constant here .gzin in the ¥Fest rossible in the same sense &s

¢ Theorem .z,




Froof. The existence is glresdy known. Ve just prove the

cenverse for F.Fi. It autometically follows for the other cases.

Now let _
_ 1 1
s" —
_ o1 1 4 1 1 . e
Let s = = _— s . Define recursively
1 [ £; 7 Fy—aFfy fl“lj

S;+l as all fr:ctions in s; together with mediznts of consecutive

frections in s; . Now

Ry
gn = s .
r=1 E

Clezrly & one—one onto map exists between S" znd S,
. h k
Map = 5.

Consider the irrationsal %w = 8", Let there uxist infinitely
h
Ky

! an — Ay < f1-3
i Kp k=
Now if €% = =+ € {-2 then [&]| < = . ow this gives that
- 2 ~
kS |
i i t L = (mere comput:tion)
J e’ - __l‘ < L—- ( f_—f Llpu Lot - .
ny | }' h - _?_1.;] (hy)
for infinitely many FE in S. Iow chcose any 7 >/5 with
Ar l
. 7! ;
vE < /@ <X .  Then wr get
o7 - EE < ‘-1 | for infinitely many Kr in S
hy A BT hy
i.e. for 211 r > T ( A>yE).

This is & contradic-ion according to theerem 2z znd so

theorem 2b is proved.
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naner we Hrove o theoren on tue hest onwroxinziicn

irretionels in a znecified interv 2 Sl20ugd #5010 0w -

ceG the following srerecuisitn:n,

o
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v
c
a
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lal
i
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/
{L‘ e two consecuvive raticuals iz a FParoy

E
F

!

i

;\
1}

|
i-l

h AN |
) a L4 - . =

Let $ and 3= bhe two rationals and let
0 L

)

t us now form two sets zs follows. Let s De the sct

e
f i e . L _-’-' [ e -— St ' ..ll_!. 1)() ne ecursi ‘.?’q-‘ wr
\1\: LARER] - 1 k, 1:_'_1:7 Y k! . eiir g sSaively .

A K
ner with mediants of cohsecutive rationals in Sy

smiloly 1ot st = (Lob Jane s o= 7 (0 D w
: s os 1 a e . . . , .- .
How cefine § 1 a8 <ll the o tionals in 1 togsether vwith padiard

-2 Slal & o e =y < > - 8
of consecuvive robionls in ¢

U2
)
?

Q .
S

5]

»

o

It is cles.» from the nroperties of Farey secuence

g ’ /"""”\)‘ /

r.tionsl »n/¢  vhich
e

5]
i
o)

]
-
N

o
“
1

I

!
2k wita (»y ¢) = 1 belongs to 51,

A
{

- .
We now zive tuo nore definiti ons, Le be a cuadr.tic

irrobionality, Define i(8) as

- . N I3 - . -
AT alanans am B el o S & A LA e S L~ ~ s B T | k
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(2) therc euists infinitely many soluvio

\\e - ‘3‘ (OO S

| () p”
(b) I7 1(8) is menlocal by i(e) +

4

(ay

s

5
- 5 - . - . .
3a4¢e~1— bhen 1(e) = ~f‘> . Otherwise Ii(e)

d ey - - e e 2T A ~ T
A Lo of ceudlvalence zesw r o 1 .

Finally we <erine Lo musoers of
]'l , .

to be corresyhonting if 3 = = + & (ci R T
e {

ine to b ond <« ecuilvalent to ¥ oz say B

Let € be the corresmonding irrational to o',

IfIlCEly madly Potionels == , r = 1,250

f[oreover the mumber 11(e') 1is the best ~ossible in the sense ti.t

Pfo ~{ ( Aol A A = S o] el gl
5001 S ONE1EC caE Setd o 5., G or .

muabers, This

(-} fouils. 0% is lnown from the theory of Dion

tiot (e) = 5 for 11 4r=:tionals &, I7

.
. vi+ gl Via+ih! -
[y ppeemwzas S FangeT e LU Can
v ‘- v A

itor

any ¢ Ca, Bk

denblie approguacsions

e

THEOREL, Let €' be a guidoabic irration:l with Ceet<l

is sguivilent €0

Co

.

*xj

(€]

=

{0
{

. h - at
y O06 ¥ F -

Ten there exiczt

in

; ertion fails il 1(8!') is venleoeed by 1(8') + € Lor any € De
2 «

The

S with

' - N
{ 9 - ‘t;L* < A._,m.'u‘z. ’ ™ = l,:’ coe 8
l 5

-~

munber of »:-tionule

sl . vty I —— o S T, JR . - = . s -“ e
GAECL U0 8LGs gre e l. Bstoulishh o one-to-one onto nmon as

WE eislly seen thzt thll

NEeSCYVes T Cordas-ondg: _1'1’ n;:ture of numbers,

Thot is iamqe=

ollows Tron the nromor-
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nrono3itions holc and czn be

of oll

corresnonding rational to & g T

(1ii) e deduce that

a j au

o) )
6 = .:;. =N 0 LI -_«-]-'- < ——— g
o] \ I o
T T (1) by
ES
A5 orovae the fivat v ¥ Ehoole:
) > 1€ 112030 YRS L Gi2 TACOTER,.

To »rove tho contraryv. Let

g is convr.diction T e

nrovAan
',);Ov 08

rresponting nuader to 6f.

2
£3 1 1 n i S WI) FLOF fa) P -
, i tCl VoI Oj o 1 by 2= L2, ’
N S—— B - S r = 1.9

- — (]
-'_-’ .« b0

“here elzist

definition o7 the nay (né from (1) to (2),
N - e a a o ~ < s : 1
(1) The lensth of the set 8 is the lingth of the set 3
mal i Lled by A,
CO e SR b : 2 e s i - , o5 ¥ 2 s Nel . KR
(i)  The dishonce Lolucen wny two clencnts of 8 is vha
™ t 20T tl*,r;-? T T \.-0(3} 3y e ol e 101 L i-, o | EEE I, R
D ccht 121X QLo 0Ny eleients 1n o' muritinlic PY e
/-37“?) Doy every 7 ection \/r' 13 g el e $50 @ ,
VEL cvery Lorocolon il o C.lCTE COXRESsM0LIL 5
~ 3 - o] T ST T ~
p'/a din 8' and conversely,
e iy g - . s - Fa IR K v -2 . 3
sovwr by tihe very doflin a of 1i(®) we see thot thers ciint
a.l
E
o g .. L . - & &
infinitely many - in 8', r=1,2,... vith
T

recuced raviooal

L2t

O
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¥ & 3 s = ~ 3 - . da s N -
COROLLARY, Let 8 im S e guaii-eguivalent o - .
a
B 1 Fal LR, PO % = - — KRN P o
Zaen There oumilst ialdnitely oy gy T = 1,y eee 00D il st
A
le . or ,
B = st ( N
- el S
! - 50
s
Mias -~ NG e qmde & o~ ~ A " ~
Lale LML anv < Conc™, e Ll .LOVV' -
7 =
1+ JO . ¢
o ] ! & . N D% [P S z . wdf b
IT © is not cuisiecouivilent to ==y Ciien thers wiles
! <

1Hm-:

L.,
v
o}
c._, a
B - = e .
i N G2
e <
I 3P
T
=

6 iz quasi-eouivalent %o 1 + J2 y J cannot be imnroved.

}..J
=

‘g
s

[

rocecding indzfinitely we ot the Mcrikoff chain of constants,

Procf, The corcllary follows from the definition of qu.ii-

EPLRY

equivelence and from the thcorenm we have proved, For infermo

about Mariiof? conctaonts consudt f?] .
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In this paper we dea]l with sets generated by tgi multiples
of irrational numbers by members of Arithmetical proghessions.

We shall diseuss some necessary and sufficient econditions on
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Progsressions, We ghall esseptizlly geperalise E?e 1lewing well
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Let a and b be nopitive integers, Copsider the Apithmetic

progressions an+b, n = 1,2,8,..... For real z7ZDb
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Secause n€a , (7.7) and (2.,4) can be strengthened %o

s < h and

S

(24 b, + ,U,.l)c{_‘ -

h+ 2 < (M (n. + 1) + gl)c{ + —2—

ant. similorly for 8. Inecualities (5,5) zive rise to

1,2"?!,.|l..

(c,)



(h + 225)4,"1 ~ llq (h + %)c("l = ‘”’JL i
B Y G N L . | (45)
5 .l\'-. - \'\, -]
5 %:) ) - pES l < '.!:2(5 "1) ( [P _}.’.n. - PP s k: . -I//%
(] et}

£ (2,1) holds then we have
12A (_:,» -11) 1 (: 11)
' , AORPN T
lin ‘*l-“l{ e 4 —.E’.H. — = :_;l;
h - o L2 \
and using (3.¢) and (3,7) we et

P

2»1

+

Conversely let (2,2) h1old,

ve geb
2

2.+ 1" 1] = 1 .
- S N - I
= T v v Un (etyh) +105(B,h) ¢ =@ = wm = 2,
o 2 ?.? <™ W)+ 2T )< IS e 1
7 L g
Werr 3 f S - -
dow 1f Ny = uq(efyh) + ng(E,0)  then
M IJ, 5 e ”h
ho+ & D owss o+ 2 | 4 U= <”73'-. + i by - L T (<
FAS }\,r‘ e % N (=4 -,,)‘A Jnem ’
Gk & 1 o
liov using (Cg) we sharnen (2,8) to .
he2 20 +1u b+ (2.9)
and because hea, 2H_+ 1 = h, This sroves that (3.1) should lLiold
establishing the thcorern.

We would like {to ¢ .w athontion to the fact
(CS) is not satisfied vhen all the three nrogres
set of nositive integers , i.e. waen 2y = g = B
This mizht be the reaxson why Slkolenm and Bang ¢id

. B ;
78!

conCition

(6]
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fheorems with the greatest integer function replaced by the
nearest integer function, Further it is also possible to see
on examingng our proofsﬁﬁhat the theorems won't hold if «,B
are replaced by o y8gyeeed;, and consequently 'r! arifh-

metical progressions. Two irrationals give the best partition.
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