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FOREWaRD

*These notes are based on lectures given by the author to

the mathematics teachers of Hadras University in connection vrith

the prescribed syllabus for M.Sc. in respect of tensors and
~

relativity. The concepts involving vectors ~ tensors are comrnon

to three prescribed courses, vizo Modern A+gebra; Mechanics and

Relativi ty. The principal books r-ecommended by the University were

Fundamental Structures of Algebra by G.D.Hosto"r, J .H.Sampson,

J .P.Meyer., Differential Geometry by Stouik.; Introduction to Riemanian

Geometry and Tensor Calculus by C.E.Weatherburn, The0ry of Relativity

by A.S.Eddington, Bet •..reen Nostovl,et. al., and other books recommendedJ

there is a •..ride gap ip the approach to concep ts of vectors and tensors.
/' -,'In ths present notes an attempt has been made to bridge the gap,

since also the current literatures in physics requires increasing

awareness of more general stand-point as presented in Mostow eta ale

,It must be cmphasised that no attempt is made to develop the subject
'lJ.- ,

of tensor ana'LysLs l.Pgorously from a modern standpJoint. The abject

of these notes is merely to expose tho reader to the modern terminology

wrrich enables' one to have a clearer ~ more unified picture of the various
"concepts that arisc in the discussion. The r oader is recommended to'b--uW:INt<tz.. '

consult the following books for pursuing the subject of relativity·
l\

in t he spirit of the prescnt introduction to the subject.

LECT1JRESON GENERALRELATIVITY,Brandeis s.ummer Institute in

Theoretical Physics, ¥ol. ,1, 1964, A.Trautman, F.A.E.Pirani,
H.Bondi (Prentice Hall, New Jersey)

-, -----.------- ------~--
*The

the
and

---------------------
lectures were gLveri in May 1973 at t.wo centres: Matscience (to
Government College Teachers, under Inservice Training Programme)
Loyola College (Under the Collage Science Improvoment Programtle)

.,
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2. GR~VITATION(1973), C.W.Misner, K.S.Thorne, J.A.Wheeler
(W.H.Fr~eman, San Francisco)e

3. The Large Scale Structure of Space-time, S.W.Hawking and
G.F.n.srns , "Cambr Ldgc University Press (1973).

On the SUbjec~Jpec:i::t1 theory of relativity the following

references may be found uso rul.,

1. The theory of Relativity, by R.,K.Pn.thl'ia (Hindustan Pub-
.- lishing Corp•..• Delhi, 1963), par t.icu.Lar-y for historical

introduc tione

2. The Special Theory of Relativity by J.Ahn.roni (2nd Ed.,
Oxford, 1965).

The plan of these notes is as follows: First four

Chapters are devoted to introducing the concepts on vectors, matrices

and tensors. In Chapter V E'1J'ClideanSpacos are discussed. It is

useful to eI!1phasise that whereas in [l vector space all parallel

t r f th 1 th d . t 1-' 'd· t· f' d " .vec 0 s 0 o same engt an samo or i on ,l""lOnar-e l en l z.e In
I

a EUClidean space the basic notion is thnt of a vector together wilth

its startin6 point= Consoquent.Ly what. Has taken as a basis in a

vector space is :r:einterpreted as If'r ame vectors I and refer to a

coordinate frame. This interpretation becomes particularl~ Importarrt

when one introduces general ccord.i.rn tes in a Euclidean space or

when considers general
,

in this the frnme vectorsone more spaces, case ,

are actually 'vector fields'. The basis is now given by "0 JOx.t
(and the coordim. to differentials dxi in the dun.l space) in a

local coordinate systOI!1. This point is explained in sections (V.6,

VI.l,2) , and in Section VI.3 the general curved spaces involving

a linear connection nI'e discussed in .this spirit.. Ir.. section VI.6

the frame vector fields are errphas Lsed and Ri.cnanrrl.an spaces 3.I'C
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discussed from this viewpoint. Tho discussion insoctions V.9,10,

wh l ch is also app.Li cabl.e mutatis mutandis to t ho general Ricmllnnian

spaces, is strongly coordinate dependent and is in tho spirit of the

formulation given in Weatherburn. It is hoped that +ncso various

t.r ea tne rrts would enable the pos bgr adua te t.cachcr s to br-oaden their

outlook on the subj ect and thus furtro r their unders tanding of the

basic notions involved. Furthermore it should also help those who

are interested in pursuing research to undcr stand current literature

in modern theoretical physics and Hclativi ty. Tho last two cnap tc rs

on special and general relatiVity, QrG developed in the sarne spirit.

Equat Lo.ns in each chapter are nUlnberedaf'r-nash starting frorJ

1. Except in chapters V and VI, the chapter ITunber is not indicated

on the equations.

MiTSCIENCE
Madr a3",60 ° 020
Date: June 1975.

K.H.Marhvalla

,

,
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1. II< .
SomeDefini tiol1~.

. .• 1. . • ' • .,j. .•'" , .

1.1. Let S denote a. set of eLamerrb t X )Y» • - •• - J' Let e
denote a Binary operation for every pair X) 'I of the set S such

that x:e y is ~gain an element of the set S (closure property).

e is said to be the internal oper atd.on of the sat •.
1.2.; . DEFINITION. The set S together ui th tm internal operation

is called a Grouuoid•..
1.3. DEFINITION. A gr oupo.Ld vlith the following properties' is

called a group•.

(a) the .operation e is associative

4

(b) there ext.s ts a t neutral element' E such that for each

X in S' ) E ~.X-.:::X e E- ::::.X.. E is also called the

id~tity elem~nt.

(c) . To·e,very X in S ther,e corresponds an inverse ele-

ment(usually denoted) X-\ . in IS such·that

}(ex - \ - X:"' 1 (7 X ~. E-
I.4. DEFINITION. A group in vlh1ch the oper atnon e is such that

X & Y=- Y f7 ?!- for all pairs )('J Y in S is called' an

Mel"ian gro.•.u,;p. The operation e is said to be COlilInlltative;'it

is often denoted by+ , anG the neutral element by O.

I~5. Other rcl,:.ted notions th2.t we might have occasion to' use are

Subgroup (subset of a grot"'.']Do.tisfying group axioBs), representation

of a group, discrete and continuous groups. Weshall explain these

notions :1m the relevant context.



-2-
J.... ,.., • J 1vypo or lncerne. b Lnar y

( a)

6.cnotecl b;r S e \ & 2-

•• set 50,62.= S+ 0

is an L),0eli(:~n,~r01t), C'

is said to be a Ei~~Aif
e \) 9'1... '\:Till ~)e

DEFL.TI'IOH.

e18r:,~ent

the neu tr a.L eleElent of is exc l,ucle\". is a Group

vri t.h re sp e c t to 'i~he oije1',:tion

, \:~r:' any eLe.ae rrt s of 5 , then t.he

ing holds: LX t Y) 2:-::. X 1::.-T Y '2::

X CiTC) -:::X Y -T X c.
L'.nd

)

1.7. DEFH:I'I':;:O:'T. A field is s sLd to be commut.a..;~iVie if S. is

Well .movn e::ollP")lcs of comr.rut.at i.c ' fielc~s ~. ,ct.,

~
tlle f ielc~s of r ea.L and cOl~nlc;:c nunber s , An e::aD:)le of a non-.
COInLm'CC1.ti-refield is <'::10 fie1C. of' C:1..lal"ter-n'ons. 'I'he e1ei.ilents

- f\

of t~lese fields may iJe r~;·'we3entec. as LLne ar' combinations of

2 x 2 PC'.llli matr t ces , Thus

wher-e I Is 'the iclent1ty mat.r iz

~ ~ (~\ ~) ) Ui '- C~ -~' ) )

8 ""eneI'al fie'••• ;:J ,

:lnd

i."l::e Pauli lj1,.,-·L:.~ices. 'In 11~1D.tf'o l Lovs \[e').12.11 :..'cfer to real

and cou-sLex number o 2,S s co.l c.r s , Tile symbol o:

Hill be \< and f'or :.'(;,11 number-s R.. In t lrl s manne r <:L.'1

Y\-tupple of fields 'Jill be c1enotecl by R"rI lR"f\)Ol~ \\" l.'K'Y\

•



ns

'oup

follo
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II. VECTon SP:~C:2:_. __ :~.- . ..,7 .,." •••••.•••
, .

r

II.l. Lot us cons tdor a systcin cons Ls t.i nx of tyro sets tOf;ecJ.181"

;-r).' t·J.'·l+·ho· ).'i,,,,·'·er1"1·'1o·'o·(..·..,·!·; Ol'," "Y)e!, v J. V - '--"\0 1..1 •..•..••• -....• V"""- _\:) ' •••..••.• ).''1"0';" -'''' e 'c'·o» cr \~'l"'ons (c·r".';:'" ',;': 11 V _..,; ,.J ...L. •.•.•• LI "' ••• !.J\:.. .• ~• .L •••.•.•

such that

(a) \\';-. is a fiel0.l· 0 is the neu'tr a'l elm-dent in +

(b) Vi-
and 0 is i ts neut.r a'l e181i1en1~

(c) bhcre exLst.s an il1tel'set ol'el';:;.tion call~ sce.Lar- mul, ti,li-

'cation obeying tile fo11mn.nG rules

{(\1 ill
<A.j b ~K

01-.\ (~

XJY ~ V

ti)

Lt \)
(\ \\)

toc;ether \1ith ':Me set K and wi t.h,The sot

~~)ropeJ:'t:i.8Sis C;·~J.18cl <J. ve c 'cor soace or linec~r snace ovcr ' the
-":> -'7K I X) Y ar e cD.lle~ vec bor s and ().,.}b s cal.ar s ,

In ~,!h2.t t'o.lLojrs we s~1,~11Gel1e:~a.11yt alre K~ 'R.. •
~ -':>

11.2. Let U\.> \A 'l..) I. I. be eLemerrcs of V, t~lel!.they ar e 1:LneJ.X'1y

cle',')ondent if 'chol'e ext s t SC.3.l::tI'S o..\>ctl. --~ o..y not all zer o such

these

~/" ~
C\ \ \.:~I. ~~~ l\1- -t - - -- . (11.1)

•••
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If (1) is true cnl.y if all Q\t. ClJ.'e zero.. tbe "'1 U1J.-"1.'·- i4'r are

sa.id "'to.. be lil1GaTly independent.
DEFINITIOB.A vector s,ace V is said to be of dir.lension n if

there exts ts a maximal set 6f n line2.rly· indenendent vectors
~ ....•..• -+ ...." -el ,J e4 ).•- - - )e.l\ such that any vector X in V can "be tvri tten

as a linec.U' combination of these vectors {i;~ .-- - -je1\ '3W;th
coefficients in 'K ~

~ ,~
X = ~~ e~ (II.2)

,·mere, and in '.!hat f'o.lLovs ....·;e shall assume summation whenever there

is one upper and one Lower index re'~)eatecl (Eim -cein SUInID2.tion

convention) •
,.,

DEFINITION. A.n or<iereu pail: 'of h l.1Jl,eaJll.7 independent

vectors is c~lled a basis of the vector syace and the.n-tupple of

scalars as in e qn, (2) D.re called-.X
the coordinates or com--,

in tl-s basis Ie.~1 .
II.3. In·the above, by choosing a basis in VI.'t\. '~have re-

presentec1 an ~tr-oitrury vector in V'Y\ 'in terms of n-tu~)les of
I

scalars. Since vectors are eLemerrta of V'Y\. and scoJ.a.rs eletl611t$

one expresses this by saying that one has mapped from V't

ponents of the vector

of K
to \\." • If we denoted this map by T, then

(II.3)

(II.4)

(1:1:.5)
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,i. e. that nreserves vector.. ,

oper atzlons • Thus v\ .ji \ boll,we:J lilw a vector space of, dLmensf.on n

and. is said to be 1~}'>lP.qE.P.lltC.to V~. (In fact 0.11 vector Spt1COS. . .

of the s ame d i.mens Lori are 1so1':lOr:)h1c to er.ch other).

I I. 4. 1tlC' ha.veaon$ id(;::,~;c1:~he llneB.l" man T from V'Y\. to Kn (I ,

J ". \ r "'\. \ '"irle nOH cons iucr a Li.ne :.'~l1EL'-, frc:n \ ' "GO '.
. .~

f L0\ /: .Jcb 7' ) .> o; ~ l X-'» -\- b ~-( .y)
-'» . ~ \

wher-e f( X ) {' ( Y)a2':8 elements 0:( \f, a:.·Jd i() Y

defined by

any bro elements

of V fY\. (I f is cC::.ll-~cla Li.ne ar .form ,OI' linear function (or 011e-

f'orrn) on V'I\ •. 'The sot 0::: all lino.-E' forms {t) ~)~- ~-J from Vm
to \\ ,ui +h the f'o'l Lowi.ng pl"oper·ciE. S

~ -~ -~l ~. ~ ~ ), L X~' ) :: f (.1\) ·~c \, l ~<)

l o, f )C~,) ~. 0' ~ (,;''1) ,

+ ~") , . -'!> " • t. ex::: o -(.(;r ,. \.t \", \'\ '\ . \.r (' h"fl" lv.":) f -:::..0 (I 1.1). .' i\' ..' '~)',

Clearly f'orrns a v ocbo r space of I:::':.lilension n .. It is c,alled the
~

d r V ".l'j,f- Dua'L space 0:. "'/\ and is. d eno tcd by '\j r~ • If \.....d is a bas is in

,V"r\, than a Li.ne ar f,~r111is com~!~.et81y l~et8rminec1 by n" scalars

..C. ct.-&-, r -~-'j
\ ~ - ~ -r le :.i'/ I (I1.8)

Conv8i....seiy, 2. set of SCD Lar s unl que Ly determines a lineal" form

on \."IV\ in ,J. rdven basis of \, f'J .t' ~ V ~\ '
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Let us define n linear forms eR as follows,

k -~ l<.eleO~6~::.St
k ' l.

The symbol 8 .:'. is called the Kronecker o-symbol. For anyr ' d -') . . .......,
...,..in V-; and X:: X ~ e~ in Vtyt. ,It follows from

(tI. 5) "and (II. 9) tha t..
e1 ()( ) -=- x 1.,

-t (1)r= X~ f ~-::..~~e. ~ cst)
Since this is true for any )(> it further follows that

( I1•.9)

( 11.10).

,
L --.s, e '0 . I (11.11)

I - 1 () )

the SCalars. ~ ~ ~~ are said to be the compon;nts of f in the

basis .{..::,.f!... c1 ~ of: V ~~. • The basis ie.~.j is the dual basis

of ~ e. ~1 · '-:i

II.f;). Let ~_e.~ .T ) ~e:.I \. be two basis in V . These
- J J I -C ~ IV\..

must be linearly relatE-d.

-"'e - ",R~i' - I\~l L'R. (1I.12)

For.reasors of consistancy "ilB must have
~

~ ~ ~ ~Ie: .Q)
~I R -=- 0'd I

~ 'R ~ I ~ Q.' \"Yn ==- S 'R 'YY\.

f . I
I X~.1X?J

,
then one must have

( II.13)

are the components of • X ~ in the two basis t

(I1.14)
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On substitution from (II.l~) ~d (II.13) we find that
•. I '.

X \~-::. 1\';) ~ X R )

et)e.Q.1

in V'Y\.. Consider

ell

. ,
. '" J'01 f\ ,

in \ f * conr cs aond LngYtV\. -

( 11.15)

-") -4

to e.~Jel.'Let be the bas is

( 11.16)

(11.17)

( rL1J)

so t.ha't v the comnone rrts of a one-form transform under the chan ge of
b~ -

~acCOrding to the formula

f!( -- ~'R t\~"~1 ( II.19)

11.6. We have found that V and v* have same dimension and

are therefore isomorphic. But this does not mean thC:tt one can jV.st

abolish V*. The trouble can be traced to equation (II. 9A whf.ch
. ~ ~ ..

shows that the basis e and e.'K. t.r ansf'or-m in an inverse fa.shion
,

so that the tvlO can not be identified except in 0. spec Lal, choice of

basis (canonical basis). On the other 118.l1d011.8 can 3hO"\;[ th,-t.t V**,

the vector SPo.cc ?f line3.r forms on V* Cd.nbe put into correSDOl1-
. .

d.ence with V independent of the choice of a par t tcur ar basis ohos en,

Thus there is a n.atur~~L.~he..9..ll..C?..rJ)hi~'[ilbetween V and V**, and. the two

may be t.aken as identical.



-8-

III. MATRICES AND DErERJ'.IINANTS
/'

+rrr .1 In ( 1I.5) ;e have considered tran ormations from one

basis to the other in terms of n 2. to the

notat ion used there we deno-ted both transforma.tions for
~ ~ -":> ~e1\-> ei I and eO! ~ £6 b the ,same Kernel letter 1.

The difference between the natur of two tru~~formations was

indicated in terms of the P">/e' of primed and unpr i.med indices.
I /

An alternate notation is "J use 'different kernel letters and if

the use of primes is neo.ksar·! then put these on kernel l~tters'I .

and not on the .indict. Instead of putting primes on kernel

letters and could al ')~ ,::.:.:"9 different kernel letters. Thus the
/

equations (15),(Fu/and' (13) of section II may be rewritten as
I ,.. ",

X k ~13R i x' 1

f I~ ";::f ,< gR. ~ ) + R-:::.f I~ A.e. R..

't\.~ Xfo -:: c Q B'\\\ t\R -:: ("'" :
I~ »:» 'R 0 'R., 'R. ~, c Q..

I

One can alrange the n1. s caLar e A~'R. in a square array call-ed

a tlsqu~mat,rixlI

A~kf i1<.- r\ \ p:' ~ _ .. - _ ~ ~ '1

( 1)

(2)

'1\Y\ \ f\'Y\ 1. • -, - )\ 'Y1 1'\

.
and simila:.:'ly for 15~ 'F..' The le tte rs ~ > f) k are calle d

indices of the matrix, labelling its com00nents (which are scala~s)

(4)



d

:;,s)

..

in a given basis. 'rhe matr ix i tse If aay just be written as A or

B.. The matrix cooponents in (3) then correspond to the

unit oatrix denoted by I:

i

..•...-

'i ( 5)

The equations (3) then collectively read

AB = BA = I (6 )

I f'o I Lows that B is a matrix inverse to the nat.r i.x A and one writes

B = A-1. One may verify that the arrays thus introduced are

required to satisfy the f oLl.ow i ng rules of adm t i on _:apdmlflti-

plication for any

a) \ C -:::.~ -\:-\2 - D +- t\: c. c.Q.. - ~t . -'-f" ~ . (7)r"'. U 1\ " . 11 - I, ~ T v '0
. ,

b) \\ USe..):. (t\ 8) c : ~~~l B:) ~_ C.N\ R) ~ lt\t i \3'} /l'Y\) C'M k(8)

c ) ~ ~B-\-c) -=:: t\\3 -t ~C ; l B+ cj t\ =- "8 ~ -t c. '1\ ( 9)

The null matrix,with all elements zero may be defined as the

neutral !0~snt with respect to addition of oatrices. It is c182r
however that (3;iven an arbi tJ~al'y na tr ix ],,-1 there docs not neces::-33.rily

exist a matrix inverse to it. In t~is important respect the set

of all matrices differs from a field, and such a system ~s called

a Ring.
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11I.2 : One can also· introduce rectangular matrices by considering

a map~i g between two vector space,s of different dimensions but

defined vel' the eamo field,. These hav e the forn

\ ' \
c.lC"L
cz..

\ ( 10)

'm
C\

"rv\x."y\.. matrix (Q.~\-'- 'm) O(-:.)~- .. 'Yl)"
/

which either r or Y1 is

. \ V'Y\ 't ri d r t .1.S a r-: I \ row ma r-i x a '-, lS a

such an arry is q.alle d
i

Of particular in~er st are matrices in
i : \

equal to 1. Thus ~ ~
\

colomnma trix .'1'Y'tX\ .tx ~J- {XJ
i

1\ X, .and \ X 11

For instance the n-tx.:i.,pple of scalars

and { t~J -= LfJ
matrices

are respectively.

,

(11 )

This notation is consistent with the:; rules for nat r i x multi-

plication,and the t rane r orm- t i.ons (1) and. (2) now read

txtl-= )\~X~

[-t'J - [fJ 1\-\

---_.-

lX ~ -; t\- I t _X I}

If]:: [flJ ~ ( 12)
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Also we see that

(13)

I t fur ther follows "c118.t t!} e "pro duot 11 of (co Lornn matrix) xJrorv,.
matrix) is a r e ct angu Lar matrix. Thus -e ~;<~tth8 square ua t r i.x

"r ,j -:--::--1
X' {\ 12. - -' -+'It
Xl. \ ]

\f)( 11

111.3= Since the; ba s in oj V"v\ and ?t' Datisfy
V'Y\

\~

e~ le~ ) - Sf< .
d )

it is easy to see t.h at ::.t is pos ri bLe to choose the ba Sh1 3Uch
-7 .

that e Rare co Lorm vo ct or s 311d -e a r ow vector's in
.
conformity with the rules for the muLt i.p Li c.rt i.on of row and colornn

"
ID2trices. The si~plest.form of such a reprosent2tion of the basis

vectors is called canonic2l and is ~iven by

.,.
i' ~d\l. ~\C\ct..

~' i:=-k
,;)

( 15)

whe r e
I

j Lnd i ca't es the c onponen t of' the coLomn <NYtd -y~. vectors.
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According to this s chene , we introduce the following notation

/ \ G~ 'D Co I • t I<.....1 -==- ~ '( CA f :::L;... < 0 ) ~ 0:: I -\ I - - - ~ ~'1\.)

~ )
".?~\R>~S/) ~

\~»(\t.\ - °0 --- .~ --

- - . orthogonalit y

_t) --0
o 0

" "", .. ~,.
(3 - - \lJ. _.~

0,, - - -. . - - - - 01.0 . - .0 ~ \x -\h .•DW .
o -.- .- - -.. ;, __ D

It ~-\~ c (, \.u"'r'V\ 'f\

,

~ \'R>~~ \ -==- l

>fC->t)~<f'\X;::'-= fexa
l X > <-1 I-=- ·-X\ ~ \ -- - -.

closure

\ rX 1'11

( 15A)

( 16A)

( 16E)

(16C)

J

( 16D)

( 16E)

(16F)



)

D)

E)

;G) .

-l::r

It is further clear that if o: ~ are conpone rrt s of a matrix
( )

a, then the ~ttrix itself is given by

(17)

Thus (16D) furnishes the canon i.ca L basis f or the matrix r i ng .

III.4~ We have seen that an arbitrary 'Y\ Xl\. matrix involves

1\1- e ca Lar s , and in tlJe C~~nonic I basi s one (an w r i te a mat r ix

in the form (17) 0 r:chou:~~lthe canon i.caL basi s (~p)G8.rs r at her

natural, be cnu se of its :-'i(;1'11.:1s i ngu Lar na tur e it is never e]oli-

ci tly us Ad 0 One '·18.,~T ask do there 'exis t any oth 81' ba s.i s t1w t 3.r8

, 2.1n
When the dimension of S':['cce is Yl -=, e ('YY\.:!::integernot s ingl'llor .

~ 1) there exist )'\l.. el eraen t.s of "clifford. nlt~ebral1 ~n 8.l~e:..~2

is a vector SPCl,CP in whi.cl: a multiplication is defined vri t h tho

propertie s (X +\j) ~ -:: >( '& + ~ ~ ) X (\\ + ~) -:::... X ~ -+- X 1s . )
IV

O. ( ",\1):: (C\. X) \') .:::. X (C\ 'cj) . For an associ2~ algebra

l X\)') '6 :::.X(~'1 ) -:::.X \j "6l 0 \\ihich can be used as a basis.,
,~ L

The y\ '2-. elements of t ho c',lgebra are det ermi nod in term~ of (. n)

mat.r i.c es '0~ (t-A ,"::" \ '; 2 - - - '2..fYl'l )wllicll satisfy

(1.8 )

Actually (2m+1) rnat r i c cs aa t i s Ey t:lis r oLi t.i on . The Pauli matrices

mentioned elsewhere nr e pa.r t i ouI ar case of.' .he o.lgebra for m = 1.

For an ~rbitrnry (finite) di8ension there is a theorem of
tlJ

Al1adi Ramakr Ls iman ~ccordin!': ",'li.C: orie vc an exp an d an ."rbi t r ary
'/\
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where rX. -) ~

(19)

are el enent.s of R and matrices B,C arise 3S

r epr eeen t.et i ons of nth roots' of unity. In particular one can t8.ke

\

(20)

)

o1.0
whe r o W = exp{'L\'\L )"Y\_) )",'-::: ~-\18*1.C'\1. Since also

in the algebra of these matrices

independant elements. The Alladi ba s i.s

is ap par-ent Lv the only nona i nguL' r r:1Fitrix l')r~sL~valid for any

JII~~ In equations (16-17) we have seen how one maywr-i t.e a Qatrix

in a given basis. Dut in u;encral it is not ne ceacar y to worry
I O~ . ~
\ about the basi4 as we are denling with ~ (or cior~ ~cner211Yl~ )

Be = to C Bit f 0 11O'il C

there are cxa ct Ly 1"\2..

dLnens i.cna Li ty ..

and entries in the matrix components is what Dat~ers. But if we
change the basis ~ A. \ ~) -:: \ ~ I,> then an <irbit~.·ary mat r-i,x

Iv1 aLso undergoes a Li.noar tr::msformr:,tion~

-1N' = A M A (21)

and is called a similarity transformntion. The matrices M and H'
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are said to be e i.rm Lar . We now mention some important properties

of matrices t.ha t ar c "u ncha D!,~cdunder A..Similnri ty 't r ans I'orma tions .

(a) Let A be a ua t r ix trc:nsfOrt1b i; ion in V "I\. • Fer every s:
in V''V\) A X-:: Y is in V t'V\ • The trf~tFJ~)03e d ma trix, denote d AT,

is defined by

(f~T )x) (22)

T. It is easy to verify t hrt A is r eLa .od to A with its rows arid

colomns interchan~ed. If A = AT, it is called asy6~etri~ ~atrix

and if A = - AT it is called a ske -syo~etric mntrix; these

properties ar o unc han.te d under simil8.ritj trnnsform~tions.

(b) An important class of mrrt r ix equn t i one is the e l genva Lue

e~uation for a eymmet r i c na t r ix

( 23)

In y\ .cne ra L n s o Lut Lori a nddimensions there arc in :.lre

callee th2 eigenv~lues. Henc~ the is asociatcd with n si~ul-

t.ane ous equations (23) the 1\i.\1 \)s _degree equation in 1\ ~,

(24)

The ~~ich a~c functions, bS 2.1S0 Ute

are cbar-a ct er i s t rc oi t1J.E~ mr.t r i.x emu ,..•.re unchrnje d 'under

a similarity transform.!tion. In fact there al~ays exists ~

eicn.Lr-r-itv tronsform;~tion tlyl~ c..n dia{~on8,lize n. aymmet.r i c mat r ix s
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•

A little reflcct~on shows
r,

\
t na t the ?PGfficient~\ 'c(''R earl be .de-s-

. .;"

(25)

cribed c orm Let eLy in terms of two types of Lnv ar-i.an t f unc t i.ons on
I

nnt r i.ces called ~:r;'ce or Jpur (Tr. or Sp.) I and

{
)

de t ertri nan t
/II

("

(dot ~or \\ . \\ ) . 'I'hus

}
= sun of the di8.{~onal o Ler.s rrts of fIT

-::.\Y \\1\
"t\

AI z: J\ Ai. = product of diagonal eLcncrrt s of
\'\\ L:.\

(26)

= Det lM ) (27)

I
Similarly other rX./) are determined in terns of "Traceft and

det e.rrnLnant 01 power s of M. In -general the dl~terminan t of a
/,

IDo.trix ~ny bo Gxpressod os

-.... - -

where the generalized Kr one cker- G is defined as

s'M\--- 'YY\" _.

l\ - - - ~'R. -

~S~

+\i,t t'tt'\_ - .. "YV\l?. is an even perrru t at i.on of
.' , Q. ,~ t)... .'.,. ~ ~ ~ "VI. .

-\ )t '\'v\\~ - - "M. ~ Wv'-

. .. 2..,is odd pe rmut at Lou of.., "-
l\*~2...·--~~~/

o in all other C~3es

I
I.,
l

(28 )

(29 )

E£ __
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The equat Lon of the type (24) for· an arbitrary matrix A (whet ner

(30)

the right, and I is the unit matrix.

From this definition of the de t errm nant one con easily deduce

tho vc;rious familiar pr oper t i.ee of 0. deternin~mt ,but we shall not

do t.ha t. An iL1:iortant pr opor ty to note is t.h at determinant of a

product of several ma t r-i cos 1:3 ecua L to the product of their

dr.t.e rmi.narrt s . The operution of to.lcing a de t onm nant is not line' r 9

thus if c is a sc 181'7 dct (cA) = c.."1\(dot A) for the,dimenoion

'r'\ It fo L'l ows that de .e rrm nnn't of a s ke-v synrae t r t c ma tr i x

ir, oc3.(! d imens i ona v:~,ni;:-lr:€G 'i.d cnt Lc r.Ll.y , Sine G the t rr ce of a she'd

svrane tr t.c met.r i.: v: rush cs fur ::'._~_l di··lons ions , it follows f r om

equa t i on (50) that one root of /'. for a skew s ymnet r i.c r18.~rix
'vv\

in odc3 di.uensn ons is zor o , Det cr ni n..m't of a syr:motric 88 t r i.xI\.cven

di.me ns ions i:::> nos i, ti VC E3Cr::li...,defi nit e >
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We define tho cof(~ctiJr of p: deterninunt 8.$.,_ ,
"

, ' , i

i·

~ V'../',

~ K..'Y\' ,': ,," r"':
,t'Y\ J (31)

. , ~ ,".

I ;: " • '~_ ••••• _ ., • J. ••••
i

,'; .

(32)

From this'it

I\~\ "t\

.;
, ,', '"

''-',1\.1' ,,: .>x (:'
is ensy to see- 't~1Eit the cr.:f,)ctor,(X '\". oftl~l(~el)(1ent

• . K. \

is (-1 )1-1- 'do tines the dcterninont of -the r:J.8 trix H

v.he n its jth rOVl& ita. -eoLom n arc deleted,
'.

If we dcfi ne,

,
(33)

c\ e-\ l\
«: is inverse of matrix J\..We see' that the mntrix

(34)

It is also clenr that

Let the cLenarrt a 01 ;) nrt r i x n be differontiable functions t>~ <i..,

1'):::.'~~r~,r:lC;tE~rt, '1hcn ue i.n.: the above d.efinitions for dctf\, , and 0\ l i

o~Q'\\

.1)-t

\ Q.\---Q'"'t\

',(,- L b"l\ - - '1.."
(35 )



)
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(37)

,
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IV TENSORS:

I. Let'V VI be vector spaces and V x IV their cartesian product.

Def , A f'unct i on F : V x Vf -?> R ,is bilinear if .
"

F: tex {' -'r't7/u) '=- cq: eX)"J) -\-'hr: L~ )ll)
;:>~ ....,~

\= 'ex) Q\\ -t b~) -=- (A F (X) \A) -t ~ F ex) V)
, ,\

,: .. -,~, -"':>. ->
for all a,b in R, x)y in V and U} \T in W.

(,1 )

The set of all bi Li ne-ir f'unc t l ons F on V X ':,OJ can be given the

structure of a vector ':pacc by the :)l'OCl='dllreus ed earlier for

Lanea'r forms on D vector GI)Fce. Let e:1.? -£0( b~ the bas i.s in

V,W; Then , '
-...,-')) 1~c( ~ )"F- ( X ) U z: F-l X . e~,u 'Xo/"

~ -~' '~, .-=-~(eL.) '-:tea<) xu
NOYl 'f; l::. e\( X.'" ) ~ l\.X ~ :r X L u-'t ) wher-e

tb b . . v* T, ~ If .t.e as i s In ,\i "-. we r ewr i. e

(2)

'} C(e )"I are

\ c( \ D<) I-~ ~JX i II ~ -= e1 ( X» I lLA~) -- (e 'L ® I l X JUt

'1 &'(e®Ithen WE: see that the Luuc t Lons are linear on {x, )

(i. e. linear in each f r ot or ) an d are Li nenr Ly independ nt 1 since

o implies thrrt

_L . i' f3 -') -'")
\~~~- {\)~ e ® I le ~~To() -=- 0

"'4 for all coupLes of
indices (1J oc) .
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T~e ayrnbo L (jj is re ad t~nsor product and -':,he vector sp:;ce of

r.:biline r functions on V x W is c. lled the tensor product V~)

of V * and .\/<. The dimension of V* (g) V! ~ is the product o f

t he d irne ns ions of V1f and. VI -1f; i"Cs eLeue n to are of the form

(4)

and are c LLe d tr~Jice c ov ar i ont t.e nno rn ; ~ic( are the compone rrts of

F ·in the basis e l (8) Te(

** *'*S inc e .V IW may be ident ified wi, t}l V ,W one C'1n in t1.1e Si'.me

IT ® yT w i t h eLement.s of t1~e form r::: 'F'1 0( e: g) ~ .
Siailarly one can construct SJ3CeS 01 oncie covprinnt and once

~
F.\ 0( e I{ ® I.O(can -L~avo r i r rrt tensors ~ V*®

and V ® W* of tensors F'1!>(

W of tensors
~ 1\1ei(gjT"'.

One can generalize the notion to consider tensor 9roduct of

of several vector ':po.ces ns it is associative

(l() X) J -=- [~@ A l:tJ U»] ®f (X~)

(L® ~©f) (?) ~JX)
(5)

by the defining'" e o ua t Lon ,

In what fo l l owe 'e s1':'811 confine ourselves to tensor products

of 2 vector spuce with itself or with its dual. The elements of

t he repe';ted ten.-wr p.r ocuc t sp ac e ® ~ V €J C @e V ~) are

cr.I Led mixed tensors of valence l \-:;:}t) and r rnk ~ + t and



have the form

(6)

It ~s cle r that there can be several!~B.·; o'r spaces
~~\.I,!

rank and even oi
A

SGrle vrLen ce : they ar e isomorphic

of the sane
S~

in the ~ of

hav in-, the s ane di.o ens ion; hovev er there is no na tur a'l is omorplri.sn

between them in the Dense t.h ct there is no b:.tsis· independent one
•

toone c rre~:~-:)onc:i.nce be tween the ir elements in ge ne r aL. (In the
c....~

p art i.cuLar ", of a"Rie::lannian Sj)0.ceil t he netur a l iSOr:Jor~)r,liam

d08sexis t) .

IV.2: Take any F in V 0(\ V; The n
~-)

(7)

In the new basis
, . I . I

p'-:: fl ~
(8)

-"') ~
0.n substituting for e· / ) e"d / \'Je find

'l
. I .! ' , , I

~ 1'"-1\~'O
I

~f t '0 I\L t "'Y'v'\... (9)

This is the usual definition of a contrav~ri~nt tensor of second

rank in terms 01 i~s conponents. Similarly the components ofa

covariant tensor of second r~nk transform as

i
i

(10)
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t,

'\~~., 1
So the Krone ckor' ~':~n;b-()l\s '~: nixed tensor of the se cond rank.

"

( 11 )

(12)

on the

j (13 )

We note tha t ria t r Lces of 'linez::.r n.ip s V --? Vi ar e mixed tr~n'30r8

of V';" @' w. Thus's'qUGr~'\t4';~t,£iCCSgive c omponun t s of the e Lcneu ts

of V* IX'; V. If, 'M'i~ /~ squa;'e ma t r Lx .ic t ing on V, then the map~\!.Y . ' ~
II, X'' ,,is ;;;e value, 6the t:~sor M -:::M~ ~ e" Q0 ej
vector X Ln V •. \ .,1,',-

•• I I -({ 1 •

'\ -, :l \ \' .

-? ' ' " . ."" ,.\~\ \_? i ','. .' '-..., ---":>M x -:. 1'\.'d e1..!?~tn11(C,:)~ 1'\ -I a e 'Iex} e <i

(;.~'.,. L M . 1X\1~'.2;i' .
'.,' , .' "'\:' i \' -'l,J" ~' ' ,
and is clearly an el~me¥\~:~·~l.y .

\ \\", \ ".'

.of an e,l:ement. M of v*C§) 'Ai¥ By the element
':'. i\' ~ \

.cl)ntrdction of 1,1 ~2L--,-_; or in ot·del texts inner product of 1d

,
~e call this map th2 contraction

~
X Of V (or just

, "

It is' cLear t.ha t t he, Krone clce.r vtenao r ,c. '0, DI.. gi Yes the

ide,~tity map [; of V into itsolf. ~he cont~2ction of G mixed
> '

tensor T of valenc:? (p,'-1;) with b is a tensor of valence.

(p-1 ,'~-1) and is r-eI'cr r e d to as lithe contruct i on ot.T". For a en xed

\
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\~\61-
, .

t"') \k\h \<,

we l.·1avecontractionstensor

\ ~\~~,.~'t ')I
"d ~ ,

wb i ch shows tha 1; c ont r a ct ion lS pr es cri be d wi, ih respect to a

(14 )

of upper an d Lower i nd i.ce s . Contraction of an ar bi t r ar J tens or by

another tansor. cen.:, .. be similarly eflect8d if there are suitable
\~

ThiSf- type of cont rac t ion i3pairs of upper and lower indices.

r-ef'er r cd in order t.ext e 23 Lnncr product of t",o tensors ~

The co nt.ro.c ti ou .of a, mat n i.x M -i ~ is ita trace M~.'l;
by the definition of cout rn ct ion, it is a real number independent

of the basis in v. , ,

'~A t \',.~.Q ~'- ,',
SUPPOf38 we have an objoc t \-, . ''''"",,; 1'vV'o' of unknown

.. "':'t - -. - "'I ~

ohar ac t cr u ndcr tr:w:,' f'o rnrt i on ·of '::;l'lp bas i o ; but C;iven ~),oovcr i arrt

\r- ' /~ /\i'TJctor Ve (con-:;r:~rr~3.riFtJ.t'T!,:r;tor).r ..) the 2Ct nf quarrt tt i ea
Q ' I

lS"'(l M~\...- ~ " It} I'{\ ( \y\ Q \ . ". ~k/ ''''''''',' ' ) tr ane fo-rm 8G C0I'!1'70n'ent-s
x \ '\IV, \ -' . ')'v\ \.... --p'\ I . - •• , 10

~ ;! [) • -: '

of ~) t8l1S0r of v..Lenc c L\<-\ )'J) C.~1 i(}'-'".l)J then it w9u1d f'ol.'Low

£rO[1 the tl'8.nsfor-m-ation -char ac :~er of '1;11(: vo ct or the,t \~ Q., --~ t ~ . .
, ' . , ' 'rt11-- --l'a .

is [\ tensor of vrLenc e (\() 'b) (Quotient Lan) d
IV.3: If vie have a c ovur i an t (contravariant) t.e nso r of' se oond rank,

we see t.na t under the t iancformc t Lon: of' baoi c aac h Lndex t.r-anaforms
I

Hence aymmot.r-y -or arrt i syciue t ry '·lith.resD'- ct tb in1ier-
I U •

linearly.

chance of indices is a property tha~ is indcpo dent of th~ blS1J.



s

so

.
~.

d
.nk ,

7

\"\

\

~,

F i~-'\ .v \ ~ --\-f~U + ~ (r \~- Fi L )

-: ~~1 + 'F1\~' J, V
one' can express the tensor cor r-e s pond Ln.t to t}Jr~comucnent s f., M

Q..'YY\ . ',' , .' \~
l c " F. e'lfvl e ~- rr , \ 16v\ e~ V
2.. \ (.) 1, 'd t'YY\ V - \ 1 'A e. .~'

. ~t V ' .::::.F\~ e.1 @ e~./ (16)

wher e the symbol ® is read as 'ledge product or exterior p r oduct

( 1 5)

F, ..v

of ve cco r spa cee and

\
s',-=. c\~t SQ. ~

is called the generalized kronecker ()

b'''\ I
S'N\ ti j

t e ns 0 r 01: r 3.nk 4;

(17)

its.
c1 . 0

Q 'd 1
tens or character f o,: ;"';; tom the tens or ohar act er of

In a 'space of n-dir.lensions one C8.n de.f i.ne eevcr al gencrc,lized

tensors of rank

I

Each of these can be cxpr eaa od ill t erms of '~hc: kr oncckc r '5 synbo i

as a deteiminant:

(18 )- _. _. --- - -

'I
1
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The tensor chnr aot cr of ,~cncr, Li.zcd S is also obvious. '

""-. Given an ar bi t.c ar y cova r i.ant (cont'avarinnt) tensor one can

decompose it into t.ons or n cf different syn[.1ctrytype by taking

I '

suitable linc~r conbin2tions a~ ~e did for a Ac~ond ·rank tonsor.

For an 1l1th rank covar ia nt tensor, t1H': conpLct ely ant i eymmet.r i c
"

part is given by "~hBf'o.rrnu In 'ihich !';en<-,r;iliz~ (~6):

( 19 )

The aquur e bracket d~..:note'3th.8t it id ant t syrcue t r Lc with r es po ct

to the interchDn~e 01 nny t~o indices. ~he vector space of anti-

symmetric tensors i~l an important 3UUB,)clCO of tensor space. To
, .

f ur th er clarify it i nthe spirit of goneralizing; (16), we can

write the tensor as
.•

whel'fe .

( 21)

(22)
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Thus the eubsp acc V ~ is d(;terrnined completely (within a scu Irrr

factor) by an m-vector or a (rn-n) form and converaely. In fact

the number of ccmpcne nt s of n m-vector is aanc as tho.t of an (m-.n)

f o.rm. Since

(~)
'1\ \ '

&

. (23)'1\'1 \ l1'\ -m) \
. ..

Geometrically m;~dincllsional aur f'» ces in an n-dime nsional spn ce

cor r os uond to th(~ coruponant o of an m-vector.

,
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v. MclideJ.n and Pseuclo-E"Llc:Lic~..:l~1....SI)Q.ce~._,

V.I. Let V be a vector space , we can define 0, scalar

pr oduc t (do t ~n>oduc t) in V 3. S 0.. E1o..OJ »Lng of V:;:: V

the f'o.l.Lowi ng ':)r;:,.Jerties

--..::>~K \Vi th

~ -':> -') '-'") -,., - .' .:.;,......,.,

X'lO-~--\-b) )=ClK~o -\-bx·~
~ ~ -7-? ~~

F:C':lli! these al so :fo~lo1:lSCo.. . X-t 6'(j) . S z: C\ )\ ,1' + b \3',1;
~ --,>" .....:.,

He note ~)J.~"'en:thatic-ally thld; if X \ d:' -:-.0: for 3.11 ~

(V.l)

in V

iH;)lies that X-=--O ,then the scalar product is called non-

d egcner at.e , As lIe shal.L see this is al ways so for Zuclidean spaces.

For Pseudo-Euclidean spaces t.hc de gener at.e .cas e arises.
_, c"'-

e~
-") ---':>

q. e.' e e '
d\-'?, l 'J' • -7

~ L\ 1?'Com ider the change in basis e QJ ::: 'lQ./ L1

~t I'm.' -= f\ t ~ 1\ "rn ,R ~,,; ~ ;

~ ~.~ ar e components of a co-

var Lant tensor of the second rank (compar-e e qn, IV.10) :

Let be I' bas La in V, define the set of scal~rs

(V.2)

then,
(V.3)

this s hovs that the set of sCD.1G.rs

(V.4)

!tle shall nov ,S:101,;1 th8.t using this tensor one can est2..!)lish a nat.ur al,

Lsomor-ohf.sm be twecn V and V* in the sense t ha t for every element of

v (or one of its tensor product sp ace s) there is an exact element in

v* (or its tensor product space) and vice-versa. For this reason

~ \~ is called the 1..1&!.d0:I!l~_~ltcg~t.~lls()1:.the tensor



-2&-

H.ec::.ll thnt if F :ls em eLenorrt of Y ® V and f an ole-

merrt of V * , +hcn the ma»
. -=-"fc F) -= ( { R ~ R t ) f.t (V.5)

defines 8. urri que element of IT. ' Similarly one may cons Lder-: the map

__ v~> Vf-;

V then clearly

Let us 'denote the components: of
is an element of V*".

"
lA.in the oasis e' by

t11an

Let

\\'- C\ 'lid-
\1\ 1 - d 1'"<) \A II

(V.6)
)

be components of the matrix i,1hic~1is inverse of the

matr tx 1Jith counonerrts ~ \ ~ , then

.~ Lq " A q~ _ C,·f\..
('j ) 1 c - OL • (V.7(

is obviousFrom (V. 7) the tensor char ac t.er of the comnonents,
If lJ -;. '\). e'1.. is an eLenerrt of

1-
ment of V is given by

--l>;>; .• • -;

\.r -::.( ~\~\)~ ) e 1)"
In this manner %

\j-t"' bhen the corresponding e1e- .

,
(V.8)

can be used to clefine a llillig'~'1,l isol'!!.ornhisl;l
0-

betwse n tensor spaces of the s,kmc c:imension •. VIe noce that if €'i .
. --,

denotes the linear form corresy:mdine to e1 in V and if 'de ci.e-

by
-~ ~e.t· e6

.> e1-; ~ii
(V.9)
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is called the contravariant

V.2. n dimensional (Pseudo) Euclidean space it
-"'>

Given an
\

is al "rays pes s Lb'l.e to choose a basts ei such that:

~i~8
i~~·~

,Lrr'\ ~,1':' -:::--h is CD-lIce:.the S ignD.ture of V'V\.! (9f the total

"Inumber n of t.he c~m;!or:.ents- '111..J *- l/~T0are + , and ~ t'Y'l-~.J
are' ..•1. If \ l> \ -_. f)'\' ~ the ba~is :'i5 .91.:lliqnQ!..m.§.1 a~(f VIe.: get tl~e

ord Lnar y Euc Lf.dean s:;o.ce. If \.A \< 'Y\., , the space is c~i.~I~d'

ps eudo-Euc.l idoan of s Lgnat.ur e ~. The space in Newt.onf.an mechanics

!, -" J,.,o

is Euclidean and s·'JC'.ce-time of sDG,cial relativ~ty. is pseudo-Eucli-
':.

deo.ri of siGnature + 2.
i. -

"'.: ! ..

V.3. ;\:' sfriiple bas Ls in Euclidean space may be chosen as

.;.' -', - C»~.~) 0':' - - ~ D).
-)-\1 1\\ . ,,-- -""_

Il'·'the

(V. 11)

This basis is c211ed t~e carionicaL ~asis.

Euclidean then in t.hi.s: basis the distinction betvleen V and y*
complet~ly dLsappe ar s •. For every vector X," in a Euclidean space ,

the- norm of, the vector i"s. defined as an element of R.,'
(V.12),-"..

The notion of, inner pr cduct can be. ec~siJs defined" by means of the

fortnula
. '. ,1,'-

lX -t~\"-~, \ X \'2--+ \ lQ \ '2..~ 2 ( >\J ~) (V.13)
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It f ol.Lovs from the Schvar z ine quali ty, L'>C ~ ) "1-- ~ \ X \ z, \ ~ \ ";- tha-

'\-\- \ ~<: (V.14)-\~
and is a measure of the angle be tween tHO vectors and •

If :we put ~ e- -= l X ) d) / I ~) t Xl, then
, ~ ,

,." : ',' , L~J e1)::= X~ = \ x:\ ~~i} (V.15)
-';> -=,
X and € 6 and Len 0( ~ •

If X) 'I~ are t\'lO
J

canonical basis, then

( \.

.v " '

wher-e c< i denotes the 1 angle 1 bebwean

are the direction cosines in tbis basis.

vectors \·lith comoonerrts X - ) ~. in the
L ~ ~

Sx.'d-=- \X'>-'f\'--:::- ~ (X-i-'L; )'--1
1-

and is called. s quare of the distance bctween two

(V.16)

vectors. We note

that there is a whole class of bas t s related to t re canonical basis

for wn.Lch the norm (V.12) and square of the distance (V.16) are

given by the same formulas as above , The transformation matrices,

connecting these basis h8.VOthe :,:ll"operty that

)

Such matrices arc called orthogonal, hence the transformations

,.rhichleave the- equations (V.12) , (V.lS) unchanged as a'l s o the

corresponding cl.as s of basis are ~alled orthogonal. These trans-
"M

formations for~ a gr oup cal.Lec the orthogonal group 0 (n) • The

subgroup of 0(n) \'li t.h c\ 6' F\ -:;..-\.. )1 is denoted by 80(n).
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V.4. For a Euclidean space, in the canonical basis, the matrices
, I

Cd \ ~ and ~ \ 'Q are unitcor-r e sponc.Lng to the components of

matrices. But if the S")i::"CC is l)seuc:;'o-EuclidcClI1then their comno-

nents in the cr.norrl ca'L basis, t.hougn aGain identicCll to each other

are now given by,

, . f:: \ r=>«: '~~\)
~'6~

For the norm of the vector we now wr Lte

(V.18)j

(V.l2A)

Fr-om the defini tj_on of the f'undanerrt aj, tensor and the I d i.s tance

formula.' for vectors (V.12, V.16) , iie see that in general these

may be i'-lI'itten as

l X l'- ~" ) C x ~ - '-0 iJ '
\ I

~ -:. Y) ~~ e1(j;) e '0 ~Cllso called the

(V.16a)

I· ,
\' For this reQson the tensor

I

!:te.:t<:r.i.c_'tGJ:~s..or• If X t ar e connonents of a conbr avar-Larrt vector.
1

then for .: cov.u Larrt vector the comnonerrts
s

for the p seudo-Euc Lfd aan snac e J~he~e are

c anoru ca1 bas is •
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The transformations whtch leave (Y.l6A) unchanged in form

are Siven by the matrices

(V..19}

"There ',

We consider the particular case whe n space is of the Lorentz
, ,

tY9~; e~ -=- - \ for ~ -;;.\) - - - J Y\ - , ) ~a t \ for ~::. 11 •
transformations ar e of the follo"ling types

(a) Ordinary r otataons R

The

S l"r\ o() C - - - ~ ~ \ ~

~o( I} I
- - .1-::-. - -'?l'

" I I !

c ~ _ __ _ _ _ 'c' ~~ •

'fhis matrix represents a rotation in 1-2 plane. There are in all

t-L'Y\-') l'n"''2:) such matrices Giving rotations in )(lX~ X:' X3,...• ,~"':""\

(V.20)

planes. These matrices are or t.hogona'L .md so are their products.

Hence the set of all these mabr Lce s and their products form a

group - the subgroup of orthogonal grou~ in (11-1) dimensions ~

SO ('Y\ - 0 wher-e the symbol S, denotes that the determinant of

these matrices is -+ \
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(b) Hyperbolic RoL..tj.ons oL--t

D 0

-0 •- - s.~t9
0
\ .
I., '

...•
(V. 21).•.•..

.•.•.. \ ;

-~ 1- . ,-. - O·
~ ~\ft\\'\(9.() --- ----l)
This matrix represents 2,. hyperbolic rotaticn in \- 2 plane. There

are l"h -)) such hyper bol Lc rota trons :::.:1. the \- Yl) '2. -'Y\., - - ,-t1\-D-?1.
planes. The pr ocucts of tV~J such ma'c:':'ic83in different planes is not

of the same form (notice ~hat dJ.. \":\... is a symmetr Lc matrix) as a

pure hyperbolic rotation ·;)l....t also involves ordinary rotations.

Hence hyperbolic rotatioLs do 110-1-; fO_lTIa p;roup' though together

with ordinary rotations

VIe note that the most generc.l matr:i.x !\ involving both

ordinar y and hyperbolic r ot.at.Loris nay be wrLtten as

(V.22)

.~~\ D-\1(" t-. 1\.\ ., it is of the' form
\..\., 0

To show this cons ide::.: tho exnr css Lon

I
\ ~r. ),.

~

/ \

, --
~(o

. l \~---

~l
\
1
I

D

- .....- - -0

C>
\
\ ,,~.
\1'

. ,~ "0
o

Cl
o - - -.~0

- \::l
IC.!\./
I ' r. ,
! \r i

(V.23)
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Is -l.
0 -1-

<;
\

I
I

0
0

Time r ever s aj
) IT -r' ,~- -'\.!- .---, ...-,

, -..

~

'"

.
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For a suitable choice of l"(\.-\j x.l "Yl.-0 orthogonal ~]atrices

a and b vl8 can put
-'> ---7-r

CA r\ 0 ~ C 1\0 b) I :::

12. - ..

QAb -::.1.0 - - - . - .

(o~ -- - -OJ O;'Jo,-,o) ) O(:;JIf 2.
\ 1. - - - • - - \x. - - -' 71-\ 0 1

t~, - - - . - 1)- \

- - ... -.0 l
1..
~

-. < - L- - -.- --c. •.

- -~-, f\;:-i-.-:-"J f
.-,..-.- - - - - - -~.....i .

'II-I
a hJl)erbolic rotation in the ~-n plane.

o 0
010 - (V. 24)

00-

to obtain 'r\ k as

(c) Discrete transformations

(V.25)

r-- \) \ o,

(V.26)

,
I

" . \
':::-'t< - -c
--~~-tl6

u -
Snace-tim8 inversion ~_

-l---ST
With these (~efil1ing metr Lces \'Te C,.T nO\I/cLas sLfy the transform<ltions

(V.27)

LeavLng (V.l2A) unchanged when t.her e is 2. Lo:centz signature ::!:.( n-2) :
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+ ..L..,.. lT'Y C\r'N.) rO'fmAtZmo L) d€.,It 1\ -=-. +\
Lt -::.I. It

- S"t

L~ ::: 'IST ltt-
l.,q_ ::: IT Lt-j-

Except for L-Lf , the rest of the sets do

But some of thetr combination do form groups and may be classified

as under CE: ~I ",0 0 M1\)

(IT. 28)

c\ ~*1\::.. -\- \

01. d" 1\-:: - \

At <: _ \
t >: 0'--
l\e 0~-1

not form a group ,

CharacterizationLorentz group
type

Symbol

~ -t

Orthochronous Lt::.::. ~ UI -::..It u Lt-
c t s t-

O_ythuc.\; aYe us L - It I -::Lt ~
-.. e - + \) T + V L_ E: > 0

rl"O ~ e.y L -= Lt\' UI - \t- \\ LW J.;.t- ~ -=- \t + ST-L-\-v -\- .
In the above the s~1bol U Qenotes the union of sets.

Restricted
( connected)

(V.29)

V.5. If we subs ti tute the series express ion for S \1'\ 0( and

in eoua tLon I'V, 20) vie see on close exarc Lnatrl.on that one
.L

can rewritte it as

(V.30)
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where the matrix S\2 is given by

S -=- O~\2\ - \:) - -

\2. 00< - u 0 .-
t>C-:..o \

,
1

l \
0 0· -

{;) \~-'
() .

,
c::.

\ I \ I. _ . 6 l>

(V.31)

(V.32)

(V.33)

T D ~his latter f'orm of \\ \ L iS~. certain sense more general in

thD.t one can use it for function of the coordinate vector also.

For the particulcu' case when ~ \1_ acts on a coordinate vector we

[Set the expression (V.20-31). In general the rotation transforma-

tion in a k- t :)lane is given by
.29)

0)

() C\ 0 -- - rs C

Alternately v,-eCeLl1 ..::.150 wr i to

~ e)\? ~.,,~ L~QJ
X~ ~Q-:'"XI; ~~

,
(V.33)

In the case of 3-cl.i!nensional Euvlidean soace , the most general

rotation may be expr ossed in terms of three Euler angles:

(V.34)
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whcr e , e. c;.
~&~ ~\'L =e X'p Co( l8)

L 'X J lc )'-1s-. .:.:;:'ec::.ef'inec~by

L~-= X~di-Y~OL

)

(V.35)

For U vur e Lorentz t:;:'1:.'.ns:::orr:13.tionl'Y\:::: Lt )

(}t \< \ [;I) :: f X 'p l 9 fr\ k)

\\\R ~ X B 'CJt + -t, 6X~, ) . ,{
t=- ~
61: ::: - -. ot-

(V.36)

L\{ and \Yt 'R.. ~llCd Gen(~r'ators of the t.r ansf'ormatrions and

-,tare 6 in numbcr , itJhen ac t.Lng an the coordinate space is pos S1b.Le

to cxor es s L\z. and lY'\\z. as ~X.4 matrices.

If we hs•.d C\l1. n-cune-is ional space th~re wi.Ll. be t 'f\. tn- i)
r;eneI'ators whd ch C;-'.11 be lool:ecl u-cn as components of an ant.Lsynmo tr i.c

r;,l2.trix. The sicn-L:fic~:mce of this is tha.t in n-dimensional snace

there ar e cxac t.Ly ~""Y'd'Y\-I) t'l;lO-o.imensional surfaces.

Under a gsncral Lorentz trill1.sformation the bQsis transform as

-~e I
-'/

wner e e stands for the co.Lmn vector of ba se vectors. Differen-

tiating vlith r espe ct to an arbitI'8.ry par amet.er \V8 get

7:. c~ C u'0 l'
cl" 'f\-~-

c\t'\
d&
cls-~'

(V.38)

eelS (V.39)
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The n12.tr Lx C ( 1\)
the comnonont.s of

of- ",.
is cal.Led the 9 c.rj:;-.e.n.l~latri::x: If

the Co.rton matrix C, then ~'or the

W,1 denote
1-

Kuclidean. .
S"}-ce A"i, ...•ce mat.r Lce s r-: ar e ol't~'o:"on"'l C·"o· 0·o.~-!- J.\ '6 __ I,"\~ I:.C. ,~~J.J.~ lC'.v f' cd. ~ ..~,..) J.<';<'~, """ Q VWi - I.A.J 1.

For D. »s cudo -Euclir:l03.11SD3.Ceif '1" ar o COI,LJOl1en"Csof the metric'td
tensor, then

- w ..·'d1
-- W \.,- 1L1 (V.40)

The equation ('1.33) arc .ca.l.t.od the fve'Y\et equations for an

or t.hogona.L frame. The Car t.an matrix has the follo"ltring important

properties

c C~"") R CC~)

cCt\,) ::-cC1\)+ ",-C(r) 1\)

) RQ

(V.41)

'l'he se Qr8 o:f consicl.erc.ble Lmpor t.ance :Ln differential geometry.

for::-:1in the canorrl cc.Ll.y :ldO"Jted bas is. All these bas is are related

to each other by or tho gonal. or pseudo or tho jonat t.r ans ror nat.tcn,
whf.ch fOrm the c~rou:) 0 C'Y\- A ),6). The cor r espond Lng co-ordinates

are c a.Ll.ed c ar t.es ian, If lIe udm it t.ransf'orm.rt Lons of the general

whe n t:;.'o.nslcrmo.tion matrix has no nar tri cul.ar

r-es tr Lc t.t on on it, then tI1G ma tr tx corresponding to ~ tl ~ is no

Longo r cli2.go;.lCtl::'.no. vro c~c!l1o'L~eit by ~ <"1~k
cle,.,rly (!.ist~LG:'Y'.~_s"\!JC-C'ii8enthe basis {e:k} and its c~\A.D.l { -e YtJ ~
Unlike C.~,.::t;;c;,~:L::,llco-oI":i.il::"'.t'.::Su:,~ich ar e (l")seUc.o)orthogonal, the

• Here one has to

coord i.n.vccs Ln th:Ls case 0::'18 L1 Gencr:~d ohLi nue to each other in
J.
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the pictorial sense.

One c..n IlU:'chel'" :::,enc1.:'c.lise the tl....ans I'orraat i.ons such that the

trn.ns:fo:cnin;; r,1J:;~rix itself c:.e-oeno.sor. t~1e coordinates. If this

cas e "one can not s)821: of J. coorc tnat.e vector and one has to con-

Sl'C'C'" 'i'l"":-'""'Cl ., ccor c i nc t.e ·'J··r'·"'0'·'C11t·j -,1 l' e.. .L _J._Jv~\...~" c; ~ L\.. J..~ ••.• L.,_ .Lv ....•. _ :.., •• we define a g0118J:'al

I

,t fi ( \'2.. '"'fl.)X -:::=.. X J X OJ - - - • \ ) X ('1"t!2)
\

\-lheye f 1. ::::::0 2,.,']suned to be (ii':~o::,el!.·::L:'.b1o ----- suf'f Lc Lcrrt

ltli.::.tri:::at Ln -:-lo·;;·"11)o""""-100cl 0';:' i·;",-lC;1 ·J'i'0 cOO"··~-;l·l.,.te, J...1 .•.••• --01 ._1_ . __ ,J1J...L. "'. v__ _ ..1._"" <.,.:.. ••

('iT tJ. '))v •• ' __

In ·:hhis· case . the :coorclina.-ce d.ifZBl"'ei1ti:..ls ';~l"'\:U1s1OI'!:lLi.ne ar-Ly 8.~1c::.

mmogeneous1y ,

(V ••4-4)

, I •~ .. c\ X cr-
'd

c.nd ar e s..:~id 'co f'orrn corroonerrt.s of ,.1 corrbr avar-Larrt vector (COl11)c;J:,e

, IT" r:::)eq.!1. ...•J.O. Simil J.l"1 y

"0-
QX~I (V.--15)
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transform as components of Q covariQnt vector.

Here it is usef uL -Comake a cautionary remark tll.:tt the co-

ordinate differentials or component of the gradient operator do

not have any intrinsic meaning. It turns out that one has to

inter~ret these in the
I I

ell ~ dx'1
R'I\. , wher e

sense

Consider a curve cr-(t) in

d
oX~ t- (V.46)

Through a no Lrrt

Jx~ }dt
we C2.l1. have an in:C':i.nit y of such curves and

curve.

ar e t.he USUG.l comoonerrts of tlle t~~ngcnt vee tor to ~~::,e
I

The vector components D /'0 X'O then t;iven the basis of

at Po . It is then nacur al, tothe tange,nt vector space \'ro
take cl X ~ as components in the co tangerrt sl);;:~cewhf.ch is dual

to ~o • , I

It is »os s.Lb.Leto justify t:18 identifico.tion -e. '\ ~ dX l-7 ..

ei ~ '0 I '0 'Xi ,
,

we have ju::;t mar;e )in a neg.rt.Lve sense wn.Lch

brings out the fact that the usual voctor S1)c..CG bas t.s can not be

tG.J:::enover us such and has to be reil1-cer';>!.:'etod. By the rules of

carcutus , the comnonerrts of a ta.n'snt vector :;.Je r 0

tr 0.n8form as

('1.47)
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On dif:~eren-ci;::~t:Lonwe o1J-cain.

(V.48)

., ., J_ ~ " •• ,.~ • ". to C! L +- l' C -' c10 ...,r'c U.1. Gl, ," l·..•.J..L COOrC,ll'la .::> , v.:> c-. that in transi-

tLori to. u. :;on'-;1'0'.1coo:.l.'(dn~l.tcsystem the Ceri-.[t'.tive of 2. vo ctor does

not t:cansform (J.S a vector. In the c.morri cal. bo.s is L1.0 coor c.Lnate
~

~,since e D~ ar e cons -Cants,
~ -:::7

vector is Given :JY Y -::::.d ') e 0 ~

c\~ :::d~~ e: a -::c\ ~~( ~~\t- e\~) c:: dx 'r< e:
Can 0 ne Consiller e:R. &.+. e:~"0~ ilox R. as coni' 0nents of the new

basis? To answer this vle noco thi..'..tunc.er the ;'2;enor2.1change of

(V.<l:9)

!ui 1.
c oor'dina tos (say f'r om c ar tes Lan to :::)olC).r coordinates \. d )d ~--, . ~

X\-:.YJ X ~&) t.ho roL'.tion ~ -;:.:.~ ~ eo ~ has :'10 nlE)(;.nin.e;; it is

however still )ossible to inter)ret t'R -:..'O~ ~ 1 dX"R. e: ~ as

comno nent.s of a vc ctor , It is cLear -i.:;lv'.t e R ar e in c;enel"3.1

U·.ifi'ei'enti2.1Jle) functions o:e coor-d Lna t.e s , Si:1.ce c\ ~ ~ and c\ ~ k
~ ~

Q20 tho bas Ls in clifforent coor d tnatc syscOi:lsi.:;he functa.ons eo 0 ,ek
pr es cr Lbe tho .92..9.:l:.(lpa·~.o_Xl'.:Flic~. vIe s: ..,_.l~_ 1':-;,,- ,., to Le~I2.5 frame

~o can be vrritten

down as a linee.r combj nat.Lon of i t s component.s ;'lith \ e:~as the

vectors,

coef:l~icionts wht ch 1)rescribe the coo:~'(~.:in2.tG7:;:'<..)1;10•. This set ofe~ i~ some times l'(.:;f?r:..~e(·.t to 0.Svcccor s l' (~T • ,.n-01en ~le~Oleo.n

for 4 dlil1ensions). \fk1 :10'9 i'unctions of coordinates.Since

--- - -_._------------------------ ...•

,
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ins fr J..:",ief LeLd s , T:le y\ veccor s { e It Je})r(~ sent 111- quant.Ltri.es
~

wh.i ch can be d:;~'k·dn:..>e(~in this ~..'arm af a ille.trix with comporierrts e k
By the ne tho« 1Je ob-c::dned these (they 3.1'e Itne,:'.l"'ly inc~epon:ient at

is nons +n•..ul.ar , One

(V. 50)

of Li.ncar-Ly ino..(7)enc;.entvocsors

the cond.lt.i.ons,

(V. 51)

are tll.e intocro.bili ty conditions of the syscen

)

(V. 52)

We shall see that tJ.le cond lci ons (V. 51) ar-e an im)ort:Jllt ..Get of COil-

ditions to be fulfil1ec_ for .J_ Ri.emannf.an sp2..ce ,

V.7. Since the ~ dXRJ cor-r es-iond to the br.s Ls :1-:; f() in the

or one f orris ;



If the ccm-ionerrts of

In
a. cov ar j,,,cnt vector o1(e of the form

, them lJJ
section (IV. 2) ire l1o.C :Lnt:"o(~uced.tile conce-rt of exterior product'

vie c;enej:'d.lize this GO tl.:'8 cas o of e::terior c'dfier'ent:Lal forms on

an n-d.imens Lonaj. ,seudo-Euc1iciean sp ace , 1:: /W ~ \ __ , i ~ is a

the ~ \h rank C'R < 'Y\)
k -form is defined by

comp.Lete Ly ant.Ls ym.ie t'r Lc tensor field o~'

diff8~ential form calleC

c\(JR)-= (} (,011~~~-~~X:)dl-®dX~'®
o XQ..

It fol10"\1S I'rom this def:i_nit~_on that

(V. 5~)

U
This is ca'l Led PO~'::-1C.T8S rorr.ul a , it Ls basi s to the E~clic1ean [;eo-

metry and :;(me~:';.:::~li;:~es to the niEm12JUl.J.D.n :~eomctry. An Lrmor-t.arrt

'Joint howev er is t}.l.:':;<~ one C2.n'L1..Se this L:ethod as 2. formal calculus!

the caLcul.us of c~iffel~elTl~ic'.lforms.

o
(V. 55)
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ceoLlctry •.

~ -") .
V ~ ee \)0 -==-

vrhe r-e V ~ '"::..q \ ~ 15!
, Q 1-e~0 V j ~~D'i -:::.L ~i )'- i.vc 'K ~ ~

K. U l ~ R~~
In t~is case by cqn. (V.~

~R i - \ L ra ~ ~f \;;-hi "l. t' Y<- ~ ~
"'L 0 ~- 'ft. -::::f= '0

It is then ',:ossi b.Le to ('?fLle (no SUI.1 0-/01' j)

rr 56)\ v •.

• i'Then

(7.57)

~hl~) ~ €1
V-~ ·h( i) -:::-va

so tho.t

} k(~)

I h (-1)
....:::, ~

CUJ ' rule -=- £k~ (,.r.59)

("! r::",)...•.~~')

-")

V

DiffGrent

t or cho gcne.L bas is' ,:~::e CViLl'18C-SCCc to c ac h other by or tno gonal, 't:i."'&.llS-,.
denoce "-''10 carces i 0:)''1 CO 0""1(:l' ''-'':;':;OS ~'Y'lC~ X1 -I-r'18•...... lJ. v (JJ._l..::! ...:.t. v_w..Lu..l_ - ':"J.t.:. .• v _1.J.':'.. vIf',,-

G8:lo:"2,lize(1, I or bhojonc L curv i.Lf.noar- t coor d Lnc't e s (,C),S olnG coor<1imtcs

WJ.·~Gl_'l ""',',ro_7"l,.G:::+:-Y(V.S'-'r) 50r,,';-;r1"'<:' c.i.l.Lcr.) +hen ~f 'r.--,.110"s f'-:-o.,1"1 (T! f!9)'J 'W w : .:.~v...l-!.·.v;':;' ....•....•.-'-_ ..... , ",J _ .•• ..J... _v __ •• --'-_... •.

. , (V r-7) .'.' .•..anc • D vilcl. v
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(V.60)

In p ar t.Lcul.ar the 911Ysical comooncnts of the

cliff or ent i.al.s (Pf D.ff' iG.:1S) I 0.::' e c\ (:\~::: ~. ), X ~" . t' ''fl~·l

1 coor-d Lnace

(no sum over 1")
In the follo'vrij:l::; t~t.blc vrGs'C:':'1r:1J.:cize S'JEle o,' the \1ell-~:novm curv L«

line2.r orcnogonal. coo~c'.:1:i.n2"L;Gsyscems in t.hr ee c1i.mensions

_____ '" ••• _.4 _ .•.• ~ , ••.•.•. ••.••__ • _~ •••• _ •••.•• ~. _ .•.••.• _ ._ '0' .•.,•••• ~_ •••_ ••••• _ •••• ~. _ ••••••• __ .•••.••..•.•- ••~ _ •••..• ~ - •••••• - a.- - - - - ••.•.• - .- _ ••

2. Syhel'icP.J. :r'oL~:..;'
\' -;.:..{" X 1._ ~ '0'2-+ -; 2.

e:")f~\5 t ~ /f -;-\£'~\~}.- I

, ~ I
-4:. Pa:'2.oo1ic A -::~ y .:\:-~-\

!A ~ '{'-Is) Cf "Ol;~\~·I
4b (9 -:::-'\ l r::- -- ~2: /\ V ~~-~ -(- IV-.. '-

'(cls
\

\ r----
I ~ AL+ fAl-

I A}J

- _ •... - - __ •. - - __ - - - -.- _~ - _ _ __ __ . , -'-..0 _. _
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T t ~.f"" t th al b . t"" .0 1<.IUS as Gl. r er en or ogon G.Sl.S 2.I'e COD.l'1GCec va a orcnzona
.""

transform8.tions the v2.rious ;:~hysiC2.1 compcnerrts of t coordinate

differentials (Pfaffi';l!l..s) '.:.1.re cl so sLm.l LarLy connected

For the cartesian coordinates the matrix A is identity natr ix,

For t;.1e other three cases lis t ed above it is ;~ivel1 by
, ol, ,

trY->dl ~c.e C\'h&~~ $~I9"~Cf ~e
, ,-~ ~ce 0 ~&LroCf ~&~ce -~e

I

6 0 -~ql Ufflq:> a

~Cf~~ ~~
~ e (V.62)

~'\~ -~,tY\ -
"2-

f.ty., 'f ~ &2- ~cp~~ LPok •2-
\

-~cr Levcp 0

The elements of these matr Lces arc t bhe comno nerrt s of the scal.ar
-,? ) ~ ,

product matrix V\i {X • e ac cor-d Lng to the scheme
~k.

~ ~ ~ -.l>;>

L\.i ll<,) -:::~ (Ua Lx). e:"'k) c 6 k (V.63)

The surface tensor for 3-dii.;lensional sjzbspace has '·0hysic3.l' com-,
ncnerrts h (1) h. (j.,.) d X ~ ® d ~ It. =. d $~f>- and the

vali element is h l~) \i l'p,) h a.) dx ~®c\x ~® c\x t =- d V~~~. Since
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in th'(~e c'Umension.s 8.. cor,r,)lotely antisymmetric tensor has just
m

one c omponent bno value element nav be \\lTitten asJ\. ~

c\ \ \ \ \1 L.\'1;,V -:..h\ V\ '- V\ '2> o'A o: '" cI Y.lTI1ere\18 have omitted the tensor product

sign.. Simil3.rly t..ie t sur:" ace vector I is ~ t-:..~(1\ \.tk) dX i cL~tt.

"lith ~)~) l cyclic.
1f,9. In a Euclide::LYI..~eoj!letry t:1G (lis"~cmce botVleen "GI·m ;?oints

on .:1 is by ~ofinitio~ given by
-) ~-'-,

,,"There ~ :: d \ e
D

;1 ~ ~ l are the cartes io..n coordill.ates
~) ~\&O

and -e..o-i is the canonical basis. It may be written as\ ~ f\..

c\.S '-::: .e61.•eo ~ ct~ \:1 ~~ -= '1r\ ~ c\~ -1 J~ ~
\ ~ t

Under a genel:'al coordinate transformation ~'\ ~ X1:; f1(~\-_~d'Y\.}

(V.64)

we get

(V.65)

wher e d~~ are con1'-Jonen-csof this metric tensor

,
O~1----
(; X-~"

)
(V.66)
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6)

, t \ "rr'\. \ v e.. fv\x, '. \ \j 'YVL
and C\ X C\ X actually E1G8.TI q r-; \.6,) C\ r-; , b~t since there

is no possibility of con.ri sLori we 3:1<111 onit tilG tensor »rodue t- -/ . --:-, -, ~ -;.a
aig~'l;. For a Euclidean space e.o ~ t -e..o i';:': ~ t ~ [= I~~, and

o :?or 1~\";~J~but in tile pse udo-Eucj.Ldoan spac e ~., -:::t t
~ .... \~

~ <'L.-=- 'ir and P for 1-=f ~ ~ Tho contravariant components of

tho metric t.erisor ,trC
. I z x t~ 1"(\1 y- 1'L (d '6X')'\;\e > e. - )""""" c:: - c: I ,\.- 0'(\1 o~~'"where :,',:(.;.(1

:~
;.:..- c_

~. \.-~)
t;") ,
"', (,

The

given by

_.. ..
I -

d ("~,....
'\ ._'

(V.67A)

in cart~sian coordinate is

(V.68)

transfortls as,V1 -C~)-
•

Let ~ ~

c\ \r 'd L~J
cls

I

\,' R
)

be the cartosidl
\ ,

-:::. 'vI .;.. \ \ I f~, ~()1.. \.i /"
v1' d~u!..) \ 0
--- _ ..---""- ~~ '--.-.~-
~)( K 0\ 5, '2>X L A X.\~

\ I? .
-=-. ~ \~~ [ c\ V ~~:-)_~.ax R "0~(r"'\.. '.

oK \z- c\ s ''D a "i'IL. ~ ~( t ~'K )\

,

(V.69)

then

(V.70)
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At this »o tnt I t is convcrri.en+ to :i_n-:~r()li_llcC SO~18 new symbols,

(V •.71)

(V. 72)

of ~-·'.l1e.J..''''l·,-L·',<~.').'v-.-:-,.-; r- '~COT1C- ".-; --,:', l~r.r-~~,ec.J-;vo Ly..., ••.. ~_ ••••..•- • .). __ ' •. __ .!. __ • _ \.,..: •...••_'"' It ..•.. v \",.i • They ar e both symmetr Lc

(V.73)

From this it is c Ler,r th:::c Lhe Christof:C'e1 s ymbo Ls ::'.::enot tensors,

but can 'be mo..(~e-Co v C'.nish in o. suitable c oor d Lnc.t.o system (a

c.ir tes t an sys t.c.: ;or Eucl Lcoan s)~~.ce). In this nobe t i.on eqn, (V. 70)

read

(V.70A)
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Fron this e(uation He can c1r:::'ll s cver a'l, conclusions.

(A) If ''10 denote the expr es sLons in the square br acke t.s

. V'rtLX) and ' "V~l xJby then vlG s eo that under the cocrc.Lnat.e
J S. . J 5

change X'b ~ X a ,
'1;:>V 't)() '0 X R D V ~lx)
c\ s -"0 XO- -dS

Since Viet 2..re comionerrts of t: ',T~::(.tori'ich~ v: •• i.~~ S is the di s t.•.nee

'-

(V. 71)

par cmotor along .:::.cur ..,e, \10 C .:.J.l

::-\V k +~, ~(1
\ c t 'Y'f\..

, Cl..> (V.72)

2.S the absolute cieri'? :.tive of V R :_'..~~i·.'Sl'~'11Sl'ol';':lSas ~..•.contr-a-

v-r Lant vector. The :::;enol'c.liz:'.tion oi' '~:}2 c':,:1'::1.tio~1of ,,1 str,:~ight

line;, can. (7.68) in, gener [~lizecl coorL:incl't;es is thon given by

12-..(si X ~)~. d"XR-'-5 R \.. dx e. c\ x."M- =0 (V.68A)
cl s \.J.s dS'- '- t t I)'ytJ cls as

~ ~ ~ -\.~ e~)Nl ~~~~Ge'to1(A\I~~~q.
B) One can revll'i to the absolute derivcd::ive as

D\Jit ~ 'b. V'R clx~
ciS ,Q.. cis)
~

~'QV\t~ V ~L=-\f:l +(rm\lV'Wl

'V ~ Q. --;. d e. \r \t; d 'J" 'R/ ~ x.P...
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The set of Y\ 'L quc.nties V \ t tr~nsfor" as components of mf.xcd

tens 01" of second r anl; and is c2.11ec. £..O.Y..a..1"i.ant dEl~.lo..t..i.Y.Q of a

cont:;"J.vd..:'iaj.1tve ccor , S:i..lnilarly one finds for t:18 covariant del"i-

vat.Lve of a covar Larrt vector

(V. 74)

: S
Covariant deriv2.tives of higher r r.nl: '~:,onsor",can also be ..1Vl'itten

down by di1"GCt.COIn)ut8.tioD.; thus c.:;.

~ \J 1'<\ ~ V 1'" 'Yl "':::.y'"M 'Yl. +r'YJ\ V \z -n. f' 'V\.. V'm k
~ - ') I., ) L ~ t. -r \ ~t

k "M. rm - \)'W!. ~ r'YYt \J R 1\ R V 1rL .
J..:).o...V 'Y\. - V 'Y\) l - 1'1) t \ rz~ "n.- \ "rl t R.

bQ..V1'fVI'n-= V"".'Y\ ~ t -= V'ffl.'n) t:r~t v, 'Y\ - r ~'l'L V /)'Ilk

(if. 75)

where "Ie have 'mt r~t'::=' {,: t.} for convenience.

V.IO. VsinG the equ8.tion ('1.74 and 75) we want to evaluate

the expr es sion

(V.76)

(IT. 77)
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where the [e. rynJ s t.and s for antisymmetrization:

k r,it L - 6 hR '0 r rt etc. Since left hand side
v~ 'no.J r - Q.. 1 'W\ r - "n\. e. ~

of (V. 76) is a differenc8 of two tensors of the sarJe tyPe (mixed of

rar~ three) it is also a tensor. The right hand side is there-

fore u.lso 2. bcnsor , By quo t.Lerrt rule it follm{s that since V ~
are components of ~ vector, the set of quantities R~'rmt are

compone nbs of a fourth r-ank tensor. The tensor .0 'R. \,-, is
- 1\ rtTY\ t '.

called the Riemann-Christoffel curvature tensor. If He 101·.,er one

of its inJ.ices, we get

RhiAk-=-d~ [ikJh]-6\z [H'Jh]-t [k'Rp.] L\J
-[h~J<D li\}

= ~PIta~'JhlTdhd kdi1- 2>i 'd~~h~ dhda d~~)S)
-T~l'liL ([i~,~ [hk, 0 - [-iW)''rYI] I.H J U)

It is easy to see that. it bas the follmving symmetry properties
,

R h \ i \<.+ R \ ~ i ~.-::..R (~i)i tt -=- 0

~ 'It \ ~ 'R. --lc- 'R "" t\. 'R l) -e, R h 1. L~ k J 7.:-. 0

~h1.~\-z·~ R ~~h1. ) R~~i~+~~i~'L-tR~~i1-::'O
The first three. conditions tell us thot the Riemann tensor is

(V. 79)

equi-

valent to a symmetrri,c tensor of the second rank in d::.1 'h.lYl-I)
. ~

dimensions. Hence it's components 3.l'8 1:d I: d +.0 in number,
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From this one must s',;.lJtr.::~ctthe number of conditions due to the

/ fourth identity. Si~'~_~c-t>c: Last t.hr-ee irlliices are cyclically,
symmetr Lzed Ln. this ()q1l2.tion, it is equiv cllent to a complete

antisymmetric tenso; of the c~.ourth r-ank whf.ch ~s (~) inO.Gpendent

components. Hence thG number-of algebraically indepenclent compo-

nents of- the R:Loma:nll. tensor are

(V.80)

In addition to the algebraic i0.entities discussed above one

can S~10W by s trr a.ightf'or-war-d computation that the Riemann tensor

al.so satisfies, the f oLl.owi.ng differential identities

defini tion of a covor iant 0.er:!.70.-(;i·,.r8anci.tho C:t:'istoffel symbol of

the second l:ind that the covar Larrt c:.erivc.:tive of the metric t.ensor'

vanishes identically

~~ij~=O
~

We shall~he properties (V.81-S3) to construct an identity for a

(V.83)

second rank tensor wh.ich is of considerable importance in the theory
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of general relativity. Re::"orring to (V. 77) and contracting

on ~ and ~ 'hTG get

R.h-=- d f t \. \<.- d'R \' ~ -+r!~\';\L- r!k \'~t

-::. 'o,!>'ot \nJ"f - d \-< r~~t r!e r;:-r - r~ ~mMIT (V. 84)

where d -::.oW- a'a]and r ~k :: d Q \-n ff . iPl>e

R~Q is a symmetric tensor of the second rank and is called

the B..~cfi tensor. Wenote that

(V. 85)

Returning to (V.8l) and contracting on hand 1YLwe get

R\ ~~:,hRi [~~R ] on multiplying throughout by ~ i~
and using (V.83) ve obtain

"here we have put R.::= d i~R ~ k (scalar curvature), and G::~ ~
are components of the Einst8i,n tonsor

f"\'-' _ rf)h. __ I 0 C ~ ~
lK" ~ -' \"\. 'd '2- r-, 0 '0

The entire analysis of the detailed properties of the Riemann tensor
•has a glaring dr aw back. It is based on the initial assumotfon
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that the space is (p seudo») Euclidean. For such a space we have

seen that it is pos s Lb'l.e to chocs 0 8. bas is such that d i~ are

constants ever-ywher-e ana therofore the Riemann tensor vanishes

identically. Convc r soLy if the Riemann tensor vanishes, then.l6. ~b k-~ ~b a J v 'L ~ 0
~

and the covur t ant derivatives

comuube as one woul.d expect in a Euclidean space. Hence tho vanish-

ing of the Riemann tensor is necessary and suf'f'Lc Lerrt condition

for the space to be (psoudo) Euclidean or Flat.

We emphasLsc that the var Lous formulas obta.inec1 for the

absolute and covariant derivatives and for the Riemann tensor con-

tinue to be valid for an arbitrary space to vrhich is a~'signed a

tvrice covariant metric tensor field d i~ so as to prOlfride a

measure of the Pythagorean distance ,according to the eqn, (V.65)~

such G. S1)C}.ceis called a Riemannian space .•
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VI. Generalization of Euclidean Structure-- .-... ..•._--, ..•.-.- -- .•...._---- --.- -~-..-..- ---.--- .....••.--~.~-.•.•....-~--
VI.l 'Suppose lTO are givon a general space can one do things

on it aSv18 did in the case of a Euclidean space? Rece.lL that

if Ire have an abs t.r ac t vector sp2.ce V'V\. one may translate it

into K "Y\.. or ~ '1l by the mapp Lng Vf'(\~ R1"L l then since R,11.

has some very natur aL pr-opcr tLes fo.miliar to us we could do many

bht ngs , In f'ac t in this case because of the Ld.near s tr uc tur e of

a vector space 1.:re end up vii th 3. Euclide2..n space. Similarly if

into another GT01~iJ or a Li.necr soac e H (many to one map from

G- to H such th,xt not every eLemerrt of H is ncces sar Ll.y

an im2.e;eof Q. ). 'I'he houoraor'ph.i.c .irnago then gives the

• I t is clear rr-on these examp Les t:1o.t

one mu.; t "WCSCl'ibG some such map for our general space.

Xou in case of the number S7}2.CC R, if a < b are two

number-s , we clefLne an open Lrrtorvr.L as a < x <. b • If we sui t-

r:bly c.evi(c; the numoer soaco into a dc mnner-ahLe set of il'itervals

tllel1 any ope n set of R R and the empty set).can be

expressed as a union of such interv8.ls. The set of all the open

intervals and their unions is s,:-..idto provide the natural topology

of R <"'l.nc~the basic set of open intervD.ls considered gives tine

ba se of t~lC to·.)ology. Orie can novr discuss the questions of

continuity e t c, in t~)r;i1s or open: sets. An h:norta-nt ~)l."():,)erty

of the r ec'L line is t!k t 5.:1' iN; rlcf 1n8 tho. neighbour hood 0-: ·,1

point as an open set bhe n f'or two distinct poLnt.s thcr e ·3:::i.st
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topology).

f andWe aSS1JI{l8~~11t~1<'; o ~)ro)e:,:'tics for our gsnerc:.l snac e

call it a to~)ologic~;.l S:JC,cc /51 (this is not c'. def~ni tion)

PEF~JiIl...T:.qJ2. I~ there cx.i.s ts J. hO!il00111or;;:licmc.~)ping(one to one

map such t:'12.t the mu.p1)in~<'..11(1 its tnvcr sc are bot:l corrt i.nuous )
,

of a neighbourhood of every 1)o:Lnt. ? of the

into a neighbourhooc1.
I ('I

,then ~

v of a point 'f>
to:?ological s:9'").cc pi
in a Euclidean space ~~

and 'Y\. is the dLmcris ion of pl
manifold is a vector s1.J.bspace).

(Recall here that a linear

If we define a set ~ of real val.ued functions on pi
':lith. values in (}(, then via the homeomorphic m3..:,)pingof a

\J lf) in pI
R'1t

neighbm.lI'hoocl to 2. corres~onding neighbourhood

coordinG-tes in f' ~ thusof a point in one may specify

,,<\lP)

~ Q..) X R
in D) and Fct.. are functions from

tS (i.e. they are

Rf)\~R,
are real vulued functions on

In this r.1C:.nl181'He introduce coordinates for e~ch neighbour-

of the ~)oints of and the coorclin.:.tes so introducedIS\

If the coordinates are y\. -fold2.re elements of I 'l\.n.,
diffcrent:1.2.:)le functio~!5 ':Te is a differentiablesay th.::.t

manifold of cl~ss • In general vro sha.l l, as sume it to be

a cO() ma:ili:fol<..~.



-59-

For two different neLghbourhoods of a point r in pI ",'19

. 1\.
get different coor-d inctcs in R. Since the corresponding

ne i ghbour-hoods have points in COIJ1lil0n(for ins tance the point f )
it is possible to introduce the concept of coordinQte tr211sfor-

\,e
mat Ions , Since these ar e llll as sumcd to"dif:2erentiablo f'unc t.Lons,

the J~cobian matrices dofined

)

are non-singular and the tr,:tnsfornL',tion in R ""Y\.. is defined by

X£{--7 X C\' :: F C\ I ( X 'J - - ~x"/There y. 4) X ((.1 arc in R-rt
and the transform,".tiOl1 Ls (efined only in a cer tai n ne i ghbour-hood

(an one n subset in ) .of ,,?,
Y-.~.~.~. Let - E: < t < + E. be an open intcrval in R,
Then the R~ pi differentiable l'J~"'.p t -? f It) for points

f in ,S"' is callee' Q d1ffcrenthDlc curve in J5' : r tt),
The tangent vector to <:r ( t) at ro is a man from the set

of all real valued differentiable functions defined in,
the neighbourhood of ~o into (JZ.

It~.c-~) := -A f· ~It:) \tc:- t"
In the local coor dinato sys t em in "R,"'n., this may be computed

and is given by

( 2)

as

(3)
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The set of all tangent vectors at f0 (11-. Lpl )
S,Qce str~ctt~e, since

has a ve ctor

(5)

(1) ( 4)

( 2)

(3) As (117) is truc toY a "Thole class of F vTe 'can i.,)v·,.te..

( 6)

The dimension of this vector sp.icc is therefore cLear Ly l\

and the natural basis is given by

( 7)

We note that in Q.clcl5_tion to the properties (1), (2) ,(3) of the

vector SPJ.co the tangent vectors s a't i.s fy.

( G)

We sho.l.L OftCi1 I'cfer to such ac tLon as a cleriv(ltion.

In order to define tho dual space \:. (~I) it has to be

kept in mind bhat this pr opor ty (V.~ ~ is again satisfied. We

cull the elements of Tfv* (~I) {w) 1\)" - ~-J 3.S covectors or

diffcrential f'orras j r, and l\-* is itself ceLLcd the cotanGent
---"> 0 r 0

vector s~)o.~. If lA 'P is ~ elem~~ of ~~ then the map

Tr ~ R dcf Lncd by \;\ ~ --;, U r (+) is a linear map and

l,
I'I

\.
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is locally a map , since f is in 'D . Hencer · If ve denote it by
it determines a differential form at

4f ,then _) ctt.-')
~H L\p) ----. U~(f)

(9)

and satisfies

(10)
;-:-,

in virtue of (Veg). Since tZlis holds for all u... .J

c\ l f d-) :: d t "d- + f- dO-In particulG.r if ve chaos e

for -f the local coordInates {X ~:1
0\. X ~ £. t:t ) z: ~\ (X "'J -=- \l1\ • (11)

~'> -7 fi "-')) b ~
But U -=.\,.lo. e.o. ,so that dX"LU. -=-l.l C\X (el.),=U<t;
hence

Thus

(12)
) dxq;::e.(t·

enti8~ form at
is a basis dual to \ -o/d)(o.] and any differ-F can be vrri t ton as

(13)
In particular if bJ is a complete d1fferential, UJ~ is 'of
th:€' form 0 f lox o; \.ri~~1 f- a real valued function on

;9 .,..R ( ie • in 1J )0
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Tho df'(~c.t:Lonal derj.voLLve of + in '~he
~ Ifvector Q is s aid to be the tV2.I"Li.et of 0.

• I

wrt t ton ~ f(O!) ::: 0...1of/"Ox~ . vJherea;:; the iirst derivtltive
I

is c\ f:: c\ X ~ -0 ~ , a x d t~1o second c.eriv~·.tive is

direction of a

~on 1.1\.. and is

of f
written as,

••

c\ X '1Q c\ X ()
(14),

()Xo. aX()
l s~e ~vitvt. ~. \crt\. L' r-

Now '\.V8 Can define a vec tor field on ~

a.enco wht ch as so cLctcc u:i.th overy point f in

sys tern or :t.oCJ.1coorc~in,~to s {X ~Iaround f
numbers ct.} in R"t\.. wh i ch -crcmsform under

as a correspon-

Is' and overy

a set of real

the coor-d Lnc.ties

as cormonerrt s of c. corrtr cvar Lc.rrt 'vector. In a similar fashion

one C2..nalso define higher rank tensor fields. The covariant

tensor fields then arise as dtfferent:i.able form f Le Ld s on pi .
D..l'_~, In. the s'~drtt of the abovo I'ornrul.a t Ir.n, an affine ccnnc -

ct Lori is Lnt.roduccd as the "up 'C~\)v: ~

U/\fl,' Va.. \)6

given by

~ ~
(UJ ir ) ~ LA. I 'V V ~

~)
~ -'1
eO., ve b

(15)

(16)

V(/\. 1.)-6 tno c07::riaI2.t oor~.vative of a corrtr-avar-Lant vector

field. Simil2.I'l~T onc cxn rlofi:IG c. cov ar Larrt Qeriv'::-,tive of a

covariant vector f:iJ;l,.~ qlu :::;Ctl()j'alizo the notion to tensor fields

of h.igher r ank,
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~
If u.. is a t.angerrt vector field defined on a curve a-(t)

than the k\bs..9.1..~"t~_iieJ;:J_YJ!.__t~y_~of a vector field V
the curve is given by

1)\7
c\t

in pi along

(17)

If the absolute deriv2,tive of V
that V is parallel along

vanishes along 0- we say
~cr- and the value of V at

one point 011 U determines its ve.Lue at any other point rY\. a-
by parallel trcmsport.

~If cr- is such that the absolute derivc,tives of . Ll
vanishes along it then cr- is called J. geodes ic and + is

caLl.ed the affine parameter. In a local coordinate system

is given by

(18),

The curvature tensor can be introcuce~ through the mapping

pI X tS' X ~~ f given by

(G J tr)~l)-? 'R ~ (iX) \G W)
~ ~ -:-:? -:r ~ -: -") ~ -"> -, "-'>\-::: W ~V lV t \llJ. ) - yo lW •V LA +(V ~'V W ).~\A-tW f V lJ) .1]~:::e: R C\ b c. c\ U b tr-'c. w c\ (19)
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In Local, coordinates the components of the curvc tur e tensor are

given by

o~ '\ r Q \"l C\. n e p l\ \n e
t\. bc..d. -::.. Qld cJ 6 -+ de.. \ c.. b - \ c e, db' ( 20)

, We r emark that the comnonerrbs r'\ of a genor a'L affinebc.. (. "'"
conne ct ton can be de compur od into symmetr Lc and ant.Lsymmetr-Lc

Darts

( 21)

wher-e L\c -= - Lli...c...b arc the components of 0. tensor of third

rank.

VI. 4 • The bas Lc mathematical notions introduced above even-_.
though ro.ther general enable us 011.1yto dea.l vIith local ques tions

in the no i ghbourhood of a point in ~ • Hany relati-

vts ts feel that it is necessary for .:.~full undcr s t.and Lng of

relativity, (par t i.cul ar-Ly in connection l:Tith quant Lzation of

relativity) to have mor...e gener-a I s t.r uccur e tho.t woul.d enable one I,

treat questions of global nature. But here we are not interested

in these. Our Lnt.er es t here is 10Cc~1RieLla:u1ian geometry. A

Ri.emannj an space is as an open set in a carte.sian space

in whf.ch is definec a symmetr-Lc metric
,. ,.

d 5 2-.:; d. , LX) c\ X t (£) d X o? ~" 1 d X 1 d X c (22)
\ ~ Id
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A. Reimarmia.n manifold is 3. manifold on uhich is defined a symme-
tric t'flce cover Larrt tensor field %::. d)' ~ Lx)

In tho terminology introduced above the metric
field. ~ is given on Q. clifi'erei1tiaole manifold pi
is defined in the tangent space at every point ~ in

tensor
,tf there

pI a
scalar product

, t

fi"?, 'Ii' -= ~ ( U) IT) -= d i'i u.'l.tr'b.
(23)

From this difinition it is clear that in the tangent space the
scaLar product induced by the coordLnates is EUClidean one.
A metric affine connections exists if for any differentiable
C1..U've0 (.t') and any vector field 7 parallel <l;\O"~ ()"

we have

It follows t.ha t
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If ~-e do not as sume the symme trv of then one has, ..
1, e.

to be careful about the order of indices and v18 write in full

'1\1h =61.1~2- T'.u ~mp -~~ l~'tn

'l~~Q. it -:: ~ ~ d Q.1 - r~ ~'Y>\ ~ - rr~~~')'VI.- •

( 27A)

J

( 27B)

If ve subtract the first of these eouations from the sum

Thus -y.re see that the symme cr Lc part is given by l"'L<is) :

Q~~ :0 Lh} +dtF Cdi m- C~ r + d~ryn L'Mi r ). . (29)

~If L,{ ~ vanishes then the symmet.r Lc i)ar~ is completelY

determined by the mct.r ic t.e nsor field ~ 1'1 . Hence if the

affine connection is symmet:i.'icanc....a metric tensor field is

given then the latter cOEl"ple-celv cleterr,lines the affine connection._ v

The symbols
\ ,

lr~1::~1e,
-::~1Q

~l0~Qi)~+~t~)'~ -d'5~)Q)
l~~)QJ (30)
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ar e called christoffed symbols of the se cond Idnd and L ~\t,)Q]
of the first kind.

-At this point it is useful to note that as far as the

geodesic equation is conc':)rnecl the nonsymmetric part is in any

case not r-e.l.evarrt , It is therefore anus Lng to consider a

situe ..tion when the .if'f Lne connection is c;ivel1 3..S

(31)

• Let theis a tensor symraetri,c in

geodesic equation cor r-e spond i ng to this be given by

\ }( '0d o (32)

We ask under what restrictions on is the solution of

(32) identic~ to that given by

, (33)

If we multiply (144) by ~ t ')"0- cl x'W\ ) cLt 1 it takes the

form

vrhic11shows that nec essar y condition that the pa..ra.meter along

a geodesic is given by (83) is thc:.t 'x t is symmetr Lc of
U ' ••

the form (32) and such tho..t the tensor 1a\:f satisfy
Qfd
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(35)

Wemake ;:;evcI'c:.l:cece.:~'ksrcgard1ng the nature of the

curv.rtur e tensor in v vrLous cas es , ]01' t1:..8general affine

conl'1.e<ltions tll.o rormu..c (V. 76) does not hold·, vTeget instead

(36)

~~ + \3 ~ , . - 6 (37)
'\l ltO -

~)
condi tions ana hence 2" 'I has' n1.. J 'n).' L1t l~
The crrv::,t"LU'8tensor can be 1,..;ri tten as

independent comr,onents.
';a SUI!lof t1tJO teLsoI'S on~ci.ep'3ncli.n:~on the SY-ii1i';letri.cpo.rt and the

other on the antisy-m:','.etric :D3t. FoI' tll1$. sYlllIlletric affinit~ )

(V.76) type rel3.tion holc';.;:;~

(38)

( a)
(37A)

)

( b)
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" y

completely ant Lsymmetr Lc in all the tl1l'ee indices Q ) ~ , 1..)hence

the conditions (b) ar e 'Yl l i) in number. The number of inde-

pendent components t."eref ore arc 11~ - y\ '- t 1I:J:.1 ) -1'\ ( ~) -:..1f~1,..0 •
When the affinity is completely determined. by the metric one

denotes the curvature tensor by the symbol R \z Q.1 i and is

called Reimann-Christoffel tensor. Using the netric t~nsor for

lowering indices one finds tilc'.t R \--12. ~ t is :::.lso arrt Isyrame tr-Lc~. 'a 1-
wi th respect to th~ int8:.~ch__.nge of R .:',.n(~ Q... Thus

R
( a) \3 (L ( ~ i) -=- D

(b) ~R.LQ.~1) ';::-0

(c) 13C'RQ.)~~-=-O

Since ~ UZQ) 2-~

cond l t.i.ons (37B)

conditions (89B)

is arrt i symme tr i.c in ~ 1. 'It lw.> 'Ylh1tl):\{'O-.D
-::a.. 2...

independent c omponerrts , Hence the number of inde')endent

components of t~le Riemann tensor is

From the ccnd i,tion (a) and (c) it follovrs the symraetr y conditions,

( 41)
,..

Now accor ding to (a) and (c) euch "":.>:>:_--. of indices 1. ~ and ~ t
represent ~ rr-: L 11. -\)=-[ 1) Lndependerrt components.

Accor dLng to (c\) ) R. y 1~ .t is symmetr ic \vith respect to
'\ \

the Lrrter change of the pairs '1 ~ and 'R~. , hence by (00J c.~)) ld)
the number inc1enendent c omoonerrt.s is
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In the light of conditions (c'J ,(c) and (c~) we see that

is conpLet eLy anti-

symmetr Lc, v.lith r esp ec t to in.te:c'ch::'.nse of any bwo indices j

if therefore repr eserrt.s l~)conditions. Hence the number of

indenenc~ent c omuonent.s of 'l:lie Riemann tcnsor an OJUL-, ..

as before.

The curve.ture tensor in gCl1cre.l has two contractions, one anti-

symmetric and. other nonsymraetr Lc, Vf..rlenthe connection is sytTl.me-

t.r Lc the sum of the nonsymmecr Lc 2.:1(1 ant.LsymmecrLc corrtr ac tLons

is symmetric. For the r,lOtJ..~iccormection the '::'.ntisymmetric

contraction vanishes identic ..:tlly and \ve ar e left \vi+h the

symmetric corrtr-cc t i cn R 1. ~ which is called the Rieci

tensor.

Y..l.,.§.. In this section we \",:.~.~ltto establish connection "lith

cons iC;.er,:·.tions of ch,:.iJtE)I'V. vie have clefine(~ 2. Rf.emannfan space

as an open s et in RT'\. in 1;ihic:1 is (efinee} a s ymmetr-Lc met.r Lc
n

I '(fc\x1©dX,
Since exists

(42) .

is a symme t.r i c ma cr Lx there a.Lways

s Imf.Lari ty trans f'o rmation -;IJyLchcc.n C:~il~genD.llzeit. In ::)i'.rti-

cul.ar at some poirrt there exist'"' a coordino.te system and
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t ,)_ dXt
a transformation matrix. "0 R \ (. X.) 'X. -"0 'f.... \<..1 such that

[:::,]~~~)[~~:J~~Rlll' (r.) . (43)

Since ')('R \ ::.t ~(X ~ __ -X iJ (by implicit function theorem) it

f'o l Lows that this condition (43) may be satisfied in some neigh-

bourhood of fo (tho~Gh not outside it). In the tangent

snace at -r'r the scalar pr oduc t ti-V' -::'~ '0.', \j ~ ~~ .,by~ \ \ -. '·C\.1 .o ~
the prllled cODrdinates is therefore euclidea~ Hence the

covariant and corrtr avar Larrt tensors of bhe same r ank may be

identified us in (Pseudo) euclidean geometry and var i.ous consi-

o.erations of sect i.ons V.9 and V.IO carryover vlith the appro-

priate proviso that the property (L13) and hence the choice of the

cartesian system 2.S assumed in eqns , (V. 64 -- V. 72) is valid only

in the neighbourh00d o~ and not outside it.

ConsiderD.tions of c;:'lC:-.-oterV utilized the concept of frame

vectors. Here also in each t::'l1.:rent space Tro we can choose

different fr~~~mesand as 1:6for>.::tf'.E: ccal ar product is ,

(44)

vIe r emarked that property (43) can be made to hold only in

neLghbour hood of a point. On the other hand if the transformin:;

matr tx J ccn not be ,,;ritteil. down in the form 0 XIId Xl ~
there exists no coor'd Lnat;e s ys tcm in wh.ich this C::1,nbe done.

Su·Y')ose there exists a matrix A such tllat there..- It. \
'orthogonal I'r ame vectors 1 \..o\.~' , ~

ext.s tr•
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(46)

(45)

~
holds ~everyv.Jhere. Werefer to sucr; f:C'<"":,1e3i \ as nOIl-V\ 0..... c. -

holonomic frames; the reason for tJ~is terminology is that the

integra~ility condition (V.51) is not satisfied. so that the

solution in the form of ~V. 52) is not possible. Conseo_uently

also the vectors in [,;(-;~le:calC·3.Il not be chosen as tangents

to par2Jlleter lines. -")
X L-b) thl"ough' theConsider no•.'! a differentiable curve

point fo i=> Lt-::.o) -:"'XJ. The tangent vector to our curve

is

(<17A)

(47B)

•.{here iN o; is 8. pfaffian given in terms of coordinate differ-
•

ential as lK\)o... ~ c\ X {f -= 00..- . Equation (42) nO\'1

takes the form

AS '2-;:~ ii A X 'I- etA" ::; ~
u:~

(48)

Since prescribes 2,~1 orthogonal f'r ame by conside-

r2..tions at the end of section V.G, the frenet equations for the
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-7 b ,~
dlt~ -=- -ILeA- Ll.b )

nAb s ;",t1' -. ',".:l' e swhere the Ces: ta.n m'::,~"Tiz ---..J L IJ'.. _ ~ _

..JL 6 'I'\,=.It =- -A . DiU'G,'enti"ting (45) gives'G.- 1 b C D..-c. i;- ct

lJltJ~d 1\ (€>l + ~ ci [eJ "('There L e:J denotes a co.Lomn
'\ -' - W\ evn-- ·C.4S).e 0... ~~no. Ii is t::c ;':'.-c tr i:i.' 0ne may

revIri te this T,vi t::l ti"le heJ_p o,~' (45) ::',neI (43) 8,S

(49)

n l
o

wher o the matr iXr
r :;:t:\-\

( 50)

If vie recognise th,,-:t

l.JL-d/\ ~-IJ1\

c\p\ f\-\

(51)

of A, f 51) may be reHri tten as

(5lA)

It is cle2..I' from this and the formula (V.41) for the composition

of cartan matrices th.::.:.t r transfOl"ms like a car ban

matrix. Since (iJo... are pfaffiams and so are --'L .b, the
~matrix r may be wrtt te n as. ,

\' <t. r't ~- ~ ~ c\ X •-
~ (52)
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As an axiom of RiC):.-;", .'::l~·",ll C(;ol:letry are now assume that the

(54)

Let be an or thonorm-u, fr8111ein the tangent

• Irrtr cduc e a s tc.ndar d euc Lf.dean space R 1'\....

as t~1e Ther ' each t.angerrt space ~ is
~ YV\ ~ r

tIle map Uoc<' . ;> ~ at (,!/la.na. \A ~ c'l\yt\.-"') YR1'\ and Let V J V be the images

basis.

trren it follows that

( 55)
_=) _4

Hore generally this r e Lat.Lonsh.Lp :,1olds it V) V are par a.l LeL,

-'7

V
D

is transported 2.1ong a curve -;: (-t.) such thatIf a vector

it r eme.Lnspar c.Ll.eL to itself then cLear-Ly

~CXIt)J :::V: J_ J-t-: cl V [X It)J -7
. -\ \ (56)

- ff\ [X /1)J !vI '( XC» VO J
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c:.ifferentiz~ting aLong the curve (or one may expand \'\ [X tt)]
in 2. taylor series) , iV8 get _\

c\ V [X It:) J -=- d fV1[X It)J M LX H:)J V" [X li)J
~

=- W [x t-t) J V Lx (t)],
•

(57)

~f the vectors V and V are not l);:'.r~'.llel then it f'o.LLows
o

that the oner2..tion
.<

(58)

gives the meas ur e of deviation of a vector from parallelism. In

a local coordinate system one may comDute it formally as

follo\vs.

e:~1) V; -=!±'d (V~ eJ ) -::odV~ ~ -t r\. €i V~) (59) ,

v,..~ we have used eqn, (50). On ·t.\Titing DV~:: c.\X.e 6Q..V~
vre obtain the cov2riant derivative of a contravariant vector:

( 60)

In an analogous fashion other cov ar-Larrt derivatives may be

computed. Although I'[e hose used
~(c\ d X :;;...0 i; define in a

uniouer such that
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dc\e~-::(~'lYl\'\~t e:~14- r ~Rl r t e~) dx '"® dxe.
CI 2 '}'Tt- r

c!:t \J '~ -; \ ' 'WI d t, --:- \\ R ryy\~ e~ C\ x. ~ x
(bO

O'd _" \\\ ~ '~n ~ .\\ -k ''I<I ~ - 0 "f'{\ t 'rz - o Q \ 'W'-\z-\-

r ~o t' r ~ f-+ 'r'''''''- r Q.. k- 'f e. I 'We 'R- • (b~

In terms of the language of car t an mabr Lx if vT8 write
~ -..:::-;

c\J e~ ~ oclr) e. \~
~<Rlr)l\-)

t

With components _......fL'1.. 10 ~ Q
I ". I, \ .

matrix, then r::::: c\ t\ ~ - \
7\1 _ r. - \ ~-e'/ .'~ ,l. t t t hV\ (A.. - f-\ . . 3 15 COD;:; an over he who.l.e space, s o .

c\ u? :;:...C5 \ the metric \A." Ub is also constant and the
;.' A,/ D-

space is flat.

then us Lng (45) and (51) \re get

"-=. -..S ,_ )
1'1\ Q.I~·> r00 ® UJ, J.

is a cartan

in this case the fra~e
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VII. FOUNDATIOnSOF }:E:1TONIANMECHANICSANDSPECIAL RELATIVITY

VII.l. B8.sic Assum'Jtions of Ncyrton on Space-time

I s sac Nevlton made many contributions to a ~v:i.deranging

br~nches of science - what was in those days called natural
~"".~-r\..

ph l Loso ohv , In physics proper, among his' ",relll\.contributions are

in the subj ects of he '1t) oot i c s , electricity and raagne t i sm,

HO,.Jever he: is most known for his formulation of mechanics and

hi s law of gr avi tCltional attr8.ctionl, Before going on to state

laws of motion, Newton discus sed at length the significance of

various tcrms th2t he was using and carefully stated his basic

assumptions on spaco and time in the context of the prevalent

):lotions and t8rt::!in~logy. According to Et rs tein2 "Newton himself

l,.,as better 2.1!Ts.ro of the •.vc8knesses inherent in his intellectual

edifice th9.n the generations ",hich followed him. This fact h~s

8.1,..rays roused my "l.dmirqtion" .

1:Je sh=H. therefore start here by statri ng the basic assump-

tions made by Newton and in the spirit of modern trends in

physics deduce Newton IS Laws from there. This approach would
,

enable us to see clearly the "weakne s se s " that Einstein has

spoken of, and would otherwise help us in developing the course.

These assumptions of Newton are:

1. Space is absolute3, has dimension 3 and is Euclidean4

2. Time is absolute and flows uniformaly3

By absolute in the above is ~eant that any physical pheno-

mena what.so evor occurring in natur-e (in space time) have no

effect on the properties of space time (and vice versa), which
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contiI1l1P to be the smne'J.s s'~2,tC!din (1) aDri (?). Bv the

Euclidean nature of space one means tha.t tl:1.e snac e is homogeneous

and isotropic; in other word s the physic 9.:1. Dher,oTIcnaare unchanged

under the follovIing coo:.:-dL1C',techanGes
1 r

X1_ 11... ot/ /\ -t- .t
~

x'1->
t -'/

,r; 1 X',)

t+b
T TA;~=A ..'..=1 I sotropy of

space
(2 )

The coordinate chang ,,:; c ;.o -~rly 10.3.\:0'L:nchangcd the Euclidean

di stance be twe cn b.~8 points a, b ~.
->-?

\ /'

\ X o..

I

X '1. _~ )! 1..1-- V 1, .JC Galilean tro..nsformB.tions (5)

vIhere \J 1. arc the lJ2,22Jnc:d er..•S of the ":-c'Qnsformo.tlon and can be

interpreted D.S vel '1,:1 ti.es. Tts:'onccpt of velocity arises

because of the c01l.cept of f10\.[ of tiTre. All physical phenomena

timo.
A 70l'~~ (T)~l'~~cle' l"n./ ....u __ v rC. l r L -.

is said to have a non-

vani sm.ng veJ..cc i "'::T·.1' i",:-, pos~.;' on (c :)c·:'.:1i"l.3.'ces X. t) changes in

time. It is clc2~ ·cho.·;~~f the :;:':1,0\<1'is ~10t U:l:LforD then the
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concept of velocity "nIl not be very useful.
Collecting the transform2tions (1-3,5) we find that the

most general transformation that leaves (4) unchanged is
•. t t ,x,t~ ~ ~X '0 + b1..-+ \)1- t

t(~ t+c.

(6A)

(6B)

It might appear that if we repl~ce t by f(t) in (5)/the form
(4) is again left unchanged. However then the form of the most
general transformation will not be (6) and would 1ea~ to S8vere
complications due to (6B).

VII.2. First Law: of Notion and "Conseryedlt Objects
14e now ask what is the simnlest law of motion for a fre..e.

.D.?-.rtic1econsistent with this transformation. The answer is

) clearly the Newton',s first la,,':
.,

c\'2-X'L
0 ••- (?A)c\t2- .,

1

Notice that (7A) is also unchanged under the affine change of t:

(SA)

On the other hand, if "ve replace eqns. (7A) by

(7B)



-80-

and asswne that when t undergoes ~n affine change (SA), M

undergoes the change of scale

(8B)

then ~he loft hand side of (7B) remains unchanged under the

combined transform~tions C8,A,B).
Now considor a closed system of several particles. This

system as a who'l e 'Jill sntisfy the first Iml; howevcr , what is

to bo the interpret ,tion of H? If vIe consider M to be "pr oper ty

of a point par td cLe", then the analogue of (7B) for a closed

system of particles VIill be
-~c\ '"L X ~ .Z ,,~c( clP- o (9)

As t undergoo s the t.r-ansf'o rmat.Lon t~()..t ,M ~ undergoes

the change M 0( -7 Q'- M 0( It is clear that if we inter-

pret M 0( 2S a numbor charncteri sti c of a ,m:.oDertv of the

pJ.rtid:-e, then tho numcr LceI value assigned to this property

is ar bl tr ary upto .El-G..QJlstcmt.If we therefore fix this constant,

it fixes not only the r c'l at tve values of \'Y\O(but also the para-

meter as soci a't od VIith tho affine; t.r ansf'o rmatd on (8) of t. In

particular for :1=1, \ve obtain pr eci sely the group of transfor-

mations t.hot lowos (~,) unchanged together wi th the concept of

"pr-oper-ty of ,'?L p;::.rticle" which is character;isod by the numbers "'"
'(

vIm ch we sh~)ll refor to as "Mass !~ of the c<tk par ti cle. From the
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basic assumptions of space-time it is clear that M is indepen-
-'7

dent of y.. and t.

If ,,,e integrate (7B) over a tlme interval [t 0;) tJ we

obtain the conservation law:

(10 )

The vector ~~ is called momentum (Quanti ty of Motio~-Ne1:rton)
~

of the particle. Taking the scalar product of (7B) with Ui
and integrating over the interval [-to)t] gives

1/ II
We call T the kinetic energy (Vis Viva-Newton) of the particle •

•
Multi ply (7B) by X d and subt.r act from it the expression

obtained by interchanging i and j~-

,

Compererrt s of the antisymrnetric tensor are the familiar

components of the vector product

4 ~)Lk -= ( X f\ r -::1- L ~~. L ~I

)z 7....i)~ t~~ '1~

where Ei i ~ 1s the Levi-Ci vi ta, completely antisymmetric
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it is +J for ijl~ an over permutation of 1,2. 3~ and -1 for odd

permut at.ton of 1,2,3 and zero in :0.11other case s . P,T and L

are said to be cons txnts of the not l on , It rur thcr follows from

(10) that tho no.rticlo moves \Ji th uniform voloci ty V" so that
-')

V a further constant of the motion -lve stato without oroo r

thr.t these coris t arrt s arc connected respectively vrith the svmme-

trios defined by CJJ, (3), (2) and (5).

Formula (10) CcCcD he Lll~12diqtely generalised for the case

of a system of ;)(lrt:i.c13s, 80h. (9) ~

(14)

A further integration of (14) yields

~'l0 define tho IIccntro of mass" cf a closed system of particles

as
~L \V\. ~ X~ ~7

'-I,

X 0<- ,,- -- (16)
L M~ ...') \VI.:.... - «..
0< c.<

It is then clear thQt thG centro cf mass of a closed system of~ =:::7.
1)2.rticles moves with a constant veloci ty v:> '"Po ILM~ as- i ~Tftfl-R..
if it was a \ee.particle. Cons+amy Of the veloci ty of centre

of mas s , as pointed out oar Ld.e r l.rj ses from the invariance of

equations of motion under Galiloan "':.r;:l.r"~)form2.tions.
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VII.3. Concept of FQrce; the IInd and IIIrd laws
Next let us considor a closed system of two particles.

This system satisfies the first law:

J,1..X..) 2. X
~ ~ "yy\ c\ B _ (17)

~ c\-tL.. *13 ctt"L -0.
d1..-r -::7

If '''0 call -- -=- 0:.. as the acceleration vcctor andriti-
~denote it by a, then we soe from (16) that one can also defirie

ratio of the ma ssos of two particle in a closed system as the
invurse ratio of the magnitudes of their accelerations (provided
of course that their acce1frations are nonvanishing): ~,~~ 4 ~ ~. ir-&J1-~,

'YY\~ _ \0:'8\
rrY\ :B - \ Ct'~\. ·

Further we can re~ITite (17) as

--"'7

f'(i\ c\ '- A. ~
~ c\t'2-

~ '16 t )(J \)J t) + f;1»..L x J \TJ t) ::::0; (19 B)

-/and 1:JO call the vector function F as the force vector ~
J\~

the force duo to B on A) similarly F~p\ is the force due to
A and B. Equation (1gB) then says that these forces that A and

(19A)

B exert on each other are equal .md opoosi te.
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In this mr nncr '-'Ie have thus arri vcd at the concept of

forc e (second l::-1.w),:;.ndtno third Lav \"hich says that action

and reaction ar o equal and onoosi to.

VII.4~.Sym8etry and ConsQr.vation La~~

Let us muL tiT)ly tho first of nquc:~ti:)ns (19A) with 'YY\'g and

"second with rv-n ~ 2.nd sub t.r :·;'.ct~
\

the

~
I t follows from thi s (,;qu?.tiorl ['.nd cquB.tions (19) that -F has

the form

(20A)

~ r i:whor o X -=. d X eLf. ~'Te have thus reduced the tHO particle
\

system (19) to a single 1)PTticlo oaup,ti·on

(21A)

together 1,'rith tho ccnserv2..tion 18."

(22)

where r
position)

is the reduced m~ss,
--7 ~

and \1";: Xis the

_'I --I -} tlu..
X:;. Xp, - Xgjrelativo

V
re1~tivG velocity. We lea~e as
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Gxorcisc~, to provo tho following statements on conservation
laws arising from (~lA) as intograls of the motion. From C2lA)
we obt ain the following formal intogro.ls whoso existence is
determined by certain symmotry properties

" -7 • '.

,?~LI\) ~r V e - S f~ Jt!t
tiLtJ = {/-lV 2-_ i-f r.. dXR

- ~ fA V'" ~ ~ f ~\)~ clt.
(24)

where the line integral is ovor an arbitrary path of tho parti-
c'l o ~

(25)

where
-"'> . ~ ~-.,

angles, l-=-· x. f\ P;: r- X "V
R-fL are tho components of

are tho Eulor
is "orbital" o.ngulo.rmomentum and

~ ~
tho vector X A. F · •

The rit;togralst 1?--t exist and are cons t arrt s of 'the
motion if fro (x)= PI() (x+ ~,X), t ,o, if '?~ is indepen-
dent of X ; and in this case ,?'C are called generalized

lW-,
momenta, condition for this isI\. .

I

\
.» • (23A)

r t::")and the general form is L- I~



-86-

(23B)

-n.1.en H(t) exists it is c a'l l.od tho energy integral; tho condi tion

is thqt H( t) = !.i( t+ ~ t) wh.Lch yiOld s

(24B)

whoro B is a function of x and t. Simi12_rly for conservation

of angular momorrtum oro has to consider an tnfini tosimal change
~ -:;( .

For t= 1\ 'X :: 0 , orbi tal angular momentum

The generalized momentumdofined by

c\wct)
dt (25A)

is conserved if

(25B)L -.,-- --
-:")'-I --==,

Tho vector s "/.. ) 0( ./ F form an orthogonal tri ad and may

be takon along the sphcr Lcal. polar urri t voctors ~ J e ) ~ .
Evon if L: is not conserved, tt could h8.p')en thc t LL- is

const3nt of the motion; this is the case if
•

(25C)-'
where A and B

-::"--7
ar c uar a'l Le'L and perpendicular to X. C,

'It

•

is
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~ ..:z,~ -'> ~ ~
normal to \t and is in the X- \) p'l anoj so that \), C. and L
form an orthogonal triad.

To summarise, one can deduce the consorved quantities by
~studying the behaviour of F under space-time changes as under

infinitesimal change
X>·~ X~-+ S X--'
t ~ -t -t- St

~ ~X-> ~~ ) t\ \\\-=.. L
~X ~ 'X + t b\J"

conserved quantity
linear momorrtum

energy

angular momentum

centre of mass

In addition, ~ is always strictly conserved.

VII.4B. Using the results of section V.8 and V.9 in particular
equations (V.68, 68A) we can rewrite tho Newtons law of motion,
eqn. (2lA) in general coordinates as

\2." , I k. d ~ , -:?Y'lO ')(0 t-51J ~ ~ ~ f~(?) X .. t)
c\t 1... 1~ c:\"t dt ,'" 'I ( 21 B)

{ ~ } _ 0 Xi 6'-'0 "M. _ ~'M-l I--\-· _"
R L - 0 ~"M. 0 XR '0 ~ t - d ':J: ~'lY\\l).t ~ 'I'nRJ ~ (j~/)~

where ~ ~ are the cartesian and l<' t<- the ~eneral coordinates;

comma in Q L denotes differentiation with respect to "f andd~~A . f\)
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If \'18 multiply (21B) throughout< by'l, and sum over
<l ~l'Yl.

1- we find

on using (V.7,7A)

(21C)

whor c T is the expression for kinetic energy in general;i.zed

coordinates:

(llA)

..
Now let us consider the case "Thenforce is of the type t:.0mbining

(23B) and (24B)~

(26A)

Eqn. (21C) then takes the form
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J dL d L
- - 0 (27)
dtoX'R OXR

lC\ f \.... ~~

whe1r.e..'L::;. ~ d1k\)0 \f ~- c::p -\ V ~ A is called

Lagrangian of the system and (27) are 'called the Eul.orc-Lagr angc

oquatd ons , . They may also be ob+at ncd by the H2.r.1ilton t s var i a-

tiono.l nr-i ncdnl.o ~

o ~ S (t~·L l::;'7 r 't)J.l.. ).)
~ ) 1

-=- S t '2-dt (d L ~i ()-+ d L . b'~ 3) (28)-C, \...C>X~ CXo.L..

-=-rc L S X bl t"2. Jt~ ~(()L 1- J 6 LLox~ Jt1i- tl X ox~ dt oX~ )cU-~
where it is assumed that the var tat.t.on vanishes at the end points

l§ X~ L1:.."2-) -:::.S X D Lt}) ~ 0] and that the var La tions are other-

wise arbitrary and indepondent of each other.

VJith force of the type (26) cqns , (21B) may also be wr i. tten

,
(27A)

1 •
~ I • , ') ~

\' ~ ::-~ ~ } -r T '0 ~ S 1 1 +''S 'rt 've.. 1- B t U~
\Rl ,-'R~. 'R 1 LR t j "2- \)4.-

C."6 ~ R ';- d ~rc \\ ~ -) 'R ~\ Q)
.' I

wher-e ~'dk:::-dv~ Be'fe and Td~l ~s symmotric in ~)~;alSO

\L i~Q) =0 ~ Thus we so o that r a R.Q hero is prec~.sely of

the form considored in equntions (VI.31,3S). Hence if right hand

(29 )



~ ~-")

.d f ('J'7 I 'I • h . f . f tl t r V Dsa e 0- ?~, .,-i,/ V=~n1S~OS, 1.':). orce 15 or 10 ypc I -::. . /I. OJ

~ -:,~.:::V',,~(x.)fhcn the solution of the p;eocl.csic equation is

samo 8.S in the xbsonco of force Gnd similarly kinetic energy

is also the some as if t.ncr o is no force. Such forces are

sei.d to ao no work , EX~1]:nplesof thosc·forces ar o: Gyrosco:)ic

forces and forces due to a magnetic fiald.

Nowton's -cvJO contributions on Laws of motion and l.3.\vof

gravitation h2VCb'JC:"1so to say given Logl ca'L complction in tho

theorics of spoci 2,1 and !?cneral re1::lti v i.ty of Einstein as ~Jic-
~f:W~~~"

torialy represented in theAdiagr~

~

!SZ"ilSis:~
=.' \\\", .~La1N of Gravi te.tion

General Rolati vi t-'
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~ 1~ ~'~ (}JA__~)
Double 8.rrmv"deDotos logical comcj e t.i ori. Single ar-row denotes

just further dovc Lo-m orrt consistent \..;ith the previous hypothesis.

Let us clarify ~,.;h8.twe mean by logical completion. l:Je

confine ourselves here to special relativity. The important

conservation laws of Newtonian mechanics are

1. Conservation of mass

2. Conservation of energy

3. Conservation of linear momentum

4. Conservation of angular momentum

5. Conservation of centre of mass

In all problems in Ne\.J'tonian mechanics mass is assumed to he

strictly conserved. Let us consider the scattering process

between bvo equal mRSS·particles. First, let the scattering

be e~astic; then to treat the problem one can either use the

principle of cons or-vat.Lon of linear momentum or of the conser-

vation of energy. HO'1,voverif the scattering is inelastic one
~~

gets into some problems as r epr-os en-t:J.i n the f'o l.Low.l.ng table.,
quantity Ini ti8,1 ,st'"'te Final §..tate

Mass m+;y"yt M-=1."YYl
...::::, M\!'Momentum f'Y'rilf-t-D

Kinetic imtr~'D ~2.
energy \y\V

'"2..

Conservation
Q,r not

yes

yes

no

Tho t.aoLo shows that if 'ole assume the strict conscrvat.i.on

of mass and mcmcntum than the kinetic anergy is not conserved.
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ThG loss i.n ~dnctic energy is explained by saying that it has

gone into t,1-:.0 p'roducti or, of heat and sound produced during the

collision 2nd i.r.to the eLast l,c energy of t.ho comrd ned mass.

However for a point par tl cLe such an exp'Lanatri on is far too

complicated and in any case involves cxt r a-Newt.ordan assumptions.

At thi s Doint 1,'C m,')1:2 D~.ren·~hctic r vnarks of hi storical

netur-o , At the time uf Nowton there was cons idor-abl,e controversy

regarding the nat.u=c of force in the scn-:e whet'hcr- it is asso-
~ - ~

ci abed with the ~,~ii 73. ')'Y} \) Z or with the .Q.p.an.tityof motioD "',,r.
In a competi t?_on or garri.sed by the Royal Soci oty , London in It b '6
to discuss tho then burning problem of the relative importance

~ ~1--
of 1'r\tr and trnlJ" in connoc tion -,,-i th the concept of force, Cri sti an

-')
l\uygons.pointcd out that ',\ytu- was p:':'o:'·::;rable as having to do

\d th force, since one could use it to ·~·"eat both elastic and
, 1...-

LncLesta c processes, whcrca s fr'l\r v12S9. useful concept only for

clastic se at.t.cr-ing , He should rorhaps add that had the loss of

kinetic energy ininolnstic.sca~:orjng beon recognised as part

of the potential energy of t.ne comblncd system one would have

seen the early rise of Homi.L'toru an system of cquatri ons which

ha s proved highly useful in the s tudv of quantum phenomena.

No twi thstanding what we h'170 sai.d in the preceding para-

graph, tho cri t tct-sm against tho 1:: : of ccnservation of kinetic

energy in inelastic sc at.t cr-Lng vol cod in an earlier paragraph

stands. Thi s di fficul ty is r emovod in the thoory of spacial

rolativi ty wher-e tho principles of conservation of mass and

,
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energy are renlaced by a single Law - one defines
~ --7

L\"1\.Q...CVL M.~~ ~~ -=-mO U-

\Y\~ - c.~~.. =- E --=- me c. ""L
(30 )

"2... ) . .; .J....
It/here Cis the velocity of light and "6 -=- (1- Jd::...- ',.' '2...c.7.. )

(29A)

vfPether the scattering is elastic or inelastic we get the ~

set of basic equations: lS~ ~iO~\ ~ ~~ ~ 1~ ~\)..{)t~
-'/ ~ I II1'YlLJ 0' -=-M V jl r -= (\- VL C2)-2..

trY\. '0 ~m = \'1 f' (30)

M
For elastic scattering M=2m. 'I'hus we see that" snecial relativity

no extra as sumot.Loris are requirec1 to deal with inelastic scatte-

ring. In this sense one may consider special relativity. as a,
logical co~pletion of Newtonian mechanics.

=-:tL_- ----_--

Special relativity is a natural completion of Newtonian

ideas also i:r another sense, It>Jesaw that the equations of motion

o f a closed system of particles (eqn.9) are left unchanged under

the Galilean t.r ansf'o rmatd ons (5). The physical significance of

this transformation is that 1.illL.l,aYTS bf l2h~sics are t.ne. same in
I

J?.J.l.....tr..aIlL~ __Q_L_:r.Eif§.I:§nceth.;;..tJnQYe W...a.tive'to each otl;18r lD. tll_

IDl.:li9rmy...el.o..city(:n'jJlci D~f: of ,Gaill..e..an....B..eLi.ti.Y.i.W.. The frames
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of reference that move re12ti ve to each other 1.,rith uniform ve.l.oci +v

in novtn~'; bodl e s .}nd f r-cn th.e M.'"\:Cl'Tell!s eouvt ioris li,:ich ('.escribe
t;

t>i s 'Jhl:;nornenn :Janstei n" found us inr; t;:l.e t'TO DOS tUli?tes of
'3 .

G,}J~}.e"'.\;re12.tivity 8.n0 const'}n~~ of the veloci ty of light tInt

tl'.e t ransf'orrn at to ns reL?t:i.ng Inertial f' rune s of reference are

princi '')le of G::>.lile·-'nRelnti vi t.y that in »ar td.cuj ar the veloci ty

of light has the same coris tan t value in all inertL~.l fraDes. This

fact was verified in t~Je classic exoe r imerrt s of Mic~"lelson and
r:

Morley 2.n(1other so. A careful anal vs i s ShOv.!S that the pr-inciol.e

of Gali Lean ::1elat:i_vj.ty tocethr-::r ':n t~, the pri nci pI.e of cons t ancv

of the veloei ty of light le00 s to the t.r ans f'o rmotd on gr ouo H~lich

leaves Ma:x:uelll s eruJ.tions unchanged, Since Lor(mt;~? first·

discovered the tr::;nsfor"n~::d;iongr ouo th:?t leaves Hax:v,ell t s equations

unchanged these t.r ans ro rmatdoris are co.LLedLorentz t.r vnsf'ormat.Lons ,

_A.n-:"lD,3.1ysi s of the conce-rt of slmu'l, tamid ty of hw events in

~if:r.eren.t inerti8.1 f r ane s assuming (1) the 'lJrinci »Le of Galilean

r81~tivity (2) the Drinci~le of the const~ncy of the velocity of

lig".t siows t.h=t one crnno t reconcile these ~)rinclDles 1:'1ith the

concent of absolute time and absolute snac e in Newto rrl an meche-,
n

rdc s", instead one obte>,ins:

Space-time is absolute anr'1Dseu:"o-euclidean

In this sense 'life see 2.g"in t~).at soecl a'L relativity is a."- ,-

natural comp'leto.on of l"e'l-rtoniJ.nMechanics. Finally ....ve mention
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one more vt.ewpol rrt whr.ch brinp;s out how snecial relativi ty is a

natural com,?letion of Newtorrl an ideas. TJ1is vi e1.vpoint was much

e.I abor at.ed by Professor Alla.di Ram akr i shnan in his lectures and

I sh a.LLtherefore ont.v brd ef'Lv r evt ew it.
~

Starting point of Al13.(~iI S argument is that if lr;
~ ~
\ti +tr2. is 8.180 aare veloci ties in Ye,,rtoninn mechani.c s then

ve1~city, so that there is no upper limit to the numerical value
~

of velocity that particle can attain. In Alln.ri 18 vi ewoo i rrt ,

such a wor-Ld is considered to be chaotic. Hence it is desl r ab'le

to 'Out a. sui tE'.ble limit to the veloci ty that a particle can attain.

The claim now is t.ha t one can e.btain the Einsteinian Law of ac1di-

tion of veloci ties (and al so Lorentz t.ransf'orm abt ons ) as generali-

zat.t.on of the }TeHtonian Law '<Thenthe as sumption regarding upner

limit of velocity is mace. Precisely stated, the assumptions are

(1) The u~per limit to a realizable velocity is 1 in sui-

table units.

(2) For velocities much STn8.11erthan 1 the Newtonian l.en>1,
results

(3) If 'Ui and Lr2. ar-e ree.lise.1')le velocities then their
~U7l...

compest tion t' 'lis also r eeLi sab'l.e,

In the Neutonian case the set of all re:1lisable veloci ties

sati sfy the foll01;ring relations ('ltTe consider the case of

one dimension)
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distributioI2.

u.\ + U1- comoutative

h0.S uniaue inverse

II l-l+ 0 Lt ic.enti ty element

on the extended
real line

At t'11S noint 1,leobserve that all the tr-:-.nsforma.tions 1.:18

have consLder ed in FCi.rtoniqn theory, so f8.r, are continuous trans-

f'o rrnatd ons that form Groups. If He confine ourselves to such
'.

con td.nuou s tr:;nsforn.·"ti.on gr ouos then on aui to gener8.1 grounds

one can show that if 11e ne'rf'orm bm successive tr"nsformJ.tions

i nvot.vine; a s:inr:le n::;:r8r1e't er (e'.!!.. b'ro succe ssi ve tr ~.ns13.t:ions

alon!!, j;'-D."'ds, or t.wo suc cos si.ve rotations in a 1)12T'e);X7XJ=f.(K/ll)
I

>4/~ Xli""=:,. +2 ( x..> Q 2..) ) then X ---7 X 11-::;: f /"2.. l X) CAq+Q.<..) "
In technical l?ngu age '.'J"8 say that 8. one 1')3.r'J:1eter group is an

Fr on t.he se r emarks 2.801.1 t one 1J2r~meter gr ou»s it .f'o'l Lows

th<.t any "r-e l.ct.l.v i st.Lc" l~.'-Tof comoosi t ton of velocities ",Jill

0.1so have thes o ryro1)erti 8S, out Hith one o.iffercnce ~ where as the

Ne-rtorri an veloci ties S1Jo.nthe errt.Lr e real line, tb.e Einsteinio.n

veloci ties soan ::-..bounder'. interv::li be t-reen -1 and ~..... Let us

denote by * the sign of composi tion of relati vi stic veloci ti cs ,
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Then from what '.,Te have 82.if. above , \'re must have

Ui ~ ( Lr2. *u;) -=- (~*" \Tz.) * ll3

~ ::-.L 1,... - l r- * lJ:""- 1...,.- <. 1
\ """"v 2.. - .. v.~ I - U I"2.. ---

\.r *" (- tr) :::-0

U-* lC:» 0 *,- (\T) =- V

\) -x-eit) = [±/)-X- u- = + I

(ii)

If we compar e (i) .:).no("ii) ',.re sec. that "a" of rclati vi stic for-

mula behave s Lt lcc "0" of the Ne"rtonian case, but.± , of the

relativistic case behaves as .± 00 €lf the Neutoni8.n case. Since

the }Teutonic:m case cor r e soond s to the real line j. t means that

tbere Pin sts a one-to-one contj m1Ql]S maP from tha.open j nte.rvaJ

-\ <.. \r<:'+\ to the r.§sLj,i.J:l§.....- 00 <.. e <. +CO and. vice versa.

Orio can of ccur s ~ J.lso t ake the closed interval - \ $... \.) ..=::: -t-I
for t'""l.crolativistic velocities, in 1'T,:.,ichcase the maord ng is to

t' t n;) 1 l' (, , , , 1 d 'f' it "numbe r-"},DG e~~cnoeo rea. ano "'TIl.lC;]anc..U es In ..vrn y as a. ~

Any such man is ne ce s sur-i Ly unique. It is given by
,

V:::... ~h& ) (A)

Not,! observe t hat on tho rO""'.lLi.no , e ",oulfi satisfy all the

comno sf ta on r-ul.e s of Nevrtont an velocities: (i). In »ar td cut ar



Therefore if HG d sf'Lnc tCVvl. 'V\& 1:::- u\ )1.CVy\·(\ &<-. Uz.. -)1:l>vY\~CtIZ.:: UJ2)

then

\)\2 (B)

formula ("'3).

N01'T let \), ;nd U'Z... bp. t~!e velocities of an obj e ct v a s

01),:orV8(1.by t1.vo obSerVGTS niov i ng rel~ti ve to each other "Ti th

veloci ty u.. ~ then
J

~ )(
\).., ::. - , \r.\:::. -:;- )

,,- ~o '\0
Let us Ln t.r oduc e the homog e neou s co o rd i na't.e s

u... -::.. ~ ( C\.~ 1%he)thon

~ :: K Co...C) X +-0\ X D)) ~Jb =~[Ct6 ~{) + o. X)
tGvv\. h 6-

For K=l, 'iTGsee t.ho t since 0..... 16..... 0 -::::-/::'112 wi Ll. hJ.VG

(C)

From this it 'roulrl. f'o'lLovr t'",:ct X \J ar o to be interpretec~ P.S
D) 10

time so t.hr.t \f\ -::.'X I X /1.nd Lr2. =- 111 d~., '!.:re veLoc i tl. G S • Hence 'Te

obt~1in
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whi ch are Lorentz tI'.J.nsfannC'rttons. Sii"!li1ar1y one can also con-

sid cr the 3-dimcnsioniJ.l ca s'?, ,..;1-:·ich however we shall not do here.

VII. 6. LOXQntz TransfQllll ,t\Q.Jls~

From thc1J!'inci"Jle of thc constancy of the velocity ·of

light in 2.11 Lner t i aL f r ames i t follo~"s th.?t,

.z: \€I=c\t-c has the some cons t ant value in 8,11
Lncr tdal, fr1l1i1es...;

hepce for a light signal we must have

- 0 .. (31)

'ince other 'l)articlcs "!ill travel sl.ower than light )for these

c\ t ~JX' 'l- / C 2.. >D and \1e u"i to

(32)

We add that in orincinle, it is ~ossible that there are

'7)articles \r~l.ich also travel faster than light- for thelte
.~ J ,':J

C". \t'-~\~X2..< 0C\ Cl hovrever- I're r o] ect this nos s1'l)i1i ty for

s ever-aL reasons. Firstly such »ar tn cLos have no Ncutoni,:m ana-

Lo gue i i.e. in no limit is tb.eir mechanics govor-neo by l'TeHtonian

mocharrl cs ; secorrily the concept of flo'!,.;of time, so esserrt i.a'l, to

cna ~)18one to rlefins t1:!.is conccut of 11 veloci tyll, is no longer

mc-im ng f'ul. hence it is m03ninglcss to t~lk about ~ities

greater than t.hat of Ligh t , In this conmct:ion "'TO note that the

concept of flolJ of time has =:180 another imDortr.mt use in phvsi cal
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-------' phenomena in tha.t one C8.n o ro e r vri.t.h i ts ho.l o 2nJT s e oucnc e of

f'o l.Lows is the reffactll. This is c"'.ller the pr i ncf.p'l,o of C3USo.-

li ty. Obviously thi s also br or-ks (lo'm ?s 1."88 e.lro?c1y pointed out

b i t· 9,10y ~ ns 81n long ago. Still :mother rO:lson for rejecting the

8xistence of theso ~articles is thnt they can have positive ~s
••

v.rell as neg at.i ve enc r gi e s ~ the 'e7i st ence of negative encr g.i os '!Till

create Rn 2nomalous situ~tion. Furt~or more such ~2rticles can

not he che,rger"?s contri on t.I on of the (;1sctroEl.:=Jgnctic fi e10 to

mxlco detection of such par t.i.c Le s almost impossible.

On the ot 'vr' h::-na. '.'TO no te that one mav Lntor or et the

Lne qu ol I 'cy c\ 1:'=- C7.... c\t~> 0 as;} rigid rod uhose nLcaX1.Dl.llm

·?ossible mca sur cd Lcng t.h snuar o is dX'L- c'-dt"l- and t~lis

hGp',ens in 2. f r ame of reference wh.i ch is at rest relative to the

rod. In t~~lis rest f r ame of the rorl dt:: D.» Ivhere.J.s in all other

i ne r ti 0.1 f r am0 S clt -=t: b One mny interpret thi s to mean

thJt if b:ro events (8.S. fl--s'l.os of lisht)"J.t the ends of a rod

siTYlult3.neous Cd t-=- 0) then

in anv other inorti ,].1 frame t.hov O.Te not s imujt ancous dt::f:. D ~ .
I th·· . t d~" ~ h th· t t ~. f'n L1S Vle'·v-I)Oln - (ioes not., .\eve '..9 ln erDre 2t.,10n 0,_

dt d x.~ c2..
3. velocity, but r.J.t>cr dt -> u- ,,-There \) is the'volocity

in its rest frar:I'3 nr o oosorv,:;,:" to be

of the inertial f r-ame rJl.'),tJv8 to t 1')e rest f r amo so th')t

d S-:::.\c\ X'\ f I-IJ2. lc 7- ,. Hcric o 0. roc of rest-length \ d X' \
:'.,'ic-:,r S to be c orrtr ac t.e-" vrhen cb se r vec' from a frame moving rolJ.t5_ ve

to it I,vith vcloci ty U - tho contra.ction boin'3 only in the
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dimcnsionof tho diroction of motion.
. . -

Roturrri.ng to equations C:r~) 7 (37), 1,[esee that among the...
tr-:>nsformat:i.ons which leave these unchanged ar o

~ ~ ~y~ X-+<\-

t ->t+b
-7'? ---7X ~A X)

J

TVrr\.a... -\ YOJYV~ )

A.~T=-\ ) Sfo..t \0..\ ~otll.t\O'Yl s 7 (~

The most gener-r.L transform~.tions that Leave (31) unchanged ar e

cLear Lv those uhich vrcu'l d lead to I1l1}lti1;llying the left side of

(31) by at most 2. f ac t.o r k. If .•.te r ecu+r o tha.t (1) the SGt of
.-!>\

tr2nsforrn2.tions Lcavl ng '( J t)unch;:mgec'l.fOTI1 J. gr ou» (2) snac e

time translations 2nd spa-cial rotations form a subgroup of this

group) then it turns out thet elO factor J;:: is nocoss ar i Ly unity.

'iTe show this in b.vo stops.

Consider Q. tr cnsrormr-ta on in A"\t .. DIane, that leaves tho

loft h=nd sir'e of {5t) unch ;?,nger~;it has the obvious form

X:" -:::: X \ ~ ~e + c,t ~l'nhe) 'X{-=- XL)

ct' ::::c.t- L.~h.e + X \ S )01 h&-.
·,hore ~ t) ar o ex: or(l~_n;o.t8sof an (1.rbitrary overrt in frame L
~nd (-=X' J t~ s.ro c'!orclinl.tes· of tho s·~r'leevent as seen in £'.
In D2rticu1qr vo consj.~0r th8.v:nt to rofer to the origin of

J I
the system in 2 '; in t~.-'.'?tcis» X I ::::.cJ and so

~. X\
c.t

/ ..
X J 7:. X~v v (33)

-\J\-c... (34)
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elimin".ti.ng B gi vos

I . X'- X IX \ -=- Q tx \ - U\ t) ) 2 - 2-:> X3 =- X3

ctl = dlct-\J\~\ ) £~t'[I_~~L.r~
Th.eso ar o caller; .2.'ll..r:.0_L...9J::':.1rl ..:t..z.. trSo!'J.sform2.tioll~ ::>,long X\
Alternatt;ly, if vlG 0.ividc 1! byct in (33) He obtain

u{
-:::.. (36A)c

Xl
L

ct/
(36B)(11- Jc....

J~-~+~ t (A!Y\ he) L6}1)-'h fj
G

""here 1:10 have »ut U / -::.:X ~ lt',i s veloci ty of bhe evont a s so en

in z' and UI ::. Xi pits voloci t~ J.S seen in L
-t:

ct~'rl~D has to be identified ,·rith tho r elvtd vo volocity of

h~o framos, since in the Fowt ordan limi t C -7'ev and \<TO got
)

u/ -e, U ,-f t:t%he. ~"y'\ ioth these dori VD.t;ons of eqn, (3~) fTom

o"'.ich tho expressions (3A.) for pure Lorentz tr::1.nsform'.'tions

c.

vIe see t.hn t

follo'lT Immod l a tc Lv , vIe hav o mO.deuse of the cond i tion t.ha t in

t.h o limit of smxl.L U, (CDm:o~rG(lto 8) 1..'lO got the Ncwt.orri.an

cxor e s sf.ons ; st8.tcrl ci.ifferontly, i:Je have a s sumed that tnor-o

exist Ln er td aL f r=rno s t.ha t are r-eLat.Lve Ly Gt rest.

NQ\.\T suppose HO do not as sume th--:-.tthe loft hand side of

(31) is left unc hnng ed, but r vt.hcr it takes on ~ factor k; thens:
in ol.ac e of (3;\) 1;lO got



x{-=- o(x\-~t)k)

ct I ~ r; let - \)~x0 k )

Since 211 directions in svic o ar o ccuiva'l ent (isotro1)Y of SD3.Ce-·

Lrrvar-Lanc o und cr sp-J.ti21 ro t.atd ons ) , it f'o LLo-rs t.ha t k d coond s

-/
only on tho magrritude; of lr. Consider::. c;,lino.or moving

X -aAris such th-?t tho
\

along tho 8.xi s
rt"'1....

\ ,
L-__ ---:.\\_~,ID~-;>X \

d'X3

X -rixl s in the frame
\

X\-X2.. "rJ1;'>.noin L

\
\.

of the cvI Lnr? er coincir' es \Vi th the
\

Envi sago no-r -1 r-ot.r t.Lon of '186° tn

i- vI I 1 . [J
n '" _ X 2. n ano J.n :

8.nCl

X \ --7 - X \ ) X2.. -7 - X-z..
X/ -7 -x/ ) X{-7 -X-/'
\)\ ~-Vj ) '(-/O~ R (v) -")R{-v~ 't

~JJe got then

XII ::-ll(l<.l ~t)\z[-\r-) ct'=~ (C.t-~)kH)'")
. I ( -,

X7.-: '1.,-- kL-v)) X3 -::;: X3 k{-u-);
\' I) \ t.vv--t

Sincr] rotntions in X \- X~, shoul.d h2VC no effect on X.3 ' 1:TO

must h2.ve



an angle 0(\ with the X\ -axis may be obt~~ed from (31) as

follows. Resolve the vector y:r along l !\\\)8.nd perpendicular

( )(l.)to veloci ty vector if ; (31) then takes the form

-'7/ /-1 ~)X1\ -::::..'( ,,-XII - ~t )
~~

-\:;I~ '0 It- v::~)
Since, \? V"'> -'7 rr»

t r-; :;::. U:Lt- X \ \
-; ~~X \\ - X· \J ~

- \)"2 \;"""- )

the above we get
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It I
No\" con sf.r' er a frame ~ moving relatively to L along the

direction -'X \ wi th the same velocity U . Applying U:f:)J
t"rl.c0 give s

)

Since w~ are interestoc~ only in tho so. transformations that are

connected continuously to the identity "Ie must have \z:::.- T \,
as we wanted to show.

Lorentz transformations in Qn ~rbitrary direction making

\~"'2-)-l.'0::;- I I-::!.- 2-) L C'2-

-- \J) Xl )
'VI _ ~.:::::;_-.r Substituting
"'1- - X Xl\'

(34A)

these in

(35)

(35A)

------~--------------------------~
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If "Te delote by R the mat.r-t x fOl" a gonerCl.l 3-dimensional

rotation, then the most gem ral Lorentz transformation that is

connected continuously to tho identity may be ,.;ri tten as

(36)

From r emerks f ol Lowlng eqn. (37) it 1.s clear thnt veloei ty

of light has been assumed to be; an upper limi Son the other
,

hand in Newtorrl an mcchanl cs there is no such upper limit. Hence

to abtain an interpretation of Lorentz transformations we con-
S"

sider the limit C ~ (X) •~'le obtain from (3~)

X\'::: X1- \.Tit ) X~ ~ XL. ) xd - X-3 d ',::t)
irJhich are just the Galilean transformations. ThL:S pure Lorentz

transformations are t.r anst'o rm., ;':LUd tetvJI,q'Y' different inerti al

frames. From (;?2) lye soc that

•• , (32A)

For U-;O, jl-;:: drc;' hence Jrc is to be interpreted as the

time interval in a cLock at rost with r-e snoc t to the observer.

Equation (~J.b.) then shews tho.t if ct tt is a time interval in [0
~

i.vith veloei ty 1) ,and the framG ~ moves relative to z:
D

then the time interval observed in 2. is

scale of L ,
longer in the time

Jt (32 )
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Therefore as observed in L , the clock in [which is moving
-.::, 0

relati ve to it itn th velocity U will lag te hind the cLock at

rest in1.
As 8. cautionary remark vTO not« that in cbt at rrl.ng the

Law of addi tion of veloci t l as ue have "Jut t>-:- X. ~ thoro is. - -b- '
nothing wrong with this ma thometd cal Ly i vou t if we want to inter-

pret -0- as velocity then one must use lr-- ht'X. meaning that
--::.;, 'b. . -.:>;> -, _., )

a point has changed it's position from X\ -to x: lbX=-X2-Xl

during the pas sago of time b:..t -=- t 2..- t) ·
It is cl ear from (ll.) that tho proper time interval

is unchanged under Lorentz br arisf'orm ctd cns ; hence if we consider

tho soaccc t.Lme difference 4-v(O)ctor d X J.A.. with components

C c\ ~ cdt) , "ve see the.t d X ""det
in fact dxt" /Jrr. are the comoonerrt s of the tangent vector to

a curve rc LX) and 'l is the geodetic par-ome t er-, In terms of

\

is also a ~our vector--

XJ t we have

V /"':-c\ 'I{' :::-~ c\ X fA

c1'f dt
for lr.(~ c , \r P'-z: { \;1; D}

(37 )

, so '-!-TO interpret \J f as
~

If ef' donotes the frame

Simi1i1rly c\ X -== cI t-,f". er
f'\/I.A.

components of the velocity 4-vector.
-)

base, the vector itself is \J fA e),,-
and therefore (32) may be rewri tt on as

J rc ).._ cii . ~ :::e~Ie: c\X ~ d X -V :: 1r V cl X r' cf X )) /

"Y\ -....L \ ~. f'- - lJ :::. () A - c t:\rv -T =r r >» Q-

-= - I ~ fA::: V -::: lJ 2;..J 3
-::.. D ~ cJJ. ~ c-e-o-s-c» I

(;32A)
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Co r r-o s oo rd l ng to the contr'C.v'ri~nt c om oonerrt s lJ~ , 1!8 hcv e the

cov".rL'I.nt comnorc Tits If: :::{-"O if J '0 1 so thatr
lJr- \)1" -;:: _~"L. \? 2--\- {("2-= +i (37A)

and \)Y'iS cal.Lod .". time

arbi t.r ary vector t1~
F\~ -= {~I,)A '2...) A 3 ;

like four-vector- in geDer2l for ~d~

.\ ~. , '\
.'~ . \

, .~

1'--1" = l-~.)ko";. 1\0]
The vector is said to be time-like, SD3.Celiko or null according

as

)

T~.e f r+rae base for tho ccvar i arrt comooncrrt s mav be de notod by f!.."

the base dual.

••

More precisely 1:TO define '? 11liiI'':':::O'lSkisoace" -'J N 8.S a 4-dimen-

sional nseudo-euclidoan space over the field of reals ~nQ of

signature -2. It is cle"rly 4 dinension2.l, since any event in M
can be descrtbec. 1,)y3 soace coorc1ino.tes and one time nar-ame t.er ,

By Euclidean 1'Te J11e::mth'].t there is homo gene-i ty and isotroDY

,?ro;)erty and the sc al.r.r pr-od uct of a vector l.·n th itself is ?h12}TS
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'Josj.tive (or zero oril.v if the vector itself is zero). For 2.

")seu00-euclido"n soace the seaL:'.r Droduct ccn be no sL ti ve ,b~t.w e~ '11. i-h.L .
tive or zero. B"'IT sibO'n;.turo '.r8 I10an the number of l)ositive

~ <. • '" .

~'1e number of negati'lO SC(l1".ros.

8.nd

(4IY\....

It is clenr t~:.at 1-1 is,} line:J,r sonce "'.nd. oneA consider its

subsD~~es· these ~rc
(i) A subS~1.ce is s'lJ.cG-likc if ~"',.ll its vectors 2,1'0. s'!2.ce-like

(it) A subSDace is time-like if it cont~ins ~ time-like vector

(ii:),) .tl. sub soac o is null if it cont"1.ins :::..null vector 1'.T

such th::>.tif A. 0'3 any other vector in the' sub sncce ,

tl'len l"oA. = 0 •

It is cle~,r t~'l"'-'";oJ. rn'.ll vector cC".n00 orthogon"l only to itself,

or to some s·0o.c8-1i';:o vectors· the cnl.v vector that can be ortho-f. .. .
gonr.L to 2. time liJ.-;:evector is a s'l?'ce-lilce vector. The set of

"'.11n'('.lJ vectors fOrD'. cone called tho null cons •

.-

/
/

~/.
\;

- - - 1-
fa. st \ -" --

..•.- - ,. -... - .,....-
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It is ? 8 dimonsion~l hVDersurface in the four-dimensj.on~l

MtnkowslIi space. Tl18 sot of 0.11 time-lil~e vectors lie inside

the cone. The zero vector, since it is orthogonal to all other

vectors in Hinl\:O\Isl\:i SD8.C8forms a se~er8.te subs oaoe and divides

the cono in two parts ~ upoor 3.nc.the 10'Jer cone s ~ the set of all

time like vectors lying in tho uooor cone are ccLl.cd the future

sheets and those in the lover cone arG referred to as the Dast

sheets. All other vectors lying outside the cone "'.re soac e-Ti.ke

vectors. Because of bho Lnvar t arrt nat.ur o of the zero vector,

under Lorentz trpnsform~t~ons, :points on ~Dd insi~e the future

(n;3.rt) .corie arc tr2D.sformed r oscec trl veLy into ool nt s on and

inside the future (~2rt) cones. The set of Qll tr3.nsformat~ons

that preserve this D2st future relRtion~hi1') are c8.11ed ortho-

ehr onous , If ife further r ostr+ ct tho t:r~.nsforn '.tions such t~18.t

innor ori ent,-:.ti onll of 0. S1)C1.Ce-liko hy'')orsurfaces is aLso pre-

servec', V1en lTO got pr-ecLso l v the continuous trQDsforma.tions of

the Lorentz group »tc: have con sLdor od above. For :fUrther dot?ils

con su'l.t scc t+on V.4. 'de only not e here that vrhen space-time

tr~msl..,tions?re Lnci.ud od ,J.S spo.ee-time symmctir y thon tho enlarged

gr ou» is ca'l.l ed Lnhomogonco us Lorentz group or the Poincare

group

1. IS8.ae Novrt.on , .:f)'JnCJ2~:.i-,3,~Mat1Jer:J8.tic8.11)rinc:i_Dles of na tur aj

'ohilosoDh;T and Pis sys tcm of tho i'lorlo j t-e.1nsl'1.tcd by Andreu

'Motte, 17'29~ tr.?nslo.tion r cvis ed '"',n(1, ;:,nnot:::tte:0 by Florian

Caj O~<7i(Unj , of California Press, Berkeley (1947)).
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3. b'j,JLGi.~)iQ.., Chaut or I

4. The J'::uc1ide::mna tur o of space is ompnas i scd by Fe1frton in hi s

introduction in princi Di:>., 10c. ct t.

5•. ,\.Einstoin~ "on the c12ctrodyn:,unics of moving ·bodies" (in'
••

Dover Pub'l t crt.i.ons , Lnc ) Tr8ns1:'.tc0. from Imn"J.::,n (I.er Pl"'vsE~,

17. (1905) 891

6. A.A.Michelson ())J';"-1,.~,J.Hor1ev,1-l..l'1}.J.Sci.~..1(1.~c7) ']'J']; 7:51.

MJJ~. .8..1 (18",7) 440;.

T';i s e~;Derj_mcnt Si:'1.0vlS using lif-:ht source from tho e ar tb th;·)-Gthe

velocity of li~ht 310ng the direction of tho motion of the

oar t.h and in the direction DCriJCnr1.icul ar to it hav o the s amo

rmmcr l cal. value.

') r: "i °11• v.', l er, Pr oc , ~TJ.t. Acad . 8ci. ]",-1. (lq85) 311 showed th2.t

t1."l::::rc SuJ. ts ar c the samo if source of light is the; S~.n"
R. 'I'omashok , Ann. Phv sik 7::;},(1924) 105 showed the same using

starligJJ.t.

Dc Sitter, Proc •. !\mst:~rd]mAcar'l. 15 (lCH3) 1297- l.§. (lS13) 395

showed from study of the binory st ar s that veloei ty of light

is Lndeoonoerrt of the source. A related experiment is that of
"

Trouton arid Noble, ·Phil. TrJ.D.s. A.~l22. (1903) 165, Pr'ocRov .Boc ,

to dotect torque on a charged condenser due to the absolute

n motion of the e~rth.
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There is a possibility that,medium is dragged along with the

source; this is ruled out by the occurence of aberation when
( r\' "F --b- e..o... L.L Go '"YY\. ~b e.s R e.Ml.t..!) I ~ (\ 'is $" I) 3. ~J

observing fixed. stars; and also Fizean's experimentsl'2n t

veloci ty of light in a moving mediurn ('..rater) suggest that

empty space (ether) does not exhibit this property. vfucreas

these oxpor Lmerrt s can 81so be explained by Lorentz contraction

hypothesi s, the experiment of Kennedy and Thorndyke, Phy s ,

Rev. ~ (1932) 400 using unequal arms in the interferrometer

(Mim eLson uses equal arms) rule out that explanation.

7. R.A.Lorentz, Proceedings Academy of Sciences of Amsterdam,

Q (1904) 809. Lorentz had made 'a slight error which was later

cor r cct ed by H. Poincare who used the term "Lorentz gr-oup" for

the first time. H. Poincare' Rend. Circ. M2.~. Palermo, 21

(1906) 129; C.R.Acad. Acad , Sci., Paris 1..4Q (1905) 1504

Poincare' also for the first time considered the principle

of the constancy of the velocity of light. However- Einsteint s

formulation was ont.Lr c'ly c.ifferent. He started from the
••principle of Galilean relativity and applied it to the study

of opti cal pheriamena in moving bodi es: see ref. (5) • The

resul ts of Michelson and Morley's experiments wero ac tual.Ly

not used by Einstein in his derivation and apparently played
\

, no role in hi s original cons id or-atd ons , though he expli ci t.Ly

mentions the postUlate of constancy of the velocity of light.

8. For a very lucid analysi s, see A.EinsteiD, Meaning of

ReI ati vi ty e



9. A.Einstein~ Ann. Phys., Lpz.~ ~ (1907) ~71

10. See also W.PclUli~ Thoory of Relativity, Pergamon Press (1958)

p.16.
11. Recall thr.t if A and B ar o t.wo vectors in 3-dimensional space

then 'their "vec to r pr-oduc t " AI\. B is a vector normal to the

plane deto~incd by A, Bj its direction may be choson out-

ward s or Lnwa rd s according as ·\110 choose a right-handed or a

left handed system. In either case, whet.her we count the

IIangle" be tween A and B from A to B or from B to A the two

dimensional plane determined by A and B is assigned an inner

orientation by the arrow of "counting" the posi tive angle

in the plane. The "d'i r oction'' of the vector A f\B which is

normal to the plane than gives the outer orientation. In

case of 3 dimensional space it is clear that we cannot give

an outer orientation. Inner orientation may be defined as
-'> ~ ~) -:7the sign of e.,. (e7.. 1\ e3 ,.,rhene.e.

a
are the base vector

of the ve~tor space.
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VIII.I. Newtorri an Gravi t2.tioil.a-........-.~-----.-.,-,. -.•._- -- -....

We mentioned tllO Impor t arrt corrtrLbut tc n.s u;: :\;cI'lton! to

mechanics and gravitation vrhi.ch find their vmy ..:"3 natur-al, ~om'ole-

tion in the theories of special and general relativity.

In Newtonian mechanics, the bas Lc as su.rot Lons are
'* .• ''-- -...---...- ..,.~.~ ..

(a) space is absolute, 3 d imens Lona.. -:...nc~Euclidean (Hot1o-

geneous and isotropic).

(b) Time is absolute and flows unff'crml.y,
Yn.

These, as we found~the last chapter ~ply that

-1 V
So...6= \ X 0..- 1\ b\ =

and therefore tho al.Lowod continuous

(VIII. 1)Lnvrr Larrt )
t'(~~

syrmce tr y /'..of lTe,vrtonian theory is

(VIII. 2)

accordingl:w the equations of motion for J. system of' n par t.LcLes is

•
1'··.pr~jD,1 mass l of the d 1k

-;l? 7'
two YJ.rticles 1Yt1II.lr'j tm2-J. \.)1.=- 0)

~

L F. -== 0 (
~~ I ~ ~"" )
~ -: I .J \

rr: <> J"-

():~ thOA?ilrti,.'l,o a~;rl

exerts on -t.h-. ~,~ I
~ \.:-\ I

where 'h\ ~ is mass

the Ytth
to m ~ as c.~efinod here as the

particle

particle. For a closed syste~ of

(VIII. 3)

-~•....
i_ '\
I PI '?

',) K.

p.;'I'ticle.

is the force that;

vie shall refer



So that '

~

~atio of the masses = Lnver se ratio
of acceler&tions ina ~lose~ system~
Lnvcr se r c.tt.o of ac ccj.or •......tions innorted

I by t~le some I for co! or for ce s of

1 the samo nagrri tude (VIII. t,l.)

In the above, "che s uos c.rLoc I on m. de~:.otes "chc.t we are consi-

~

-m I-:r.. \ \J2.\- •
1'f\.2.."L \0T (

0

~

•dering tnertial mas se s ,

It is of historical Lnt.er es t that both in the formulation

of Newtonian mechan l.cs and Nevrton.l an gr avi tation a be gLnni.ng was

already mac.e ill. the 1'lOr1.':of G8.1ileo" Thus Galileo e s serrt t al.Ly

found the pr-Lnc i.pLe l..Ul.c~erlyinbthe firs t Law 2.11.0. -Jointed out tha.t

force had to do 'wit h accel.er-c,~ion. Tn t:l.C pro bl.ens invol vinE;

-gravitation he [;ave Lavs of siwtle »endul.un relating pe r Lod of the

pe ndul.um w Lth its length and s nowed that it IV3.S indel)endent of the

nature of the matcr l a'l and mas s of the nendul-un bob i, He also

pointed out that two o~)jects, irrespective of their nature and

inertial mas ses :;:~:ll in e2.Ttil's gre.vitc:.tional 1"ieJ.0.'f,vith the §..~~

acceler8.tion. It follows th~t the force acting on each particle
"q?Ir. (f denotes

intensity of__ .a- .•••. _.>. __ ,_

0....
field, t:18 for ce acting on ;Jarticle/.:,

of il1tertial 'YYl::r. is

~rrY\J..-X
) 0Ytd- :::--~ ~ I ) (VIII. 5)
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I

\
;

- .
where R is a constant of proportional! ty -eo be deternined and

is called the gravitational mass. F-or a si-n1?Lependulum,

from the follovTing diagram ant corresponding Ne'tvtonian

~&~l9-~~ .Q.

equations

.
W\~s~~ 'tn d~ (!7

'Y'I'\ ~ ,

of motions and their solution, it is clear I that relation between
~

inertial gravitational mas ses :~,12.Y be cletermined in t~rms c"f l-,1"- K-
By pez-forming exper Lment.s vdth different materials of the bob

•

and us i.ng d.ifferent inertial. raas ses . of the bob ~ne finds the same 1

nmlerical value for {~~. • One Can therefore conveniently but

and conclude that , I

Inertial mass = 'Pass Lve I g~"'e_vitational mass (VIII. 7)

~<J'3 note +hat Newton ori:;inc.lly yerformec. such pcndul.um experi-

mentis before he identified the 'pas sLvo I gravdt at Ional, and inertial

masses , NaTl-Yexner Imerrbs with var Lcus l:inc1s;of pendulum were re-

peated whf.ch established \'lith considerable accuracy that the period

of a pendulum was independent of the composition of the pendulum

bob. The accur-acy of such experiments is however limited by the

accuracy vTi th which one can d.etermine the period. , In 1889 Baron

Roland V.Eotvos perf'ormed an exper-Lme rrt 'Using toJion balance

vrhich showed with considerable accur ac y (a fev; parts in 109) that

all bodies fall 1/.rith the same 2.cceleration. (Be empLoyed a hori-

zontal torsion beau, 40 en, long, suspended by a fine wire. Ends of
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the beam car i-Led two ~j.lc).ssesof different composition, one slightly

10\-18-r +hs n the other. The connonent of car t.i t s gr<.:.vito..tional

pull ac t Ing on each masS was ba Lanced by the centrifugal force

fielc~ of the ec:.rth ac t tng on it. A Lack of s tr Lct propertionality

lead to a torque tenc'i.il1Gto I'otc.te tho balance. R.V.Eotvos, D.

~~l'1n•• Phys, ~§, (1922), I£J • :1c::c:::ntexperiments

by the Princeton r;rou~~(P. G.Roll, R. Kr8. tl::ov anc, 3..':~•.Dicko), v;110

emp Loy Sun 1 S g:"~2.vi-e(~·:~ionalfield rather tha.n the field due to the

earth 1s rote.tion, have impl"'oved the :figure by 2.t magni tudezi-

Hence one may cons Ldcr equ['.tion (VIII. 7) to be exac tLy true. This

as sumptLorr, of the cxac t eoua'l.'lty of gravitational and inertial

masses wh.l ch L.1plies th:.-~tall obj ects fall with the same gr avf ta-

tional acce.Ler c.tton is a given gravitational field is called theth,e..
'li~al~.l?J'jnciDl~_.9_£.~_(Llliv:.?:...J.~J';.C:.9. I. v« shall come back to "importance

of fOrlilulc.ting -ellis princi)le in .-.:-olJ.tioi1to the general bheor y of

re12.tivity.

Newton 1 S own corrcr LbutLon to Gr avLtation theory "!8.S first

to 1'e2.1iso the tr-l.:rc:lof equcltion (lITT.7) and then to Give a formula

n • - J' 1" ·t J::O • l' tlor gr (lVleE, ClOne'. In-COl'1SJ_ y O.L a massave 0 OJec -. According to

NevTton, if m and II ar e ~lo.+?"A of two objects, then betweeri them

there is a force of li12;;nitude 'I'Y\. M Gc- J h2. ,and is along the

line joining their centres of mass, i.e.
~ (\1\( -'l 4.F-/-::. ~ I'y~r --=-- 'Yhd C?) (VIII.8)
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'where G is .cal.Led the Newtonian gravitational constant l.g.imcn-
\ -\ -2.. \

sions ~ ~l~) T:::: (mass density see '"2.- ) - I; numerical

value 6.7 x 10-8 c-..:t l~ }~ 2...J . The mass N whi.ch gives'

rise to the gravitational field intensity cr is sometimes re-

ferred to as Act;hy.eGr.~v.itati.9J.1.a.lmass, in corrtr-as t to m ,'rhich

we called ;P_~.$.i.y"EL.,gr-svj:..t.Q_tior:tal~ma.§.§..W5.ththese distinctions

equation (VIIIo8)may re~~itten as

(\('11 .
1Y1.~ -,~~~ r)

a y-3
where rrYlX ::: ino~·?'tial mass, trllt_ .- nas sLve gravitational mass,

'YnA, = active gravitational mass , Newton did not consider any dis-

tinction be tvee n active 2.ndpassive gravitational masses due to the

(VIII.8A)

symmetry of equation (VIII.8) and we shall also do likewise. One

may write 3quations (VIII. SA) more Generally as
-;-;-7

rtY\"I X ~- ma ~~D--dt (~III.8B)
,

Where the gravi t§,tional potential + is given by the Poisson ts

equation

(VIII.9A)

inside the region r where the body has density .) ; and outside

the region r where J -=..'0 , it se.tisfies the La~lacets equation

V 2... ~ -:::::. 0 • (VIII.9B)

The gravitational field intens i ty is then given by

,-
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-)
The gravitational field intensity is then given by ~=-\[t)

and the formal solution is

S l '/--.')
\X~)C»~ l

(VIII.lO)
3 /

dX ·

For a }!Joint particle ec:u2.-cion (VIII. 10) iram'3ciiately yields the ex-
_ Iv\. c- A) Wpros.sion cr -::.. '" cons Lscerrt vlitt (VIJJ:~8) and (VIII.g..~. e

-c:
note that M~ cf is the potential encr gy 0:: '(\.~ in the gr avi ta-

tional field of 1'1 and ,~8.nthc.refore be e~~pressed. as the work done

in bringing a "article c,f QaSS M0 from - 00 to '(:: ~ '(I'="'. c\;;:";:: ~ l'~
~ -~ ()

The cons bancs of the motion as s oci.at ed wi, th the nroblem

vector
(VIli.12)

In spher Lca'i pvl.ar' coordin&tes ~ the ener ~y integral may be

rewri tten as

1- l I _\v-~L J \ 1- '- \ z, I "2.) .dt -::.~-3:--:-c},,: '~LA' --': 1 -'C;l B- -':- 'f "m e 0.<f • (V III • HAl
- 1)'''\ '-;

Since the Dotential Ls :i.r:dep';:J.d.entof angles and. orbital

angular momentum is conserved, it is cLear that one can reduce the

motion to 3. hTo-diri.':'121.onal ',lena:: moticn by choos Lng, say, e :: \1
"2-
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e = constant = 1\ • In this case we obtain

,lt2-:::.. \ (JY-"1..-t"r'"l..c\..d!'-' (VIII.IIB)
C1 z..C~-+) r .,J) ,

where y ) cp are the plane po.Lar coordinates 0< -::.fUr.> 'f) ~~'f~V ..
In t(;rms of these the equa t ion OrIII. sA) may be expanded as

(Y:-YCp~)Y-+lY~t-2+cP)cf~- MCt- 0
'(2-. J

and yields the tvTOequations-

~4- l"'-9) -= 001;...

These equations may be also be obtained from Ne,rton's equations in

gener aj.Lzed coordinates as considered in the last chapter ('( ~ "Z..

and ~ Y- cp are just components of (~\ 1x. i k k. ). ). If

we put 'r -==- LL- \ and - WY\ te -.i. =- cp. d, then on using
dt d<p

L. " r"'f C:P::.~,::;:. L~

(VIII.8G)

(VIII.13)

We obtain for the radial equation

)'2U -+ Lt -=-
dcp2

which has the solution

(VIII.l4:)

\A -::.L (\-r- 6- ~cp) )
~7-

2. E- e'- ..
where the eccerrtr t cj, ty E: =- 1+ -;:n::r-. )A- » the orbit is ellip-

tical, parabalic or hyperbolic according as

(VIII.14A.)
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(VIII.l4B)

El11iptical orbital of C1. pianet in Ne'wtonian Theory.

We consider two further applicattons of the Nevrtonian

theory relevant here; these were first treated in the work of

A,'Einsteinl) in his attempts to develop the General theory of re-

13.tivi ty, According to the pr incLp.Leof spe c l a.L r eLativi ty the
<)

energy equivalent of mass is mass times (velocity of light)6.

conversely r-adLan+ energy has c~ mass equivalent and therefore also

weight due to the gravi tational attraction of this equivalent mass.

Consider a ray of light coming from -<X). An observer at +00 will
f\ Q.lA.Y

see it sLf.ght.Ly def'Le c t.ed if the ray pas ::es"o. Lar-ge mass dur Lng

its journey because of gravi tationa.l attraction. This deflection

was actually pr edLctod much bef or e the advent of/relativity by ,
,

Soldner in the eighteenth century. He itIaS -able to derive this

expression wt thout, using special relativity because if one considers

a light ray to consist, of particles then due to the equivalence of

graVitational and inertial masses 'che actual 'mas s of the ray'
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is irreleva.nt (equivalence :orinci~)len. It is clear from t~-:e

folloVling f Lgure that· the ray of light

~~'Y\ e
-~~~~c,..~ ~d

::. - ~ 4
'(

~
appears defelecte(~ t.owar-ds '0.. Lar ge mass by an ar.1OuntLhI'(A'\'~)

~
c. c\ c.~ J +00 1 c\C~ \ x. _ -2 fr\~_ +2-~

(J -:: Co lY'~ =. c;: clt C - cL y' - C"l- (VIII.15)
o -rJ) ,

We can now compar-e the rate of a cl.ock at res t in the gravi-

tational field of a massive body of mass n \'lith a clock not

under the effect of the gravitational field d.infini tely far avlay

from \1 ). SUl')'7)osea light say goes to and f'r om betwe en two mf rr or-s

a distance ~ apart. Such a system clealy constitutes a clocka · In the system at 00

distance X in the clock

(ICc2 the time tal:en to

~ crt K is -t -=- Xy CD C

traverse a

• Near the
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m2ssive body (system K) 2ccordinc to above consi~erations the

veloci ty of lit:;ht Ls 03f the ol~der) c..- ~c. Cl.S observed from

so that the time t.ake n to +r aner-s e a distance X ne ar the massive

body is in the same or-de r of 8.T.Jro:;:b13.tiongiven by

t C 1+ ~) ~ t [t-t ~)
Co . C2....

t~t?J'(\- ~)()..-
C2-

(VIII.16)

We now put, ~ X= n(3ij::'i.tiveof the gravitati.onal potential of the

sun = - t ' t.ha t of ear+h being considered. zero; then if for the

cLocks ~ situated. on the sun the time interval is -to the cor r-es -

po ndLng time inter'! 0.1 0bs erved on the ear+h lIJviAcI. l appear as

t ~ to (1-+ ~~) (VIII.l?)

or in terms of frequencies of the light V.Javes

u = )/D (,1- ~) • (VIII.17a))

If therefore a spe cbr s.L line is l)I'o0.uceclon the sun, when observed

on the earth its frequency '.ID.l be shifted to'.rarl~s the red (smaller

frequency) by o.n amount

c2..
(:or the sun) (VIII.17b).----- -
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to
Alternate way of deriving these results is~note

~-=- \ --:a,c. !I.t f l- La a 0 ,there ore C. (y) :;:.Cot:J + 2 ~

that since

, Vlhich

gives
b>x C. co= C I+ ~ ) c..
~-t c4... (VIII.18)

t

From this 'lifefind ~C=- ':~, • and if He Q.sSU111ethat &x is un-sc.
changed from frame to fr3IJlG, then (VIIIo18) yields the results of

equatrl.ons (VIII.l?, l?a, l7B).

Ne wton in his discussion of

absolute and relati?~ motion gave

illl~trate absolute motiono In a

" .. betweendistinction
of

the exampletf0tational

c('~'tain sense absolute

motion to

motion of

r oto t ton is eQuivalent to gravitational field. Per instance in a

massi ve rotating sphere there are two forces, vi z, the gravi ta tional

c~ntripetal force and the centrifugal force-field due to rotation;

for'a large enough angular velocity' of rotation the two could even

be balanced. Weshall return to consider the si~ 'n ificance

of these remarks in the next section.

Ne'wtonian gravitation can also be applied to consIder global

problems of space-time structure of the universe as a whole - New-

tonian cosmology. Here agai~ thel'e are several problems involved

For instance whe-ther the universe is f Lnfte , 1tJhatis its mass

density or total mass? Since theye aunear to be so many stars- -'-~f
radia~ing,an interesting problem is that~ensity of radie,ti?n in

this universe. One however gets into serious difficulties if one

tries to answer these qucst tons on the basis of Newtonian theory.

With these remarks we end this sectiol1o
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VIII.~ hlitG.1nles of EQuivalence and FouQcatlons of Relativistic

Gravitation Theorv.

The exact equality' of (pas st ve ) gravitational and

inert i aL masse s (e quat ion 7 L, as ,,,,e h ae rema:rl~80 e ar tt er ,

implies that ::>11bo(th.es t r r-es pect tve of their comno s t tt on fall

t n a giv~en homogeneous gravitati.onal fie1c1 wt t h the ~

acc e Ie r at.Lo n. Con~i.der a ~'TIal1 room in free s~act:>, aT,TRYf:rom
~ v..... \: \-\.e.. _~ctifl"Y~Y....2-':~1lN"0 ~:-:,,-.tvL£\.-.t"f'~ ~V

anv gravitatiooarTIelri; if the room is acr-e Ier at ed ,y ) then

an observer inside the room will fino that objects when thrown

in the room follow the following e cuat Lo ns of motion

-dI

J

These are precisely the equations of mo t t on of an object

in a t).omogeneous gra-iritational fielc1 in.L.thE dire~tion .l;-~.'

luunmaristng then~' tlgravifational fielc can be ,locallv'1st1mulated

Qy__.a.._[T_~~2J .Le: fe.!,_p;..rl££..l.n_uQ.~:r.~;r:'Q2.~_e..2.~rat i?_f]l~~t~~~ 1!lOr~S

~~!'£2.£.Gn:o.us) gr8~_~tat_~~!l8t fiete (K) is eQUiv81_eot a unifo:rml~

.ac..c..eJ.crateo f'r ame of reference (K'). 'I'ht s +s callpc1 the weak--,.-----~---.----..•.. -_ ...•..•.. __ ... ~---- ----_ .•. -- .--.-.-

It is clear that t h« r e su Lt s of the last s=c t t on 00 the

deflection o f light and the ren sht.f't can also be obtained if

instead of the homogeneous gr ev it at tona'l fie1(l 1.TA conc;trier

a unlfo rml y accc Le r at ed frame ann compar e it ~.·Jith an t ner t t a'l

frame. In f act Ei ns te t n had originally Clem:->nstrated1) these

results by compar l ng K and K'. It ',roul.a the n follow that one
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could represent the motion of a test body in any gr av+t at t ona L

field at least in some smaTl vr-e gt on by a sut tabt.e forr." f'r1?P.

geodesic equatio~. But two things need to be settled

(1) dimensionally of s'!ace: for t ns t ar-ce 1.IThethe:rt t is. four-

dimensional s c ace=t Lrne as in s pec t a'l rpl_Rtivtt~rj anc'l

(2) the nature of the linear' connection tl ,since tt 1,rOU1c'l

clearly re?res8nt the gravitational f l e Ld,

1Ne had rema:rker.. th:::-t s pec I a'l re1 at tvt tv 5.Q from

sever a1 vie,".~oints a nat ur a l comoIe t ion 0 f NE'1AJton.i.. an M8Chant c s ,
. 'Y1'\..

Now Newtonian gravitation also assutes Newtorrl an w"chanics;

herr-e any ge ner a 1i.zat ion 0 f Newtoni an gravi t 8t ion must t nvo Ive

as a first s t e p transition

let us cons t de r the abso lute mot l on 0 f rot [-1tio n in S:'1eci a1

re 1 at 1vi ty. In an inert tal frame we have

d't2= C 1..dt 1__ ot 'A L.._ ct y 2-- d <& 2-

-::::C~dt~ -d ~7..~S1.~£..._J irL;
,

If the rotating frame has c y lt ndr t c al svmmet.ry about th.r! '7.-aVis

we must re,:>lace cp --7> cp +cut where c.v t s VIP angu l ar-

velocity of the rotating f'r ame, We obtain

ch:'~-::(1- ~;!2..)cL-Jt2-_[2Wg~JCPc\t }' (?l)

- ~2-~?_ -d§ "L_d -SL ..
For small angular velocities and for \.J:::(A)~«Co 1"e got the

Newtonia n a']~'roxlmatlon:
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In the inertial frame c:\ \( -;:::, c.c\t"

I:-.. the rotating frame c\l{ -;::::. ~ I _ V) '? s1- cc\t-
cl-

Let ko denote the inertial frame and K the :,C'tati'1g frame;

then as,observed in Ko) the clock in K shows time n.ilat8tion

given by

cdt
. dtf de( ( ~)- ~c:::drr'-~

J
LU"2...g '"2._ C

I-
i --c'l..-

~~---

where
is tho. ''9otential' of the CAntrtfug:,l

field 0 f forr.e which may be consiClered as a gravi.tattonal

field according to the ideas discuSS8Cl at the an('l of the last

section.
Alternately, let us ccns t r'e r the er;uation of a georiestc

corres~on0ing to the metric (?,l); ,..;e 'Ibtain
3
) 'In stm~'ifY'ing
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In the Newtoni an appr'ox lrn at t on dt f"VC dt and therefore cf
•

and S are much smaller as compared to

app roxt mat ion we get

.
t ; t n this

.-
,. • 2. . J I ]

Y-YCP=-l4~..,
17 -::::.-CJ

= ce ntrt fuga 1 force
field

.• .J ,~ i ::::.Coriolis force field (?3A)

It is clear from these consideratiot')s that the generali'7~tton

of Newtonian gravitation has to be such that in t.he abse nce

of gr av l t at Lon (wo ak fielo limit) we shou t.o get s~pcial

re1ativity ano when the ve Loct t ie s oxz small it s hou'l d vieln

the Newt0 nl an gr av it at io n, Hence ,,,e have to co ns iner the

4-dimensi~nal s)ace-time and motion of a test ,article in a

gravitational field is given by

,
(24)

whe¥"e can have the general form discussed in Chapter VI
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where T and K are both tensors; t n« antisyml""etri.c Dart of

\' (Le.l.c.) has no effect on the system of geoc'leslcs of ('),4).

On the other hand i rre soe ct i ve 0 f T and K, t hp fir st i nte gr a'.

of (24) may always be 1~ritten
,. I

~S7.-:=:. d" dx'\. dX'O
'\.~

tz t~'YYl·1
~i~. In this sense the systems (24,25) aoc (26) are comnat'_ole

with each ot he r . It may De ~ot oten out here that (24 ) only

J

so that
are ~')mDletely ~eterminer in terms of metrtc

determines the narameter S along a geonesir, ~hereaS the

uarameter S in (26) mav refer to anv other curve also. This ls

of equivalence. To obt a'l n general rplattvity ~'Te nean astrot"ger

assUffirytion.
The eX'lertments of Eot\IOS and Di('.ke give sensittve

evinence t n SU1')1')ortof thp -ve ak DrinciDle of ef1lliV81pn~ej 1IJe

w""~t~e.Y'ask these eXlJsriments say anything more. Since any

materlal body involves a comnlex of v8rious tYDes of 'forcps'

in nature (vif-. electromag'netiC interacttons, xtrong totp.ra~tt')ns

weak interactiJns; gravitational tnteractions), and bo o i.e s of

ciffe,rent cO'Jl,?ositi.on io'[01ve these variouS inter8cti0os t n
,f q'

oifferent degrep.s, t rn e1C~')erim8nts of EotlJos-Dic1{e 8ct\lal1y

say a gre at oe <:1 L more. For inst ance one can conc l.ure - t.nat unto

a certain degree of accuracy the variolls .",':".;rp-:-::---=..:::. c00stants

that arise in treating, strong; ve ak and e'pctromago
ettc

interactions via quantum theory ar.d special rel2.tivitv are ,
/
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univers al const ant s. 'I'ht s wo nLo Irnp Ly that, loc a Ll.v (1 n a srn> 11.

ne I ghbour hood), there a Iway s exi st s an inert tal frame ')0 that

in this local frame spec t al relativity holds. This assumpt t on

is called the strong ryrioci,le of eQuivalence. It may ~e ex~resse~

in terms of the following thought ex~·")(:;riment.60nsiopr a small

room falling freely in earth's gr avl t at t onaL fielo. Allobje('ts

1n this room would also bp f'a l Lt ng f'r ee Lv. Hence an observer,

ex?erimenting insicie the room would fAel as if he was tn an

inertial frame~ We conclude that a freely falling fra~e is

locally equivalent to:,)an inertial frame. In other wor ds , locally

the s9ace is Euclidean. It follows that

1 ,

T '}t, WI- -::;....0 .J k 1J...Wt- 0 )

I I
,

c\.X~d1..X.~ t ;~} J)( '0 - o )-+ - -c;\.S2- J.$ Js. (24A)

,
and the s pac e-ct Lme of general re tat tv Ltv is Rtemarv t'an,

1.:1 Newtonian theory, we hac' the e quat ton of ~otio"1 anr'
,

the fielo equation f'Jr the pote nt l a l s , l;le WO'lld like to know

what is the c or-r e spo ndLng field equation here. The im'11ecllatr-

generalization of thp Poisson's equation to s-ie c t aI r e Lat tvf.t.y

1s
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This would mean that the gravitational fipl~ is ~Aterrnt~e~

by a sc al.ar ,otential. Anot he-r genera1i.zatlon is to c')nstc'ler

the gravitational ~otentials to form a ve~tor an~ e~uations

may be written as

(~9)

or

"vIe recall that equations (29) are equat toos f'Jr th= eJ.ectrornagnettc

field; in t.bt s case l.re l~'JOl" that there are b,ro t.y-se s of c har ge s

.:,osit'ive and negative. 0:) the other hand there is only one t~TT)e.

of mass; therefore the gr av i t at tona'l ~otential c anno t 1;e a vo ct or-.

At tills pol nt we note t hat if we expand the solution of PoLs soo's

e quat ion:

J
e I) -') -:-? I

cp-=- ~~(:dTJ::: ~ Q"X L Q1iX1X~ C3r'\)
\ X - X / \ y + y- 3 +2.l y s- -t- • .•• ~ - :,'

where Q. -:::..~ J~(X I) d 6 X ) is ~ Dcalar) t=- &-S SeX') Xl J3)( I is

a vector) ~i~-frJ g[xl)(3X'-\ X/~ _X.'>/2.SI~) c\3X' isa symmetric

the Ii
t r ace Ie s s tensor ofA se~onc'l rank, etc. -\~ttY8re r e spec t t ve t y

pr ooor t t ona'l to the sphe r Lcal. har mon+cs Xr:.) Y~ Y:'J -- ·-d~-~.~.
These are also referrec'l to as mor.o poLe, dl oo Le, ouader ooLe...
ll.Q)
9t-pole moments. In the case of an e Le ct r t c charge distribution

each of these moments are Ln general no nvanv sh t ng even for a
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system in equilibrium; hence the first nonvanishing moment of

importance is the diDole moment. This betng a v~ctor, one

e xpe c t s the electromagnetic po t e ntI aLs to form a vector. On the

other h and if SLx) r e ore se nt s 'a mass ntstrtbutiol'"'. then the

momont carre s :,:>onn1ng to ~ is the 1ine er moment um, 'ln

conditions of equili.l-:lriumj tr1tS can a lwavs be made to vanish.

The first nonv ant s ht ng mom=nt thus cor re s nonds to CP'l"~ ann t s

the moment 0 f Inert i:~; we t here fore e xpe ct o n a!1.Ol.O gy TVi.t h the

electromagnetic case that the gravitatiOnal. ,otentta's form a

symmetric tensor. T;1~.s c onc Lus l o n , b ase d ~""Iurely on »bvs t c a l

oo ns Lde r at Lons , can r)P' su)"orter "by cor..sirerations hBSf-:!O on

equivalence ?rinci.!:lle and the NeT.·rtoni.ar; 'i!l1tt; t .«. ill':? consi.npT'

the Newt o nl an limit o f (24A). In anology ,.ri.th constner!Oltl'1ns on

in the li ..m+t of sma l I vPl.o'-'i.tiesthe rotational motion) "ille get

(i. e. terms 0 f ')roer 152-/(..7--

(~::bl.)3)

c\1.. X ~ + ( }A11i-t)'L-;:: 0
J. $ ~ . L 4: it S "J S

)

,

Taldng C t -:::S:) ann assumt ng that the fielr' i. s st 2t i. c 11!G get

d2.X~_ {~ }~- 04> cp-=- ~- ~44
-c\ l i"

- )
Ll4 oXt-A 2-

c\ s - c.cl"C-
(3lA)

'Jli1ere the adcUtive constant in ~ hc.s beer: so chosen that in

absence of the gr-ev l t at lo n a I fielr1 ct>:::.. D and ~44 has the
,

normal value +1. We note that actual.ly in th~ 8.~:,"lroxtmation the

other compone nt s of a:\\~o 1\ {'(
have not heen assumeo to he small



and in fact could be of t!.ke same oreier of magnitu0e as

But in spl t e this it turns out that G ff~ct i.ve 1y

determines the gravitati~nal fie10
It is for tht s clrcumstc'lnce

that gravitational ~otent;iR1 ('a~! be talren a',l,ro-xlmatelv as a

scalar ;!otential. Ho·••ever, it t s clear that the comu1J,te set of

.tn a:sree!nent ",ith our aoalys1s on m~mer1ts ~'f a mRS" eii.strihl1tton.

Having determ"'..necl the nature of tile gravit.ati~nal

potentials, it is '-:lp,ar that t he gravitati~nal f1e1.0 com:,!onents

are given by the Chr t -:i>:~ffel symbo " s. Since Cristoffel svmhols

do not transform as tensor components they can he tr~nsfor~eei

to zero in acc')oence vllth the wl?a~{"9ri!'('i~le of eQuivalpnce.

Hoviever for ~hystcal "}1J.r)Oses it is nesl.rahle to have tensors

to descri.be the ~ro~erJc:Les of :1 gravt t a 1,")'181 f'i o l..Q~ t he reason

is th~t if a tensor v8nlshes i~ oDe c')or~inate system tt wi'.l

vanish in a'.". o+her cooT(Hnate s'y5te~s. l/'k. thernfore took for

fteld eql1attons which ar c tensorlal. t~:i.t!'::!'" PoissOt1'S er.uation

order in the met r i c tersor, It is l:rlo;..jr that all the tensors

t hat c.t ye ()f t he 5ecc.t. 6 (J:::' ,~ (' r ~L; J

(1,.

a1ge br l ; ally from th~ Ri'2mann~
t-;

.'):';
! .' can be r'O'lstructeri

(J 1.. ~
tf'nsor.. 'ffu:e v81'i!,,)l1S

,0 s sib i 1i. tie SaTe

Rieman,: t e nsor

Rice i ·::S [1501'

'I \;\
<J

o \ .r-, 1. d-\'
(', '-'-

ann -che i r C ()H11.h Ll d'C 10ns 1
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In the absence 0 f matter) WE' S hould get i 't analogy wi t ~

Laplace's e quat Lon

o ) (32A)

or

() ) (3~B)

or

R ~ 0 (3?'c )

T:1e first of these wo u'l.d Lmp Iy that s pac e i.S flat in the ahs=nce

of matter. This would mean that for instance out at r'= the sun

there is no curvature and hence no gr avt t at Lona l fj.pldl We

therefore reject this po s s t bi Lt t.y. The t.ht rd po s s tb t t t ty

being only one ~ondition does rot a9pear very interpsttng

since are 2.0 no ovani.s ht ng c ompone o t s ; t ht s l"ould

mean that there are 19 undetermined qia nt t t ie s w~ere'.'\c; UV=lrp are

ten potentials to be oetprmined. Hence (3~B) avD82rs to he the

best candidate. WGsh al.l, now give further ar gume nt s in SUT"lOrt

oft hi s c hoice.

If lJlGhave an GX~GndG0bodv , t n anc1iti'Jn to its

rotational and trpnslati()nal moti()n one has als() to ta~e into

account stresses 2cting on the bo~y which give rise to neform8t1()n

of the bcdy vc a'l Led strain .•. Sinep tm s:'8"e is of t hr-e= rtmensions

t here are in all 'Y"\ ['Y\ + \) I -=- b
2.. 1'\ -; 3

t nde pe ndcnt stresses 1n



general ~U1dthe corresponding strains

/.

_/
}<

I
I,
I

"--------::------....V
~

If , Ls a displacement ve~tor
~

de formed i nto t he vector "\( __

ex,ressed In terms of the original

then under stresses it may be
~

The de form ation S\ may he

nis~lacement vector as

(33 )

where the coe f'f'Lc ie nt s ff')l cort ai n all the information on

de fo rmat t on in Various dtrectionsj since there can be onlv

-k "'Y\. ('Y\+0 deformations the ~r)l form a symmetric tensor

and is c al.Le o strilin tensor. Th8 stresses whi.ch cause these
~,tV'~~(f~

deformations also form a syrnme t r i c stress tensor. If dD do not c s
-'?

~'an infinitesimal su:~fpce and -'5 the uni t pos Lt Lve normal to it,

the force act I ng onA D may be exor= s sed as

(34)

~v ~r
where Sf are compone nt s of the stress tensor. Let 2 be

the force ~er unit mass and a~lthe ac ce Ler at t on s ; then

J~ J~ ~ d cr - S ~ ct J 1: ~ 5 s~» c\ ~
edC(:::- U()\~~::.d1x)
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where $ is the mass pe r unit volume; using Green's theorem

(assuming suitable boundary cond l t Lons I, ~e get for the r t ght

hand side - ~ 0 fA SlAV c\ CC ,so that

S QP-- -::: '6)) sr V -+ ~ i~q (36 )

6 c ~tV _ S fA- ~ fA .
In generalized coordinates ~/ .r J .

In the ahsence of external acceleration, we h.-=we

(36A)

for a closed system. For a closed system:) f p ar t t c 1e s one

can thus express any force as olvergence of a svmme+r t c

te n sor c a Ll.ed the stre s s te nsor. In tr ans i t ion to s~ect a1

relativity we get a four-oimensional stress-energy tensor
I

whose divergence is the four-force:

(37 )
,

The components of the four, force are

(38)

where the gives the measure of rate of do t n g

work.
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We note that in the case of electromagnetic forces,·

one can again ex?ress all forces in terms of a symmetric

second rank tensor -r~R . If 1t!e l.vyi.te the l.e ft hanCi s t rl8

of (37) as c( S u.) l).~) (-0 X-i and assume t hat the enuation

of continuity (c onse r v at ion of momentum de ns l t y )

is satisfied then equation (37) 't ake s the f'o rm

o~T~k= ai UU1u.R-+S~k)=o.

In the absence o f s·~r8'· -, the c omoone nt s of T~~are

(37A)

~ 1k \ -(SlAl' IJ.}) 0'7/ ~ l(o'cl
- ~ Lt oLe ~ g l'-C"l. I

The components -I JAV cOT'res1')ondta ~ 'momentum current " \D r
fO 0

T T()Dand to moment ~ensity an~ to energy density.

For tm s reason the tensor l-ak is call.ed the e ner gy -nome nt um

(40)

tensor. One can shovr f'ro m very f;ene.:'.c:ll conslnerations that

for a closed sy st.em of 'Jarticles the force -iay he e xpr-e s se d in

term s 0 f a see a nn rank. t e nso r wh i.c his symY!1.etr:l.cif angnlar

momentum is conserved.

d iT~R:::D .
"l\ji T '<~~,

F::>r a closer' system it \5 clear that.,

In generalized coordinates this may he i,fritten

as
0.

-.----~-~---------- ...•
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From these remarks we see that the fiele equations of general

relativity should be of the form

(42)

Kii -==- ~ ~
where K ".~ is a tensor co ns t r uct.e d from 'K'i ~such that

its dtve r gence v an l s he s t de nt Lcal Lv. In secti.on VI 1rJ(-> have

the Einste i n tensor &~~-= 'R i I __ I q •. R. Hence the n(->l.d~ d "2,..01,0
general r e t at tv t ty may be ,..rri,tten asequ at ions· 0 f

(43)

where k is a cons t ant to be determined bv comoar t son with

Newton.l an .theory.

In the Newtonl an a:!'0roximation we neglect all compone nts

oft he order JL..
e-

then is \6 o -:::...g C1., Hence, also

"T-:::. C\\RT. - qoO T --::geLa lk - G 100

R.e {)-=- - 'R \~ 0 +. \. ~ 00 R ~ - ~ 'R ~

; the only nonvanishing comuonent

,

(44)

In the Newtonian a))roximation we also co nst cer the grpvttati0nal

field to be weak and st at l c . Then in evaluating ROD ,the

only nonvanishing derivRti-ves of ~-i.) are +he space deri'Tatt1Tes,

••. .L.
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so that

\i 1-.cf' ~ ~ kc1..s ==- 4 -rr G:- g

~_~:t I' 1S't- X 1D- 2. 'i-Or" I~
This com oLet e s the de r Lvat.Lon of Einstein eouattons.

We make soms partineot re~Rrks. The covariant niverge~~p of
•Q1 v anl she s Ldent l c a l Ly so that

G::~L-i -::. - \z t\ j -i - 0 (47)

This vanishing of the divergence ~qy ~e com~aren to e0uation (37A)

for a closed system of :/artlcl.es in fr(3G r oace . Howpver, t.he r e

are some e s se nt.t a'l 01 f'fe r e nce s . In equat i.ons (43) the left harn

side re:?resents geometrical Dronerties of space and he nee the

gravitational f'Le l.o ; the r t ght hanr' sine re:>resents the mat.er t a]..

worId: the materi ale ner gy marnent um te nso r , 'rhus there is a
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certain dichotomy in the nefirJition of the e!"ergy-mom0nt1lm

complex: the gravitational fielo oner gv-momontum is treated

on a different footing than the e ner gy-moment um arising from

matter. Another way of looking at it t s that equation (47) is

a covariant divergence so that one cannot a:"l:!ly- to it the

usual divergence theorems to obt al n con ser v at Lon laws4) even

though formally one can construct the or.c1i.nary c'livergence

where the quantities do not tr ans form as compone nt s 0 f

a tensor exce pt urioer linear trc~sfC)rmatiQns. However such a

ti'R is not ,,.,ell oefioe(l in the se n se that there are several

arbi tr ary choice s f'or it. itJe shall not furt her pur-sue the

question o f conservation laws j eXC8?t to state that attem,ts

are being made to extend the method o f space-time symmetries

we used in the case of Newtorrl an e qu at to ns of motion to obt at n

an invariant deSCri?tion5) of conservation laws in general

relativity. ,
In arriving at the co ncopt of st r os s tensor and energy

mQmentum tensor we started with an ert e nde d bodv, vIe could

have equally \Ire11 st arted with a liquid or a gas which is verv

suggestive from equatiQn (39). For an incom~ressible fluid

the a ne r gy-mome nt um tensor may be ,,,ritten as

I

I"'k"""- C:3 + :>-) lAi \A It--t r ~~K '
where p vanishes on the boundary enclosing the Liout d ann thus

reryresents pressure.
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I

VIII.3 SQIDe~1)"OLi.cations of General Theory of Relativity

As an a)~)lication we consider the motion 0 f a planet
fi'(

ar-ound the sun. Since mass of the earth of the other o lane t s
t-:

is much smaller than that of the ~tl.,t, the pr ob Iem is

essentially a one .?article p rob Le m, In this case 1.re cons t rte r

a planet to be a test par t i c Le and t t s equation of mo+ to n is

given by the geodesic equation.· From the nature of the ~rohlem
',S .

it is clear that there~Dherrc'at symmetry in three dimensional

spac e . Thus in the Newt onl an case the first integral of motion

has the form (ll-A)B). Fur t her 1.,e assume as t n the Newt')nian

case that the moti')n floes not 0e.?end explicitly on time; Le.

the gravitational field t s st at tc . In this c ase there e xt sts

a coordinate system suc h that ~()k -=-0 and the metric is

time inc1e'pendent (!;t ~1'R. -::: 0) It' then follows (from

spherical symmetry and static nature, of the pot.e nt I a'l s ) that

metric has the form

e Y::'- ( .\ & :':.t- y-':'•.11" ed<p '] »
By suitable cho l ce of\OThereA)B,C are functions of y alone .

coordi nat% o ne can choose (:.-= I
•

(~J)d 0 bt 8.in
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If we put 1\::... e V and \3::: e ~ we 0bt ain for the non-vent sht ng

components 0 f the Christoffel symbols

t\' \} :::~ AI) h'2} -=-~ye>-
ti31 ::. -,(s,i'I'l"l. e ) {4\ J:::.~ 1) 1e 11-)-

L~}-==- { I~} ~ +-..L { 3~ i -=--£i'he~e
j 3 1_ I +~ \1 _ "d)...
{,2.. 3 J - ~ U J w~ /' - ~.
It is obvious that just as in Newtont an case the motion

.' ._- ' ..-.'
'.

here is again t.wo dl mens t on al.; we can therefore to-.~e...:-_
fJ ="l\ as the pl ane in which the motion takes ;:>1 ace.

2-
Substituting, we then obtain for the geo0estc, the e~uations:

. .. -
)

1:>~ 2- ,. b

cp + - Yep ::::::.0y- ,
•

(52)
3 •• vi y-tt -+ -=-~ ? ,

wf1.ere dot and pr l me r e s oec t Lve ly denot e 0tffr.>rentiation

wi th re s ,ect to CC and "(' The se conr' ann t htrn ') f the

e qu at Lons may 1]e imme(llately tntegratec'l to give

(54)
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Equation (53) may be compar-e d with the cor r e s oond tng

Newt on.lau form (13). In the. Newt on.ian case dot re.fers to

absolute time whereas here the do t refers to ?roY)er time.

Instead of solving the first of the d l f f'er e nt t aL e nu at l ons

in (52) we co ns l der the equation (50) Qs a first integral of

the geod~sic equation (1,ve fo Tl.ow here the same proc8r1urt:> as

in the Newtonian 1) • But be fo rE ide rot hat 1"e must
Q. 'Y'\ c\

To 't hl s "we not e that

case

evaluate A and B in terms of

outside the body the f'Le Ld e ouat t ons are analogous t'J the

La')1ace's e quat ion! 1j- 0, 1; e

Substituting from (51) and maki ng use of the cx or os s t on for R.1~
in terms 0 f Chri sto f f'e 1 syrnhoLr. as give n 1. n Charrt= r V, we obt al.n

(a)

v~-~X)
(b)

(55)

(c)

Combining (a) and (c) we get

o ; (56A)

--- .------~----------
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and on further using (b) we get

(56B)

This may be solved to give

~ = eV-=- K, --t !<-.. -:::.e-)"
'. y

vIe now use the condition that for flat sp acc ttme A -= 1 ~

this gives 'K--=-\ (since as 'f-?C\? ~) the se co no term

vanishes). Now we note that in the Newtorit an a~nroximatlon
q 2-~

we found (eqn.3lA) that d\.t ';::: \ - c..."L he nee com-oaring

we find that

If we combine (50)) US?) together with the cond t t t on

we obt; ain

(5SA)
••

1£0 eliminate and W.e use (53), (54) \.Jhich gives

(5SB)

and on substituting for ~ []A:::. TVl br)

k'- -=- 0"---1+ ~ (\i-~),\2. v y '(2- (sSC)



WGno w put II-:::...y\ and differentiate the resulting ex::>rpssion

with res?ect to 9P to obtain

From (58C) ::lild (59) it is clear on com,)aring 1..rith the corres-

ponding ~e\':tonian ex)ression that the effective gravitational

potential in Newtoni an terms is

. h~
~H e e-t t \J.Q -=- +1'Iew-lo",,; """-( \+ y-,-) ; (60)

\i.e. there is an adc1ition8.l - term that..,oe'J.'3nos on \ L_ .y3 rx
and hence on angular momentum (which is 8 (,0r'1st.8rt). On Rccount

of t ht s we should exoe ct 1)recisi.on of the o+bt t . 'I'ht s mav lJe

s\1~~"" by calc~lating' pr ect s Lo n of the :;erheli..on of the orbi..t.

We shall flrst calculate t.ne orbit ec;.uation by the method of

successive a.??roximations.
In the first a~)"?roxim8.tion let us neglect the non-Ne1/tonian

termsi then

J1u, + U
c\<i='"2- \

which has the sol.ution

(61A)
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• ,,- 1. ','" •.••• ~ ':.', .••• ~•• : •• 1'" i..~~~~j :.. -

1:t Sa +D''"YYL~ SO \ u::t \f1Y\ ,,~

2..
If in the expansion Ut we retain only terms uo to

the first power of E and _~e_glect terms in E- and recall

that the \particula;r integral' I _ ~<p - J.. CD ~~ CD •
1+1)"1- -;L I" T J

we '-)bt ain

C6IC)

On simplification this gives- )

LA 1- =L r t + E. ~ Cf -+ '3 ~~ E. Cf' <h i'"n cpJ
. h~L hL

N -h [\-1- 6: We l_<f'-S) J (61D)

-
where ~ -::. 3~?.cp / h 1- is small and we have t ake n ,
~ b -= 1 ) SI'"Y\b -::,. S"

Since S itself I nvoLves cP it is not a mere chase

difference but causes the orbit to pr-ece se , Thus & gives

a measure of the rotation of the Newtonian e l l.t pse and hence

of the par-he lion and 0 f the aphe lion 1."hich advance in time.

We now rec all that ,\-\-z..l r -=- ra.."'l... -t '0 l.. -=- (A [. \ - E:: ')
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b li Y¥L Gt-
aO-E."L)C "2-

r-e. r fW\ft1\~ of
~~ f \CV'f'J.:t •

This rotation of the orbit has been know~ for a long ti~e

1n the case 0 f planet mer c ur y since Leverier? Eve n after

a?,l.1ing several corr-ec t t ons ar t s t ng from the close vicinity

of the planet tu the SQD as also the correcti~ns oup to s~ecipl

relativityl one finds a de se r i pancy in t h> :;recision of the

per heLion 0 f 43 sac ond s o f an axe DeI' century. Using the f'o rrnuLa

(62) not only has thi.s ~lrecision been vert fie0 but also the

much smaller )reclsions of the ?=_anets venus and earth.

We mention t.wo LetheI' ")::"C"r'tcti~ns of reflection of light

and the red shift. L.~C'ording to the formulas (54) and (57),

if we put a = 1,

(63 )



..
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where cit is the measure of time tnterval in the gr av t t at t ona l

potential ~ and ~$ its measure as seen by an obser-ve r for

~%"n-\. ~:::.. c» L1 terms ~of frequency of spe ct r aI

lines

J} )J Cl--~)o c:::..'2-

~1J -de=> M6r (64)

Va c2.... cLy-

This is the same as for the Navt ont an theory. We mention in

passing that this effect has been verified by expe r Lmerrt s on

earth by using the fact that at different heights gr av t t at i.ona I

oote nt t dl i s different.
( )

In order to consider the de f'Lec t Io n of light effect wP. make

a change in coordinate system

(65)

in e qu at Lons (50), (57); this yIelds the isotro'Jic l1Jne-.'?lement

~ \~~ \2. 'L fA- ~d s -I T ~). <It - [1+ 2\Z) (d l( 1..+cl'8"2.+clb~ /66)

l + 2..1<--
A ray of light will pr opag at e along a null geode s t c and

1-,e must have for this d S =0 -e Since in a local inertial

frame we must have
~

dX---
2tT
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Therefore in a general frame

(68A)

so that 1n this frame the velocity of li.ght is

given by"
~

i : \ dx· \:::..c
C - ti+ I

)-fAtR . (1_ 2f-\
----::.c,\,t R)'
\+t'JR (68B)

,
Compsr Lng with the Newtont an result, eqn.(lS)) we SCG t hat this IS.

smaller; hence we shall get a larger c1eflect.ion:

(b 1)
of

for ~o as fadi us 0f the body" mass tq i n whose vicinity- t.he

ray of light is ;.Jassing and hence suffers a dc f'Le ct Lon, This

deflection, 8S we see is twice the Newtonl an value.

There are several other experl ment s conduc t.eo more recently

or are in the proce s S 0 f Lrnp l.erne nt at 10n with the adv anc= of
~Q '"(lot

tec hnology but shall di scuss t.he se here.
I'-
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where dot denoted di.ffGrentiation with resJ8ct to "( •
,

Reader is ht ghl.y r-e commendod to work out these expr-e s s-lons

to gain practice without which tt ts otfftcult to obtAin. any

feeling for the sub1ect.'R
4) If a ~\ lox ~ =-othen by tntegrating ov= r a four-nirnensionRl

volume bounoe o by tw'o hype r sur f ace s t = constant one flnds

has t ho same value on the
c)..

til[O hypo r sur face sand is there fore canst ant of the mot ion.. . A '\..
Lnvo Lved in this derivation is the assumption that 1K.
r api dLy decrease out s i de a certain region and may therefore

be co ns i dcr eo to v ani s h 01ltS:Lr9 some region. Ur(~('\:r' simtlar
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as sumpt Lo nso no finc's that if ~~ T~R.=-0 ' then

rp'R. -::: J T(:)~ d x d'"8 d '& are constants of the

motion: these are the com-ponents of energy and momentum.

5) K.H.Harh-lalla 'Coordinate tr ans format ions that form,
gr-oups in the Large i in Lectures in Theoretical Physics

Vol-XIII Ed. Barut and Brittin, CoIor ado Associated

University Press (1971). Also see conservation laws,

etc. in "Pr oo . of the con f'e r e nce on Cosmology", Gravitation

and its aop Lt c att ons to Par t l c t.e Physics', Matsctence

Reoor t 76.
b) u~:r-.L ~ V ~ '( leY J ?t "t\ -n . 0 b s ' ?Ow 't IS,. V 0 \. S- C <b5'" r) . -

r;:!) Accor-df ng to soec t al relativity the effective m8SS t ncr= as=s

1ATithvelocity rvY\ ~ "Y"Y\.. I {\_. \J~/c'2- ;thiS e f'f'e et

in the case 0 f a c l8ss ic ale lectronic or ot t ar ound the

ouc leus W8S first nre0i.cteC1 by Sommerfe Ld, The e i"fect

of th' s is to cause a s imLar rotation of the orbit and

is called Rosseti motion.
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Page '2 • line 8 the nctrual element of S+ is• •••••

line 9 with respect to the I operation
LLne 10 If :Jtj.',Y,z are any • • • • •
line 14, 7th word, commutative (abelian) .

Pa.ge 4

Page 5

Page
Page 9

Page 13

Page 15

Page 16

Page 17

Page 18:

• line 12 •• An ordered pair N linearly •••
line 20 reed 'denote' in place of 'denoted'

: line 2

8 line 11 letters Qn£ could al~~~. different •• •
•• line 7 first letter reads: It

line~· mdmd neutral element with .....
,.,m 2m: line 10 read n = G for n = e

•• line 14 ... are in general n... a "

••

line 15 •••• Hence there is as sociated ,.;ith n •.•••

SI'l'S -1 = 1\, J,i. ( L)line 1 /\ j = ""( L) 0 d

eq. (3~)••

line 7

line 14 is a Scalar, det••• ....
line 18 .••.(30)that at least ontroot of ""
line 19 symmetric~ke,'[-sYL'1Betric

line 12 'read matrix A, for ma.trix M

Eq.(35) replace a everywhere by A
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(trt; -I) ~l l I • 9111;

Eage 19

Page 19

Page 20 -. :

Pa ge 21

Page 22

Page 23 .:

Pa ge 25

Page 31

P2.ge 34

151

•· Eq. (36) Ind. term r eads

•• Eq.(37) replace c{ by a on the right side
~ ~

line 16, read l'lf.. I IA )for ·(?t) )

•• line 15, ........
•• line 3 ••• c1.~_'l:r.that tm re can be several ,t.ensor •••

. • J

line 5, eq.(l2) ••. = Af} A ~I e t( eK)
lin2 12, • • • •• generalized id••

·• line 3
~ -?>

• . • •• two vectors -x. and d
cross out: (V.16)

/\ -:::R H R' R = Ordinary rotation
~ ~ b H = Hyperbolic rotation

line 17

•• Eq. V. 22

E 'T 2"q.• ' • oJ>:':)

-

Page 38

Page 39

Page 40

Page

Page 43

--

IL.ine 17 column in place of c o.Lmn

•• last line one -7 are

•• line 3, If this ~ In this....
•

•• o/'Q-yj then Give ....theline 13

•• line <:"!
L..J •••• arr~nGed in the form of ••••



Page

. Page 44

Page

Page

Page

48

54

59

152

••• are an important analogue of a set •••line 14, ...
•• line 14, it is basic to the Euclidean geometry

•• line 15., this ~ the

•• dour t.h ~ fourth \tv ~-=.b
T 1\ ~k~ " ~-;-R lYt' ~ '~ \z

-+ \\\vi'm; "R.-+ - - -t - --::0 0

line 4,

EQ. (V .81) k1< ' r, l} K 'j m
\v

K \j \<" t, m

(an open subset in Rn) of P.

EQ. (V. 82)

•e line 11,

Page 60 C; line 5, (3) As (3) is true ••••

P,~ge 62

Page 64

Page 65

Page 67

Page 68

Page 70

Page 70

Page

Page 81

Page 82

74

•.. line 11, •.• " under the coordinate change

line 16, Ty; C $) X.$ -» $
•• decompared -:;::. decomposedline 5,

•• Lt t \Am O,l ~ ii -";» VI.to 2. ~ Aj
1, ChrLstof t'ed _> Christoffel

o
11, ••• restruction on y~. is the •••Ld

line 17,

•.. . line

line

(32) -> (31)

•• • line 11, antisymmetic part of the ~
line 4 , It thorefore represents (~ ) conditions,

o quava Le nt R( RQ.~t) :::.D

line 13, Rieci -;;> Hicci

••

·•
•• line are -~ vTe1,

line 11 , . . .• Thes e[',ch"-?-- Then each ....
•• line 14 , •..• tensor L_ iL are •.••

line 1, ~... an even permutation of 1,2,3, -1, for odd
~

1ine 5:; V is a •. ,.

·•



Page 88

Page

Page 101

Page 104

Page 105

Page 106

Page 108

Page 114

Page 115

Page 116

Page 117

Page 120

Page 125

Page 139

Page 43

96

153

•• line 2 (V.7.7A) (V. 7,8)

•• • • -1 and +1·• line 20,

2, ••.•. eouations (31), (32), ~~ ve•• line

•••• side of (31) undhanged; ••.•line 15,

•• line 9, 11, •• (31) ~ (35)

line 4 (36) -7 (35C)

line 5, (?7) ~ (31)

last line (32) ~ (32A)

last equation (32A) -=:> (32~)••

••

line 3 ••• moan the difforence between the number•.••

••• of iner±ial mass is

••
line 18,

•• line 8 ,

hiI

•• •• • conveniently put

•• line 8 , (P. G. Roll, ••.• )1 see ref.l.

•• last line, delete th~line.

line 9, •••• the quanti ties c}t R
.•. "

line 14, To eliminate ~ and t

.'· line 4, A E" t· 1~ lns el11 •••• ~ A',· t· 2.blns e i n •• ••
•• line 4, ( 1) d ImensLona'L'l ty ••• •

••
•• •

do not ••••

vie •••••

, j

I




