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 THEOREM 1,1. f(,), 1S of the forn *
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have the sene cenoninator if they do not

pe.ss beyond the nzxt point of syrmuetry on either side.

Proof.

the following fashion last interval i ;%:l

interval prior to last

T

In the series f,f, the terms are crranged in
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J

T.
o __%_-_-,2 etc,
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If there are two fructions Ti:l y, ond Tl:&. then their
“j-1 j-2
T
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This inequality cuan ecsily be established dealing with the

two cuses separately,

We shall adont induction as the method of »nroof.

surnise has worke¢ for all f.f, seiiles unto 34,
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Our

Let us treat
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8ince dur assumption is valld for 34, lel lies just before
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-h'!
tions of an f.f, series then lﬁ_ﬁ, € f.fs (k=k' #0),

Proof. Since £y, 1s of the form T? it follows that
... h h' . "
fa~ht| = T, and Jk-k'{ = Tj. Since = and =y are members
2lsoy, h =T, yh* =7, 5 ki=T,,k"=7 . Furthur
1y i i1 ig

TO - Tq = T and T- - To oy i‘ .y )

t 1 io ‘ i \ i 12\ Ti « But fro: the
Fibonacci recurrence relation T =T + T we see that

n-1 n~2

the condition for this is }i - i?{ <2 and ]31 - j?' 2
which follows from Theorca 1.2, Actually 'k‘ijﬂ' are the
fractions of the same interval arranged in descending order of

h
magnitude for inecreasing values of T
— —

We define the distance between f(v)n and f(k)n 28
equal to |(r-k| .
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T. T.
we have a fracticn T?— (1 £ s We split T? into
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We contimue this nrocess a4 snlit the fructions dbtained till
we re~ch a state where ‘hae numerafor 18 1, T; then amounts
to the Generating froction of the others. We call T; as the
Generating Fraction of an Interval (G, F.I,) if throug% this
nrocess we are able to get from the G.,F.I. all the other frac-

tions of 'thal' closed interval. We can clearly see in a ff
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The oroofs of theorens 1.5 “nil 1.6 follows from 1,2,
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DEFILITION., We now define T to be the 'f.ctor

i-2
. : e 1 i1 . i
s 01 the interv.l: [% : T « More precisely the
“i i-1

R

fuctor of @ closed interval is that terr TZ vospe tz! = gy
of denominctor minus suffiz of the mmerator, of each iraction
of thet intervecl. It can e c¢asily seen (Par% I) that 'z!
is a constant,

LEGA 2,1, If Jpmip =iy -1y > 0

Then

m -

I . T. . T_; ..‘ Y
I1™H \ J2'31\ cg™y

(Yote:- The author has indenendently showm in one of his pre~

T

-
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vious paper that the Fibonacci seécuence is capable of exitension

3 410 - ! o= n-1
to T__ , and thet (T_nJ— T, Hore accurately I ,=T, (D)7 7n
being positive and }Tki = le| ¥+ keI,

Proct, Ve apply Tinet's forimla chat .
.a."l_n l+j5 l-J—S \
In = e where a = 5 4 b= — .

Then (L.H.S.) the Loft hand side of the erpression, and (R,iH.S.)

the right hand side of the exXpression reduza az follovs,

To prove
J 3 1. i 3. J: i i
at-pl a®-pe _afeb2 gl .1
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because jl - i1 > 0 le-i' is positive and hence can be put

within the sigo,

To nrove

iy 3 i, 1 Jo 35 17 4 Jo
(a2 (22 B T Yy = (02710

L.H.S, reduces to

ST 1T, th i S, Jah | i
- ij;il
= -ajl bizv- ai2 : bjl - 5 ajg.bil + bjg ail
R.H;S. reducaes o
Jeh e ik | gk A

This may be simmlified further using ab = «1 and jl~il = j2~12

2,4.5, then is

Ip i g 1., i i 1
o'l b 4 b 1 g ~ = g 2 b 1. b 2 1 1 « We can see that
L.:lo5s = R.IILS. Iiznes the Lera, *
o T.
CCROLLaRY, Fror. this we nay deduce that if 11 and
T.
", . | 1
ﬁnr- nelong to the sine irntsrval i.g, jl i, = jz - i2 then
02 Ti "1.
T. T, ~T. T, - 2
1 s Jg "1 T < ol
J1 Je
= jT T or. T T
. ( Tota1] Ayt ’ g 3g7lg
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Hence 7T, T - Tj ) Ti will De an integral nmultisle of

7. . or T, (the factor of +that interv-l) which is %the
.Jl-ll J -1 i

tern obtained by the difference Ln suiliizies of the mursrator
and denomgna+or of ecch raction of Thot interval.
DEFIVITION, We now introduce the term ‘conjug.te frac-

tiond', Two :ruciions h/k, anu hi/k'y W/k  hl'/k' are conju-

L . r L 1 . .
gete ir on interval {~%— , ¥ 1 if the distancc of h/k
_d i<l
o 1 4o T o b? » 1 W/ % W1 1
from L1 ecucls the distance of <=, from o (h/kx # a'/k"Y).
T

i e i-l
COROLL&aRY, Two consecutive points of symmetry are
conjugate with disztance zero,

THEORELl z,2, TIf N/k, ani h'/k' are conjugate

=3 i+

meem then zh!'! -« hk!' = T
i-1

20

I"'OOL [ ] -‘é‘ll-’b l Ne C\.NI]. eaaily uev C\'lu.t /1/1: ls
—‘—-"-‘T * ’ ‘

i 1
of the form ;¢Jm~ then h'/k!' is ;rlaw~.... (1) .
i e Lo
i j_-1
l dl
‘]-:- d -.]-.- - "5 PRy ] .
T, y ond = ‘e conjugyitz. This - with (1) since
“"-l ' ™
. . . : p
T2 = Tl = 1, since the trm alwor % N , and the term
1 Ti2

. 1 3 .
before T We cce 1t confers with the statement 1
4 .

above., Frocesding io such o fashicn ue obtoln the reault 1
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there exist atleast two terms in

0f course we .assune here that t
[’}
1 ] S & .
= 9 m-=—| o If therc cre less thon the two result i-mediate.
I, T. \i A
i -1
Hence we can see that any tno conjuzate fractions in
T, . C e
; _...]:........ ATE e Lt e u.ll,-_li.’l:
r T - Ty ? T ’
T4 J j
To show
T, T. .. . ~ T, T. . =T, This will inmedia
J Tieitl T T§el Tjeivn T fi-p e+ S0IS WiLl dnmediately

fellow from Lerma 2.1,
2.2 2) I /k, and h'/¥' and twe consecutive

LoGAE

fractions in c: f£,f. sdries, */ich belon~ to
b 1)

Lol them h' - mk' =T, .

i Ti-1
b) If h/k and h'/k! are conjugate in an interval
[ kal-nle! = Ty
i “i-l T
Proef. Tneorems 2,72) and 2,3b  con be nroved using
Lermza Z.1 and Theoren 1.2. .
DI IRIT ow £ i 1
DELIRIT:OW , If h/k € Ty w— we define the

couslet for h/l 2t tie ordered pair ‘Z% , % Y, (&, =)
L1

.

THEORLH 2.4, In the case of counlets we find that

€ p i"‘l”
ani
T e -.'. A =] (o]
. ] Yy h = ] 1 5 (vhere T_ is some

Fibynacei nmuiver),
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iroof, Let h/k e T
J
m- 3 - 3 & m m = = T
=nd Z - n is - T, . =T T 2
and  } Ti-l h 1 Tj Ti-l j=1+2 1 ieD \2)
Adding (1) . amd (2) we have
Ta Tyoiee = ToTig
.°. T = T
lJ -1+ < n+2
o j"‘i"’ Da
i -~ T = n:n T . 3
i.e. T, Tj-.i+“2 §  “§ei “ia2 -
We can establish 2 w5ing Lemia 2.1, Hence the nroct,
DIEFINITICH, Ve define ( % “) ( - “nd

3 "
L L

31
(%;“a s F Q:,, ?l~»)ﬁl to be conjusaie couplets if and
- i-1

h/k, and ht/lc!  -@e cenjuzate frociions > the closed interval
)

F L
U ‘

THEORZI 2.5, In the case of conjugats counlets

-—

if T,h <« x = 7T. o , 4nd

k=-T 1 h = Tﬁ*l ti.o ‘hen
Tih- -t = Jp-l Ti“? and
kK - T ~1 it = T T,
D i-2




Proof.

[t A e

is the diffcrence in the sulfixes
Tj-“?d.-” . .
h/k = bl then p = j-1.

L
=i+

B N SN

with h/k, hi/i:' = T

We note that (Jj-1' in the nrevious wroof

of Tj and Ti. If nowr

But since nt'/i

liherefore the conscant factor sav T 1n the equation
for ht/l:" T.m'" =k =% ~ T, _ is such that
L L el
g = =1l-i = (j=1)-1 = n=l.
oo B BY e Rt oom T . Hence
i 2=l Ti=2

L~ 7T h! = ot 7T ¢iance it follows Trow 2,4

i1 e 1t foll Lron. 2,4,
“CEORE:- 2,8, Since we hev: seen thet if h/k. and h'/

are conjug:te then the

or denominators = 1, we 1ind
9
h + nt I )
T O T e
=1 il
A Sy s l 1
AT b/, hijit o FoyoTEL
1 i-1
h + h! . . .
k ¥ v ¢ the fractions of

B
B+

the first half
of h/k.

arransied in

conéd Tioof ¢f zheoren 2,3,

T.
1,
ﬁr“ then Trowm

DED)

o

I.2we lave

-
’_J

difierencs

anced in descending oréer white

ascending order,

in suffixes of their nunmerator:

h « n! | i 1

NA c————e = . S
“ha L T.? T.
i i~1

A ]

nste that

intervel

~

fractions of
for increasing values
T
!
Let bh/k = “.;.-*«
1

AL =

and

- i) = ljl > 32[ \( 2 but not
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the

1
a

L 3

Z8T0e ¢ o h! = D! = T.

ctor of the interval, =Rut

dn=dy [ = 2 or 1, In any case

Th' = hk! = 1 =z =7

1=2 12

Hence the nrocf,




fori f(w\r then r € z§3,5,8,1£,l7,;,. Yo O» th2 secuence
L, ' ) -
of distarnce betwcen twe consecutive moinis of symwetry will ne

o

1 = 2 i N
o , Wit 3 , a’ k)(,

, ® o 2
sn oerchaetis mrovression with common Gilf»rence 1. .
SCHECRE C,1.be The sequerce ol disvencs for frections

with comuon numerator T or T is 2n-l, 2n, 2Ml,....

an-1 2n

Proeci,

——e

Tn nrove Theorem S.l,a we “ave Lo she: thot if

thare 'n' teias 1o ar intervel tiea there are (r+l) terms in

the ert.

-3
e

Let there he ‘p! tirmes of ratio oo It is evident
T J
-‘- -
thot there are »+1  terns of the form ~%¥L . EPut these (p+1)
j .
e P i+l oy . , R P
cerns i the Ierm -5+  2re in an interval mnext to thot in

md L.
wvhich the 'p' {c¢...s ol the Torm $# lie. OGo the se.uence l& =n

+3

¥
AP with comon diZfcrence 1, iloreover the sscond Lerm is alwvays
i (eviaient). Eence the rc-ult,
I we £ix the rumeracor to be '2' and thke thz seaence
o 2 A c

[
——— dte s -

7 y «+- % then the secuence of distance
n n-1 n-2 )

batween *twe censecutive such fractioas is

‘:”,4-,5, L3N N ] L]
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From 1.2 (P'rt I) it follows thut »-g;- lies just bew

i
~ore o noist of Syruetry say %. « Since we have seen the
J
sequence of “istance concerning voints of symmetry it will

Jollow tiat here oo the common difi~rence is 1, The Tirst

term is S for thore be two torms between.% g and ¥é- « TIhe
n n-1
E ‘ [»]
inequality -%-— <§,‘l- < T'g < T‘-—- can be established.
R n-2 n-2 n-1

Hence the result,
In a similar fashion we find that the sequence of dis-
Zance for numerator 3 is
FgleBy wss

de shall give .. table and the generalisotion

Awasrator Seguence of distances

Tl OI‘ T2 1’2,3’4,5, [ ] . [ ] v *
T3 or T4 | 8,4,5,6, ¢ ¥ & 5 = .
II5 or 16 0,6,7’8, ¢ s o .

T?,n-l D Tjn 23'1’2n’2n+1a53 Sy e v

DEFINITTON, Just as we defined an interval, we now
defined an interval, e now 2efine . 'stage' as the set of f.f,
froctions lying between tWo consecutive G.FeI's, The st.ze may
be closed or oren <denending unon the inclusion or omission of

the C.F,I's,



j-4
~1

Since Thne a2-uye.ce of diztarce of G J.I's is

7,2,%44,6,8;, vee o It 15 possible for two concecubive l'sicges!

+c have equal numbef of ferms. Ve dcfine two stages
" T T T, Z, W
i b i + L} s = = - v e . L ]
w%;m-, 51 and Hi ’ ‘%T"J to e conjugote stoges ix
n “n *n n
fiel ™ m
i &g .
i - ; 5 +
t¢ distance of = from ~§¥L cguals tie éisiance of -ﬁ%“L
n “iL : n

are ecual. We call a stase commrisionn of beth these stages, as

a 'ecenjugate stage's Let us novw iliwvestigate nropertie

3 Ut d - . : To 1+
ing stages. If we have conjuz-oie stage| i-l, e y TE
T n n

: e : . s h
then we cefine two fractions I‘" and

h = i i 1 .
if ¢ € -jfdﬁ . $;' ana §r 6 'ﬁi ’ ~%§¥= and if the
n n T n n
1 . 1
1 # ‘l ol Ll 1 “ e
distance of = Irom ""T; is coual to the cistance o %,
Ti =
from 7. *
n
TLECREY .2, Tvs corresy:nding fractions have the sane

numerator, If # and

-

m
L =

Let ~%%* ¢ the maximum recched in it. interval so that
T n
Tkl v:1l be the meximum for the interval in which

belongs,
Nl hd

=



[09]

m
L )

]

The terms next to Similarly the terms next

§-

[ 053
3

.

Lt
3 t:L
!

;~

. But these Iractions are corresnonding frac-
wions., Proceclins in such o foshion we obtain the result,
e 05 maces:o2ily Lo he the naxiiaan in 1t interval.

Since we hove conside:

L >
3
s
Q
o]
)
LA
o
_{J
(e
o
47}
ct
e
[0
[£5]
]
[
n
o}
[
i
.
<
w2
e
=
ga
l,_l
.
0

(previous »nart) it can he established that alsernate G.F.,I's are

A 15

meximm in their interval and thaw too vhen suflfiz of mumerator

is even (i-1 is =vsen), Hence Tthe result.

DIPINTITION, Since the rumber of terms in a stege i

i T
W o noo - :
odd, we cdefine 3= To ve the middle noint of u stage L;

[
145]

ot

-f
O
|

e

] e |

if it is cquidiswtant from toth C,F.I's, We can Cdeduce from this

o
7 3

e oy S

is a point of symuetry siice ===, and w=t  have the

sante derominate . . So the midlle point i a stege is a noint of
synetry,

CORQLLARY, If two coniv-zte stazes ave taien ghese theilr
micdle points are ccrresmondins. (This feollows fror the Cefini-
tion), 3But thelr mwmerctors sio:ld be egual., This is so, for the
micddle points are wnoints of symmeh:r s vhose mumerator is 1

)

This agrees witir the w371t we proved,

e YA ™. e iy Fel h at ; .
SEFINITTIOR, Tus vvasiisns :oand ¢, arc conjugate

in a conjuzate sta,: 17 the distence ol 2 from equals The



T,
ht . i+ h
distance of ¥, from —=5= /', ,(}. ané the conjugate stage
n
3 3
o -QLQL 1;&; . Taking their middle points & ,
being T 3 5 T
n P
—*-. we can sec thot fractions conjugate in thais interval ere
p+l () - s, 4 -
conjuzate in the conjuzate stage. Hurthse? we saw that for con-
~ L. = - 3 h . 1‘1' 1'1 + :1' -~ 'F"!
jugate fractions of the interv.l k0 on d 30 e Ty Tre frac-

tions of the latter nelf of the intervel arranzed in descending

ad 1 ¥ .
order, and i - ET are fr.ctions of the first half crranzed in

” . . . ~ 1
ascending ordew for increasing values of = .

k

mTs ~SIF T ~ . . - h h' Tvinrng

THEOREM 3.2, For conjus- e fractions i and yy 1Vinz

: v e oo h+n' . ..
in the outer half of the strze we see that T <re fractions

2%

ey A B s h - ht B

of the interval in ascending order -hile TR are fruoctions
. = A

of the first :1alf in descencings order for increasing valuszs of

h » § :
% Jlagr-natically we resvcsent it us

. W RJt .
interval s jr In outer half
s A *
' ' B DY o e s *
ﬁgy_“vag i 3 Lo dimper nalf,
Ne Here: only give & proot to show twe BEBY oy N B
e here only give a proof to show tht 2<%, and {95
are in the inner hall but do nolt prove the order of arrangement,
. h h! : :
Proof, For T the »roof hds, been given (previous
T m
paper). The riddle poinmt of |+ , L = Ao
*n - 'n n-i+2
. . - T' ‘1..1 | ML
Similarly middle of noint of | .2 . &L | = F5— .



That two conjugr e frocitlons ol the outer half of a conjuzate
stage differ in suffix by 1 can be established,
Fi
1 T, .
P ¢ | Y NP 5 h! N~
i.e, if = — fna““""“'l then 3=, = (‘“]‘)"
2 ~j ~ _l
Taic
h + h! »{n~i)+ - :
T 1}' = j—-»»-»;¢3)~]>~ € I where 1 is the Interval,
h-h' _ Li(rei)an
“né =D o T3-lned) =2 & I 1 ' U
=G It - k! 7. i
i-2
Hence the »rooi.
T T
D 17' ITION Ny P a e A v-.J:. j:.+
i In i) ek, SE€I1CSs orler T ) O T e
nT T
n n
represents a stase. Let us take an £,f. series of order Tn+1‘
- Tie1
If there we take a stage | === , == s then we say the
‘ .Lm_l .Ln_t-l
LS.
two stages sre corresvnording stnzes, More gonerglly in an i
r m mn .
! il Yiry
o et i i g { id v
serizs or order T ., ,°* PRy ?,-f‘“'j 1s corresponding
S e+ 5 “ile -
'::’ Ii 1 s LR} o b
With reierence to w4 uees in the £,0, series of order Ty
non :
We stats here propertics eof corvesnonding stanes, These can be
proved using 1,7, - —
oo o oo m |
T7i80AE 4,2y 1: t By -,‘*.1:. -nd \.‘....J:._-. y T‘.:_L....a
s B TRl !
. n - i AbriE n+! i
stages then nusber of terms In bot.: are esull,
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THEORE M 2.4,c. There exists o one-ons COrresponGence

between che denominetors of these stages, If the denominator of
th A i ’Ii T“‘*‘l ; m - : £ 4
the ¢~ term of | m= 4 == is T, then the cenominator of the
“n *n J

+ i Tosq |

1 5 i i+ .
qQ“? term of — . Al is T, ., .

e & B 1+
L G X

We can exwenc this 1lCe. further w6 produce onz-one

[/T. T, e, T
corresporience betwecn | gt 4 ~Ef- | and | gb , 2T
LT’
¢!

3 > b A . ’ ’
wvhere (% ’ a‘] stonCs for th2 set of ractions between 5 and
L

9& inclusive of both. 4 Jorther extension worll give that given

two f.f. seriss one of order Tn and other oxrder Tn+k'
g » u = ol t: k) (nd -
JHEOREN 2,5.0. The nuorator of the v . tern of the

th

firet series ecuals the numerotor of the r ™ term of the sccond,

th

THEC. =z 2,%5.0, If the {enominotor of “he » term of the
1
i1

0 3 - i i A 1 = P .. T ~ 1
first series iz 7_, hen the denominator of the » tern of the

second is T, .. Preciszely .
ot s o 1 = N or £, =
) (®)n o (2) n+le
) I I, of I(r)n = £s
. S .. = T
. Or  Lip)irkk 4+l
vhere nr tanfs Toir muer:-or onG Gr for denominator. This

.~ be proved nsing l.w. We conx wrive at the same result by

defining zorrvesocnding iat-rvals,.
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DAFIVITION, Two intervals, XE% ’ -jfkﬁ~{] in an i.L.
i i+l
L 1.7 : n :
series of order T,  and i:;:*" g T in an f.7, series
’ “i-k 1-kJ

of order Ty oF€ Cefined to be corresnonting intervals.

The seme cne-one corresnondencs as in the case of corresr
ponting staze exists for corresponding intervals., We can extend
this corresnondence in a similar manner to the entire f.f,
zeries and ~rove that

2) nr.  of f(?)n = By 44 f(r)n—!—k

b) If dr of I, = I

al - ’T!
foymn = Tk

~

2)  Genercelised T,f, series, We defined the {,f, series

the interval \Q l] We nov Cefine it in the interval
Eﬁﬁb) .
”“”’“I“%UM The £,7. series of orcexr Tn is the set of
gi all {:mnecticns u%. j< = orransed in ascencing order of
J , :
 mognituwe i,j ¥ 0. If & 43 then the ",i. series is in the
interval (0 l] he basis nroperties of the f,f, series for
0,1 e retained wit" suitable ~lterations,
LIEOREIL Z,.2.1, f(r)n iz o noint of symmetry 1i f(r+1)n
and f(r-l)n have e same numer:tor (beyond % o dF f(r)n ig

a point of syrmetry then f(r+k)n. NG f(r-k\n hzve the scne

ruaer=tor, if cach fro ctlon does not pacs beyond the next G.T

in either side (bveyond T Ya




2) An inte
consecutive ~oincs

. . -

£) A hoint

nominator 1.
5) Devond

The facter of this

o
L)J-—‘I

e 15 & Tv . .ction with denominator Th'
172l is the set of fractions bvetween two
of symmetrv,

of symmetry has either numev.tor or ce-

3

fa
interval 1s ag

Sy

ain

6) The two basic nromerties
N It -1
= i;.,.i..‘lg - . o a A
) -,,; o= 1{ - "_| ua.lo.
b) kit izt = T
Ne=2

7 I D

does not geod for

symaetry, then
T "I ,h
i | N=i DN
a — , P &1
X' T _ET Y3 Mg
n=-1 n=2 )
M0TE, 0nly ia the case of %

.%o we do not accen

interval is

given by

T,

-

o5 oy

l\

e -

A

<

P‘ &

s

a nd o

1 being

!
T beins

T
n-

=

1

are ret-iaed,

5 a point of
_}_-‘,1 ° ( 1’1' s

Xt

does a) hold
A}

-
g31it um.

T
i
1

3

!

]
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ON I'TBOFACCT POLYNOIITALS AND THETIR GENERALISATION

Kriahnaswami Allaci
Vivekananda Col]_egczlL Mylapore, Madras=4
1D

* sox

& The Fibonacci Polynomials F (x) are defined recursively by
% (x) =04 F (z) =1, F (J) =xF__ 1(u) +F (x). For complete
inlormatlon about Fiboncceci Polynomials consult « 'A primer for
Fibonacci Numbers' (Bicknell and Hoggatt). In this paper we try to
answer the Lollovlng questionss

d Fn( x)
I. What can be soid about E ?

II, What can be said about a convolution of Fibonacci Poly=

n
nomials = ¥ F. (x) F_ .(x) ?
=0 k m-k

In theorem 1 we give a simultaneous answer to these two questions,
In the latter half of the rsaper we generalise F (k) to F (A,y)

&eeolng theorem 1 in mind,

i
gt

THEOREM 1, Let f () = Z P ( x) F x)
n k 0

nelc
fan(‘> .

il

then fn(x) T

Proof. We shall emnloy indgction., The above theorem is true

for n = 0,1, How let the theorem hold for n = 1,2,.eeme Thus

¢ F (%) mel
=1
—— e gs F(x) P X
kﬁo | k( ) ‘m-k-l( )
d T (x) m=-1
and in " ™ 2
. X - 2 1*( A) - m..k( }‘) ®

k=0

Bt bt D e T e Yy it b ¢y



HERAROERC Lt o il At

(x) dix Fax) + Fm_l(x)g
7 ax

Now A%
ar (x dF (%)
- 1)
N L + F (%) + _-?l'}'cL“'
O m#l ‘ m+1 ,
fou TR By (0 = IF() ERNNC LN 3
m+l m+1
= X k:io I .(A) .Lm k'.(X) + kio Fk(xr.) Fm"k"l(k)
= () F (3 + 2 F () (x)
=x>:F()F (x)+x,F x) F_ (x) + 2 x) Foq(x
+ P F () +F () F (2
d P (=) a7 (x)
= X Bl o D=l F (%)

dx dx
by induction for the theorem works for n = 1,2,...m and F_,(x) =1,
F_z(x) — %

(x) m+1

Yy F(x) F

o —gth. 3
k=0

\

m-k+l( £} *

Hence the theorem is true for n = m+l, Thus by mathematical

induction it is true for all integral values of n.
n

ENote:- Define f_n(x) = kéO F_k(X) F-n-l-k(x)‘

s W) = (o130 W - n 4 F (x)
It 1s clear that f-n(“) = (~1) fn(xx) = (~1) 1;1 .
th

THEOREM 2, Define the r” convolution sequence of polynomials




n
5 = Tl : _
I T CHENEXCRE TN
: d F_(x)
. The T = ....____n..\..._. 3 ....l...
: Then fn(xh) : X =

Proof. The proof of theorem 2 follows from a more general

' theorem on Fn(x,y) given below.

4
;
2

% Generelisation: We want a generalisation of Fo(x) to F_(x,y)
:

: such that the conveolution property in Theorems I and II hold, It

' is given as follows.

DEFINITIQN. Define F, (x,y) =0, F (x,y) =1, and

F (x,y) = Fo (7)) + ¥ F. o(xy¥)e

The following nroperties can be deduced easily.

a) F.(x,1) = Fo(x).
A n S
b F_(xy) = (D Fp(ny
" .
We shall discuss some properties of Fn(x,y)
T (x,¥ % x :
THEORE! 2, 0 Ty(x¥ . B
- - 3x
at y=1
Froof. ¥ (xyy) ==xF .(x,y) +y P o(Ze7).
-Dw (-ﬂ- Y) F (X " e
Therefore ! =2 X > n=1%19) +F_ (x,7) + ¥ o n-2( )
DY > 7 n-2'%s N

. Let the theorem hold for n° = 1,2,.,.,ml. Now



4

7

4 T {ae r 4 e . F -
3 _,:.1-1.\‘:,}3. = _b A m"‘l( ’J) + F (X,Y) +y B m-2( ,Y)
DY DY n~2 DY
DF (z,¥) ¢ F  (x) d F_ (%)
2 I ORI ...~ - -= .
herefore > = R e + F 2(_») + 2=
y=1

17 5
d -m_l( )

ax

fhus the theorem is true by m .thematical induction for nositive
Integral values of 'n!,

THEORE! 4, oF &y DF (xy)
D * Dy

Proof, . Again use induction, Let the theorem hold for

8 = 1,2,,..m~1, By the definition of F (x,7).

2 - 3y megt ¥ F T oV
0 F _(x,y) 2F  _(x,y) oF (x,y)
m% v, = % n;_;Zx : +F o(&59) +y m_;BX i
l ear l N wfiyj. - af.‘.@:.];.(_i,.s?, *
Y o )

BFn(X9Y) _ D Fr (5 _ ;1

)

= = Bl o
i 7 o TRlEN ).

Proof. Let the theorem hcld for n = Oylyecelia 1ec.

L 4




(7]

B (3 2Ly Y) n=1
: =1 _ .
e WP -8 > = = 1:50 Fk(a,y) Fm_k_l(x,y)
2 F (x,¥) i}
"~ and N 11 SRy P T (x S
R g = ;:Z-. 1) B e (55)
8 lntl..(-"..{{}. = b a-f‘lq.(.iz.._u + i ( e ) + a Fm-l(x’y)
'DX a Ve m "’y ¥y ,bx
o B m+1
Now kgo Fe(2y9) Fp (B9 = 59 F (o) x By o (2,7)
Y Fm-k-l(}{’y)
m+1
= X kiO k(“'Y) -] A,y) + X nm+l e 2 Fm+l(X’Y) F—l(x’y)
me1
% EO Fk(:;,:yr) Fm~k-—l(x’y) + ¥ Fo(x,y) F-l(x’y)
Y P (590 F_o(x,)
’aP (“’y‘) a 11 ( c y_)
= X i + P (x m=1"""?
= .‘Gl( ,Y) + Y .b % .

since the theorem 1s true for n =1,2,.,...m y anc F_l(::,y)

vy F_o(zy) + F (¥ x = 0, Hence

9Fm+L(::’Y) w1l
D X B k:z-.o 1,1:(“,3/,) jj171--1.'.+l(x’3”)'

=&
Y

The theorem 1olds for n = Oyl. Hence by induction it is true for

all positive integral values of 'n!,



s DI Nafs I n r"'l
THEOREM 8, Define fn(::,y) = 1o fk (x,¥) Fn_k(x,y)

n
‘wher | 7 = LE s r = o7 w
where f (x,y) = £ () 1«50 F,(z,7) Foal®n, r 1,
DF (;{73’)
hen fr(x,y) = il g -:-L-, .

Proof, Let the theorem hold for n = 0,1,25¢00e m for a

fixed 'r' ., That is

DF (xz,7) I -
_.JIL}.L-- = rl I fi{"l(::,y) F (%)
ax k=0 *
OF  _(z,y) m-1.
and n-l = r} 3 1 y) F (z,7)
ax® k=0 & T Tmeke1t
3 »
?F (xz,y) oF (x,¥) 3 F (x,7) oF . (xy)
- Now L = x i -+ T -—-I—-~n + 3 ik
‘ ax” ax~ Y T’
and
| m+1 m+1
rt I fr"l(x,y) Foo.(xy) =r! % fr"l(x y) X F (x,y)
k=0 k m"].’xnl ? k:O k b m k )
Y Fm-k-—l(x) 8
L3 Sl B Gy "5
= rl X x,y) F ,9) +rly I £ (x,y) F (z,v)
%=0 k ? m=k*? 1c=0 ke mek=1'\ =Y

r-1 — . -
+ rt x fn+l (ay¥) ;~l(.;,y) + .y J”; l(::,y) F_l(;:,y)

+ r! y F ey (5,7) F_o(x,y)



hus the

= 0,1, Thus by u
O.
IOTE .

o
o)
ct
O
i

ihe srool s

since { Det (Q')H'n =

THEOREM 84 F

Aiscussions,

e A primer Zor

of Americe),

theorem is true by incduction for
ubscribe (n) for e.

ﬁ;l’l\/ul

Thecrem 2 follows by substituting

siven by

in.-i-l(x’y)

I thank Mr.,R.Ja:

i =r
Lo 2Ty e o 0T ()
y "“ (I‘- ‘) !. aXI‘ -1
2 (5

T
ax

nositive integral

¥)

a1l

ch mto 'rt!', But its true for (r+l) when

ticcl induction its true for a2l r = 1, anG

y:"la

concludée by giving & generctor motrix for Fn(x,y).
i v
1 0
% 1
the famous matrix.
4 0 _
w o
1y =1 9 = e G5 ) Fp(Eay)
7 (,y) Fo 105y

induction .
a
Dzt Qn _} we have

2
710y - {:Fn(X,YX} = (~1) (-Y)n_l'

amnathan of liatscience for very s timulating

Soe

cne Fibonacel Iuibers, (Fibonaccl Association

eGited by Majorie Biclmnell and V.X Hoggatt, Jr.



CONVOLUTION TRIANGLES OF FIBQiaCCI

Krishnaswami Allaci
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K ook

Supnose we nave a seguence oi sets

w

s n+ 5 1 ;
tains [}7§L] elements where |x]| star
X, Hence An can be written as

‘. . ,
An = i an l, a.n Q’ s 00 f1
b) - R n
3
These members of An can be successivel

on a triangle whicn has the shanpe of the

Q”
Go M2
, rd
Qa q
41///'5*
f QB’/
1 It can be seen easily thae: fi(x)

Gi?

is of the Fibonacci Polynomial tyne in
S ro, - _
-efficient of X is positive, that of =z

non-zero, Hence il fi(x) ig written in

then the set ? L EREE ( is of *%the

sequence of such sets from the first non

Vivelananda GCollege, Mylanore .

2OLTZNOMIALS

petiorry

Madras

E' A 7 where
j; n |

for the 1

A
n

argest int

4174 °
2 i
-V
written an rising di:
ascal triangle
-1
z: ) P (w)
=0 k Nk
sense that if the cc
1. . -2
is zero, and X i
k k-2
1e Torm & X 4o, +
0 1 ¢

e A« Let us form

11

aro values

of

r
fn(

~
s

) .

1als



e A e e A e s e om

s, represente thus
IR BN m,. 1 1 t:h. A~ oaon
THEOREM, Take the n’" row of the

order bve

bs! b [+ .
n,2?****? “s,n

. T oW
N 1(31 where Ck

Proof, The first non-zero v:lu

N

th

tlon triangle, are the successive

Coll.
; F i
L (%) s ﬁ'hll’*;]«-_g- ) —— 5 —
e+l X =

Ny
X

QJ

Z" ({nrr=-21).1 N1 -]
, ri (n=-23). J
e ~273 50

i

This nroves the thcorem

%:mmmle:- The 1st convolution tri~nsle :
. 1

3 & o)

4 1c 12 4

5 2 30 20 5

[ 2 [ ] L] . L ]
jote 2,2 = 2(1,1), 2,6,3, = 152,10 451

ach row has
eference .

a comon foctor.

prismer o the Fhovonaccl Humbers,  Pii
dited by Majorie Bicknell and V,X.Hogsat

8/21,8,73

orxicci Poly:

et

Th B
convolution trian:
0. !
L3

!l (n=l

i e

=Ly
A n( ..’;.)

u-r”
L]

9

wnen n =

.
«
LS

1]
-t

th

P 5 L L‘
azgowal of the r cor

ing result.
\
n+r-j Lnr-

2=23
a
D S AT &
gl = ;(,L’S,».),l)
acci Association of i

J L0

N

1=

=

K

,._J‘

@



FIBOIACCT NUMBERS AND HOGGE

Krishnaswani Allad
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* e ok

Hoggatt [l], 12} proposed twc

low in connection with problem on Fit
hat the row sums in each array was a T

) Hoggatt Steps

£ 4 1

1 2

2 - & 1

5 2] 3 4
18 22 7 11
o4 56 16 27

a9 145 38 65 1
2) Array of hope
e
1 1
a 2
5 4 1
13 9 4

34 2¢ 16 11

—a

o
~3

rrays of numbers give

meed numbers, and St

onacci number,

22 1 1
ol

e

L

o,



Do

Let 3, represent the nth row +&h column element in «

» - . . .
rst array and h,T the corresyhontin =zlement in the secowx

ggatt steps is formed by the relation

m ™" n-i
S . .= ' r being odd,
STH S'Y,H ? being even

The members in the Hogzatt stens ¢ the same as those

he Array of hope with a shift given by

:

(2 M, =N if 2 is odd

7 5‘)’ h’r

' n 717"! if - dis even
O L\,),\

The Array of Hope is formed with the rel ;ion

(3) N, o= 71—/’4~ & Pl

| Y v r-4
We shall now state a number of ic

gities which give v Hus
methots of forming Fibanacci numbers wit the above arravs,

As stated by Hoggatt

k=

@ T e T e

3
and

Kn A/,L ....Yl ~— 4 a4 .
6r+ S 53 Fz_y\

<N —




- cei numbers inspite

strengthen (4) by st
F .
In-2
F___
Zn-3
(6) 'n5+'n55+'”—s5+ “e - S B o
‘ 71@+’hs +Ng e .
5(5) and (6) clearly = 4,
; Consider the Pascal triangle given
_ !
. = N-¢ + N-e : nc = o ATz6 1
:»} ~ Y Y-t v ; — | -
Ve
E_f: 1
11
1 2 1
1 3 3 1
4 1 4 6 4 1
1 5 10 10 3 1

;ing
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.- -

We find that the following

(3
f-se
Cu
(4]

N. — N2 - "
3 T S g”—v‘ 123

0) N - Nl = = = 1> <
n — " - & ey (9 -3
%6 S T 2o T

note that both in Hogget

P

4 =

lope the first column contained Fibonacc:

n n ™
1‘8, 13‘5, JJ,—{—,? aao s ¢

¢

~1.% Tan

here form Lwo nevw arrays

F ., F

fA.th the fiz:

N

thage

41 Fgs Fgy Frgoenee o e call

2) and array of Hope (2),.

o~ e

Lhwiz

Let us denote the rth coluna,

7&! respectively.
.

Ltties hold
Yl L

stewns and in the Arr:
Tbers

cclumn having

: o TY alie (S
rrays as lioggatt ste

T

w elements by 7%¥
o

e



Hogzatt Steps (2)

1 1
3 4
8 "1l2 1 1
21 33 5 6
55 88 - 17 23 1 1
232 &0 73 7 8
] 0 O o 0]
1
: 1
o2 5 o
17 s 1
3 50 23 7 s
0 0 0 0 0

Relation (2) holds hsre

M .7y, if r is ¢7d
M ey ® Aly
7L , T + { T " VS
Sy = A’Y if r 1s evan

have the Pascal identities for these arr~ys also,
h> X

3) %;‘:3,# e =8, ., N33



- (14) consider the secuence of numbers whici. when added to

give Fibonaccl numbers

2 = P
/74L | 9

b ors= G s By 1=
. In general
%}ll4+ U‘n

4:’7’1171.6,22, LK *

=
LN = 2

"

where ()ﬂ is nth term of

It is interesting that V_ = -y iz the sequence 3,4,4,5,
h n n-—t
7’87 LI B 3N ]
Tdentities 12, 13, and 14 hold for 'k ~1lso, with the transic
? b U/r 9

mation introduced by (2)1,
It is true that in the two arrays i “roduced by us the row
sums are not Fibonaccl nmumbers, But we covlid get Fibonacci numbe

by another method.

!
Let H,n: ’1/‘;,.-,.’71./\/2* N bl
Then
= = N>t
(15) Hop M, =h, >
O -
In fact if anzﬂﬁi+nhé+;hw§+wm . and
H(E = N, + Mé'ﬂtm?é 4+ ... /Ren
0 ”
(16) Hn’&H)f;-(z /;71-2_
He"‘ C’\)He = ~ 7 -



which is similar to (5) and (8).

Further if

N 2 6
(17 - -~
57’! ‘?S%—( [:Zn
O -
Sn — ngl( = En-z ﬂ,Z/
- @ - E

Let us now extend the Array of Hope (2) ir . two dimensional nla

and produce values of 74“'5}/ » V.V being  itegers
5 - 12 ~17 3 30 38
-2 =3 4 ~5 6 ~7 38
1 -1 1 -1 1 -1 0
1 0 0 0 0 0 0
2 1 0 0 0 0 0
5 > 1 0 0 0 0
3 2 4 1 0 0 o
34 21 12 5 1 0 C
89 55 33 17 6 1 .0
233 144 83 50 3 7 L



It is evicdent that

y Tpt N Mtz Ny, 7L 7

(18 | 5 i+ h' = h - h

If M <o 4 and ¥ =-n then (18) #mn” "es that the sum of m. Hers
in every descending ciagonal of the Iirst uwadrant is a Fibonacc

Numbers, But surprisingly these numbers the descending diagc ls
are the numbers on the rows of the Arrg: Hope (2) with alterr e

(~) signs, Hence transforming the number in the first quadrant

a triangle we get

~1
~3 i
- 4 -1
~21 12 -5 1
~58 33 -1" G -1
This gives us the following result
ﬂg_‘_/)’}, i _g;’hul ,71;-...” ‘:; n >0
| by hiy = hs h i ’ S e
This is analogous to (4),
REFERRICES,
1) Advanced Problems and Sclutions, Fib, rt. Vol.4 1972

April Issue,(Arrey of Hope) Pron, by V. .Hoggatt, Jr.

2) Advanced Problems and Solutions, Fib, . art. Vol.4, 1972
Oct, issue (Hoggatt Stens) prop. by V.. . Hoggatt, Jr.




MAGIC SOQUARES AND MATRIX TRA. .-FORMATIONS *

Krishnaswami Allo. 'l
Vivekananda College, M4DE-3 600004

- ——

* T,ecture delivered at the Institu- of Mathematical
Sciencesy, Madras 600020 .



IAGIC SQUARES AID I.aTRIX TR. 5SFORHATIONS
Krishnaswami Allad: o
Vivekanandia College, Madras-6(0704, INDIA,
ok stk ok
LHTRODUCTION
Hagic squarcs have been 2 sort of [lathematical recreatic

an¢ for centuries neople have known its

this naper we shall give a mathematical

izystic properties,

In

cransformation which st

transform the normal (n ¥ n) array of coecutive intezers intc
gic square, In the second nort of naper we shall study
this transform.otion on nctfices, Throug:.zuat we concicder 'm' ¢
an gdd positive iniezer.
Port I. (Magic squ.res)
DAFINITION, WYWe Cefine ¥ 1o be the x n matrix (sqouar
r- a—
1 2 3 oo n
n+l o 2 oo ele 2n
1 n(n-1)+1 . sie . s 1’12 *
.

DEFINITION 1,2,

~

a matrix A is denoted by (i,j) C A,
DEFINITION 1.3, If (2, D¢ .
2
)
we define the onerato T @gs

Z(x,,x,

K( )

C. . och) :.(Dcﬂyﬂi

£ (7‘--

An elenent of the

lt,

ith row jth column of
x ) is an Witunle'
- T

. en xﬂ_’)

T(x') - ) K timus



DEFINITION 1.4

« e

row elements, i.e. (i,1, (i,2).....(1

Consider the s

?

are N(n z n), Tole %b

Let C K(147 2, " ") zfq)x e xn)
v IE /
and ( . </)2)3). N (%g:i?), ,%%)

Form = new metriz under the mo-oing

(4, ))

and call it n N =1, We

= (%, %))

20

say M is a n
THEOREM 1,1, The motrix M has

rearranged,

Proof. Since every elecment of N

theorem is proved if we show thet no

to the same element in 1,

to (i*,j*) € M,

CJe
|._l
I
Vi
L=
[iS)
o} F
o
1
1_1

-
i L4 ——
& —
2 1 —

Y (I« R

J1 s T 1) =

s __.’(li;l_“ -

32"(2 12)-«

. oL -

J2+(2 12)~—
Now (11 + (1.2) gives

Let (i

Then by Definition 1.

1237

i* (mod n)
j* (mod n)
i* (mod n)

J* (mod n)

2j1 s 1* + 3* (mod n)

4

ic square of order (r

the same elements of

1s been manped in M
clements of M :are
W (di..3 €N be ma

e have

(1.

(L

(l.

(Le

(1.

1th

O
]

9

)}



and (13) + (1,4) gives

2], = 1* + j* (mod n) (1
(48]
2, = 2i(moc n) or j; = j, (mod ) for n is odd (1
1 2 1 2
H\\? L= i (mod n) (1
But 11,12,31,32 are all <& n and -t ., Hence i, =i,
jl = Jow « This means the theorem is 1 ie.
THRORE 1.0 m D £ o T AN TS M a
aabnat 1,2, The elements of t! ith row of M form a
of incongruent residues modulo ne
The elements of the ith column ¢ il Torm a set o incon

resiGues modulo .
Proof. Le% (i,ljl) and  (i,j5)» M and let them belo:
the same residue class modulo n, Let ~,3.), (i,,3,) € U
O’ 9 ? /:_I" 4

be mapned to (i,j,) (i,i;) €1 resnect ely. Then

ig - Q%‘]‘ " 13) = 1 (mod n) (1.
N+ z .

Ig + (%34]-‘ - 13> = Jl(mor}_ ) (1.

) o+ ) . .

Jg - 6‘-—2—]-‘- - 14_) = 1 (nod n) (1,

. ok , . .

e km’g;l- ~i,) = Jg(mod 1) (1.

Since (i,jl) and (1,],) belong to the sc  residue clasc j, =
)

. 151, = O (mod n) and 1q9 < n (1a3

nd

et

[oR



so i, =1 and.
3 4 -
is majped to two el

A R
first

THEOREI 1,3,
the same row in I,

row in

(i,jg) € MT
(L.12). If (4,3

s s

second sitztement might bde

jo = §,¢ This immlies

{5 £ P

ements of ¥, This is

statment of Theorem 1.2 is correct,

and (i_,J) resnectivel

No two elements ol

~nd (i,jz) bzlong

iy = i Now (1.9) - (1,11) gives
Io = ia (mcd n)  and Jg0d, £
wiiich is again a contradiction, ience thne
THEOREM 1.4, The sum of the mmbe:

droof Take

n(n® +

P

1).

the

(l)l) (172) sos e (j_,fl)

Let

(143) = a, n+ EE

A o 1 X
ith row of I ce¢
There

FRTT

+t the scme element ¢

ontreciction, Hence

by renlucing (i,jl)

o
olts

D

nce the theoren

C

same row in M belon

4

belong to the

oD

neonet to (i,jl) ai

09) 3 (l.lO) ) (l.ll) ©

N

Lo

ne



Theorem (1.2) seys th~s e b 5 are 15%3000en 1 some
orcer, and Theorci: 1.3 says that the j's are 0,1,2,¢,..0n-  in
some order,

n 2

Hence % o, n+ p = 33&11“ 1J~~.

j=1 J :

The same result holds Tor the ¢ umns also, As Tar as 1e
diagonals of I are concerned, they a the elements of the idcle
row and middle column of N. Hence the wm h re is also aa - 1)
which proves the theoremn,

DEFINITION 1,5, Let (1,3) and i*,3%) be elements of \n
(n z n) metrix, Tf T+ 3% =3+ 3% = 43 We 32y they are
corresponding elenents,

THEOREI! 1,5, Let (1,70, (1*,3° € I and let them be rres
ponding, If  (i,3) and 1*,7%)  are ma @ to (v,q) and (p* in

M  then

(n,q) and b¥, %) are corresnor ‘ng elements and cony sely
Rroot, We have the fold Loving Tc congurences
%
e
J o= ('jéL ~ i) = (mod ) (1. 5
. Itk .o RN .
Jo+ (“EL - i) Z g (mod n) (1, 3
; + g
J*= (\le - 1*) T p¥(mod n) (1., 7
. 0+ . = :
J¥ (\ﬂgl - 1*) =  g*(nod n) (1. )
Now (1.18) + (1.17) gives
v (33 + (i+71%) (n+1) oro* ( sde n) (Lo )



()}

But i+i¥ = j+j* = n+1, Hence n+n¥* = ¢, This immlies a+o¥ n+l.
Hence (p,q) and (n*,q*) are corresnondi elenents in ¥, The

converse 1is <lso true gince theroe arvs o WMNY corTasponiiing e ents

s g m . 2
oF (1,3) + (1%,5%) = (n,n) + (n*, ) = 0%+ 1,

Proof, Les 13]1) (l ) (5, E) 1,(1}) € be ms ed
to (15d) (i%,3%) (5,8 (o¥e®) rwﬁjcoﬁi’ L7  Then (i
(py5q;) are corresyponding. Further (i ) end (pl,ql) are
(i;~L)n+j; and (pl—l)+ql respectivels, leilarly (1¥,jF) and
(pI,qf) are also corresponding ' are « 1wl resneciively to

(if - 1)n+ji y (p{ - l)n+qf .

then  (i,,]4) ( Z
ne + ; = n7 + 1
L * X 5 *
1 j + == < 3
(11,39) (plgc%l) n“ + 1,
Thus
_ . ¢ 2 .
(1,3) + (p,q) = (i*,J%) + (n¥,q*) = 7 4 o wnich aroves Theor Ly
DEFIFITION 7,6, If 0 < K< : , We define D %o b ihe

Kth off diagonal ¢f M consicting

(n=ktyn) (n-l+l,1) (n-2-2,2,2) .... (0,20 We call theso D,

tveeaese Dy resnactirely,

.1\.’ -



THEOREM 7. 1If the residues mod o n of D, veselD e

taken in orcder they are

J.J. if
T *(1s2,s0..0) vhere n' = L or on'+1=n

Proof, Let J n-} and “oke he element Dk']’ = (7 =#j el
Ly
We woull have to show that
s J-n'k (mod n .uo}

gl

Lt (lejl) be the clement manned to | 5 We have
b

j (B9

- i

Jq 5 - 1) = 3 (mod 1) .21)

jl + ('I%‘L - il) = k+j (mo¢ ) s 22
giving 2jl = (n+l) -k 0d n)
23y F 2i+x (& ),
Now 2 Dk,j = n(i;-1) + 23 +k = 2( n'k (mod n) vhere n = }%L.
Hence DI«:,J’ = j='k (mod n) for n i oGd, As Tor the case
n>»3j > n-k the nroof is similzr, nce the theoren

THROREM 1,8, In the Kth off ¢ gonal D, €1 all & ele-
ments belong to the same row in ¥

We lnow th-t D esos.D.  are the elements (1, 1)

.u.?l .L.’._49 L_’J
(2,k+2) ooo (n-k,i) (n-k*1,1) ,... (n,i . It can be shown th if

(1,3) € ¥ is mapped to (1,k+l) then (¢ j+1) is meaped to (2, 2),

(14j+2) to (3,k+3),.,.., where the j+p'tc .re reduced modulo n, ince



the following congniences are simulsaneov

j+ k

e
+
W
+
L
i
1
H
p—
H
+
‘».—.I

COROLLARY, 4z a corollary to the

the following result. If we Deflinc D
wEh

K off ciagonal if lieg om Dy and on

then

(L,krl) + (n~k,k) = 2 U;

60

(24k+2) + (n~k-ly k-1) =

® 8 ¢ & 5 2 o

AR A ey e
2006080 1¢Y one PR

(n=l+1,1) + (n,kL = 2 DE

We
(n=k+2) + (n-~k,k-1) =:mk
seensecans LI TRB OLUART Dar:

Proof.

-

The proof of this

-3

corolliary

the statements of Theorem 1.8 and 1.9,

Part Eis

HATRIX TRAISFORUATIONS

We shall now investigote same
the transformation on N, gencralised now
a matrix A

of dimension (n x n) 1 being

10358

v satisfies

da n

o

‘ﬂ) 1:=1323737-le0

ove theorer we may d«

centre of the

H e P
be the

he disnonal (1,n),(n.

¢ D, and

=9

(o]

civen by combining

S 3 -
ting

inv..risnts unde

any natriz, Hence g

& ve form 1,,A -

e

0]




DEFINITION
&S »
() [

—

i

[

{\3

S
Coa

THEOREM
when man-ed to

Proof,
k=1,23,4

We

let (1 ,%) k=1,

J ‘

K
dq
2 &8
Now
i-
and J

But (2.1) w= have
% K’ *
(Jl -~ 3‘3) + (i']
Now (2,7) and (

2(11~13)

and
2(1}2-14) = Z(JB-J

& A 2

2¢1.

i

1a
e\,

Arove

!

2e8)

a* r-*
2(35~3,)

3
":ﬁw

nc

R

T Jdo =
— <
= jg“

be mapped

2,3,4, prescrve

coEl

L~ ¥ =

T .

-3 T
s jo 8 =

K3 0 * . *

1y = di + o2

P *

Jg = dp 7 i

give
(mod n)
(mod n)

i presgrve

the conve

Jy

rd

tist
rse
s
QU
ig?
S']
i'ﬂ
i
4
K
— Bt
Jn
X
T oda
- !
\
1,
1
_*

)
N’

atrix A (4,3 (1,

<

if

n) ol)

1) .
natrixz A s&tisfy 8. then
"l and viceversa,
te Lot (i ad
3% e 1,97

¢ k’Jk)

) k = 1,2,3,4 € n,hy  ‘urther

Then we have

nod  n) ¢ 2)
mod mk = 1,:,3,4,( 4)
-* -

iq (04 n) (. 3
X

1, (miod n) (L 3)

"
- 12) (mod n) (: )
¥ X E

5 = Jo T Jg (mod n)

*  x *

g =3 = Jp (mod n)



for 'n' is odd, Hence Sl is

Theorem 2,1 is true for there arc
vhere are in A,

DEFINITION 2.2.

preserving Sl s

]
L our

elenents (

matriz A(n x n) are said to nrescrve
i, +1, = i, +1, (moc
jl t i, = jq + j4 (mocd

THEOREL 2,2. If four cleme ts o

[

then when napned to u.A they stiil s+

* ok
Proof, Let (ikyﬁg

kX
to (lk’ak) € ek TFurther

Then

*

* 1
he = (555 -

(mod

pte

Pt
(4}

+ (--~

ot n+l T
jk 1k )

[ N

—~—
—
——

I {mod

How (2.11) ané (2,12) together with (7.9
* * # * * *
- . /; & . el

(g + i) + (5 + i) * (15 + 1,)

and (2.,11) and

L X Lk ﬁ‘ * JRox
. . * -* i -* =
which is + 1, = i, + i (nod
l & &
¥ X % % od
Fe + MoC

(2.12) together with (2,1

-« The stetement of

.

many elements in u,.

ydy) k= 1,7,3,4, in

7

it

atriv A . o
R G A Ui ol 28

tisfy S
¥ 84
i)

and vice vors

e

rive
Zive

-* .* s ~ N =
(32 + Jé) (rnod n) (=,

give
5
+ J,) (mod n) (2

gy



11

This is precisely 3_,. The statencnt or weorem 2,2. is obvio
(o]

true for there arc just as many element: .nn 1.h nressrving |
as there are in A,

DEFINITION ~,3, Four elements of . matrizs A(a x n) kds

1

il - iB = :'L2 - i4 (rod (=,
jl - jB = jo = j4 (mod o

2
U") Yy & . oy s - Bor oz o8 N
THEORE!! 2,5, If four clemcncs of wotrin A reserve 8

then when manp=-ed to u.A , they o«till pr :rve S8, ond conwvers

Remark. Let us conceive of fisur. inside a2 = brii., Le
say four elements of o matrix (i,,3J,) fc o figure (cuadril: te

or rhnombus ) 1f the r corresnonding

»osl? s on a lottice form
quadrilateral or rhcmbus, Scuares with 1+ %4ices (1,30 k=1,
1% L

satisfy the relation

1N

‘..J
V]
!
Cde
(153
i
e
w
!
e
I.—-l
ey
i,_.
(—)_,
5]
}.—J
L ]
=%
Bl
L ]

A warallellogram s:itlsfiles

s
H
Cde
18

+ ieh (71
31 S I 4 ich S (T ad
In general we may s~y that our transforms  »n nans nostly narall

To parallelograms, syuares to syuarcs etc

DEFINITION 2,5, !n alternative Je: 1ltion Tor corresnond

cleménts could be givan



12
Let A be the distance Tunction
o ((ga3))s Ugrigh ) = <1

two element:

where (a=1)n+b

.
We say

-1 .
> = iﬁ ( -‘7:).‘-9 "—é.

THEOREM 2,5, Definition 1,5(>

[ . n+ n+1
a{iydy) s (R

B

7
Proof.
. I+ 1 _
A ((11731) 9 ("'?3:"5 ""‘2"“) ) = |
n+1 n+l . Voox
& & T g0 (d000) ,-) -

Clearly equation (2,19)

Hence Definition 1.5 ::; Definit

Now 1&t equation (£.19) hold, so thot

s . & . 1 2
n(i; + iy - 2) + g + Jp =

let i, + i, # n+ 1 but i, + i, =n
1 2 1 2

This implies that (2.20) reduces to

n(n -1+ 8 + Jp + Jo =
This is false fer jl + Js % 1 om
]

i- -+ i —
1 S

Now J; + J5 ¢ 20l and & <
(]

Now let Ak § + g5, &

left hand side n° - 1. Hence & =0 ¢
Hence jl + j2 = 1+ 1,
, Thus Definition 2,5 = Deiiniti

is proved,

- + .
?ji-+ pgl ~ (1o=)n j..
; Pes 4 <

jl + Jj., = nkl,

n g 5.

1 (2e
L+ 686, & > 0,
2
+ 1 (245
(9]
W n-1+8) > n” since > 0.
Q.

iweh daniles that the

il + i2 =n+ 1,

: 1o5, and the theore
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PT0N OF. THE EU.sR FUNCTION

S e e wee e -

Ol\' l'; GI_J-H.JJ.LU 1
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Krishnasvani Arlod?
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¥k o ok ok K ok

The Bulcer Tunction ds the T5¢s%

¢

number theory comc: across, In this pu r we

i

oo g o
N L;‘.J.QQ,’

tion of the Buler Ivnction and discucs

of functions!?

DEFINITION, 1

error defined through tn

b {n,x) rep-

Let

*vg interesting

antrant to
generali- ..~

DroneryLes

neralisation,

sent the number of

(1

r + . # 3 +
n & x, (mn) myn € Z , This iawl . 2s that
N o= -
o s _h . 1
¢, = &) [x]) = ;24 I
I X
(r, ¥ =X
where [x] stunGs Tor the largest i.obteger .
+ z ‘s
farther if n € 2 and n= 2 .+ where the
i=1 -

D D ars

i
|
L

P

N

Y]

DEFINITION =, If n= 7 p i, =) =2 ) =1
=1 -
n = 1, Definition 2 fogzether withh () . es
X X g ¢ . S
= (n) =-3in) ¢ P (nyn) < £ 9 'n) + i(n) (7
and  W(n) ¢ U = 0 (n€ ) ¥Esce [1_] <3
* Work done, wvhilc the cushor Dcrtl(WD/t in the International
Swaer Institutc 'n Tuaber Theory (107 . at Ann Arbor, iidchi; o,

x the

generalisation in Definition 1 is “fpduef
the

consideraticas of tnﬂs poher are G ercent.

to Cesaro, 173



a
~~
A
v
—~
=
<o
ct

Further it ic clear from (2) end

. qf:(v;J)L) '
i Eoy/ % —> ()

L0 /o

We shall now need fwo nore nronerties f gb(n,::) To nrove 3

the theorems that folliow. Since (u,n) =. n ¢ n myn ¢ Z# 1
~ ‘E
iuplies (n=m,n) = 1 we have 3

D)+ Flmyn-n) = p(n) +1 if (n,%) =1 (5)

-

anc P (n,) + cp{n,n~z cj; (n) oi wrwize (53)

Let us now cefine the errvor function., Sinc (4) holds one nay ze
a rough estinate of Q'D(n,;: by assuning e n,x) = ﬁ ¢>(nj:  In
us make an estinate or the error made in & asdumpbion, by the
following definition.

DEFIIITION 3, e{n,x) = £ gg(m - = (nyxn)

T:EOREM 1, a) e(n,z) = -3 e

— 3 - Vapp =N
i i " Iy ! = :
D D et = - B0 v
where {x) stands for the gsreatest intesrs . x.
Proof,, for = & F x ¢ n we hove

¥ 25 R A ~ "
e(n,x) + e(n,n-z) = Fd}(-l) - g (n,x% - - p(n) - ¢(;l,ll'~



[€b]

Now it is clear that

n
L—-S;} e{n,x) = Z el 1,%)
pied X <n

~—r
"

(z,m) =1

Part b can be »nroved using (3) " scnd +h
e(n,Md + x) = e(n,x) if
THECREM 2,
n - NV
a) eln.cldz =0 b) e(:
o 7 n 0
Proof, '} gliX)dx = %Cb(n)
0 OY?
= .i.;: ()
o
= By =9y
Clearly Sl = ﬁ—cfé(vr-lz- » We need an esti
is a s%Tep funciion with jumps at every

7 Cb( p‘\,

(n, x4

O § a3
where n « N are the int
it O, nlga' Et(n) ""l 2 h _Lnt
(in ascending order ) and n,

e

®
N

1

0 l+C) Ye

~  pn,x) dx

"
/qb { T, ) 6%
0

snectively,

te of 820

£n, (nyn) =

Since
1s

& (n, n._;)

ers < n coprime to

o



S_  now reduces to

= ‘ a)
ﬁ%tz > () a,,) - 21495(7
#2]
= Z Zn Pl n ) -717 Pinn, )f
T=

o Ao pOn e L) Ry Nrani gy

= ng(n) -1 -2 jgry + 1

4
r"(
ENM ) - v/#(n,x)dx

Q
Hence Sl - 82 = 0 which »nroves theoren

S

2

We shall new use the error frncti

™
asind .
THEOREI! 3, 14 1%_ .gf’lg.il
N —> @ : "=I‘
m -
Proof, e(n,m) == <#l(n) -~ P(n
-
nence m ‘ zﬁd
- ) (.n) = e( n m) +
< ) p e »”
M= 7')-':;
= S3 + S4 .

We shall first evaluate S,. If
-
of fractions in a Farey secgquence of orde
result that

F

3“ P ()
h=y

If we denote by a (nya,b) the nuber o

(nyn; =1 +then

A <n

¢ b

L7,

('m) Ry,

e }inﬁ' I {cvuﬂvx% \q}“*m@}‘ E

to

~

—

show

NEL-
-n-u

N

—)

> ¢ (nym),
S |

represents the mul

m

d <

then it is a clas

il

gb

suchy

L
Gl

ic

-~
Lo

L



5

b (n,m) = #D(A)

2— ¢(n) + Z & (nyn,m) =T,

Y=

+ dD (nyn,1

Now <& (n,;-,m) Counts the numbe:
Or m‘ <{ 1 and is in its lowest orce

of order ,{ rn. Now every Farey fract:

by & (a,a,n). This clearly implies i

’“ f
| cr(n n,n) = Em
n! o 2
Hence 8, = o = 2L 4
L_“ : 'rr(_.J
Let us now estimate Sq. Since fe(n,
by Definition (2), we have that
{e(n,m)f = ’O(ne ) Tor
T(n) = O(né ) for ¢
’T"\- e ¢
Hence S, = e(n,m) = O(m )
Thu.s " 7‘—’
M 2, qb} = O ¢) + /’_91
h=t ’ I
™m +£
& L Z pi o O ) L L
/ o3 Z T7 -
M ey m“ i

g =y T 72
6 I
(Note =5 1s the lamous limlt -5

o
~~
o]
\?
L ]

nm log n)

{1
( < 'g;(ﬁ) and U(m) <

wery € 0 since

[1]

Ty & > 0
7( G) O.

s 0(7?”}/0;974} .

+ 0 (tﬁi’/
P



Let us now consider an error func

From (2) it is evident that

Lim f{f-(fl’. a + b) L
a—>00  P(n,a) + <p(n,b) -

or b oo
This an anproximate estimate of

CP(II,&) + ’#(ngb\)o

estimate of this error,

F(n, a
The following crr
DEFINITION 4,

Let e(nym,i) = &

¢(n,1)  nmi ezt .
THEOREM 4, &) ? e(n,m, i)
_l
N
f
b) Z e(n,n,1) = (?\} ne(n,m) + 0(z
(>"°‘ _}:‘l.,s - ?\;
Proofe &) Y e(mm) = <
Rat o &
C=o C-
e(n,myn) = 0, for (n',n) =1 n
'ﬂ~\’
Now el m, 1) = bl b (n,m+i
ity [L{ .
L>20

i

F(n,1) + n

P(n) - n PH(n,m) -

= n ?%(ﬁ(n} - <ﬁ(rz,

Part b follows fronm

nym+i) -

(4) for e(n,m,i) = e(r

on of three warighler

would be

i

b (nya+d

© function gives us o

4‘) (n,m) -

(nym)

e(n,myi) since
n gives (n'+n,n) := L,

®

P(n,m) - ¢(n, i)
.._-S
> C#(a i)

j = n e(n,m.

) + e(n,1) - e(n,m+i)




n
THEOREM 5, e(n,m,x)dx = ne(n,m)
" .
o
b) e(n,m,x)dx = [-N- ne(n,m) + 0(n)
, i ,¢; Ne e n , LA
o - ’ ’ +
where e(n,m,x) = & {nm,x) ~ H(nm) - (n,x), n €2 m n,
A
Proof. e(n,m.xy dx = ¢(11,m+::) - cb(n,m) -‘#(n,;:)d:\:ﬁ
0 0

avd

)

Since qﬁ(n,n-;-:c) = qﬂ(n) + cﬁ(n,;c) AR
7L <1 %

545 = (nym+x)Cx = ¢ (n,x)dx + j 7 (n)éx = 87 + mp(n)
o o Yo

86 = f;ﬁ(n,m) dx = n ¢(n,m,
[0

IH

Hence 85 -85 Sy = 11 g(n) ~n #ﬁ(n,m) T e (ngm).

Note that the zumiation over the dis “ete es well as over t.o

e

contimuous voriable 57 e(n,m,x) gives the cwne quantity. That i

n (
2\ e(n,m,1) = e(n,m,x)dx = ne(n,m),
(:cl v *

Let us now find upper and lower bounc for the average valu

of the error functions,

e(n,m,x) and e(n,x) where =x= 3 fix=d,

ML
e . i 3
THEOREM 6, Lin sup I-]l'i 2\ e(n_) 1) s’ i L .(é,('_l,e.).
n — - y .
M+
1 ) . . : 1 i
Lir inf - é__' el ity . 4 1) 2 -i 4+ 3 [2)




Proof. We hove
7}'\1": M*(
e — _(-.."
2_ e(n,iyi) = Z_ﬂ ( q‘;(n,m+i)
_ ’ ‘
= Ji= |
A=y M*L‘ 1 -
_.__'
= 2} <#(n,m+i) - 2 b (nym)
{
M= Nn=|
m-si‘
F - B -
mei Fm : <f£3 (n,m)
%! N M \
5 A
since . (n,n') = 9F 5 B
Q‘Cf ( b ) n! = 2
chzy p
By (7) and by (5,6) we have
1 wie T vy
@gﬁ' o) | & (1 1
, Ny = >— (1) - .
Ly qﬁ ? < ( 2 -
N=m+) }'):.7“,_] 7 - ’.',,)4_'
= ped " Fm - Cm where
Hence )
M4 1
e(nymyi) = ¥ ., =F +C =~
z ] (2w, &) m+i n n
")4;-1
= i - 4+ C =
Fm+1 Fn Cm
Let us find bounds for I(n,m,1i)
s
Mt ‘
f : . . - )
fialisl) = n.i) = k.4
KB 2, (b = D dnd
M= N Lt
7044

: <omr[ -1

<3 ZJ

P (nyn) - gk (n,i))

Az14Lt ’M*"L«

5 o - T 0
/ gli -~ I 3
Z, ¢ l
V= ht+ | M= |
7“1‘(,
D R ;
- L}‘>(Jn,3.)
)'\:l

(n,m,n)

1 =0(m)

o

!

¢ (nyd) .
!

!
Ay Badd)

(e)

}
2
Nyttt
N Carnt

(nyi)

4



Now 4;(1-1,:[) =i if (n,i}) = 1. The m
as m oo such that (n,i}) 1 is as>
1ty
!
. f(n.m,1 . > &k
Hence 1lim —g-*';;‘*"--ll lim <,
n— M- 00 % LM+t

SN

su’iDS'titu‘binthhe bounc.s of £(n,m,1) in (
+{
!

Ao, L’r\jH.E € (74))7*;)1') > Con M+l
Yy 7 ——
M 3 0 ey Mmoo
. ’ S ]
AT
; 5 WA -
anc N+ \ 24
DéL.’)’»L g\klo J_ Z 6{7’)774) ") \< : ’
: = 1
™M =3 o0 ™ " __: Nz
WL
O (o)
< (- €5

This completes the tacoren.

THEOREM 7,

T Bl

’Wt"'{ﬂ
L O L)
m ’71“5;‘ 2

™m 500 :
miL { )
A ot L Z AVIRY
h =Dy L [

e(n,i) =

% E(n) - & (i),

er of 1< n £ mh
;/ ivia ~( 5!
Shketie bo j(f)(,}
,’{L’a %
{
/‘\)L) o o/
CHlCL)
N
// P ’
C %
et 9
yL

: 9
o bt Lc’i{:((’Q}
e el
? .LO‘J
. ) ¥ et
> b a2,
e -



o0+ m+L @
) . ' (n)
Thus j e(n,i) = i , e
| ’n:;k
e m L
-5 3 dm
! n
N=
This gives .
M+l| M‘H/\
1 ' : i j (n).
— T g — — cecsned s -
o ;?; e(n,1) m I n
"=y N=|
Thus Py
: ‘ . - €.
lin sup % e{n,1i) o=
m—> @ . ] T
. h=|
and -

. L ? ; €.
lin sup = | e(n,i) -

o —> ©

Using the bounds of f(n,m,i) and
Let us now conclude by consideringz

Do there e:ists numbers 'n! such that
e(ny2,b) < 0 or e(n,a,b) >0 Y
THEOREM g, A necessary and suffic:
qﬁ(n,a+b) < Elnyn) + ¢§(n,b) v a,b

whichh is the same as saying

e(nya,0) < 0 ¥ a,b ez’

that 'n' should be =2 pover of a prime (p"
Proof. We nrove necessity first,

Let e(n,a,b) 0V a,beZ+ and let n

di € Z+ r Z, 2 p;5 distinect primes. F

f(n,m,3)
m
. L®
|
1/ i
- i [ 2]

eorem Je

ne final question.

+
isb €2 2
<

1t condition for
_+

Z

is

Lo(i
i TR

()

any  1,3,14K 3,1, s

RS



1l

since (pi,p.) = 1 we have a solution to the

.= o 4 - - +
Py = psY| = 1 in x,v € Z

Let us assume without loss of generalit - that

equation

piX

D3 X, piy. are consecutive and not coprire to n,

e +
Now consider any m € Z
m = 0 (mOd pl ,P(\B 'Y ODI‘)

and the two intervals (ngiY)a (n-2,m+7.y=2),

<

~

piy'

Clearly

(9)

Cleaxly for any 0< € < piY—Z(e? y) = 1 there exist an

nd m+€ < m o+ B y=2 (€ ) =1 by (). Moteover (nym-1) = 1,

This implies that
b (1,9,) 75(n,m-2, m Y =2)
If e(n,a,b) £>0 <then

e(n,a,b) = 45(n,a+b) - $nya) - $(n,b)

or  <$(nya,a+tb) = ¢ (n,b) > 0

0

Now for a = m=2, b = p.y , we have sean that thés is true. Henre

e(n,a,b) > O for scme a,b € Z+ (and hen = infinitely manmy tim-s

since the solutiors to (10) are infinite¢ . This is

and so necess ity is-proved,
n

Now let n =17p p Dbeing a prin
cis(n,a+b) = a+b = (\Ei—Jﬁ«E ;

— p -
qb (n,a) = a - gﬁ

Cﬁ (n,k)

il
o’
!
T

a contradi: *“ion



12
| | . o 1 C-
Qlearly e(nya,b) <0 ¥ oa,bez  since -ijl4 ?Z?l + Z /
This completes the nroof,

I thank Professor L.Kuipers and H,iederreitsr for some

stimulating discussions.
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onnortunity to participate in the Internstional Summer Institute N

in Number Theory (1973 Ann Arbor)
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ABSTRACI:. The nurvose of this cor*~ibution is to
introduce a new fun-tbn in number theory 7 to fiscuss rro-
norties of numbers “efined through this £ -ction. Our Aefini-
tion could be extended to all rationals % e confine ourselve:
to natural numbers. Our function is cloc "y lirked with the
number of »nartitions of an integer into vimes and we hone that
this would »nrove such a study interesting.

v

tationss-

CRE S by

;*Z.

I -~ set of vositive int sers
P . set of primes

C -~ set of composite ir- :gers.

We shall use the word 'Result', for minor Sheorems, ahd Lemma

for results used for the proof of theoren-.



A TEW LOCARITEMIC FUNCTI !

Krishnaswami Alladi
vivekananda College, Madras-600"n4, IIDIA,

I

LHIRODUCTION:  In thic contribubic we introduce » new £ o.

tion in number theory associatad with tF- canonical renresenta*ion
of an inte-er az ~roduel of nrimes and ¢ ulvy its nroperties.

0‘1 a4
DEFIFITION 7, If n & 1, and n Po - - PY , Whire

Py # D]. , and P « P , than A'n> = Napy * o(gn + ...

»

oy P,y and A() =n - i(n),

Reswlt 1. (1) If n& I, A(n) L ny (11) p € P, A(D) = vy
ACm)4

(111) A(L) =0, (iv) Aw,n) = AnJ, myn £ T,

The vroofs for the above zare quit easy.

DEFINTITION 5. If n ¢ I, then 'n' 7s said to be hirhly - -ga=i.

LT, - -3

thric if A(n) > A(w), for all o £ 1, n € C,

HIORA: 1. If o & P, then »n, 1 I3, are highPy log ~ithm.

If n& T, and "' 1s not ol the form 1. or 2n, p £ P, then
is not hirhly logarithmi-, Tor all =n >

Proof. Let n &£ P, and m & C, -od m & ». The-
Am) <m < v = ilp). Hence "»' 1- highly logarithmic,

Pow consider 2p. Let m & Cyj ar n ¢ 2p. Letm= o,

where A , mé& I, and q & P,
)



2

Tow Am) =4(A)Y+ g€ A 2 g & 2 + ~for Ao C

Therefore 2p is highly logarithmic,

L
{

#“e shall now prove the converse .~ the case n = 3n, Th-

nroof for other caronical renrssentatior nrocee’s on similar 170

(0]
6}

Let n = 3p, where v & P, Now crrsider a2 q & P sueh
that A'2q) 7> i(3n) :€> 2+a 3 - p or q < pt+1l.
Now if we prove that 2¢ < 3p, for somc q & P, our theorem
is proved . This imnlies that we would “ave to nroduce a q & P

¢ o s ¢ o B ;
satisfving » *&0 < 3_'? which is true fco all n >N, Hence ~ur

—
] . a
tiheorem is nroved.

DEFINITION 2., If n & I, let tw(n) ronresent the nu her
of m < n,m &°* such that Alm) < -(n).

N

Result 2. Lt w (n)‘g-cqn c I.
N3 o0

Proofy Let c(m) represent the r1ber of commosite int -ers
< . ;
Therefore for 211 m & Alm), m < C, A(m) £ = L A ).
This implies that win) > c¢ ( AV Hence LtT r) =

o0 for Lt An) = O . "> o0
M 0o

Result 33 If 'm' 1is highly logar‘shmic n & I, l.e.
A(n) > Alm) for all i < n, m &« C *ren
W(n) 2 wm) for all 1 n, n &Cc,

Froof. Sinecs n is highly logesri mic we have

A(n) > Am) for 211 m < pn,m &0 F A(n) = eln). But 7



m& C, then () < oln) < clp)y form g ny an? n & )

Therefore  GJ(m) < c(n) = (n), for a1l =~ < n, m & I, This

provas our rosult.

¢
m < )
Wn) > ulnt), fer W1l nel,, n, n & I,
3 9/\ b ;

for allm! & C, v L h, n & I,atlenast

be not B 1y logar® timic. Je nrove for
the case n = 2n. Tha nroof for otner cane 1eal renrcsentotions
ig similar,

ks

Let q Dbe the largest orime sach thes 20 < 3p. If »

4 A
ranregsents the nth »rime. Muxby has she-n that

. 7/12
Pq«‘t.4,-l’§ ’“pw, = O(’Y’. )

3

This imnlies that

Zp—-=q = o{a ) (1

c{n,m) £t eoml (2)

~ - X . ~
Now let ' & ¥ -~uch that 2’ < 3p 9 gt + 2 > 3+

p+1<a'<ER/E (3)

()
We shall need an cutimate of the nur ~or of such o', 8ince

T(X )~ X e have She following “ 7 conditions gatisfie~.

IO%X
(a) If 0 < C ¢ 1, then there exists ar Mt & T, such that

~/
4 + i . ‘- o - T
for’alln > ¥, Ty >C ~==gy .l b) If € > 1,
B o g X

: e - ~ x
there ewvists an N & I such that Ty < 6v . e




all = 2 X&', Lot now C, and C' be such that 1« c.t< 1.25.

£ C

How if » + 1,0@Ad.§k3 are made greater than the maximum of Nt
2
s

ard " then the nunber qof

ZP \ P 7(—'1 )O L whehg Q)>O
Z(O?( )ng ;uo%F

satisfving (7)) will be

Therefore there exist 51 F

ave greater that » + 3

composite intezers (i 3%

Wwhoso 'YA' funetions

-9
Now clearly @ (3p) <; ¢(3n) -~ - L,1F7

1 Le(29)
AL g + C(29 3P
’Q <C(Z%)*flw~“F{~C\E

Q)oep .

=
Rlogp

Therefore (W (3n) - c(2q) <f 3p - 29 - C; P

?‘Osr’
c(2g) = w((2n). 2o Q)(Bﬂ) ~ W (20) < 30 -2 ~C -EL-——

= ‘Qlaj#}

. But

\

It can be shown from (1) that 2p - 2@ L C. P

QIOJFQ

for a2ll n* >>N,




(9)

Thercefore we have

> have (%) < (20) which 's a contradiction
Tence the theorcm 1s true.

Result 4, If n & I, ané n >7, here exlst at least
one m & I, such that Alm) =n, If F(n) reor ts the nmumber
of such intecers then F(n) is the number « nvartitions of 'n'
into nrimes.

Progof. Now for all n > 2 car

-, where the p, are

" gtinet mrimes. This
at m = {10(1 pa - P:LT , s¢ .sfies the condition
A(m) = n., Further t-e number of represent sions of 'n' as
o4 b1-+ ceotd Py is F(n) and 1s the nu-ber of nar-i-
tions of 'm! into primex. In this context ve
that an estimate of F(n)

would 1ike to ment
has been m adoe ]a

“n
Thev have nroved that

Roth and Szaltaras [ —)

F(n) ~ exp{\/gwjﬂ <1 + O(’?%E%E ))} .

(4]
as M —=> 0 S
DAFIRLITION 4, If n & T, then n is sald to be a logar'-
. . r & -
tthmic nunber if n =K A(n) and K «
THEOR:#M 3, Thore exist

infinitely -
Proof. Let

n he =2

loegarithmic num!

r, => n =K.A(),
TE T S AK)

<.-.\n)).o,. &) (8
et me T, and co

stder the numbe:

ny logaritimic numbe:

-

Now
m A (T =

o)



[0}

A(n') ==, and m k m' 2 m' is a logariimic mmber, where "-'"
is comnosite., We hore call, m' as the lc rithmic number obtair 3
through = => that Aln')

Furthor ecuatiorn (7}, 1s simil-r %~ ruation (6) with thre
ctange A(n) =mn, n> n =nt, Thisg imnlic: that a logzaritimic
nuiber n'  obuain? throursh '.f say, hoo A(n) = A(n'). But -
logarithmic number: obtained through n', W' are different, for
the '"A'  function fer any integer is unicun.

Lastly the 10"“T3thmlu aumber obitair~? trrough o vrime 'n'

is LA ((fA\p) D/\(O =Pitself ! Hen:» in our “efinition % -2

considered 'n’ o hro comnosite = A(n) o comoosite. But sine
the number of connosite irtegers i1 infin’~-e, the nuwber of logeri-

timaic numbers is invinite.

Result 5. I7 1{n) revrecsents the r~urber of logerithmic

A e e e TR

nunhers obtaine? triough 'nf, n € T the fln) = F‘<A (n))

and Lt PR = of :€> Theorem 7,

M-, %
Pr‘gé, A losr~ritaic number obtain thirough 'n' is of the
3"1 ( ...( N N B 2 ol 1 d
form n & . Aln) ;. Therefore the nu-~er of such WOGﬂrwth ihik
numbars will be caurl Lo the number of ir*-~érsm = A (A(m))

« Therefor

T
o~

—~

3

et
N W

or A(m) = A(n), +"ich is nrecisely I
r(r) =F(A(m)) .
[ - o
Further f£( (.(ﬂ\ :} Fi{ n/2 -241 where L J stands “or
— -
the sreatest integer function. We know h the theorem of Roth

i r e 5
and Sgakaras that L FIMa-2)=00 = (0 = Theorer 7

i 7

, ' R ERES N5 ol

(for A1) P g ~o Lo Taecrom ),




& I,
such That ’n‘; =

then for 211

3
)
\D
’_3
¢
D
bl
e
w0
c—f
Lt

that

pj’ =1 (mod a). .

{2 vrow sec that for all

= /\1 P1+>‘2Pg' For if n =X (mod PE:’,

satiefy the congrucnce Ay p4 = K (med po)

or = AzP, . HNow the above
But ()01.,372):1, and 4| K =) M = AP+
’n pz A(R2) =M :>’YIL(__
Hence the lemnma.

5, If (a3b) =1, ayd &1,

Proof. shows that for =211

’mg = MAM such that my = 1

ng = b (mod a).

x s
Lomma L
\

(mod a).

Now lemma 2 i3 trus where n =m +

Proof of Theorem 4.

A-.-‘ el
v A A(m) where m & C. Now choose m

infinitely many sucth 'm',

. [
Now consider o, — . sincc AG

’ a{w)

n > N, n can He

congrusnce has

— {z
thers evizts an M & oZ/n asuch that ‘77(« =

there oxist =t

1 'mod af.

0

firitely many ~rimes {'F} auch

3“1

Let p. and p, be She suallest of the

rartitioned as

)\1 tO

= 0 (mod n,)

\ .
)y, we need

r o= X, {31

Now consider n, = my X D

A(v) and

Any logarit'mis number is of the fory

=1 (mod a).
=

%

- ~wW 9
() -2 ;"z‘ —Fk "o have that

3 ghiution 1f Chﬂ’z}{*\

Nt = N + A(n),

There exic™

o R (T o G TR BT

e

e

e TP e

3

i
i
o




Co

€
A(m) o> ¥, for alim > B éthere exists an » é{’ such
A(w)

that m' = b {mod 2). Therefore mam' =1 =D (mod a), and ™.

S =
15

. . 5 P { ,/;"
a logarithmic nu~ber. Further mim ! ™ m = k( WW o{ ﬂ =)
24 3 L ! w o

if n #m. Hence the thcoram.

. o0
TEEOR M 5. Let 'yf/ ’)I\,\ denote the gerusnce o “\_O.-vmn-m\

-~

mic Nymhers. Then uL/v‘v“-/\ QV\// -
N _:.7 oo W\ -

Proof., The btheorem 1is nroved 1if wo oroduce a subseouenc

LJ\/:/\A 'gﬂ ; : 1
. ey £ “'/ ., Conzider the seruence

e
—~——

e
L7 00 G
i
on(n-2) p & P, v-2 & ¥, For this we assume the following.

jqq » such that
t

T -

number of nairs n, n=2 & ¥ is infinite. Further if H(z_,,/‘;_f/

renresents the numbor of such pairs <7 -~

A

X —
’N-(X":U r~ e— where = 1is a constant [’?

J

=¥ | where % reopresents o«

A~ bl
X ( F't‘\«; p' X ) . h f: &Whe‘—‘"c (3’1', 34_?} is the 4ith »oi-c

Now 0?‘47’ U}; -9 ) is ~ log arithmic rumber. Clearly if



Normslly the limit ‘oCio)

T,

But we holow a result

o L
shiall gave

ttmic number.

Rogult 6. 7 'n! is

]
[
6}
!
0
3
O]
t
e

A e
= : —  amnd A(/\mnx,‘,;:-;
TR AYE (A ~
s D st M e
meretore 0 & DU g &b L < A,
nyed T Myoe s n Al S

e
Hence the result,
DEFIRITION 5. If u & 1, we do'ipe &7 to be the sot of
(o

all M° < &f,n such that Aln,)

2,2,....F{n), arranse” in
ascending oriev.
Dednction. L (| L =& 27 »fn. This shall b
used in the ocol oif the theoren glven 100w,
TUECRE{ 4. ¥f a, v & I, 2 > 1, and {a,b) =1 then "n
rrthmetical wrogrossion with firsc herm o and cormon Aifference 'al
asptoing 1iv it

pfinitels many Llogarithmlc numhevrs.

Lemmas to nrove our theoren.
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This means the theoram 1s nroved.

T G ' = ~+ (s = 4 EXET
A et :_[*_' TIO‘ Do I‘f' m( C é{ n s ] G : (’wi> 1_]. . or Ui )
reor-sants the mmber of m { m' such that Alm) = A(m?').

THEORIM g, If we take the secouence L My lE‘ &ﬁ“ then

> 1 s
n N 4| 2.
Proof. %We shall show that ’Y?,n_“ ,\/’MQ‘/‘?)'T\> as A —7 O "

thus mroving our theorem.

Let A(Myigp)=N=P+P,t* . Fou if one of the n=ines
o4 COQ“ )
Say her 2 r
v py <n-(logvy” 5 then b2, by, > PatP
- /( A
Therefore g - mLO’QY\).
2 ,
Tow let P/} M -QVOCZ)’Y\) , so that wo do not know whet'er .
NS
&34’ PQ o >"6\QQ’)W”:) or not. Clearly ths numbeor of ”Y)(‘ £ N
such that A (M) = F\""‘ ", will he the nmumber of nartitions

) . 2.
into rrimes of (m ‘P,‘ ) for the M= po:,’Yl ) <F\ <M
can be casily comnubed that the number of such [0, is (’1@4)5“0 0.

Y¥ow the tot~l numher of intecers ohtbained by nartitionir-

(M- 1o
FOUpo <F(logn?) ~ axp (/ o T( dfjﬁﬂ—(;’fw)g

LOxs w4 m

Further the number of such )() 4 :@ﬁ)'\n y»  Therefore the maxir m

nm’o“r of ﬂ( s sush €hat 'Q’\‘ -~ ).\_\oo}\gﬂ . s L8

(o ox { 20Am2 7 T()0; n>.~)

0 Of ,Oq*Y\ r{,()(:‘)




1k

‘ ’ o
Cloarly the number of fﬂ(" such that M ¢ >WQO(3‘/\) <
LL { <Q But if N M+ 1s taken, we.clearly see that n + 1 0
. 2
tar B = QMF(&Q@ﬂﬂMWﬂ$(7>WC%®Q if n —» 00 .

v R
Therefore § -

Remark. Irn fact we have nroved rot only for ths casc

L O,

but m,w\ where ryyy > >\ ) >\ >0 . Henece the} following theorom.
4

THEOREY 5. Ir M) L;{ then & —— Ly if
%'W\
Proof is the same.
Resgult 7. If n e L, t(ie/n %F(W) is as followss-
m 3.
Fony = @ = 0 (wod 3Y
g Q‘Y‘“ /3
F) = 2 dm=3mod3)
" @ 4)/3 o

My = 3 Y= rmod 4



1z -

Proof. If = P‘+r0{r .~y then m = IP‘P& .

If any one of the Pl' is partitioned as («)6 — >\(‘3 +x&.;z

then ,,_d;, P . x &?\:‘%Wan\ (V\(} — 50

a4
Furhher 3+~3=6=2+2 %2 . and 3 522 This implios

all the statements of Result 7.
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% sk sk ok

The nurnosc of thisg contribution is to introduce a conecc-t
called "Duality" ~iong functions “afined on integers and to
study thefclass of functions which nosscss "Duality". We are
led to this cornc =%t of "Mualitv" which is aorlicable to a wide
class of functions, by initially considcring a relation between
A(n) and  &JI(n) +o functions introduee” by tge author earlier 1

If n is an intescrs > Oy and n = J] F:C{f then
i=¢ i
Aln) = E;ﬂ q? fw - We defined 'n' to be a highly logari-

thmic number if A(n) > A(m), for all m < n, n amd n heine

intes~rs and m being commosite, We also defined (n) to be
the number of m/n y Dym being intecers, m being comvositc
such that A(m) < A(n). )

It was ther shown by the author 1 that

(1) &(n) > Am) V m < n, my n < I, m, being comnosite

W(n) > cinm) \i " " " "
and ) w (n) > W) i n i " 0"
f(') A(nb > A(m) ] " t 3] "

n >N, That is, tre ru~bers satisfving (1) (highly logarithmic)
coincide with the rurbors satisfving (2) afteor a ecrtain stage

-

'W', wherc incoualities (1) and () are “efined over the same



set of Integers - comnosite intecgers.

HOTE: I 1is the sot of nrositive integars,
DUALITY

\
DEFIFITIOY 1, “Je define Ci to be the class of a11
functions, ‘such trhat if PDE C; then

+

s

a) §é(n) > 0yné&I,n >o gﬁ,: I —=R

b) Therc exists an infinite secusnee of interars in

-

inercasing order A = ?—al, 3,9 33, e-.s § so that

YA =)
3) If 7% < in increasine order arc all the
AT

intezars satisfying & (n.) >—qb(ai) for all 2; < n,
} ]
d) If W (n) equals the number of ai<< n; such that
P > P(a) then

B >EC ) Ya

&

7y S WO ) v a, <,

ana YOU7) > PO ) Var < = D) >Pa) Y a,< Ay

at lecast & n, >N, and
)

- 9 ;
¢) the seruence ;a.' and E n.  do not coincide over
13 1 2
after a certain stage.

DEFIFITION 2, fThe integers nl,n ,1’13, eee are said to e
. o

'Plealy D 1 ', and W ois said to be the Aual of b. o,

sald to nossess the nronsrty of "duality!',



NOTE: 1) TIn the case of A(n), &b was coual to
A, '\P =W and A

PTRERE the set of comwosite intesers,

and n_l,n?, +o. 'highly A 1ike ' i.e. highly logaritimie numhers.

o]

2) Whenevor tre refer to a scaucnce of integers, it is

always positive and in increasing order —= to infinity.

DEFIRITION 3, If b , and Y  are functions W 1is
said to be a duel of Cf) if  W(n) reoresents the number of

a;, < n  suchthet gb (a,)

) < b (n) for some sequence

¢ . L . . .
Zai? « The scouence ‘Za.;) is called an associated (integars)
- :Lv

. A . AT,
sequence, e also usc the notation C? irstead of W

THEOREM 1, If b is a %% function such that
F(n) > 0 for all n > 0, n¢& I, and there oxists an

i 13 S0 e ~ af 3 . g :
infinite sceouenc: of integers my,m) ..., for which Ol ) < Bl )

, 175
vk ow <¢(7[7”)< q{)(jwﬂ- )< o ’J’)”/‘/&ZS{};" )_-3 <3 s 2
froof: | L o il e
i — 9! AL
7 T (= ad) A,C/I Q?l)@ (\j ‘
) |
Vo .
!
{
|
}
o I RTINS
%7{ MZ._ K (r\} g A K4
4
Wo chall »ow show héw td form*the highly like numbers and

the associal«d seguence, Choosé an integar ms such-that Vaqlt i
- [¢?]

o] s

Yom ¢ ml\' We here choose m, as the intercr next to n Tor

1



/
which ¢(m > o () ¢ { sird
o) > G- (-,-11), and m, in a sinilar manner, ... to

i7

M,y esa.. This is =mossible for qb(mi)r_.‘ a8 =l

)

—> that there exis®ts integers 'n' satisfring ZAn) > gé (m) for
all m < n, ()
Case J° Let tho mi 5 bhe nct gll consecutive., Thics

implies that there cxists an interval (mpsmyey ) for vhich ey

x T 1 . In this interval dencte by b, s the greatest value

of the <P rfunction, less than b (m ). If there exists

<. 9
more that ohc than choose the first, choose similar ]bg in

every other int-rval whose “istance iz not onc unit., If m_,

and Mo+ consccutlve for sme p < = choose m.. UNow if

5 )

P®) > P Y 5 < iy then choriec m ibsolf as b

call the bs =« 3and +he n s as the

. se % 2
q o ;equence ;ci < 4 and let
ol
) - L 3 - r 2
the value of 2, in (m,n Ybe «,. Cloarlv the $m_§
~ Lagl) B ' i® i=1

1 S e * : S . Ma2 o < N 5
satisfy the ircouality ¢(M{)>¢’(C{;)U“ﬂ/’”z‘ This imnlles that
WO )s V(e p orozov, vhere W 4o the Aual of P with the

A
)

associated sacuonce /"1 . Yow let £92 sermuence of integer- Ny
[ I -

bc all the intocers which satisfy the inecuality

V(ﬁ)@) > .'L((&K/‘ Vo « nCZ/ ANCT TG 5O ammt s e7 and let

Y 7
this seouence }’\q not coincide with . f)
’ 3 A i



e
5
Then 1zt mk<nq<mk““1° But we know thf:‘t slince
my (c@J-( mk_;.]_/_’\{’(nq) £ i-2 for therc exist -2, ag« 3 1 and
e ). Butd 1 b M, S ’
cf?(aj) ?/gf,(nq 3 \,b(mk) > <p(ai) Voa < mk>\{z(mk)
1 S T / ) N\ g
But we mnowyf(nq/ > ~P (ai) for all a,; ¢ a5 but when
LL
a, = ¢ ) o his i atic-
17 % g0 \)(P ) LY (d 1) . (m L . This is a contraci

tion. Therefore 72'n' 5 coinci’es with the m s . Further th~

7
b4
{ 4
secuence %a,% does not coinecide with My . Therefore
where the 'm 5 aro not consecutive intever
Case 22 If the mlv,'s are conszcutive intcgers, then -hoose

ary arbitrary seaience of integars a. ,azag,,,, Since ., N
/k; seamaemct by, 6,7 ..

gb(%) <¢ (OV (7‘*91““ b1’b27b39 ee.. arve the integars

1,243,....) are the j_n’cogers satisfyins = (n) > ?4:(611) VoA < N

then they also =s~tisfv the inecuality of the Jual of C,D . nnee
< .

THEOREM =, If f(n) =2 O,n > 0 n € I, and if for

Mys Moy My uo.. an infinite secuence of integors, f(ml) < f'i1"';?)
- >
«s.0s Tthen f@(i -
Proof:  There exists three casecs. If we consider the

seauence of intervals  (m. ,mg) (m?’mB) «.. then one the thr--
conditions must hd satisfied.
» 1) There exist no int-rval (m.,m 41) 1n which the

functional valus at n (m.,m ) i.e. £n) f’(mi).



2) Therc exist a Tinite number of intervals (mi, mijﬁI>
vhich the functional value at n € (my,my4.) i.c.

1e8s F07) > f(mi).

3) There exist infinitely many intervals (my + m, +1)
in -hich the furctional value of n € (mi’m‘l'*'l)

f(n) > f(mi).
Case 1i This is the same as the condition (1) in
Theorem 1. Hence f¢& f i
Cose 2. If e now leave thesc finite number of intervals

and start with zome (ms.m. 5+ ), and rerame m, ,m. m, e
BRI J1IFLY Ve

Ny, Do, ... then it falls now under the same condition (1)

as Theorem 1. Yence f & 6

as

Case 3t Therc now exist infinitely many my, such thet
for atleast one n € (my, m 4 ) f£(n) > f(m,). This shows

that it 1s nossihle to choose a subsecucnce m; 5 such that “here

1

cxists at least one n G(m, ,m, ) smch that £(n) > f(m, ).
lj lj+l . L

We now choose an ny, where n, is the first integer for which

f(nj) > f(mij).

It can nov be scen that the jn];o dfm,'fs form the highly

'f' like numbers ¢gond + € e (for the fg and mijf o
not coinecide), The other corditions for Dualitv are also satis.
fied, IHence f () //“”mt are the tvnes of functions that

do not belong to



| L 20RHE 950 I7 £(n) />/ 0, n > O, n & I, and
f(n) = 2, for 211 n > m, then f éé fz
Proof: If €& Y then there =xist an infinite secuance
f inteocors a. au : 3
of intogers ag, such that £(n) > f(ai) ¥ooa, < om
Satisfied by an infinitude of thighly' £ 1i%c' mrbers, But sincc
he a3's are intagers, f(ai) =cy, Y 1 > %. Therefore
if n > n, then fer all n > N f(n) = £(a;), FHenec thews!

cannot exist an irnfinite of "hizhly 'f!' like! nunhers. Yence

THZIOREM 3h:  (4nalogous). If £(n) >0, n> 0, n &1

9

and f(n) 1is a strictly decreasing scouence for all n sm, then

I7EORT 4. If jfe-f; then f£* < fg where f£* is the

; 2 - : v
Proof: Since fk:-fg , thére evists an infinite socuernce

fi‘&) }

8y such that f(n,) fas) for
AERET) Cids=m i’ 2 P

Let e he the last of the a3 <. n

o 3 " - ¥ s . o ~A K
f*(ny) =K. But @O HN, 500, And so f (n
since 84 —= @O 1S

: i-—>00. 'Therefor: f (n) for:

X

. b3 T - :7
the increasing subcequence . Tence by thcorem 1 f* & (.
MU eNTY v 1 > = ~ 1 1 } ‘)
T#HE0RAT 5: I fo (5 Fri-K" a0’ Af  £%* is the dual of
\ A ) o . . .
£ othen £*(n) < v, and £ (n) = n for infinitely many valu-s.

Proofii Lot f*(n)# n for all n., Then the semicnes

4

Fgeecey 2 the highly f  1like numbrrs arc a

e

.30

©

13753500000 Since the two scoucnce coincide f & @. ‘lence

£*¥(n) iz not caunl to 'n' for everv n.



[0:0)

Let f*(n)Z n for 2 finite n. This irnlice that
the associated rooquence ay is not the seruence 1,2,7,... ar?

L . X . .
7 r*l. Hence by inductior the f*(n) -4 n for
/ ]

so  £*(n+l)
infinitely many Fla
TEORAL 6: If f is a furction f ¢ I-—=3 T that £(n)

€Yl %men there exists a g & ~cuch that g% = fg -therc o%

Praof: o shall construct The funetion 's!' as follows.

Talze any arbitrary value for c(0) say K. We know that
£(1) =0, or £(1) = 0. If £{1) =0, take g(1) =k'<, x,
If £(1) =1, thon g(1) = k! >~ k. If gencral 1ot us have r
values for which s*(n) 1s »recisely f(n), where g*(r) renresents
the numher of m « n, m & I sueh that gln) < e(n). e take
values of g* in such a way that g*(n) —fe*(n') whenn =+ n'.
Tow let. f(ntl) =¥ where &7 . Fow talke among g(0), £(1),
«ee. g(n), the 'I' smallest values an? let =) be the greatest
of these. Let (L) he the least of th: remaining walues, This
imolies that (7)) < «(L) an’ there vist no 0 <¥'<n

satisfying g(i) & .g®™M') < 2'L). You nut gln+l) =o~~—??m413~~

Tis will dimply that g*x(n+tl) = 1 1 T(n*tl), and g(n+l) = g(n)

=
for any m < r. e have formed the furctional value at (n+1)

when f(n+l) =1 < n+l, If f(n*+1) 2 n*+l then ~ut ekl ) = g )+l

where gM) is maxinmum of g(n), 2(1), .... g(n).

3



Hence by induction we have formed the functional value

2t (n*l). 3But '> have forme? the functional value at 0, ard 1.

Hence o#% = f

g £e
RO 7 If £ 31 —>5 T #n) & ny, f{r) ¢ n
for infinitely many and 'f!' contains an increasing subseccuers
then there exists a g érfg such that «* = 7,
Zronf. Fort the function 'g' as in theorenm 6. Since

z(n) = gn') = n! = r, and g% = £, and £ cont=ins sn iner

o

D=

oy

sing subsecuence. Hence by theorem 2 g & {3 s, for the associated
sequence is 1,7%,2,.... and this does not coincive with the higrly

'g' like mumbers since £(n) #* n for infinitely meny n.

IEORA 8: If £ ¢ Y5  then £* satisfies the follow
ing incouality. rn - m >f*(n) - £*(n) where n > m, T(n) > £()
for infinitely rmany pairs n, m (£* 45 the Aual of 1),

Proof: Sinee 7 & (, 4 there oxists an infinite sequenco

of integers ai,aq,.\,,.a c++ 1n incrcasing order, which is the

o

)

associated seruencn for %, 2and another infinite seseuence of

intezeors yglo, N yeeew Ny ooo. in ascending order such that

[

p . -
J(hj) > flay)  for all as n,
Wow t-kte tio muimbers in the seguence n, namely n, o, N,
J J1 Jo
where n. n., . Let a be the groatest of the a,'s « n. 3
| 2 h d ‘ % Sy

be the srecatest of the 2, S lcss than ns .

0o
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Now f£*(n. = 3 and  £*(n. = .
oV (nJ?) 1, and f (rJl) i,

S wm . 1 . = * . - T . e AL
3, nyo> i, -4y f (nJ?) fs(nal) = 0 for the a;s

-are a seaquence of integers, and n: > Dy Since the sequence

2 1
N, 1is infinite, the number of nairs n, s D is also infirite.
N 2

&

RIMARK: 1) 1In Definitionl, we rtated that the sequence

37149899 0... and 90y ... should not coincide even after a

certaln stase. If we nermit this coincidence we can easily
that a function has an incressing subsecuence T sMog e ce. then

Mysfgyes.. becoie thoe 'highly ¢b like' mmbers for

A :—.%m Whest  Jhe M5 bk Sty

,m2 9 eeo e _j
Cf)('}“v@’-f ) > C(b(*rﬂ) Y ment, me L.

LEFIRLYMCE
st

L)

A new logarithmic function, Krishnaswemi Alladi (to ar~ecar)

nss/10,4.73.



ERRATA

1, In the paner '"Fibonaceci Polvnominrls and their gencralirza-

. . -th
tion' the = derivatives an? nartial derivatives aro

‘representod by

d_ omd O

Bl = resvectively
dx” ox Y
CiT
Please change them to and  .——— resovcctively.
e a Y
Ax.” X

2. Also change the subseript 'n! to  Igt in the first few

lines of Page 7 in the same paver.,




