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****
The Far ev seY'ie sic. an 01r:" and f =mcus SAt of f'r-ae ti cn s

associated ~,rit\ thr; inter::ers.

P'ar ey series ;,lith ~i.hon2Cc:' 'run'1ers? t1:!.r:: ur ooer td es of the sGr:t'-"s

are remarkably preserved. In fact '.'le find that ,d th the new seri08

';,T6 are able to observe and .~_dE:;ntify"oo i rrt s of' svmme t.r-y, "Lrrt.e rve l s ".

t gene r at.Lng fr ?ctions' ~n0 stages. The pane r is c'.i vided Lrrtc

tl'.i."(:'· oar t s , In part I, '...,e define' oo Lrrt s of syrn:~~etry', 'intr'rv,q1s'

~Df 'gencr~ting f~?ctionsl and discuss general nronerties of the

Farey S erie S 1,!ith Pi bonacc i number s , In part II \"re cl efine con jugate

2.ssociate0 '.r:t th interv?ls. Part III cons+d er s the .Far ey series

,·d th fi bor -icol numbe r s :::.S h?v:t n z be en divided into stage s and

contains 'Pro~')erti ps 8·5saci8.t~d -ri th "cor-r osoor+t ng fractions" '-l.ne

The Far ev seri es ,·ri+;11 F:P'lon?.cci nun ',eY's of' orr"er Tn (-There Tn

s t arirl s for the nth term of the> Fihonacci se cuenc e) is the set of

all Dossible fr?ctions T.fT ,i = n,1,2,3, •••• m-l, j = 1,2,3, •••.
. 1 j

n(i j) arranger' in 3.scenr'ing order of magnitude. The Las t tern

5. s ::1.
:r

. T
1.e. -.:2:--

2
• The first term Ls-...O.~.

'1'
-n-1

T-Ie set T = 0
o

so -that T + To 1 - T , T = ~?.... = 1.2 1 -
••• 2
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For convenience «e d eno t.e a Fibonacci number by F, the Far ev

se r l e s of Fibonacci number-s by f.f. and the rth term in the ne1}T

f;?re:T series of order Tn by fCr)n •

if

.~. it'>u;,a~l
2..ef:iJ?-.•Ltiqp_l...J=..!..A -'1e define an f (r)n to be a point of symmetrv

f Cr+l) n and f Cr-l)n have the same denomf.nato r , He have shown

in an a""',",en~ix the Farey se+l.e s of all Fi bonacc i numbers unt.o 34.

lIef'ln ..:Lti.o!1 l.?~!_ ',·ve define an interval to be set of all f.f.

f r ac t f.on s bet'veen bolO consecutive points of symmetry. The interval

may be closed or onen depene.in". unon the inclusion or omission

of the co f.nt;s of sym-ie tr-y , A closed int~va1is denoted by C J
and an' ogen interval by ( ).

DefJ-.nttJgn......:1-.3. The distance between fCr)k and

e0ual to r ~ k.

f (k)n is

1'T{S03.-11.. ) ...•J..!.. If f (r)n is 1. point of syrrtmrotry then it 1.s of
I;:

t he form ;Ti • Moreover f (r+k)n and f (r-k)n have the same

denominator if they 0.0 not nass beyond the next point of symmetry,
on either sf.d e, Th(.. cCr·\\'v'"\.4..'X. l~') ~~()lt..t\t..

ProQL~. In the f.f. series the terms are arr angsd in the
C4.y~

fo11011Ting f' ash+on , The terms in the Lasf interval a= of the :form

r '-1_:.J..:..:!:
f·

f J..orm r
-1:2

T·J
then thpir

The terms in the interval Drior to the last
". Q

.• of the
ct c.

If there 2rA t"TOfractions Tj_1
~lr J-i. lies in be tve en them.

rj

r. 21---r. 2J-

, ;'1nd

That is
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t1".9nri_1
T. 1.- J-

then ri_2
. 7j-2

be ss tabLt shed

< ri <r. '
J

r.< .~~
de~lin~

_ri_2_

r. 2J-
< ri_1

\.vi th ~in~easily

cases separ8tely.

~'Jesha.l L adopt inrl.uction::.s the method of proof. Our SU:C'tT'}i se

has 1.-1orkedfor all f.f .. series up to 34. Let us treat as Tn_1 •

For the next f.f. series i.e. of order T ,fractions to be irtroruc~n
are
r r3 Ti r ri2 n-l wi L'L fall in be tween, ...,
rn rn rn --r-- r

n n

ri..: 1 and ~~:lri_2 First aSSUI;10thnt ri_1 <
1'n-1 r 2 r 1ri- 'r n-Since our assumption is valid for 34, ~i-~ lies

r r rn_l. 2 . 32.:-. 1.- Idll occur just e.fter ri_~ from our assumotn on
ril=2 rn_2 r r

regarning ooi nt.s of symmetry. ~;l'" n-l -But- i-~ J:iE"lr'rirt"~ICd1

t he S0 twe>-rruct1;o ::s."'t'tio •. d'{"tI\!j'c @ '0f 5i1 .0f"fuo 't'h~n'{i~fut "f .ST' ,.,.,it'r'!r
n

r·is e ou al, to the rlist!lncp. r from thR.tooint of svmr-8try.
n

hErlC'J t.hi s is 1!21id for ·55. ·SimiJ ..ar-Lv t t can. be made to ho lr'

r. 21.-

'rn_2
just before

,

gooa. for 89, .• ... Hence the theorem •

/
-1.._ 1 J.

interva.l~ 1'i ri_l-.~.he

1'i+2. The denominator of the

T~;'10R~1f1. 2... ~Jhenever 1·'1ehave an

1enominator of tern next to -i- Ls
i

nex-t term is ri +4 ,then ri+6.. • . • .;1e have thi s ti 11 \'18 r'each

the maxi.mumfor 'tha t f.~ .• ~8r·'1.ence t ,.c, till l'i+2k does not exc ecd
.1.£. 1\0\\\ '7\ u..Wr C! J I .(.. l'

rn • Then =.term after I+2k )-rill be the maximum possible teL'l

not gre at.er them fn ,but not equal to an= of the terms formed
.r" 0(/1. 'r: (:i\., l' .o,.(H ':t J F-.t.

5.• e. its ej.therfi+2k+l or i+2k-J. say rj • The , terms after
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r r r -l_j ',rill be j-2 j_.J:, ••••• till ~\TA C:"'''1C~'' £i-1 (As an

exarnp.l,e let us take l~,~]in t'r0 f.f. scr5.-::>':for 55. TheT' the

denoMinator of the later terms in orAer are 8,21,55,34,11,5,2).
PT9.0!_~. ':'he proof of I"1eorern 1,2 "rill f'o Ll.ow by inru etion on

Theorem 1.1.

THEORtiM1 3. a) If .h 11.,'_ h II are t~'1.ree eonsecuti ve f'r ac t.i oru.., .---.~ k ' k' , l{"T'
of an f.f. series then

h+h" = hI if hI is not a point of symmetry- -k+s " kl k'
b) I.f.'> n; is a noint of sym~etry say 1 thenk' J.ii

r. 2 h + r. 11- 1-
hit

h'-k'=r k +r1:-2 i-I
Pr22!~ Case 1. (From 1.2)

h = £i-2 .n.: =
k . , k'

. thi i .+? + r1 211"1"_ S cas e 1 '-' - =~ rj+2 ~: r j_-;-
r 2-r =3Tn+ n-2 n

kIt

t'le see that

r1
-£j

-II<
.3..!..~_.
3. £j
is a

sequence.

h'
kt

£r~ _r. -' "1- ~.--
k " r .1J+" J.

(From 1.2)

=.Ei
r·J

r. 2. 1-
£. 2J-

.h
k

and=

r·+", + £1_2 _ 2£.Then 1 ..l.

= E· n; similarly.- .::..::J.._. 1 =
rj +1 -+ 1'. 2 2rj r: leI1- Jr: -

Cas() 3. hI r 11 =~ h" -~- = i
kkl r: £. 2

, k" - 1- ( FroD 1.2)J J- T. 1J-
r'l + Tl_-2• 1- = £1 .il:= Honco tho result.- .
r. 1 + r. 2 rj kl
J- J-

"'



h I 1 F Tl 1 2 it fol10vTs th8t1 3 b Let -.~ = -<1"""" • • rom .1eorem •~-~--..].. It I 1.i

=
3 .h
I". +9 anr'l. k
1 CJ

= 2y--
i+2

Hence

("\., + 3f~1. 2 . 1__1-.....•__ .1--=-_ =
£ r
i i +2

=.li +2
r. r
1 i +2

1

l n'',__J'_J~_OP:..:~tJ_,,:4.-. If ~ ,anr' k' D.Te bvo coris ecutrlv e fractions

\
h QI )of an f.f. series then - I f.f. O-"_k' f:. 0).
k-k

P f' Si if' th f ri .t f 11 bh troo. ~ . nee f( \ S 00. e ..orM _ 1 .. O. 0"[8,.8.
------ r) n r .

lh-h1! is e cual. to ri and !l{_k' l = rj JSince ~ end ~:

members also, h = r
i
, h' = r1~ k =£jl ,k' = rj2 lo.

'Further \r j _ 'rj \ =,~ and Iri - ri \= ri. But from the
1 2 j , ,1 ' 2

F· ,. 1 t· r = r + rlDonaCCl recurrence re a,lOn n n-l n-2

conrt it Lon for tl:").i8is Ii} - i2 \~ 2 and Ij1 - j2\

zero) wrrich f'ol.Lo-rs from Theorc-m 1. 2. Actually

2.re

',re see the,t the

f r ac tdon s of the same interval arranged in

~ 2

h-h'---
k-kl

descen/ling order or

(but not

are the

magrri tude for increasing val.urs of ~ •

~_~_f.i.n::iJ1J_qIL.).•1 l!Je define the di s t mce 1::leb-le-"nfCr) n "'nd

f (k) n as eoual to \r-lq.
,

~·\Je now introduce a term I Gener':)ting F'r=c t.Lon", If we have a

fraction ri (i -(j). tve spli t~ into Ti_1 + ri_2 • 'Je

f f "'I'4tj~t f t· r;_,fj" d ri 2rj-1 + fJ:2 t riorm ..rom UJ. s 1'[0 T.:'l.Clons _-1=...;....an. __ -_ such tha _
T· 1 r. 2 r.

is the meci ant; of the fr~'ction~-formed. T~';cont i.nue this pr~csss

and. s nl.Lt the frections detained till we re~ch 3. state wher-e the

num~r~tor 1s 1. 11T·J
the others. T'le call

then amounts to the Gener-"l.ting fraction of'
riT as t':le GeneT2tinl! Fr~ction of ar Int::>T","l

J
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(G.F. I) if th:r'""'lgh thi s proc es s we are ab'le to get f'l'om the G.F. I.

3.11 the 0 the r f r ac t.i ons of 't:::at' cLoscd int'::::r-val. 119 c=n cle.?rly

"li11 a G•r,I • ( 1'Jesee in a r.r. series for £1' T
2

, ••• Tn7
a'Iso note that ri, ~ Ti-a

-- ~, 1'7""";:;r. j-l j-2
interv2.1 because ihe difference in V".e suffiE of the numer.,t~r

belang to the s em e....

Bence the 'seouence of G.F.I's is

• :Te now see some :o:-o":'"lerties cones rnt ng

.Tl-ISOR'iM1._5~. If '!T8 form a se~uence of the 0.istance bet'r8 en

t'.'TO consenuti ve G. F'. I IS SUC11 a seruence runs thus

?, 2, 4, 4, 6, 6, 8, 8, ••••• ,

i.e., alterns.te G.F.I's are symmetric"lly place0 about a G.F.I.

THEOR~11.6 •. If "le take the first G.F.I. say f(gl)n then

and f (gl -1) n , heve the same n enomf.nato r ,

.:1 f fthe see one G.F.I. (g2 +J2)n ,and (g2 -2)n
f ths ame d sno+Lna to r-, In gener ol. for (gk)n the k G.F.I.

f (gk-k)n have the same denominator.

of theorems 1.5 and 1.6 follows from 1.2~

f(gl+ l)n

f(g2)n

For

have the

f (gk +k) nand

The proofs
fO'OTE:- T'le can verify th,=3t,for altern8.te G.F.I's (g2)n

f(g4)n, f(g6)n ••••• , f(gk +k)n and f(gk -k}fi
have the same c.enomin.ator for k is even and th.e seouenco of clist~~~~~c'

shown above is 2, '2, 4, 4, 6, 6, 8, 8, •••••• ).

p_ej'Jpi "9;..0]1_:. 've now Cl.efine £i-2 to be the Ifactor of the
1 1interval' -r-' --=-- Hore nr eci sely the f:"1ctor of a cLosed inter·r~.l. r •
1.r 5_-1

is that term z ~·(-ere "z ' = sl1:f':fix of o.enomin8tor minus suf'f't x

of the numer .."tor, of each fraction of that interval. It can be
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easily seen (Part I) that IZl is a constant.

1~1V!1. ~.l. If o

'\T Th~~ r
i • J"I 2 2

(Note:-

:IT
. i; i - i
J1\i"'2 2

'--lhe Fi bonacci ser:,uence is c apab'l e of extension to
r :.. \r '1= .r I r = 'r (_l)n-ln

-111(-: ,ane, ~ I -n I nt. Nore accur;a tely -n n

being posi ti ve and Fk\:: lkl
Proof: i,ve a1)~ly Binet1s formula that-,-,- .-

- J5T aU - bn
wher-e a = 1 +.j5 b = 3.= -- ,

n a b 2 2-
Then (1. H.s.) the left hand side of the expre s sion,qnd (R. n,oS. )

the right hand side of the expression r-educe as f'o.l.Lows,

To prove
j l

a 2 - 0"2
a - b •

i1 _ bj1 -i1

a - b
oo st ti v8,-md hence can be

,
To prove

I (aj1 _ ~jl) (a j2 bj2)

bj2-jl)

L.R.S. reduces to
, j l+i, i i j l+i\ a .J.. - aU). • b 2 ..•.b 1

i'
2- a
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i a.j2-i1 _ aj2-j1 • bj1-i1 + bj~il bj2-i1. aj1-i1/

TJ~is m3.Ybe simDlified further using ab = -1 and jl-ii. = ,i2-i2

R.E.S. then is

P~nce the Lemm~.

CQ;-qOLLP;JL.Y. From thi s '"remay d ertuc e that

i.e. jl-i1 = j2 -

.f f. \~~~-:T;:) =

belong to the same interval

\Tjl T12 - Tj2 IiI \

'T T
j2-jl j2-i2

r r -f T
Hence j 1 i2 j2 i1

ror j - i (t.he factor of that interval) 1,l/'hichis tDe term obtain-2 2
ed by the difference in suffixes of the numerator and denominator

r
'Jill be an integral mu'l td nl,e of j1-il

of each fraction of that interval.

Dofir-·. tion:- lIe now Lnt.r oruce ths term t c'njugate fr"'ctions'.

T'.·TQ f.r8~tions h/k, and h'/k:, h/le h'/l,-' are conjugate in an

interval r1-. ' r~ -1 if +he rlist-1nce of h/k from ~ -ecual.e
l l-l - 1 i

the (1istance ofh'/k' from I'. (h/k f. hI/leI).
l-l

r:OROLLfu-qy~ T,JO cons ecu tl ve points of syrrmetry are conj"-.1>r,.9.+':C'

vrith 0 i stanc e zero.

TfPR"M _2_._?.._If h/k, and h' /k I ar e conj ugate l~i' r~_l}hen

kh' - hk ' = ri_2

Proof r Using I, 'iFe can eas.lLy see that if h/k is of the form

r. 1
l -1

r. -1
Jl

then h' /ki is (1)
•••••
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1
'T''i

1---.-
T. 1·
1-

O\.~.~

This sinceand, are conjugate ,

'j:' = T = 1, since the term after 1
2 1 Ti -.

= , 8nd the term
.."
"'i+?

1 ..,
before .- •. ;,J= '--".. -.' ,

T. T •.•.,1-1 1'..

'~~~/-t:'o.h
1·;Je see j_ t -yrith the statement ll)

above. Procee0j,~Jg in such a fashion we obtain the result tt. Of

course 111eassume here that there axist a.tleast two terms in

01 'T~_IJ • If there are less than two Ue result is immei'de+o.

Herioo we,can see that ny t\vO conjugate to fractions in

~

'l ~. are

,
Ti 'T i-l _ •,

To she w

\ T.
I J

T 1= T •
j-i+21 i-2

\

This "rill immediatelyT. ... - TJ -l,t- .t. j -1

f'o l.Low !rom Lemma2.1.

T'R"SOR-1-12.3. a) If h/k, and ht/k' and -::;'10 consecutive

fractions in an f. f. seri es, whi ch belong to

l: -~i ' T~_lj
then kh' - hk' = T. 2 •1- "

b) If h/k and ht/k' are conjugate in an interval [.!:...- ,
Ti

1 ..;
. .::... ..__ (I kh' _ hk t = T
T i-2i-I _

•

Proof~- Theorem 2.3 a) and 2.3 b) can be proved using Lemma
2.1 and Theoreml.2.

Defj.ni tion. If h/kf.t",_l-
T.

- 1

as the ordered pair I(-1- ,L Ti
, --L- )j

T. 11-

, ...1...-. '\ vIe define the couplet for
T. 11-

h ), (h
K k

h/k
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TREOR~ 2.4. In the case of couplets ~.Tefind that
lri h)- k = T • T

P i-2
and

k - Ti_1 h = T T (1tlhereT is somep+l i-2 P

Fibonacci number).
Proof. Let h/k be Tj_i~2

Tj
Then ~i h)- k is Ti Tj_i+2 T

p
Ti-2 (1)

and k - This T - T T = T .,T
i-i . j i-I j -1+2 P+., i-2

(2)

Adding (1) and (2) we have

T T = T Ti-2 j-l+2 p-t°2 i-2

• • T
j-i+2

= T
p+2 or j-i = p.

i. e. (3)T - T
j

= T
j
_
ij-i+2

Ti-2 •

':lecan establish 3 using Lemma 2.1. Hence the proof~

1!led efj_ne [r 1_ ~'J {h 1 ·',I.J and\T k' I \k '-T~.~-
i l-1

T1 d to be conjugate couplets if and h/k,
1-1'-

D-<~finition~

tl~}i--,
and hl/k' are conjugate
[ ~l
[Ti-- ,

fractions of the c1osp.d interval
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T~OREM 2.5. In the case of eonju/7,ate couplets

if Ti h - k ::: T T
i
_
2 andp •

k - T
i
_

1
h = T T then

p+l 1-2

T h' _ k' = T T and
i p-l i-2

k - T -1 h' ::: T T
i P i-2

Proof: ~Ne note that (j-l) in the previous proof is the

difference in the suffixes ~f Tj and T
i
• If now h/k ::: Tj_i+2

Tj
then p ::: j-l. But since h!/k' is conjugate \dth h/k, h' Ik' is equal

to T
j-i+l
T· 1J-

•

Therefore the constant fector say T in the eoua..tion for
q

h'/k' T. h' - k = T - T is such that
) 1 i-2

q ::: j-l-i = (j-i)-l = D-l.

• • Tih' - k' - T T •p-1 i-2
= Tp T

i
_

2
since itHence k - Ti_l h'

,
follows from ~.4.

THEOR~12.6. Since ue have seen th,9.t if h/k, and hl/kl are

conjugate then the difference in suffixes of their nuner+to rs or

denominators = 1 '>Ie find

h .•. h'
k + k' I+-~I i Ti_1 I

and

1
ir h/k, h'/k'

Ti •
h + }l'

l!Jemay also further note that k I- k!1,-T. 11-
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are the fr;"lctions of the latte"" half f' the i:rterval arranger1 in

de sc endLrig order while h - h! are the fractions of the first
k - k'

half arranged in ascending order, for increasing values of h/k.

PARTIII

,\-1enow give a generalised result concerning I sequence of

distances T •

THF~REM3.I.a. Points of symmetry if they are of the form

f(r)n then 2,.3,5,8, 12,17, ,.. Or the sequence of distancer

beb'leen two oonsecuti ve points of symmetry will be

1, 2, 3, 4, 5, 6, •• • •

an Arithmetic progression with commondifference 1.

THS(,R~ 3.1. b. The se cuence of di s tance for fractions with

commonnumerator T or T2n is 2n...l, 2n, 2n+"., •••2n...J. ,
Proof: To prove Theorem 3.1. a. we have to show that if there

In' ts:,:::~ in an interva1 then therp arp. (n+'1.)

~.
T.

J
But the se (p+L) terms of

terms in the next.

Let there be 'pI terms of ratio It is evident that

there are p~l terms of the form Ti+1
T.

J

the form T1+1 are in an interval next to that in whtch the 'p'
T.tr

\I

•
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terms of t'•.e form Ti
Tj

lie. ·"30 the sequence is an AP 'Id th common

c~ifference 1.
1 ('-'~rident)•Moreover the second term is a1~'r~'Vs-fT1-'-n

Hence the result.
If we fix the numer-ator to be '2' and take the seauence

2, ....
3

then the seqUence of distance between

tt'1Oconsecutive such fractions is
3, 4, 5, •••••

From 1.2 (Part I) it follows that ~ lies just before a
Ti

1point of symmetry say • Since we have seen the sequence of
Tj

distance concerning points of symmetry it ~dll follow that here too
the common difference is 1. The first term Ls 3 for there be bvo

terms 2 am 2 The inequali ty
2 ......1 ,. 3between _ , - • -, -,",-.~---T T Tn Tn-2 Tn n-l n-2

2"- can be established. ,Hence the result.

In a similar fashion 'VTe find that the se-ruene e of distance
for numerator 3 is

3, 4, 5, •••••

We shall give a toble and the generalisation
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numer a to r Seauence of distances' .

T1 or T 1, 2, 3, 4, 5, ••• •••2

T3 or T4 3, 4, 5, 6, ••••••

T5 or T6 5, 6, 7, 8, •••••

T2n_
1

or T2n 2n-l, 2n, 2n+1' 2n+2 ••••••

Defir:l tl.:..n! Just as we defined an interval, we now defined

an interval, ve now define a t stage' as the set of f.f. fractions

lying between t,·ro consecutd.vc G.F.I t s , The stage may be closed or

open depending upon the inclusion or omission of the G.F.I's.

Since the sequence of distance cfG.F.I's is 2,2,4,4,6,6, ••

It is possible for t':Jo consecuti ve 'stages' to have eaual number.
of terms. ':le define t"JO stages

T. ~, 1.
Tn

and , Ti~~l to be conjugate
Tn -J

,;stag es if the di stqnc e of. Tj from-
Tn

equals the distance of

T. 1l+ .. from
T.J.
Tn

• That is the number of torms in tuo conjugo.te

"stages, are e(1ual. 1tJe call a stage comprision of both these stages,
~' <.ak·'\t~u.,x
ras a 'c-onjagate stage'. Let us now investigate properties conc errd ng

':stages. If ~.,ehave ~~:at-e stage L,Ti_l , .:1, Ti+1 'J'then
. Tn Tn Tn

ve define bro fractions ~ and h: to be f cor-r espondf.ng if
k'
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n.:.f~
1(' r-n

, T~+l·l and if the distance of
n-

and

h
k

from T1_1 is equal to the r~i stance of h'-r-- k'
n

THE'DR..:.M 3.2 .fwo co rresponding fractions have the same

nums rat or, If .h and hrl are correspond ~_ng fraction r s then
k k

Proof: This will f'o.l Low from 1.2 (previous Part).
r~et:1=l be the maximum reached in its interval so thatrn

T.:
.L-l.. "11 b thr H~ e e
n-l

. rhe terms next to

maximum for the interval in 1"hich .Ei belongs.
TnT

i
_
1 is r

j
_

2 • Similarly the terms next to
r r

n
_
1n

But these fractions are corresponding fractions.

Proc'c;eding in such a fashion ye obtain the result.

r
....1:-_L has necessarily ':0 be the maximum in it Lnbe rva'l ,

'r"
Since ~-rehave considered conjugate sbage s 1 i.sodd. USiz:.g 1. 2

(previous part) it can be established that alternate G.F,Its a~J

maximumin their interval and that too when suffix of numerator is

even (i-1 is even). Hence the result.

'Definition. Since the number of terms in a stage is 000,
'Wedefine -kh to be the middle point of a stage [!.w. ri J ifr- '..,,--

- n In
it is eqUidistant from both G.F. It s. ~.ie can deduce from this that

h
k

, and ri have the samer;-is a point of sym~etry since
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denominator. So the middle point of a stag~ is a point of
symmetry.

COROLLARY. If two conjugate stages are taken these t hoi r
middle points are correspondin~. (This follows from the definition;.
But their numerators should be equal. This is so, for the middle
points are points of symmetry whose numerator is 1. This agrees
':liththe result we proved.

Definition. I'wofractions :i , and h t

k k ':......, 1. ~&2..,'
. . st2~e if the distance of b from

k

are conjugate in a
ri_j_ equals the
r

n.:. I'l''\,jcu..v
~ . . stage beinght

dl st ance of let and the

£i+1]'
'r ·n

Taking their middle points r; 'r 1 1
_ p P+lJ

ri
'rn

we can see that fractions conju~ate in this interval are conjugate
in the conjugate stage. Further ve saw that for conjugate fractions
of the interval h and hI .h + h' are fractions of the-,

k k' k -,.k t

latter half of the. interval arranged in des0en~ing order, and
h - 11'
k - kr

are fractions of the first half arrangec in ascepding o1'''<e1'

for increasing values of ~
rHEOHEM 3.3. For conjugate fractions h

k
lying

h T hfin the outer half of the stage ·,'esee that k + k I are rract ione
of the interval in ascending order ';·!hileI ~ - hI \are fractions of

\ _ k f .

the first half in descending order for increasing values of E:
k.~.
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~e hero only give a p~oof to show that '" + hI.;.!.--_ , and
k .,.k '

h - h'-----
k - kt

~r.a in the inner half but do not prove
Proof. For h hIk' kt

paper). The middle point of

the or~Ar or arrangement.
been given (previous, the proof has

r f:_1 Ti 1
L .Ln fn \

1= , .rn-i+2

Similarly middle point of f fi
I r.:;,.,n

rhat two conjugate fractions of the

'"'

T~+l J' =
n

outer half of a conjugate stago

1 •
r,'~'-i+3

differ in suffix by 1 can be established.
i.~. if 11 r hi T. ( . )= .j-(n-2)-1 then = j - ri-ak r. kt r, <jJ t'-~

h ••• hI Tj_(n_i)+1= I In t e rva l .k I" k ' ~' whe r-s I is :he
r. "1.J

11 ' I
f.i-(n-i)-2- .1and - = ~ I whe re I is the Interval.k k' T. 2 ,

,1-

Hence the proof.
Definition. In an f. f. series order r'1 ~i:i , Ti+1~

) r' rn n"

represents a stage. Let us take an f. f. se r'l es of ordcr T '1 •
yt'T

If h k

~

T'+l J 't ere we ta e a stage r ,.L , then 'rre say the t,y(,
Tn+1 rn+1

stagns are corresponding stages. More generally in an f.f. series
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I " IJ8 [-~ Tl'"~',I..J
), c;(,. {\IV\, .\... f . I~ C"'"tM'-"-.tJ!/{ )\t <. 1 c: '-T-

J I '11 ; , I

~f I"\rder T • ~Je state here p rop- r-ti ss of
n~

fhese can be proved using 1.2.
rHEDi\EM 3. .: • a) If [Ti

Tn

[
Tt \{+! 'I c.,oU: (ro" '''-,I'=- ,.._,:.::"- ,

I'll ~/<... I., I -t" .:-f", -f .S;r<:) C~ ,
- : .I

correspondin~ st~ged.

and r'-rll.
r
n+k

stages then the number 8f term~ in both are equal.

I'he rn C);'"istsa one-o-ne co r'respondene e
·bet~een the denominators
the qth term ef'Ti

T_n

of the qth to rID..,f Ti."..:;::-..--
rn+k

of these stages.

£1+1 ""1 1s r.J
rn _

'ri+1
rn +k

If the denominat~r ~f
then the denominator

is ri+k •

We can extend this ideas further and produce cne -one
correspondence be t.vo sn ri ri-+m and ri ri+m where-, ,Tn fn 7!]-

rn+kIn+k

anc1
c stands for the SRt of fractions between

b
ano, c

d--r'l

LncLuslv e of both. A further ext.ens ion ''!OulJr:-iV0tha t ":ivE:'nb:rr"

series one of order Tn and o+ncr or-'1er Tnl-I{.

thTTSOB'Bl'l3.5.a. The numerator of tbA r term of the first
cries eauals the numerator of the rth term of the second.

T~ffiOR~1 3.5.b. If the denomin8t~of the rth term of the first
thdenominator of the r term I"\fthe secondcries 1s Tj , then the

's T. k. PreciselyJ+
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a) f (r)n = nr. .(.'

~Cr)n+knr

dr. of fCr)nIf = T
j

dr. of fCr)n+k = Tj+k

'"here nr stands for numer ato r and dr , for denominator. This can

e e proved using 1.2. We can arrive at the same result by defining

corresponding intervals.

Dofinition: 'l'm intervals, \ ~ ,. lTi
or order T and [ ...1 ,~ ~ in an

n Titk T1tk)

defined to be corresponding intervals.

1 j in an f.f. series
T1+1
f.f. series of order T kn+

The same on~ono c.rrespondence as in the case of correspond-

stage fxists for corresnonding intervals. '·le can .extend this

corres'Dondence in a similar manner to the entire f. f. series and

a) of nr, f .
(r)n+k ,f(r)n ::;nr.

b) If dr of f· ::;T
(r)n j

dr of f = T •
(r)n+k j+k

a) Genera1illd f.f. i?cries. iNedefined the f.f. series.in

interval Lo, Ij. vIe now define it in the interval [o,~) •

D efini tion: The f. f. series of order Tn is the set of all
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fun~tions T.l.. arranged in asc-indf.ng ord er of magrri tUdcj /1' n
~

1,j> O.

[o, 1]

'j
If i < j than the f.f. series is in the interval

The In sis proper-ties of the f. f. series for 0,1. ore•
retained v1 th sui table .:U.tcrations.

Ti-SORT~I.. 3.5.1. f(r)n is Q point of sy:nmetry if fCr+1)n

and of' havE: the s amo numerator (beyond ~ ).- (~l.)n .L
If f is

(r)n

a point of symmetry then f( ). andr+k n
f have the same

(r-k)n

numcr ato r ; if each fraction doe s not pass beyond the next G.F.I.

in either side (ooyend 1)'- .1 ;

THEOREM3.6.2. A G.F.I. is a fraction with denominator Tn •

TW...:DREM3.6.3. An interval is the set of fractions betwee~'1
two mnsecutive points of symmetry.

TH~EOM3.6.4. A point 0:':' synm ot.rv has F'ither numerator

or denominator 1
Beyond ~ , any intGTVal is given by{Tn_L

,G
The factor of this interval is again Tn-2 •

THEORN13.6.6. The
a) h'" hI!

k .••k"

t1.VO.basic properties

::L and
k'

b) kh~ - bk' = Tn_2 are retained.
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THEOP.~1 3.6.7. hI being "- noint.If a) dOl3 not good for
k!

of symmetry, then

a;
k'

Tn_1 h"

T k"n-l
.,+ Tn_2 h if

+ Tn_2 k
h-k h'

kT h"
kit

= hI
kT=

FOTE: Only in the C:lSC of \2: , and
2

1
1

does

. for 2 = 1+ J., and 1-Te do not accept 1 being spli t up.

.o f. se r i.c s of ol'uer 51..

f. f. S8.1."l:-L8S of order 8

o 1 l ? 1 ~ ~
?'" -, 3 ' ~~, l~',;~
~ ~ -.~ J 0

~,~,~,~'j,~, ~
3, _5 2 l
5 8' 3' ' 1
Q., .L .l .2- l L 2 ,J.. ,.

8 13' 8 ' 13' 5 ' 13'8 ~~) 8"".
s: ,~ 1 3, 8 .Q. 2. 1
13 5' 2 , '5 13' 8 '3 ' l' ·
Q..~ L.L.?- J.. a. a :. ~;
1: , 21' 10 '21' 3 , 21' 13' , L~'
') 2 l a ,~L!.~.s 1. 3
21 , '8 ' 3 ' 8 ' 21' 13' '5 , :~: , '5 '

"8 l.? 5 .2 1
13 , 2i '8 , 3 , 1

i
J..

','I ,

f.f. series of order 13

f.f. series of order 21.

f· .'~ serine of,~:""der "1/1 0 1 1 2 1 3 c, .L
r,l. • ..i.. •• •...' ~ c: .J

2i' ::14 ",~I'34' I~', 34) '2I , .•.. , ~Ti,
r.; .) 1 3 8

r- 2 , ,..,
,-. D ,,::,
8~~'lJ , 5 , 13' 3~"21' 8

, 0;:,- , 8 ,
o

8 L3 5 2 1 3 "- 218 13
21' 34 , 13' , 5 '2' , 5' 13' ~7:I'~cti ,
5 2 1
'8 , 3' , r
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ilfh1Q:UHJ\TICN OF L1 •.~1)Tlul'~llLb WITH FflREY FIBONACCI

FR/KTICNS

K ri sbns swsmt f,ll~di

The autnor in

Numbers s s follows:

had defined the Farey se quence of Ftbonr.e cJ

II F8rey se qusnce of Fa boriacct Numbe r s of order
f~

set of~ll possible fractions j < n1;
positive integErs; fn

f = i s th~
n

put in ascending ~~der

of magnf, tude l n ,i, j ~ 0, are
o

n-th Fi,bonacci Number • fn-l'-

is dencted by f.fn.1
Tire also defined an "INTE,i.:rvflL"in f.fn to consist !"If p11 f'r ac-

ti ons in f •fn between frE cti ons 0 f the form [-ri- ' f~-1 ]

i < n {fj_1, fjJ j > 0, j a positive integer. Twl" symmetry

properties were established:

) h h' hll
1 Let k' lfT' kl' 1;6 three consecutive frEctions in f.rn

denotes the

is the fi rst frc.ction. Thi s S6t

t r h' h''«n gre ate r hem 1. Further let fi -1 < It < k'" < kII < fi.

then

c.) hs; hII hI
l+k" = k'

b) kr,' - hkf .. f. ,',l-G'

le) Let 11 h' hI!
be t h I'e e.c: , KT 1{ "

,

consecutive frf,ctions
h' hI! 1
k7 < k" < f i-I

in f.f n
Then

1
Furt.her 1etj:- < Q <

i

a) h+h" h"
ffili = kT

b) kh' - hk " = fi-2•

dc;ny other relations of symmetries nesides these are proved in

(lJ . l(e,) , l(b) are similar to properties Which are preserved
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by the Fare:; ss quenc e also. llctuc;lly instead of &rr;.nging F'i bon s.c ci

frcctions, in Escending order, we h~d arrc;nged fr,ctions of ~he

se~uence·Tn ~ '\.1:-1 + ~-2 Ul ) Uo ~ 0 intEi.~crS, still son.e of thE

~ro~erties will re~ain. However with the FibonEcci Se~uenc€ we get

moI'€ symrus t ri € s ,

The problem we discuss ir this paper is the &pproxim[tion ~f

i rrutionc.l s wi t.h Farej Fi bcn acc i Frc.ctions. We j.rov e some t.hcorce

on best approximctions.

DEFINITIQf,;, Consider any f.fn• Fonn & new ordered sc t ffn,l

consisting of all reationc.ls in f.fn, together with m edt sn t s of

conse cut i ve r at i ons.Ls in f.fn• Def'Lns recursively f.fn r+l as all,
the rationc;ls in f.fn r "':o[,€ther "ith msdt snt s of consecutive,
r..tt onaLs in f.fn r' The first I'ctionc.l in f.fn r+1 is rewritten, ,

o
f 8S

t.f rn,F.F
n

1-.•.101-Gu1T10[S: F.Fn is GEnSe in (0,00) in the sense t.hat

closure gives the interval (0,00). This Ln.p Li e s th st €vsry
,

irrE,tionc<l '-Elt can be c<PfroximbtEd by a se qusnce of r at t ons l s

F. Fn' ''1ithout loss of gc:her;:.li ty we consider only the case

for 6 < G can be a~pro{imated by -h where h belong tok k
They are E.11 4.uite obvious , c.nd can be e r sf.Ly seen from 1)

l~) •

He now begin wi th & theorem on bes t app roxt mstf.on ,

T::IEO ...ill:l 1. a) Let .g be an irrational >1, say fi_l<.e<fi.

'hen there exist infinitely many ic.tiona1s h E F.F for Each 'n'k n
'uch that
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Q - ~ \ < i\-2
~
./tk'"

1
b) i,et ~ be an irrationa~ < 1 f. 11-

'n' suchThen there exist 1ntini tely m&ny h E F.Fn for everyit
that \

\ h fl_~-e
k < ~

'/SkG

Horeever the constcnt ,.15 is the test :p8ssible in the cense that

the assertion foils~if ,./5 1s replaced ~y a bigger constant.
\

Froof. ,;Ie j.rovs only fhe~rem la). The procf of lb) Ls simi18r.
i

In proving the the eran we f~llow the proof of Hurwit.z theorem as

tf.ve n in Niven' s b~~ 2

~l€ need the ~Ll known lemma

LEr'i£Ht. It i s ~.1lpossib'le to find int e gers x ,Y such that the

Ln eCiualiti e s

1 > 1
.iCy - ,.;5

sim~:taneously hold.

['1 + l~J ;
i~ Y

p rcf' of the Lemma as it

1 1
x ( x+y "J ~.; 5

don't give thE is knl)wn.
Now'let 't' Lje between twe consecutive frE.etiors of f.f

r;.r
a < e
1) clear that

,
<~. It,.~s

\, < a+b, 4!ct _,,-
•• b+d d

a+e
b+dand r.rn r+l •,

we shall show th:t at least one of these rrEction$. sa:; ~

ati sfies \ Q - ~ I' < fi_2 •
.;tk~

Cc.se 1.

\

L€t \: < .at.£ < -"'1::.. < C and let
1) b+d "C' d'

1a 1e - 0 > .y'5b~
• '..D _ a+c L, ~ b+d .; od~'

three ine<iua11tie 13 give rise to
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:t:2
[;. + ~,land

1a) and 1b) INe get

[~ + la'<.·•._l:; ~,-- > 1u : u, b+d ) -./:.
'y '-'

a >1J
c- -d

Now by prc~,erties
11> ---15't1 - tV b

(1, +
1 d;':

which is e. cont 1'''.di etion a cc o rd i ng to the lemma.

}'roeeed aimil&rly fr· r the .~< B < a+c cc&S€ b+d < a •J

lEast one of the thrEe frr ction s say h gives1{

Hence at

-I e _ h I < fi-?
I K tV' 5k~

Cne con ve I'"j e s.si Ly see that there arE infini te1y many of them

in F.F from the Pr opo sd t ion s given and from the very definition
n

It is eas~ to see thct ./5 is the best po s si b.Le constant.
l-h/5

the case ·9 == - 2' Now fi-2 == 1, and so we hove

h 1-8-Tf. <
n" .; 51< ~

\'
, for infinitely many h

k
in F.F ~

n
"/Ie can't obviously improve ./5.

E..2.i§.. Ii) The c oun t e r €Xc:mp:.E

:he lim f~+l.
n ~(X) f n

1-+Vf- wh1 ch Hu rwi t z gave is

1- -
\

1. I

B) In the r nt e rv &~" 3 Jl -,.: c..:(

do the Farey F rr.c t i ons ; for

In theorem 1 thE cons t an t ,/5

F.Fn provides the Same app rox I-

fi r: ± 1.-t::::

'Jo.s seen 5S the best j.o s st bf e

the intervol (0,00).. Thct-is i " ./5 WE:r~ repl<..ced by a l;::rger

the theorEC'is do not hold f'c r 011 Lr ra tf.ona'l s '-8' > 0. Ilow

que st Lon is the f')11",i'.r:-:,~- Is ./5 the best j.o ssf.hl,e cons t an ;

eVEry "IN'ISIWLL" (fi-l~fi)? The sn swe r is in the af'f'Lrm at.Lve
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in the sense th::.t if .;5 is IT pI c,ced by a L..rge r cons t E.nt the

t hc e rem fails to hold in all "TIrTE,RvliLb" (f
i
-J., fi) and

[1 1 ] i - 0:;; ("vJe now st s te cr;ndprove our final~ , - c...., ••• ~""""-".
_.i1 ' IT-I

l-'oir of theorems which c;re much s t ron ge r tilo.D The orem 1.

TdEoaEN 2<:;. Consider any "INTLt\!AL"
r, f'_l~ fl, \I, 1 ' .!

Let tl

be an irrc,tional which belongs to this interval. Then for any

there exists infinitely many fE F.Fn such that

fi-R-
.v5K~

The constant ./b is the best pnssiblp. in the sense thE.t i r vs c,rE

.g _ h
k <

r€J:lc.ced by 0 lcrgEl' con s t sn t the as se r-t.Lon fails for e sch "n I for

some -e which belongs to the t nt c rv al •

Proof. The existence has al.re ad y been established I n 'I'heo r en.
1 r.r h 11 t f. 2 fi.±-• ,ve s a concen rote on the bound -!=-. If we show that ~G

v5 ¥5
is the best possible const&nt When n = 1, it proves the theorem f~r

~ )(
using properties la, l'b a one can show F.F -: C F.Ii' for sny n .

, n ~ . n ,I ~,r;- ,:; '{. t'- F.r" I x », 1"
Consider the interval L l'i~l , ~i' ~:~d"--~G~l '::' the'- 0~t-

[ f 1'.; ] t f , r.- -1+fi f i ]' ,. i-11.L Let 51 = i-.L 1 - Defined r'e cu r--, "T -"1.'- , 1 1 ' 1 .

~ sively let sr+l consist of all fr~ctions in sr' together with the

1· mediants of consecutive frc.ctions Ln s.
r

(X)

Let S ..,. -
= l)l s .

1'= r

[i 1+2 ;0]
1+1' 1

&imllo,rly let s' = r i, iJ and

Define s ;'-+'1 8S all fractions in s' to-r

gether with medic.nts of consecutive fractions in
(f)

~ ~ ~ \)
r=l

S'
l' Nlw let

s •r
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',mat we are interested he re is S and not F.Fn• If we compare t b e

sets sr, and s~, thE following Can easily !e seeD.

Cl) f one+ens onto rr:&1J can b s established between sr c.nJ

s~ as fol1-:)'.:s.

Hap «i + « ,2 vfi-~l + H fi+ __ .__ 0_.
V 1 + U. 2 '\.-:". 1 + it 2

We call t wo such PULEbErS co r r e sj.ondf ng nur.be r s ,

(ii) ThE [;,E,}. s ay s t hr t to EvEry ~ E 5r there exists c un.l c.u e

s' and conversely.r

(Li L) Th~ d'i st an ce be t ween the con se cut ivs numbe rs in sr t s

times the Qistance bEtwEen cor.secutive nu~eErs in s~.

snd Bl = ~ - 1. CIEE.rly fi-l +fi-2t-l;::f. r
h

is in sr' Now if t.here Exist infini t eLy many ~ 1n S wi th
_ hr f. 2.e t ~ < ~, d. > ~5 r = 1=2= •••.

Kr d k~
too. (i), (ii),(1i,-) would imply that there exists infinitely many

h'cor rc sponc irig nurnb s rs ....I in 0' wi th
kr

h'rf;
1 '.«: \d th

I kG0.. r
.c co rc Lng to Hurwt t z theorem.

< r > ..;5
'. ,

vhi ch is c: con t rc;di ction

the e ren: fei Is for B.' if ,.;5

1
-rl- < B <

11 in
k

is re[lLced ~y a bigger constant.
1 be an i~rational. Then ther

fi-l
F·F'n for all n > i such thate~ists infinitely many

f. _ h
k <

The constant here c,gain in the nest r;ossiblE in t hs SHITIESEnSE E,S

1hEOreITJ2&.
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FrOQf. The exi s t sn ce is alreadJ known. ~le just prove the

conv€ rse for F.F.. It au toms t i ca.Ll.y f'o l l.ows for the other cases.
1

row let

Let Define re cu r-s iv eL;'

1
fi-l

5f! as all f' r , ctions in sf! toge the r wi th meci1.,mts of consEcutiver+l r
fractions in 511 . Nowr

00
SIt = U sf! .

r=l r

Clearly a one-one onto map exists bs twe sn S" and S.

Hap h kI{-7n
Consider the irrational
h
-t E F • Fi wi t h
kr

1_ =f'.II..gt ~ Let there ~;..{ist infini tely

<

~ow this giVES thatNow if-ell

r:
c 1i-2

k~
I~ Ithen

(mere comru\rtion).
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In this !J3.per we ciea,J. ion. th sets ~nePtttAQ.. by.. t'£ lllu.;I. tiple~

of irrationa.l numbers, by members of Ar:Lthmet:Lcal pro~ssj,~ns.

\~le shall dLseus s some neces sar y and suffiqient eorlfii ti~n,,9 on
. ~: .

these irro. tion;;.ls to ·prqo.u~.~ cO~3':j,.~.lllenta.ry subs ets 9J 1;'1"i thmetic2.:!.

Pre,;rassions. IJe $)oall ~s~;ellti~~+-; gr,era1is~ ~e '~"Wi;1~ uell

kncwn bheor en, . '. ~~'i".,

If ll«~ en;<J J n = l'~I:;'"''

cient conditiQn for

Nc( \J 'F • Z
\

.i.ip

and \ N n N~ ~! -cI, =
"

irration~ \ -l R~~c-"; ,p QIld e<; 7,: Ie ~.
" ,-; r-

= £ 1,2,3, •.•• j
~s

'.

'I,"hGre exJ r eproserrts the l,i-Fgest ~~t$~el' ~ess th.:L.~or li~ua;l to
\. , ~ .

x. For' complete i~:f0r~.ation cQBSult [1] • Sk.ole)!1 and Bdng

[2 ], [3J have ~,iSCUSS~d:i.j! "~'.tail "bout tl)e' set 11.; r.. t,us
~)8.per \'Je nut cnl.y ccnor2.1i$e L1G above t.hecr e.; but prove an an2.1oC()1:

~o8u.1 t for the ne areat inteeer fl..fiction. T~lis t heor-em c~0es m.I ~1C·1:.

for the set of i::,.tegdrs. ,

Let a and b be no¥i'ci':je integers. COJ;l.s~d,r th, !;ithmet:i.c

p~ogressions an--b , n = i,?,B, ••••• For real :r.~b·

Let o be._ i:p.te ger s , Cens idel' two ~lra tio naL:;

A =
IT~~'" let

A" =ct

A~ =
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....,"/I

f"!~' JI
, I
1

Bee .• ., c' ':::'
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, -1oC;lt2:..J.5..~-::'_-::"~·
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lim
11 -)00

~:TG

( ]. .1)

-1 -1
c-' + P = ( '2 • '2)~ ,

l

:h8..il..

2: 1 = n
I ~ J '.: 'lie' ,I,·. 0 / ••• , < ~1I /!....r-r- .' ,;~ .. :.1 " s:

' ••.• , - .L

(1. :?)

(J. )

~co

( i:;'\
-,- •. '.' I

.~..

1« lICe ,:'l) < .' __I ...•. 1 .
.~l-t:l~.L~·•...,__-::..L.

i .

, ( l r.>.l.., .»)
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Conver-s o.Ly let (1. 2) uoLd, Proceeding :L'l"01ll ~ 'lequality (1.6) Ire

~~et by vi::.:cne of (1.2) •
...

( 11+ j\ I) r _ 2!_'-
'"\ '

___ .--;:1~_.~~ __

( h+ ~,J.)("I - 2:,~

- 2 < ;L(c', h) + !-,,( s ,h) < }..,_._-- •

+ + 111...•" (1.7)1 < "'--+ !,~ s . Nh I_L 1 < h +
...
l' -

~:rO\l because I= 21'!_~r refine (1.7) to

h " , < f.,. "T
(J, I ", 11+ 1\ I- 1\ +'h <,

and heA. This innlies ?, ' r ~ II, ' = 11 for every h.~h

, 1 ("))~,-. (',

turn ShOHS thc.t cond Ltd.on (1.1) holds. Tllis compLet.es the )l'oof

of the theol"'e::l.

to one ,Jnd »r ovo ;)_iJOrC general form of Theore';l 1.

Coris Lc.e r the thrcJ ar t thmetic ::)rogres sions

A = tAn + !-" ~

[?'ln-H-~11
~ j\211+1-~~~i . ,.....

n = 1,2,3, ••..• ,
n=I"') ,"~,,,-' ,.....
11=1,2,

1e-:- ~-..,r'v c:, <;"1 .•.,-,-

lC?'l 1.1'1) c' ]

f.'-
Al (c{) = 1'1+ n = 1 ("')")

"-
, G, ',J , ••••

I'.

[0'2 ,LL2) P J {1A2(p) = n+ n = 1,2,3, ••••}..



_-- -- ~=_.=.__=__=._======:;;I!!I!C=- ..--.-..-.

Flether let " I I '\ " U " > 0'- ' , •. ,' 1.1, {'2' "1' "'2 ( ~nt.e "o·"c) s ; tis fv~.... ..,.)c_ ..,) •....• .._ '"

i~'/ r,
~
1'2

(C )2

A ne ce r.aar y .:.110. sufficient condition for

a.nel =¢
( ,') 1)we_

= A

is

(2.2)

,Ul eel ,h) = n.=

Using L~l"~lU!.l811tS sira:i.lc:.r 'co (1.'"') ,(1.4) and (1.5) He .:;et

<
and

(' ~)(.l-1
n + ~ ~_~.~_0._.

j-,'2
(-::' L,'.)\. ...Ie -'.

Hhero =

I _f - .., .. (" 1)ccno i.ui.ons ;:'. 11016 t:1011

lil11
h----7oo

1."1 (c(, 11)
--.----- +h

neeL.use \';8 h...ve by (2.::;) ,~~1"lc.1(2./1)



=1i~:1
h--?CD

~1!l._
1\1

He get + •

Procee~ing froD (2.2) 1110 (2 L) 1·'" ""e .,-.•••.• • - .J...... i...:) LJ

~ !.L2
l'l - ~ - 2 < 1.1'1(cr, h) + 1"2 (i3 ,il)

Nh = "i (cC,h) + !~2(P ,11) then

h-1-. - ~ (~ + ~ ) + f.L< :..Nh + IL < h+) - 1-. (~ + ~) +!l ( 2. 5)

no", :;Jutting (2.5) and (C2) to[~ether vre Get

II
l1+i, "'1<.~ -~-

1'. . 1'1

NOv! if

(2.6)

Eou from (2.6) we deduce thL~t i-j\jh + Nh + f.~ = h, for hrA. This

means cond t tiol1 (2.1) holds. This como.l.e te s the proof of the t:100j,"

He sl1.2.11 ~)rmT8 s one theo:·:'8ns ccnnec t.ed i'lith the ne ar e s t 11']-

te:;er runciton, If an+b , n = 1,2,3, •••• . . ~...
I

t~le t near es t 1 member be of the 2..1"'1bhne tLca.L pr ogrcs s Lon,

shall 110\1 S h'" ::.i.c;htm·ray ~:rove tll~:;gcme:::'J.l theor-em whf.ch is Si1":111.'.11"

~;. = ~'2n + !1'~

t 2111+'''11

~"211+r~21

1 ') r:11 = _ ,: .., .,., • • •
n = 1) 2, ,c. , • • •

11 = 1,2,2, ...

LG t c(, ~ be irr c:: t;ion2.l numbors ,?llcl Let
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n = 1,2,?, ••.••

= n = 1,2,2, •••.•

=

,U'l " 1~-~ '2= ~-: •. + ?:; +1. i'l 2

Tl-iEOHEL::: A ncces car y ",11 sufficlent condition for•..._ .••••..,-.. .•..-'..•.._ ..•.·,_L

~ (c:) \J A2(S) = A

Al «)-n A2(~) = ¢
.-1 1..-1 1-fis ~"\l + •.. -..-. =... "'i\2 1.

Because , o : (':. ':') . ~ (':' L!)l1vo., •,_ J.nc.. ,_.•. " can be s t:ceYl::.;thcne(~ -Co
...

01 he! + f11)c( - TI < h J.110.

(;:.1)

(3.2)

( .• r,).:,;. ~~

(3.4:)

"
11 + 1-. < (~(~. + 1) + !.Ll)c( + ~ (°.6)

c1.nD. SL.liL,.rly for ~. Lneoual.Lt.Les (;:.5) Give rise to



----------~-'--

7

(11 + ~)o(-l - 2'---~- ~
1. ,.,

(;.... G)

(" '/;
L.. I I

lin
11 -? 00

= 1
J\+

and using (~).b) and (3.7) ve ,;ct

1+ ~, .
1',

Conversely let (2.2) :10lt~. Then. i)l"'occedinc; from (3.6) c.~ncl(~:. 7)

ue get

Hoi'! if tl!,Gl1

~
/>+4,'," -, c.:, + '1

"

NOIT usin~ ,
h ....i",- (2.9)< 1', IT, + '), < 11 + J.n

D.ne. because hVi- ,
e s t.J.blishing the t.heor-em,

(C.....) is not satisficd vnen all -the thrce p,r-ogr-cseLons l"'efcr to ~-:;~lCo

set of ~ositive integerE , i.e. = '.~.;;= o.
{~

ccns tcer t..ie ir
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theorems with the greatest integer function replaced by the

n~~arest integer function. Further it is also possible to S8e

on examfngng our proofs ';tha.t the theorems wonI t hold if o(,~

are replaced by 0(1 '~2'.... o(r3.rid consequently tr I ari th-

metical progressions. Twoirrationals give the best partition.
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