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\

Tile F.:.,j,"'eyseries is (;1:1, old 2,::'..:1 ::arJol.:'.,S :3:J"C of fl~.:::':;t:i_o~:.s

'\Il1th the new series "'J~ ar e able to observe ~....nd identify 10-;o1n-:;s

of s~.li.letry 1 •

Th.3r~'.re~rseries ''lith Fibon ..aced mrzber s of orc:er

(~!horo .T stands for the n-th ter::l of the :B'ibon.:..cci ser:l.lel~::'))\ n
is the set of all pos si.c.re fr·lctions -?./T., i = 0,1,2,:', •.. !1-~.,. ~ J
j = l,~~, •• n.( i .~_j) 8.l"r.::.n~ed in cs cendIng or:.:el" of !.'!,:<}:j:i:;uLe.

. . T
1 ' ~.'. .:- -..,. . 1 -i e 1 'Pi "i . t . is.;;..;:' IJ cc__.1 19 r :r-. rne J.. r sc ern

2
The

We (~efine an f(r)n to be a »o i rrt oi s ymme+ry if ·:'.'(r+l)i1

...,nc~ f (r -1) n 118.ve the S"·.med.e::'10min"tor. We have shown in r.n

Cl.:?:.-,enc.i-{ the l'';:~rey-ser Les of <::11I'ibon,?cci nunber s u,to 24.

We define ,Ll irrcer';lc,l to be tl~e set of a.Ll, f. f. :'::'. cca ons

be tlleen t"l0 ccnsc cuti ve -QOL1.ts of s~r.':':~Jetry.



. T:1E0P;.ElI.l 1...••.••...••...•. .::.t..: ••

2
tn."'! ''If;/ )....,...=r

f()_ is of the fornr nJt.
Horeover1.

T. •~

f (r+k) n .and I( 1.) have the sene c.en0l:1inclto:' if they do notr- .•.n

pC?SS beyond 'che next po trrt of syr:':'Jetryon e Lt.har side.

Proo~. In the series f.f. the

the follow"ing :;:'asluonlast interval

terms are c..r:..~a.nged:i.~'l
IT!...1...•J.:.J.

Tj
T. 2
~ T j etc.

T. 2
k- then theirT. 2J-

interval Drior to last

If there are two fr,-i.ctions Ti._.l
T. 1 'J-

and

mec ~-'.nt ~i~~~ ~ lies in between them.
j

That is

if
T. 1 T Ti:l ;: T~- < 1-2 then < <. 1-2-- - r-;T. 1 T. 2 T. 1 ,

J- J- J- J J-

T. 2 ~-:.~ T. 2 Ti T. 1•..~ ~ tnen ~- < ( ~-
Tj ~ -- -- .T. 2 -, T

j
_

l Tj T. 1J- -G J-
if

This inequ2.1ity C:1T'. o.:~si1ybe established dealing ,'lith the
,

Weshall adonb induction 2.S the method of :9roof. Our

surmise has wor-ked for a.ll f. f. sel ies unbo 34. Let us treo..t,

as Tn_I' For the next r.r. series i.e. of order Tn' f'r actrtons

to be -i'_ntroducec.

•

T..J:!.-:!
T •n

T.
m·J. \-Til1 f a.l1J:n

ar e ,...,
Tii_1 T. 2

First aSS1J..Ule that ~ (J.-
n-l Tn-2

and
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To! _,
~ lies just beforeT
n

_l
T1-2vill occur just <lfter ~::=-• .-.....T

n
_l

Ti - ,
r...cE;J.rc.ing points of syr:rletry. Dut ~_-:.-h lies L: between theseTn

r:1r. 1
tuo f'r":Lctions. S:':,18(ist,::.nce ai' -~-~ f'r ou the 'Joint of synruetr::r

-11
froi,l that noint of SyJ.::::.letry.

Si:1ce' oUr as suap tLon is va.lid for 34,

T. 2
~- .n-2

m.I.. r
.•;!...-~
Tn-2

from our r.s sump tLon

rp
is eau';;'11to the ("istance ..i--Tn

Hence this is v a.1icl foI' 55. S iniLlrly it can be made to ~101d
j good for 89, •• " • Hence the t.neoren •

the

...:T1IEOREl-l 1.2. TilnGneVer lie I1J.ve an inter'tal ~ ,
. . [-1

QE;nonin.::.'Cor of tern next; to 1,. is T tT11~e cenomin .borT~ i+2· J., ~-.

i

of the nez t terl:l is rp t'J.1e'"1,"'i+4' ~ T·-\..6 •••• •1., \'1e h.rve t his till

se cuence i.e. till T '+"1"1 w_

docs ,-10t exceer. Tn' T:1Gll the tern J.fter Ti+2k will ce ~~he

nE.:dliTUl;l possfb.Le +erm not c-;rec.tcr tHan Tn' but not equal to any

of the terms fOl"me(:L.e. its either Ti 01 1 or T'+C'"l1- l'say TJ'•.+c...::'+ 1. G~:..-

The 1m-·_'-MO

.1.i_1"
term ar ter T. lrill be T. 0' Tj A.'J J-c,-.1 ••• till we r cacn

1. 1
~, , ~2-
111..)

in the .,.'f ser ies for 55.

the uenOOil'k',torof the 1d.ter i~er'ilSin order .',""",8 01 f~5 .-,/' 13 t: 2)~ 1J _~ 1.., ••.•.l. '" 'w, '-' ';""_, __' 'u, .
~oof. The proof of Th~oreru 1.2 \.,ri11fol1ml by 5.nduction

011 Theorem l.l~
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h
k '

::IlliOl1EI i 1.3 • .r.) Ii' 2.re three ccnsdcutive
~r~ctions of ~n ff series then

11 + h" = h '
k + k" k' if h'

ie' is no t a. ~)oint of j yun:1etry

1:Ls <;.:. »o tnt of syrune tr-y say -
Ti

b) then
T h + T 1-:-,,11

• t"'! . :!.'-11--:;
•. _ .. c .-.-..-..

m k+tTI I"s: 2 .J.., 1 c
1- 1.-

h'- k'
I):"oo,f0 Case 1. (Fron 1.2) We see tha.t

h T. h' Ti h"
~

-j -? 1.+.:: ~: Ie' I = k" =k , Tj ,
J. j+2J-;.t

T. 2 + T. -'?- 1.+' J..-~ =
T '+t') + T. 22 c: J-.J

*-, T"'0.1. ::':)T
~'.j

L1 this case h':: •...
k ' •

* ~T\.o,.I~-T =L.,
.LrT"~ n-2

h'Case 2. ~'.-... .._-.}.:. I

£1+1 + T. ? 2T. T. h'Then 1-....= 1. = 1.
simil2.rly.'- r: = -Tj+1 + T. 2 2T. k'1.- J J

T
.

hI h T. __) h" T. 1fas8 ':) -i 1-,:, - 1- (from 1.3). '" kl .- Tj , L4 = r.;--- , kit -
~

k J_ j-2 J-

0 T. 1 + T
i
_

2 Ti h'• • 1-
T. ? = - = - •T. 1 + Tj le'J- J--'

Hence the resul t.
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11.3.b. Let h' = -T
1:: Ii·

'1ft 3 h~ - ~ and-
k II - Ti+2 k

From Theorem 1.2 it follous
2-

= "t.2that

T. 211 + ~ '..•:I 2T. ~ + 3T
i
_l T• "'i-l l.~J.- J.-;:" .l;f' 1• • f'- .f .

kil = - = Ti~ = - •+ m T1 Ti+2 T..I.. 2J.- ].- J.

Hence the theorem.

tions

h h'TI{:Co!i..l-::~ll.~. If k' "n6. k1 are two consecutive fr;1C-

of an f.f. series then 1~:~:1e f.f. (k-lc ' 'F 0).
T.

Proof. Sil'\ce 1'(r)n is of the form t- it follDwsthat
h j h'= T1 ~nd lk-kl\ = Tj, Since k and k' are m~mbersfh-h"

450, h = T. hI = Ti . ki = T , 1: ' = 'jI].1 , ,
jl - . ,

2 J2

\ T • - m I = T~ and \ T. - T. \J.. • T.Jl J2 ].1 ].2 = ,
J. But fro:: the

Fibonacci recurrence relation T = T .•. T we see th2.tn n-l n.•2

the condition for tbis is IiI - i21 ~ 2 and Ijl
whdch f'o l Lows froD 'I'heOr(;~~l1.2. ActuallY ,~~; r are the

fractions of. the same interval ~l:.>r,lnged

magnitude for inc:::'easing values of ....lh.-,,_ c
Ue define the distance betueen

in descending order of

f() and f() as'C' n k n
e oua.L to Ir-k I •

We IlOU introduce a bern 'Genel~-ltingFraction'. If
T. T.

we have a fl"3.cticn ~ (i ~ j). Wesplit ~ into
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T. 1 + T. '"'.1- ., J..-G
-m' •...-- •

T. 1 + 1. r.J- J-w
vie form from this two fractions

T1..l-- andT. 1J-

~T.
J

is the mediant of the fractions forme,,~.such th2.t

vIe continue this »r oces s .1>,'i 51)li t the ir",ctio!.lS d~Clined till
Ti
r

J~ve c.?1l

1:lC rc'?'.ch a s tate where '~h8 numer ator i3 1. then amounts
Ti
- as theTj

through this

to the Gener atf.ng fr ..ction of the others.

Generatinz Fraction of an Interval (G.F,I.) if

process ''T6 are able to get fron the G.F. L all the other frac-

tions of ItIle'.'::' closed interval. vie can clearly see in a ff

series for Tl,f2, •••T,.' n
T. T. 1 T.?
~ 1.- ~'r--' , ....Tj j-l Tj_2

the difference in the suffix of the numer2.tor

G.F. I. (vie also note the.t

belong to the s~e interval because

isj-i). Hence the ser-ue nce of G.F.I's is

~ve no", S6e;' some )ro1!erties concerning E.F.I IS.
,

T~::EOREl·i1.5. L: we f'orr: ,J. scr uence of the distance

betueen tuo consecutive G.F. Its such a se cuence runs thus

i.e., alterlk.te li.F.I's are 511'1 ne tr Lc 11 1 ' b t G F Iymn lay') aced a ou a •••

TBEOREl·I1.6. If '\'Te t~lke the fir st G.F. I. say f ( gl) a

then C'.11c1

i (g2) n the se cond :'.1. I. f (po +2) 11 ' and 1'( o -2) 11 h._1VG t.he
":>2' °2
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Same denominator. thk G.F .I.
of' and- ( g., +k) n

K

In :::eneral for f( r::' ) 'rl the
l1c --

f( k) have the sane denO:::'1j.;}0. tel'.C" - n
~

•
The )roofs of t.heor eus 1.G ,-.11.:1 1.6 fol1oi.·/s :Crom1.2.

(Note:- he can verify th2.t for:::.1ternate G.F.I's

f( er -kln have the~ ..
same denominator for k is even and the sequence of distance

shown above is 2,2,4,4,6,6,8,8, •••• ) •

•



DEFnJ"I7 ION. Weno", defin.e T
i
_2 to be the 'Lctor

/ of tho Lrrtcrv ~',li [g ,
':"i

.irrter vaj, T 1/'1'\" ••.•0 "z ' = Stifi','z ev •. ~.1. --

y~.-l~-11
is thatf2ctor of 2.. closed terr'

of c.:cnOL1Ll,.:tor minus suffix of the nuner ator, of e.ich fraction

of that inter72..l. It can "be easLLy seen (Par+ I) thclt !z I

is Q constant.

Then

=
•

(I':()te:- The author ills inde~Jendently shown in one of his pre-

vious paper that the Fibonncci se~uence is capable of extension

"t J... {T I T ~I t 1 T. = T ( -1) n-lnto T_oo' ana 11.'.1,., -n = n" uor-e accura e y -.i.1 n

be i.ng pos t ta ve and = T [k I + k tj I •

Proof. 'vl0 a~)Dly:rinet IS fOTnula chatn •••• •••
'.

"
I a.!1 bn 1+ jb 1 •. 15T - \'rher8 b= b a = -- , =n '" - 2 2c.

Then (L.R.S.) the 12ft hand s ide of the e:':pression, ;..100 (R.I-I.S.)

the right hand sidE. of the expI'essi~jn redu:~3 Q::; f'ol Lotrs ,
To prove

jl ,j1 L,
bi2 j, j? i1 i1-'Ii. b~ ,;t ,~ a w b .: a •.. bb • '-, - b • ba - a - -;» a - a

• aJ8-j1 bj2-j1 j1'-i1 jl-ila b.~
F • ba - ;J. -
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because j1 - 11 > 0 T 1· is positive and hence can be putjl- I

llithin the
To ~~"ove

j1 j1 i,., L, j 2 i., 11 i1
( a - b ) (a G -b CJ) _( a. - b G) ( a _b ) =

L.R.S. reduces to
jl+i1 jl i2 jl+i1a -a.b + b

=

R.rr.s. reeuc0S to

'~(1hiGmay be si::n1ified further using ab = -1 and jl-i
1

= j2-i2
a • I-I. S • the n i 3

We can see that•
L.~I.::";. = R.Il.S. ~i3nc0 the Lerma, ,

DG1011Sto t1-." ::;ane J.r.':~~·)rvali.e. j1
\-'-"

(
~,J.. .t:.1..• 1.')T. T. .. T. T. .J.

< '-'Jl 1..., J2 1.1 -- --m T.'-.J J. •

Jl J •...~

=
•
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Hence "., T...I. •
J1 12

T. . or T.31-11 J2 ...i2
(the f:~ctor of that j.r..ter~!'.1) whf.ch is the

tel"'~nobtained by the differ-3nc€ zn su:::'::i::es of the n'L1r,:Grato~

mjFE'ITIOlT. vIe n01:'[ ~:~~~:~od.ucethe terr.l 'con.jt;.g ..!~e frac-

tion! '. are conju-. " 1/" ,J.nu. n g:, h/kT· '-'". I' .'. • ••• l',/1r\\'o J.r ,.,~~lon.;) .' .,lo,

from T1• (h/k 1- h' /k I) •
i-I

\
-::L

T. '_ l
if the distilnc-:: of h/k

l'f'rom _ C C:11,'..18 the.
T-t.•.

COHOLL.li,Hi. T\/O cons ecu't.ive points of s ymmetr y are

conjugate with distance zero.
1

TBEOREli ;..~.2. If 11/);;:, :"n'i h '/l~' are conjugate T. '
1

.l ~hE;n
T. 11-

:A ..., •• hk ' = T•..ll .lJ .: ?
.'.•-~

Proof. Using
"T

of the form "T.!.1.- L10l'l

i1

I , •.te CD.n eaS:J.ly see tho.t ~_f h/k is
T-: -1.l..l__ .

h'/k' is m -
L; -1,)1

•• • • (1) ,

"li th (1 ) since

1
JI
;

::~
J.i+2

, and the term

before •
_:J::... __

.~. T
i+1

WE' SGe it coni cr s 'Ji th the st2.tement 1

1 •

•
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Of course ~..te ,1SS1..1L1e:18:"2 tlk1t there exist atleast two terms inAt,-L .Li

Q

• ((-, 16
If ther o cr e less then the tvo r esui t i·Jr~ediato.

Vi /..-l---1m .,
I. 1J.-

To S how

Tj T .. ~ - T. 1 T. "2 = T1'_2. This will iLrr~ediatelyJ-J.+.L J- )-l"'J

fol10\"I frorJ Ler.;';::1G. 2.1.

fractions in LC;. f. f. series, rfj~_ichbelong to

1T 'i
....L.
T. 11-

If

then 1-:11' -

b)

.l 1
T. ' rr-~

J. - i·..1

h/k 2.!1r1 h ' /1: I arc conjuga.te in an inter-..ra1

Proof.-.....-...-..-..... ~T'·j..leo_.,....· e~ r; ..., ,")a)
_.1_ , .~_I.".. ~:... c.;n be »r oved using

Lenna 2.1 .ind 'I'hsore:J 1.2. ,
1. 1T ' ~i --1.-1

\("1 h
\~~\ ' k)' •

ve def ine the

couo.l et for IVl', "1:; tlE ordered p::.ir (1.1, .....L )]
k T. 1J.-

\Te fint'. thatTr.LDm1I:I.l Z.4. :Cn the 028(.

'T. '1-, i- - l' m.•. : - -'- - • T. <IJ. P J.-,.:.

anr'i

• L some'i-1 h =:-: 1 'f. r- (whcr e T is~+~ 1-~ P
0"" r: 'cer )L.'.'k. .. \.) •
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r:'.•. .
j -:1.+2

Let h/kJ8

T~en T. h - k is T. T T. = T ~
l lj-i+2]]1 "'i-2

2.nd k - T.r-; 11 is T ... T T = T
J i-I j-i+2 p+l

Adding ll) _ and (2) ile have

T1_2 Tj -1+2 - T1J+2 'ri_2

• • T. ::: T
J - i + Z p+2

or j-i = D.

i.e. Ti T .. r:r: ::: m T. 2s: J. •j-i+2 i j·i J.-
"

I1-2

DEF IITIT ron,
vTe can es t.abl.Lsh 3 -,'<;-1.:1C Le:',DIU 2.1. Henco the »r ocf' •.

h') ~'11 1 )j-
1 '

.-?,. m-- tc be conJ·u;~L'.te couul.e ts if andf • • :J ~.. - 'i-1

h/l:, and ht/l!:':~':::'c ccnjuja tc fr.~c:·J..ons .;1' the cLos ed intervcil

~i' T~~J·

Vie define

TJ-..'EOR:;;:r 2.5. Jn tbe Case of conjug?te couplets

if Tih •. k

k ..T. 1 11l-

:::

:::

= 'J T. and'p-1 1-2
• ----------... •...---..---.-~--k ..T ....1 h'

i ::: T T. "P l -,.

(1)

~2)

3

,
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PrQ..Q1.. He note bha t (j -1" in the previous pr oof i::-

is the

l1i th

difference
T" . ...,J -:1..+ (::'1

---f".---
J

h/1;.. 11 ,/,.,.1-., _ J... =

in the suf'f'Lxes or T j and - ..,.il. ll0-',.[

h/k = then p = j -1. But sLncc
II
j-~+l

•-T~l-···-
J-

h' /i:' is conjugate

L'.(TeforG th8 C02.1S ,~?nt :;:',1.c-cor s.::y Too_ in the 8qudtion
1...1.

for h'/l::' T. '..:.' - k
l

= T - T. ~
CJ. l-:.~ is such tha.t

CJ. = j-l-i = (j-i)-l = 1".-1.

• • ~.}l! - }:' - m T. 2. Hence
1 -'J-J 1-

or denoll:L1r3.tors = 1, ue

r~,L-i
1
¥. '1

11 - h' [*" '1,
_~-JT. 11-

and --lt - 1·'
(.

h + h'
-- --.. are: the fl>,lctior~3 of the l,ltter h.3.1fof tt_~'::,1"nterv;'.lk + ·1:' ..

arr.J.nc;c(~ in de:3cendi:n;:; ord.er Hhit.e are the fr~ctions of

thE; first half' ar:rJ.n·~c;a. in 2.3cending order , for L1cI'easing values
of h/k.

rn.L •

= r:r:~L '.:'md. 11 I/>:' =
-jl

Let h/\:
T •t..,
~ then i:"Oi.} 1,.2 W8 .iave
.i") !i - i9 I z;. 1 ....



•• • where T(i-2)l:h t = hk I = Ti-2
is the f ctor of the interva.l. Bi).t

\j ') - jl ( = o or 1. In a.ny CCl.S et.J

i_-'

'··h r hk t = 1 =r T = T. ') for T.., = T, = 1.........•. .>. 1-2 l-(-, .•.
Hence the proof.

,

•
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~!fe nov Civ e J. genGI'2.1isecl r-esul, t concer ni.ng 'sequence

of dLs t vnce s ,.

r»
.1. (r '.'r.1.; . L

t.hen r C ~ .• ,.... - r» ..,. " 1 1-:(' 1Ct":)' c, .J.~,- , •.. )

c..O!130c..utiv e '.)(~il"'~;'3 0:;:'

•

l.~ :l 4,-, "'~ '"'" ._, ••••

w.i t.h CO.J.iL,lOnminer a tor Tzu is 2n-l~ 2n, ~n+l,••.•T Or" 12.,11-

T0 :>rovo I'heoren 3.1. a

rp

t( rms of ratio':":\' It is cvido rrtT~ •
r)1 J
·1-1-1

of th.e form ~ • But these (p+1)
J '

ar e in an tntervat nex+ to t·a"'.t L'.t

he ':p I

te:'::;s

T·+1-l-...::::
::i•.!.. •

J T ...,
'J

A? Ui~',11 CO[L)l1 dL:'fcl'~nce 1. Hor-eover the second ~cer::l is al.vays
1il (evj.:i.E:;nt). Henes thr: l"'G.::.ult.
n

2
Tn_~ ' then +he ser.ue nce of uis-G?nce

betuoe; t,·TC' cons e cut tve suer ·L:':1.ct:tO~1S is

~,4,5, ••••
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Fron 1.2 (P '.rt I) it f'oLl.ows th<.~t lie~ just be-

::'ore ...:. ~)oi;;:t of synne tir y s ay ~.. Since we have seen the
J

sequence of c~istJ.n(":8concer nmg points of sY;:117letryit 1[ill

'~ollm'l t~la t; here 'coo the CO:~10ndifi':-:'''Gnce is 1. Tfl€ ~~irst

tern is .:::fOI' t1:3re be -Gi'IO tc;rrns botwocn ~ ,J..:Ld
n •

2ineq ~.l.11ity -
Tn

Hence the result.

<, 1 (3 < 2--,- -- f.-Tn_2 Tn_2 n-l can be established.

In a similar filshi6n 11e find -tha.t the sequence of c115-

'!.-;anccfor numer D tor 3 is

• • •
jle shall give .: table and the generaliso.tion

:.lUL1S.r.;.-l. 'c:;r
I. ,. Sequence of distance.[
T or T·1 2 I ,-, 3 L' 5,.::.,'''''" .....
T or T8 4 • • • • • ,
T or T5 6

T2n-1 or i'!1

",n

• • • • •
Z:').-l, 2n, 2n+ I ,ch+ Z, • • •

DEFINlrr' IOl'i. Just as ve c!.efined an interval, we now

def.i..ned an interval, He now .:I,efine .::. Is tage I as the set of f. f.

f1',' c tions lyinG bebrE'cn two conse cut.fvs G.F. I •s , The st-~6e may

be closed or or-en depending unon tho LncfusIon or omis.;:;ion of

th~ G..F • I IS.



l~- (

"'".0 have enuc.L mmbef of +erns , ~J8 cJ.c.:~in0 two st.:..:;es

[
T. T. l'l

1. ~ .'.' e' . 01-£"\ s·t· ""'s l' .t'"~-.' • -T -~ ,,0 0 conJuf7, \.Iv •...••.vr'1" _
.1.~ n -'

T.]•....l.
, rr

-n

dist.:lnc:.:: of

and

o ouaf,s t.~..e c::'s·~·:.!}ce of
T i+l
-;~r"n-

'71
'.1::1.

'T'-n.
T.--,,1,
T ~
n

Q..1."e er.ua.l , ""e call Q. st2.r~e connr Ls i on of both these s tages , as

from

J. 'ccnjug.::;:te stilse '. Let us POll Ld.esti[G
T
2.te !ri.'o~~rtieT. c1onJcern-

r'" .' t . 1 ' 1+'j' ,·rr.. 'l"'ve conJ" t>. •. ·-0 S arr:::> 1- --~ -.~-.- ,,~ i c. . u.", •• 'J • 0.... _, T ' T
Tn n n

h~ and [¥: t; .b~J'60I'res~on6.in2'
;'l.J.·1!~ c...J:. .......l..'t.:.:. ':-n~i ';,L.r.o bhe~ - k' o rn 'T "'.~,.. -l. L

.Ln n

is G(': ....'..:~l to the ,·dst.:mce o.. ~:

ing sta2;cs.

then ve (efin.e -G'\'iO f'r ac t ions

.1..:f h C', [1'i_1 T1,']k ~- 'I ~ ..l.n .I.
n

_11. T. 1dist.::nceof from~-1·, 'r'-".., n

frOLl

. .--,
-' .,,:'.,.

,

nlll:18L3tor>.
.
'1Tf ;;-

- J: and

Pr_o_<?.~.T::~i.8 1d.11. f)l2.olf fr0:':~ 1.2 (previous Part).
T . .,

Lot J..r,+·
n

y';'ll be the meximum

l.o the maxi mum r accned in it, interval so 'C!.1-).-(;

T.
for the interval in whi cn .,;. be'Longs ,

'~n

•



r:"'~i-.1_·
Tn_1 • S ir:lilal"' 1:,; the terns nex t; ('"

_;;lThe terms next tJ

But fhe se rr.ict tons are cor r es pond Lr.g frac-isto

+Lo ns , Proceec.inc; .in SUC~1 J. !i..1shion 118 obt.e.Ln the r esul.t ,

be the maxi .. _L..:~t in it inte:l.~va1.

Since He have consiC.e:2 ~d COj:1juC;J.'te st,lzes i j.s Using 1.2

(previous i)art) 1.1:. Cr.'.n be e~~t,,1.blish8d that al:;el"l1ate G.F.lts ,?l~e

is even (i-l is~' -ion) • 3e~1CG the resul.t.

synne tr y,
,

mtc;_Q~lePOl' nt s ;.',""e C('~re S '.).ond..-l·"l,r..," ( "~'''I'i''' ·"(,11oT.TC' '''''0'' t' -e ('''-C''j '1l'v ;u. ~ ~ _ \ __J.J •• .:> ••. ~ " c> .'. .J..; 'c. l '-' ..L __ ~ -

tion). But their mmerv. ·C0:i.' EO Sf;:) .:~h:be ecual , This is so, for the

middle points i:'1.1"O »oarrts of sJ!JPct.·.- l 1f~lose numer a tor is 1.

,'P »r ovcd,. _, .~ J.. v.: 'oJ •

11 '(J. f

t:~ and '.~~1 mar o
1 ,l:._cl._-.:1_ .J"'. t:om():.:. - .
t , T

n
Ln a C01'i)"u:.-ate "t-, ':,., -, '...J 0 \'.I.;,..:,.~ ir tIt<:; -t i s tr-nce

•



<, ~ <R: ant the conjugateh'dista.ncc of ;:::'.
J.'.

[
=.t-A !:.i

being T 'T
n n

Taking their midd.le points .~.
rt: ,.l.p

we can see th~~t fractions conjuga te in t~li3 interv.:1l ar e
T +1

P. tconJuc;J. e in the we sa", thnt for con-

juga to f'r-ac tions
h 11.I h + :1'

0'1.'" +he l' ;1{-.Ar~'J· ":'" -k' , and --~ _,e - - c.~ u. E I • k '+-1~, :".::-8 frD.C-

tions of the Lat t.er hc.:.lf of the Lrrter veL a:'I'ansed in descending
11 - h' C> forder, and k _ l..~f are r r ...ctions 0 the

ascend lng ordc:, for increc:.sin:::; vJ..I"..48s of

first
h- .Ie

nJ.lf .:.:cr an:;ed in

TBEOREN 3.2. h d h' ~ .For conjur'~e fractions ~ an ~, ~Yln~
h + h'k+lc'" .ir e :frcl.ctions

Ih - h.! I are fr~;ctionsIe •. kit

in the ou ter half of the st:>.:;e vIe see that

of the inte:nral in as cendLng or-der ·~hile

of the

11
k'

first naLf in dcs cenc.i ng order for Lncr e as inG va Iue s of

" h'.~,1:' In out:::r hJ..lf
1)..

11 h' ,
i:', ,... , in irm.s::' l1d.lf.
-\. .•..~

.ind,
are in the Lnner ha.lf' but ctn 11::>-(; prove the order

_
h h ' .

p.,roof 4 For k " r- ,[t~e'~:,oof '71hU]S been
"".1 ..

Paper) • The!: Idd.l,e UN oint of -.=h..-:: J =_ '71 , • "l
..Lll "n

lT I .
Similarl;y middle of no i.nt of T.2:, -;f 1 J = T~-

• P. n n-1+3

of ar rungement ,

given (previous

-L,
Tn-i+2

•

•



That tvo cor!,juC,~,2 i'-c.::::tior..s o:~' -~~~1Gouter half of a conjugate
by 1 can 1Jc es tablished.scage differ in suf'fLx

,~
i. e. if ,U

l~ =

h + hi
1: + 1.: I

T 04 •. .( n-i) +14·_.~.~ _

T~+l.!

e I::

h - hf
k - k 1

8 I=

Hence thG ]rOol.
DEl D;ITIOH.

represents a st~:c. Let us t.::.lC8

If there '~!8 take a staGG r' ,.."
~ _4., ;.,
t l.ntl.
'-

ser i3S 0:[' order rn
,l,..,..J.. 1 ~

J,.' K

\'TiL~h rS.::.'crencc t c
.- -;
r;'

h' T. .~,..J.:..0'1.-_:iJ
T, 11-

"

:=

I

t 1 I , , t

T 'In
i i+lserios order T _. _ .• -.

n Tn' T~'-

dn f.f. series or 0rder Tn+l"

~-l:1.]
'~n+l

, then lie say the

",
,

r.,
";+1 ;-,~-- 'J,."
l.D.+JC _

]'.~ (, ..,-"....•,~'" -:--nnd-i 'ar,'~ _\. •.L.r.,-,;;>~) •••._ -'-_",

in the f.f. series of ord8r,

proved using 1.'"'-.
TL.80iilll·i ": /:..' '1- ,,>. . ...".) -

i :-.-,

l.
.t,

.'...••.....•rr--n
~ I
.~l.T.l. \

' Tn+1•.\. ,-'
.md

•
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tiu-.•.••·. ~-..~c-....,1\J~ '\ There 8~~1sts 2. one-one cor-r csncndsnce

cho denomf.nebor s of these
r r. T ]-cerm of L;;-l , ~~~.-T:.1. .Ls

[

m +n m -11 -,

.1.1 .Li+l J
of T.,.,+::~ ~ ~1+~{-- is

stages. If the de not.Inabor of
rn... .

J
then the &enomiTJ.2.torof the

•

via c an c::·~:enc. -::l1i8 1(0" furtherrT. T. ]. 1 1+li1
'ij1 ; ---m-L -n J.n

and

nr oduce ona-one

~

r- T. T. J
_-l- , _}~1.
Tn+l.c "n+k

a
be tween b and

cor r espondence bet' •.r8cn

wher-e
c
d Lnc Ius iVG of bot n,

two f.f. scrj9s one of or:sr and a t.her o:;,"'der

'l'he nuz.o:~~t.or of the
t'lr 1 tGJ.'[1 of the socond ,

first ,. " th('0nOnUl1a.to::.'01 the r' t.er:-.l of theseries i;:

= .•.") ...•
1. i.l •

If of~"l"' ..
.-.- .

_C" _
J. -(r ) n+>

vher e YU': st,-1nr~S ?Ol" miner :.:,~()r ,~~.n.C'.C.r fo~ c1cllomin;l'CoJ'. T11i s

~-,a be proved 11sin:.:; 1. ,;... \!Jec.....l1: r,·'i~iveilt the same result by

•
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D..:.J:-'IEITION.

ser t.cs

TvJ'O interva.':s, '1" f'-.-e

series of orc~er' and [~::. .•.-.
.l.i,_k '

. .
J..!: an I.~:•

of order Tn+1\.. are c~efim;c' to be corres)ol1CanS intervals.

Th(s(~me cne=one cor r es oorrlence as in the case of corz-ea-

this cor-t-es ncnde nce in a s i:,liLlr nanner to ths ent ize f. f.

series C:.ncl")I'ove t.ha+

a) f (z ) n+lcof = r.r •nr ,

b) If' ell" of .,', = !"1~.

.l , ',' ) 1") ~j\ ~ -
dr of r( ) '')-1.1 = 'T'

1" J._ J,~ -j+k·
,',) f:..8nerc.Jj.::W0. f,4(. SOl":].8.S. We defined the f. f. series

in the '_::":.tenrc~l lO' 1J . vIe nov ~~.:=:fineit in the interval

•
jFr::lH'j1 ION.

T.
all L'J1C tt~:,l1:'; ,;

.j

Tho f.r. series of or~Gr T is tile sc t of•...
1.•.

j <:.. ',i ar r arr.cd in as c enc ..Lrig order of
,

r:.'gnituc"c i,;j "7 O. :::r t. "'-.j tl;,~'m ~he" .•i ••series is in the

interval • The basis 7JrOperties of the f. f. series for

O,l~.·(~ retained "!'it' suitable ".lterations.

IJEORElI :: .':. 1. is ~....no Irrt of s ynnet.r ~T i'r' f
~ (1'+1) n

and fe .r-lJn
have

f (1") n

.' ,S8nle numerc tor (beyond ~.) e
J..

isIf f( )r 11

a point of synmet.r y then f e r+k)11
ccnc.l f hsvo the SL.l11e(:r-k) n 'c', ---

nuner; tor, if c.ich fr.:.'.ction does not par s beyond the next G.li'. I.

in either side (beyond t ).



2) A G.}'.:L. is a l:'"! .. c td ori i'lith c~enomin.:.:.torTn.

nomLna tor 1.

f' "-11j' J.nterval is given OJ' [~l ,

The f~ctcr of this interval is a~ain T '")0
21-6

..) h+l1"
~r + If",(o.. l..

a.id
.~I

=: I

7)

b)

If ... .'

kh ' - hk I = are r eb.Lned ,

\ does not geod for bei.n; a point of
thei.1

T '. II .!-T hn-1 l1.-? rr11 hI h!' hI .•.._. 1:: It "...-- ..• if < < ( k' = _.11 )T ..', ~T i. k k' kll ,
1 •n-1 :i.:--:':'- .

NOTE. 0i.11y Ll the ~2:.S0 of 1 ~l.l':.(l_ 1 does a) hold'2 ,
1 ,

;;ood for -.' 1+1, ,:1.C~ :"'18 do no t J.C cent 1 bE~iJ1.S s~}lit UD.(~

. .~

•
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ON F mOEAce I POLYNPlj)fi.1S AriD. T~_:PlGENEHAr.,..ISATIOJI

KrLahaaswamf Alladi
Vivekananda College, Hylapore, HadrCls-,,-l

nIDIA

***
The Fibonacci Po.Lynond al.s Fn(x)

= 0,' FI( z) = I, Fn( x) - x F (x)- .. n-l""

'.'nformation about Fibol1c.cci Polynomials

are defined recursively by

+ F 2(X). For completen-
consult - fA primer for

;Fibonacci Numbers i (Bicknell and Hoggatt). In this paper 'Vie try to

answer the folloHine questions:
~~'

I. What CQn be si.?id about

II. vJhat can be said about; a convolution of Fibonacci Poly-
1:1

- L F (x) F ( x) ?k=O k m-k

theorem 1 v18 give a s imul,t aneous answe r to these two questions.

the latter half of the )aper ve generalise

',"eaping theorem 1 in mind.
~..

F (x) to F (x y)n n'

nTHEOHEH 1. Let f (::) = L li'k(x) F k(x)n k=O n-
cl FnCx) ,

then fnCx) = clx •

Proof. vIe shall empLoy Lnduc t Ion, The above theorem is true

n = 0,1. Now let the theorem hold fOll n = I, 2, ••• m, Thus

cl F l( x)ro- _ •.. m-l
= Lk=O

F ex) F (x),k m-k-l

d F. (x)lTI. -- .. - =
dx•



m m-I
= x L Fk( x) Fm_k(x) + x.,Fm+I(x) F••1(x) + k=C)L_ Fk( x) Fm-k-l (x)k=O

d F (::)= X _ m
dx

+ F (x)
m

d F 1(::;:)
+ m-dx + F (x)m

by induction for the theorem wor-ks for n = 1,2, ••• m and F -1(:::) = 1,

F _2(x) = -x •

000 d Fm+J~x) =
dx

Hence the theorem is true for n = m+l. Thus by mathematical
induction it is true for all integral values of n.

n
Note:- Define f_n(x) = kgO F_k(x) F_n+t(x).

It is clear that f (x)-n =

T:tiEOR,fH 2. Define the rth convolution sequence of polynomials
by •
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reO")n ->.
n

= L:
li::=o

= ~ Fn(x2.
rdx

1x "-:I.r.

frk-l( x) F k( x)n-

Proof. The proof of theorem 2 follows from a more general

s. theorem on Fn(x,y) given beLow,

QeAleralisat~: We want a generalisation of Fn(x) to Fn(x,y)

~.such that the convolution property in Theorems I and II hold. It

is given as f'o.lLows.•

DEFINITION. Define Fo(x,y) = 0, Fl (x,y) = 1, and

F (x,y) = xIi' . l(x,y) + y F 2(x,y).n n- n-

T~1efollowing pr oper t tes can be deduced easily.

= Fn(x).
(

= ~.::l:n F!l:~.:'!2.
yn

We shall discuss some properties of

a)

b)

,

THEOREH3.

Fn(X,y)

= t Fn.::1(x)
~x - •]

at y=l
P~oof ~ (-.v) =_... .'to .•. n ..tl.., ..,

'0 F'n(x,y)
, Therefore =

()y

x Fn_l(x,y) + y Fn_2(x,y).

b Fn_l (x,y)
x "bY + Fn_2(x,y)

• Let the theorem hold for nO = 1 2 1, , •.. ,m- • Novi



l
, ~:

~--------------~----~~--.-.-.-- ..--

4

~ F (:,;:.~r)
. . 111 '~ ..---- .."bY

~ ~..' _, (x, Y) '0 F' 2( x ,Y)X _._J.1!.::&. + F (x y) + Y --1)1 _
o Y m-2 ' 0 Y

=

? [ OF '(:;:'Y)Jn..erefore •. m
:< 2> Y~. y=l

0. F (x)= x ~__.;]l::.$...__ + F (x)
C!X m-2

d F ...,(x)+ . ID-$•.__
dx

=
d F 1( x)
-1]1...::'----".

dx

the theorem is true by m .t.nema tical Lnduc t tcn for positive

THEOREH c, ~ F (x y)v n-l '-....- -- ....-- =o x

C>Fn(x,y)
--2) y -

proo(~_. Again use: induction. Let the t11e01"'e[,1hold for

= 1,2,•••m-l. By the ~efinition of Fn(x,y).
U F (x,y)~IIL. =

o y

'0 F lc:..·~,y)m- _--~-----..

learly
'0 F (x,Y)

_ •••• I;.;..il __ .~ =oY •
,

hus by induction the result holds for 2.11 positive integral values

f In'.

T1-lEOnElI 5.

=
E,r0 0.1•• Let the t.neor-om held for n = O,l, ••• m, i.s •
•
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~.e. OF I (z, y) m-Im- __ = L: Fk(x,y) Fm-Ic-L (x,y)OX 1::=0

OF (x,y) m___ m___ ... = L: Fk(:;:,y) F k(:'::'Y).
C>

~,. ra- •.~...
:k=0

and

3 Fr!l+1(x , y)-----,-~- ='Ox
.~ F 1(x,y)

+ Fm( x, y) + Y •.-1ll.:::._ ,-
'Ox

m+1
Now L: FI (x,y) Fm_k+1(x,y)

k=O ~

m+1
= k~O :B'k(~~, y) -- ....

+ Y F (x y)
o-k-1 '

m+l
= x L: Fk(:,:"y) :5' 1(;::,y) + x F +1 + x F l(x,y) F l(x,y)k=O m - ~ r::J. Ii1+ ••

+ v F l(~;:'v) F ,..,(x,y)• Ill+ ~ -<.::

'0 J? (::, y)
=x~ m_~

'Ox + F (x,y) + ym

o Ii' (x y)
111-1 ,_-
OX ,

since the theorem is tl'ue for n = 1) 2, •••• m and F-1(x,y) = ~

::
'Ox

1'.f1e. theorem holds for n :: 0,1. Hence by induction it is true for

, all 1Jositive integral values of In I •
•
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TBEOBEH 6. i'
f~ (:;:,y)

n
= k~ODefine

1.Fk(:::,y) F 1(x,y) , rn-:c

1
x r~·

Proo::._ Let the theorem hold for' n ::: 0,1,2, •••• m fo:c a

'r I. That is

'0 F (:;:,y) ill r-l..In _._
= r~ L: fk (::, y) "'i' (x y)Oxr

k=O r m-k "-,

"0 F (z y) m-I r-l(--11::1...--":'w_ = rl L: fk x,y) F k 1(x,y) •r
k=O m-oi. -a"~.-

~ F +l(:;::'Y)....•-..;I::;.:n~__ ---=_ x
a,~I'

"lo.

OF l(;:'Y)n-y --....~....-.-------oxrr

~1 r 1 ~1
r : L: f - (x,y) Ti' (x y) ::: r ~ L: fkr-1(x,y)k=O k ...m-k- 1 .•\0,

k=O

+ y F," k lex).l.11- •.•

•
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=
'"')..F (x v)v n .•,.,-..-..-_---,-- .

~_rl .•
Cl.~

"0 Fn(x,y)
x .---- r-'-"--ax

of (:::y)
n-1 '+ y ~"--r-- +

~ ..u~~

i' ,J:

r~-':iY~

=

the theorem is true by Lnduct Ion for~'_11 »os i tive Lrrte gr al,

ror e.rc h urto 'r I. But its true for (r+L) when

= 0,1. T~lU3 by [l,.thCliL.tic-:.l induction its true for ~ll r = 1, and

o.
E.9J~.EL. Theorem 2 follo'Hs by substi tutil1g Y = 1.

v.Je s:1.:,11conclude by Giving ":-'.gener:.tor ljl.::.tri:::for li'n(::'Y).

Q the f 8.InO us matr Lx,

Let

7. ( r I) r.-Lr., Q = F (x y)]n ••,

Fn-1 (:;:,y)

nr'oof is :..;iven by inc~uction •
n

{ Det (Q ') ~ - = D3t {( Q I) i.1} we have

Fn_1(::,y) - {Fn(J::,y)]2 = (-1) (_y)n-l.

I thank l·I:.'.R.Jacaml<:tn.:m of l.lats cLence for very s t Imul.at Lng

• A ;Jrili1el' :':"01" 'c~le Fd.bonac cL IJu,:be:::'s, (Fibonacci Association
of Amer Lca) , ec~ited by l1c~jorie Bicl:nell and V.Ie.Hoggatt, Jr.
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SUD~')Qse,de have a s e oue nce of.... wher-e A cn

elements where LX] ~ for +he 10.r ge s tint 81"

Hence An can be wrt t t en as

i'an 1,an 0'·" a, ,~. n,

members of A can be suc cessLvel wr Ltcen an :1." is 1ng dLlalsn
wlii ch has the shane 01' tho as ca.L triangle

It can be seen easily tho.t ,..1". )1 (~.rn' --

the Fibonacci PoLynomf.e.L tY)8 in t sense thc.t if the cc

of xr is positive, th,c~t of~: 1 is zero, and xr-2 j

Hence if

tho set

of such sets from the first non 91"0 v21u88 of



2

call -!his3.S the

THEOREH. Take the
s: ,

vn corwo l.ut i.on t:C' h~~l: }

the elements Ln order be

b b l''h,O n,; b 2' · · · · ,n,
,
"L' •

l"J., n

wher-e •

·e

·oreov~?r the xx members on rising th2.zo;::.al o." the r cor

are the successive c03ffi 3nts of
Or'

f" ('C)11+1"+1 ~ • 18

fr (x)n+r+L -,... = =

= (
')' "- -J")••._~J.. (

;j

proves the thGorem
The Lst convolution trL,n:;1e

1
" r)
i.,4 6

') G r-,
t_! •. OJ

'1 l~:; 12 4

5 20 30 20 .s

• • •

2 ",c:, 2(l~2?1), 1 ~
/:1:,1 4(1,3,3,1)

row has a common :LL:.ctor.



KrLslmas wamt A11ad
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Hoggatt .[1], 12J
in connection wi th prob.l em on Fit .acci numbers, and

r ow SUlHS in each array was a. F onacci nunber ,

Hoggatt Steps

1 1

1 2
') 4. 1 1,_.

5 9 3 4

13 22 7 11

34 56 16 27

89 145 38 65

•

Array of hope

1

1 1
r, <) 1':':J c:

5 " 3 1j±

13 9 7 ~i-2:

34 22 16 11

• .,. • •
•

1

6

11 f)fJ 16C~

•

1

]

1

•
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2

1\
Let Sr(' represent the nth r01'; tn column eLemerrt in ,(

the cor r e s.)Ql1(;.in eLemerrt in the secane' n·, .

is formed by the relation

n ...rs 'Y-u r be ing odd.

r beLng even

The members in the HOgG;Cl.tt steps ,,'C the same as those

Array of hO~Je 1:1ith a shift given by

1t. n~ if , is aCidts ..;
l'

,y

11.6 1t -rl ~ if ic: even- ,J-7 r
Array of Hope is formed vi. th t ne .Lori

We shall n0\1 s t.a te a n1..11:1bcr

f me t hoc.s of forming ?ibenacci nun ber s \'Ti t the above ar r ays ,

As stated by Hoggatt

11.~ ,.,. 'Y\h + 17h t- . • ~ r, 1 3 ~11-f

a.~
11$ + n.5 ..,...yt 5 ..•...." 4 . F2. I\.I '2 3

•



3

is indeed remarkable, that we Get Fibo, ccL number-s inspi te

the transformation given in (2). We n- strengthen (4) by s t .Lng

ns + 'nS + n5 +" ••
I 2> 5

Yl~* 11 .•.. ?1..S;-· • •.v~ S4- (;,

and (6) clearly .:9 4.

. ,

Consider the Pascal triangle given

1

1 1

1

1

1

1

2

3

4

5

1

3

6

10

• • •

•

1

4

10

•

-. F,
-Zn..-2

I-
2.71-3

!=" '
2-n - 2..

-F
211-/

-7
,Y

]

1

• •
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Vie finel. +hat .'·he f 110 . r-- ~ vi" ' 0 \v-lnG . 5 ide:

n - 1/- 2 C t:'53 ~
( z » - S-

1164- - ')1r .3 - FC2 .2n - 0-

:11-- 4c
J

J7>:

Identities 7,8,9,1°111, 2.1so hoLd )r =; \Tith the t.r
I

(2) be ing introduced.

first co Lumn contained 1"ibor-1Qce: n.mbers

F6' F8' F10'."'. \.Je call th\:;;SE .r r ays as Hoggatt St2

array of Hope (2).

Let us denote: the rth coLurm, nt~-:.

res pect ivel ~T ~

)' ..r clci:lents by 1LSI
'Y



5

oggatt S.teps ( 2)

1 1
3 4

8 -12 1 1

21 33 5 6

55 88 17 23 1 1

144 232 50 73 7 8

0 0 0 0 0 0

of Hope ( 2)

1
3 1
8 " 1

21 ~') 5 1__ .;-1

55 17 r; 1

144 r') 50 23 7 1)

0 0 0 0 0 0

elation ( 2) holds here
,

?to' ;r ?Lh, 'f' r is ( dl.l.

'Y 'Y

no' e,?J+ I.~I if r is f'~r:;n
T r

e have the Pascal identities for these ar r r.vs also.

12) ?tAl +ltc :: Fill -I 11/~2. 0

3) ~" I 1,.. Y1-,c -=- c: 11"./3a ., I 12n_2
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(14) consider the s enue nce of number-s whl cl. -,1118n2.d~·,eclto

give Fibonacci numbers

~ I F. 5: :;: ;:- G/1 f --+- II .=f) 4- -r tr = v ) I)f4- + 7 Z) 14- J

In general

?1LI U -!=ril.+-n- 2.o.r 11-3 wher-e U
JL

is nth term of

It is interes ting that V-....z: U - U
'1 i'\ Y\-t

i~ the sequence 3,4,~,5,
7,8, •••• •

)112, 13, a~d 14 hold for Sf
'Y

Identities --lso 'Tl· t.h .L. he -'--.",ns f ~. ,,' G G 1 vl. c." '" 1- '- •

mation introduced by (2) '.

It is true that in the two arrays i ~oduced by us the ro~

sums are not Fibonacci numbers, But v·Te co-=-i get Fibonacci nunbc

'by another method.

Let
IL;,' .rn.

,
z.

Then
••

(15)

In fact if H:" -:::?1)< +11h',3 +- 'lh J 5" -t- •• ~ •

H~ -= 11h '2 + It h4- -t 11II~ + . . , IKC ?1

(16)

")1 "7
./

~,,
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7

-whi ch is similar to (5) and (6).

Further if
On z:

n5, +: '715 I +?1 c;I + . . . ?1 <:; , ( . d
I J.. '""3 ~Y1.

Sr~ n.s' + 71 I +'>1s'- -+
= ~. (

.53 j

:5c /Ils' -+ 715' fI I + e"f- °b 0 .-n z: 2- If

(17) 511 C? S71 z: r-.
-I .2n

~ '5~ - ~'S;_( - Fi),l - 2- 'i1 ?I-

Se ~Se F- 2n-r11 11 -I

Let us now extend the Array of Hope ( 2) ir , tvTO dimensiona.l l;la

and produce values of r(.,
I »v.v being rt egers/" v "

5 -8 12 -17 I':) 30 ~~8,<..J

-2 ':) 4 -5 6 -7 8, -...)
t-

I -1 1 -1 1 -1 1
1 0 0 0 0 0 0

t:

:2 1 0 0 0 0 0

5 ':) 1 0 0 0 0'--'

13 8 4 1 0 0 0

34 21 12 5 1 0 0
89 5.5 33 17 6 1 .0

233 144 88 50 ':) 7 1v

"



I

IIt is evident that.~

-I

8

7)+y I

h
·fJ-t)' + I

h I
y -1 I

- 'T J,
D

If ~. (0 , and '} -= _.'/1 then (H?,) i1'1~) . cs the.t the sun of U_ icr s
in every des cend Lng diagonal of the first uadr arrt is a Fioonacc

Numbers. But sur-pr t s Lng.Ly these numbers the dcs cend Lng di agc lIs

are the numbers on the rOVIS of the A::."rL.: HODe (2) '.vi th a.Lt.er r ;0
"

(-) s I gns , Hence t ransf orm.i.ng the number in the first quadrant

a triangle we get

...1
0 1-0

-8'. Li -1
-21 1" -5 1G

-55 33 1" G- . -1

1his giyes us the following result

·1-/

This is analogous to (4)"
•• --, __ • __ - 0" ----

RLFEffi~CES. - -- .

1) A6.vanced Pr obl ems and Sclutions J :Fibo 'rt~ Vo104 1972
April Issue. (Arrey of 11:ope) Pr o-i, by V.• Hoggatt, Jr.

2) Advanced Problems and Solutions,
Oct. issue (HoGE~tt Steps) prop. by Vo'

t ~T 1 L1a.r -. \ O..L.. .t,
::r ... gG"tt Jr..u c G. J? e

1972

..
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KrLshnaswam.L Allad=-
Vivekana.nda College, 1·1D.c.l'c,s-6C"))04, ILDIA.

** ***

,.
, - and :::'or centuries )eople have lcnovn i ts.:;,'s tic properties. In

this naper' VIe shall giv8 a mc~thema-'cical~.:c-ansforrl12.tion whi.cn s1 Ll

transform the normal (n 'I. n) 3.rl~;:1.Yof co.vecut lve inte;;ers intc 1

magic square. In t.he second "r!;".rtof thi :'JC'..per\,re shall study

this trcl.ns.form,:.tiol". on DC'.tfices. 'r'i"U'oug::=.lt \1e cO:~1siC'.erIn I ['

DEl."7nn'l'::m::. 'de (efine N to be th(; n x n matrix (SOl1..8.I'

1 2 ') n'--' ••
n+l n+2 •• 2n. . .

n(n-l)+l n2 ,., ..
DEFINITION 1.2. An e Lemerrt of the itll r ow j th column o:

a matrix A is denoted by (i,j) C A.
DEFINITION 1.3. If (x. \ ,)C •

") 2 )
we define the oner a tor 't as

.x ) is an '~1tnro l.c'
-11

<; c, ()C?,) J X I :.

L(;') .. )

. • " X )
7'1 -I

;~. h;~8\
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2

DEFTHITIO IT 1.4. Cons ic}_er the s ar e N( n x n) , TcJ:e Jd i th

t~ row elements, i.e. (i,l, (i,:::) ••.•• (i,

.-~i~ ,. -

Let L
k.

('X-f ~ n) ::..(XI) Z• .-., :2..)

--k ( I) 2 h) (X Iand L ) 3, . , -- I )

" .

}

Form i; new matrix under the iilO_'9ing

( i I j ) -_-~ (X J ,x:.) )
and call it r-~.N = 11. ~le say N :1;J 2. 111, Lc s quare of order ( r n)

THEOIU~H1.1. ':2h8 mc tir ix Ii ha: the same el.emerrts of

rearranged.

:ErQof. Since every element of N is been Ia8.T)8d in E 1..1r

theorem is pr-oved if vre s how t.ho t :(20 t\ cLemerrt s of H '-'.1"8 rroed

to the same element in H. Let (iI' jl)

to (i*,j~ e M. Then by Definition 1.( ~ have

jl - ( f:lj:)~ il)C)
L,

jl -+- ( n~~ i~

j2 - (n~J-.
i2)

j2 + (l~~ i2 )2 -

i * (mod n) (1. )

j* (mod n) (1.

- i * (mod n) (1.

j * (mod n) (1..

No,,!(11 + (1.2) gives

2jl i* + J"* (mod n):z (1.
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3

and (13) + (1.4) gives

2jr; - i* + j* (mod 11)
L"

rj 2jn(mo6. I"lj or jl jn (uod ) for n is odd,:;1 -- -c., r:

i 2 (mod n)

But il, i2, jl' j2 ar e ",11 ~ n (~11d

jl :: j2"· T}lis .neans the tlleoroi:1 L3

THEOHEi·l 1.2. The elements of tJ

of Lncongrucnt. r e s Ldue s modu.l o n,

The el.ements of the i th ccLumn

residues 1110d1.:!l0

(] 3)

(J 7)

(1 5)

.le.

i t11 1"01'[ of 1-1 form G. et

1'.'. f'or n 8. set cf incon ue rrt

E and Ie t t.hem be Lo: to

the S3.m8 residue cLas s modulo n, Let 3' j;:), (i4, J'4) C 1'T

be maoried to (i,jJ.) (i,j2) C II res~'E:ctcly. Then

j3 - ~n±~ i3 ) i (mod n)2 ...,..

j<") + \11~~i3 ) 51(;11Od n)o -
j4 - ~~J. i4 ) i (mod. n)...

j + l~l- i,1) j,,(mod n)4 - c:

Since ( .i , j1) and ( i? j 2) be J_Ol'"lC -Co tIle; ~., ",

••It:.

Henc8 (1•.9) - (1.11) gives

i3-14 - 0 (mod n) and i<"),-- v

. (1~.
(1. )

(1. )

(1.

residue class j0 =

.:!:. n o..: i
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II,

so l" - L and,,- 4 ~o
-I - J" • This iD')licsc~, - 4"

first s t acmerrt of T':leorem 1.2 is cor vect ,

"t the srme 81eLlGn.t c ~'-i

oTItr2~iction. Honce he

proved.
TF.EOHEl1 1.3. No t\'TO elements 0";:

the s ame 1"0'/1 in N.

Hence t;le t.heoren

same 1'01..' in I" bel on to

No two elements of the s aile co l.umr f 1,1 oo Lorig to 'C:18 ne

row in N.

P...r9_Q~tt. Let (18, j3)' (14, jL!) C E

(i,j~ C M. This gi7GS rise to equation
(1.12). If (i,jl).;.nd (i,j2) bcLong to

i3 = i4- NOH (1.9) - (1.11) Gives

THEOHEH 1.4, The sum of tlY3 ll:)I.lbel

:2.(1~~7. JJ.diagonal of N is the constant

Take the ith r cv oJ'"

Let
( 1,1) ( 1,2) ••••• (:L, n)

(i,.j) = 3., n+ b. Fh(~;::.~e
J J

"

.S), (1.10), (1.11) ~

~ ~>)J'r,erov in H. Tl 1

in any l'OU , column 0

i~ti~s of elements

D.
J «
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order, and Theor(;d 1.3 says tha t the

some order.

Hence "L
j::::l ::::

i s ome

t S ar eO, 112 , ••.. 11 _ in

•

diaGonals of II (~l'e concerned, they u

'I'hc same r,38ul t holds for -I;fle C1JlLll1S also. As far 2.81e

rOil and middle column of N. Hence the
wh i ch pr oves the theorem.

the elements of the LdCle

um he r o is a.l s 0

cnln.( -. .11

(n X n) t.r' I+'_ l' + l' * ::::,i + l' * ::::- m;:.~.~ lX__ I _

DEFIlTITIOJ 1.5. Let (i, j) anc, i *? j *) be elements of in

"' 1 tcorres].Joncllng e ene n s ,
+ 1 1;!8 S r?..\J they ar e

THEOHEli1.5 •. Let (i,j), (i*,j' C IT and let them be
I'I'GS -

If '" lJ.Q' l' * J' *)-.- ~ are 11],,::: ;c~ to (~), q) and (]J * , q in
N then C:J, q) :ll'C~ p*, 0:.*) 23'13 cor:2e8,)OY ~n2 elements and COl1V se Ly,

j ( ; __1- i) ;x:- C mod \
...

P ...11 U... 11)

j (~~-liJ ...•..
(mod -,+

::::r q 11)

(~ ,
j*- - i *) ~ p*(mod n)....•..

j~ (~ :L* ) - O*(DOcJ.. n)- -- ~

Now (1.15) + (1.1 '7) gives

') ( j+ j *) + (i+ i *) ... (n+ 1)

(1. 5)

(1. 3)

(1. 1)

(1. ;)

)cle 11) (1. )
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6

But i+i* = j+j* = n+L, Hence

Hence (p, q) and

• n+1.0+(1*
..:. L

The

in 1·1 J:S in

T ,+ (-: ')dC"e.?,)

(i, j) C." q) = (p* <1*'. - ( j.u: 1 '-J. •

or (i ,j) + (: * '*) = (~,r') + ( -" *'.. 1- ,J .. ')

I

2= 11 + 1.

P""l. oo f L"" -'. ( .! J') (i * "1*) (.~ ,,), '.;"l"i:, ('1"*1) r-~ F '0" 1.1,',;,' (~C.t~~,-",- _-'-_1.. <:: 'J ,1-1, .1 -1' "J ' :)1 . '-' -'- ~ '-J, '-'

to (i,j) Ci*,j"") (:),(1) (1,}*,c:.';') :'."':'):::;>:;'1.' L. 'l'hcn (i
1

,jl):cl1C'

(,) (1) ar e COI'r'c'-" cnd l n: l'i"lr'~-ho'" (l-'':·1' -'-1 "'" ~ ';:."') ,.-l 1 ;..:,. l.. In,,, .. \. 1

then Ci1,jl) + (PI' ql)
2 + 1-= n

* * * ¥ ,.
(il,jl) + (PI ~l) ::: nC

' + .,
J...,~-

Thus
(")

= r:.''" -t

DEFIEIT:::ON :.• 6. If 0 < h <'
Kth C011S 1:::; tirlC of

(ri-Ir;n) (n-l:+l,l) (n·-l\:-:L,;;;,2) •••• (n,1:)

,. '.' ....

C". ~ n"- C' (l.~ T" , 'L).•.v __G...... ,.~\.-r..

',12 C a.l.I t.hc ,,: D"r 1" <)'
." ._ , u
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TI1EOlillH 7. ---------_. If the residues mod
tEJ:en in order t~cy ~rc

J" 11r'to" J.>.·(l r) ), "" •... n whe.r e

j

We voul.r. have to shovr that

D1 . :;:;- j -n r k ( ::10 d n
':, J

j -I
( p+ J"

2
i
v

; + (D.-tJ. _ i )
,JI 2 I k+ j (~l10( 1)

givinG (n+l) -k=
2jl r 2j+k

NOll 2 D, . =1;::, J n(il-l) + 2j + k

Hence - j -D 'k (mod. n) for n
n > j ) ri-k t.he pr oof is s Lm l Lar ,

In t'.lC Kth
ments be~ong to the same row in N.

(2,h':+2) ••• (n-k,k) (n-l:+l,l) •... (n,]

o n of D ••••• D
k, I I:? n

1. or 2n1 + 1 = n,

1I18

he element Dk .. :::(~ :+ j) 8:1.
." , .J

• ~20)

.21)

",-,)• c.. .(:.:.,

e1e-

if
(i, j) 8 N is mapped. to (1, k+1) t.hen (: j+ JJ is mcrlped to (2, 2) ,

(i,,)+2) to (3,k+8~') •• o. vncr e the j+pl~.re l'educcd modulo n, Lnc o

..
, J

vie hav o

100. n)

(hj n) •

2( n l k) (mod n) wher-e n

i odd , C8.S E

all tJ:

It c:all '08 shoun tb
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t
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8

the f'o.lLowl.ng congru.encca <.1.1"0 ~;iLrul·:~,:~neo1..·y s:).tisfies

j + k
11.+1

(' ~~-
G

'i) = 1:, + 1 ( d n)

I" 0 '.1:'0 'L" 'I,'J J~l':>l'v.v , .= _ AS a corollary to the

tho f'o.l.Lowi.ng r esur t. If '-.'Te Define

d- n) 1~ - 1 ') ':'" __ - ? u, ':.),....
ove tllcore;:: "Ie may d. >.CO

be t~~o corrtr e of thE

Ieth off diagonal if ;.1; I.~eS on Dk ::'.l"':""~ or: he d L ~';ona1 (1, n) , (.n.

then

(1, k+l) + (n-k,k) :::: C) D?"- J.~

( 2,k+2) + (n-k-1~ 1;:-1) = C)
.; J

for one 'J,:::c~t f' D" and
r,

(n-l.c+l,l) + (n,14.: :;:

(n-1:+2) + (n-k,k-l) = 2Dc
k

• III •••. ., e ••

the s t.a.t.emerrt.s of Ti:corem 1.8 and 1.9.

We shall nOH Lnve s t.i g.tt;e s or;e tn:~cJ:

~ivcn by combining

a mat.r ix A of d i.mcns Lon (n x n) 1", bein~~

tho +r ans ror-mc tion on N, generalis G'. now 1 :"!.l1Y raarr .i.x, Hence G :3D,

.0. \Te form u:A -
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DEFIlUTIO? 2.1. Fo1.J.r IDC:l11Jel'S 2. 1:12 tr Lx A (~_,~1) e i2

E j0 - j ( r.10~
w /.t

- j3 - j1 (LlOC-
n) .1)

n) n).6

TP.EOREN2~1. If four elencnts mat.r Lx Ii. s .lltisfy s. then

81 and viceve~s~.
* *EL9..Q.[..L We prove the conver-se i' s t , Let (ik,jlr)

let j)r8SC1~'J8 have

J.
o
,. ,D+l _ i)

1· - ",--2 - k .mod n) ( 3)

"I' 2'1+2. 'I'
j,- + (_ .. _- ~ ) . mod n) 1;: 1,2, ') /1, e 4)

-, =--~ >Jk '-', -01, G
..I '"-l:

Now

* * * *i, -j
j1 + 2.1 j~). i,..., ( ;;10(.1_ n) ( S)~.~

<..' - ..:.'

.* * * *and j" - j4 ·J2 - -, - J.d i (fJ'iOd n) C 3)-'-" ~4(~ r,

But ( 2.1) v,c, have

* * * * * * *'(jl - ,j.':I) + (i1 - LJ ~ (j2 l4) - ( - i2) (mod n) C :)\u '-'

Naif (2.7) and e 2. 8) give

* * * * * * * *2( i1 -i3) 2(;i2 -j~) (mod n) -' i, .•.. j0 - j4 (mod n)- -/ .,..., -1.. t) c:
and

* * * OJ<

* * * *2( i.2-i4) r-. (. .) (mod n) ~
11 =::. j J"", jl (mod n)

c::\ J3 -J2. => L1:
- L)
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for '11' is odd.

Theorem 2.1 is true for there ar e just.

")xrrz'" ••

- . The stateMent of

many elements in ,C\.,

preserving 81 us there ~re -in A.
DEFINITIOl': 2.2. Four eLer.erit.s ( ,jJ k == 1,2,.3,4, Ln

.i.'"~

i1 + i':{ i2 + i (mod ) ( i: 3)v - d

jl + j" j2 + j .:], (;:10c:. U _0)0

rnso HE I ~ 2.2. T1":"' t'our 8181Il C;::lt S 0: }·I(.ttl~i~:A :"~cJ. tt sfy r;.1._
.~ o

then when ua1)')ed to fL.A they sti:U s.'.t. :'y S" and vice V C)l' s
6

* *crJ2.9f. Let (iIe, jk) k == 1 I) •.~) 4. A :-)8 r,1Cl.~y)ed}.'Gspect eLy-'-? --" .." -

* *to (i1l:,jk) 8 {.L.A. Further let (ik,jk)

Then

Jo (modIe '

NOH ( 2.11) :-:'J1Q ( 2.12) tor;-ether vritL «,9.:>

* * * '" :j< *(i1 + i.J + ( + j,.,) :r (i2 + i,'1)<.J \J1 .:.>

and ( :'::;.11) and ( 2.12) to ge thcr 'loTith ( =;.l(

* .* * * * *(i1+ 1.
3
) (,jl + ~;3) % (i~, i~) - (;-

* .* * 1*wh i ch is il + .r., - i + ( ,

2 4 .rno«c

* * * *j + J":/ - j0 + j4 (riod r-1 '--' 6

•

( ') L)~,

( <) ~)\. (....,J.

Give
* *(,je + j4) (nod n) ( r, U.:.:.~.

zive

*+ .j ) (mod n) ( r) )r.J4 ::..~.
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This is precisely The s tdtc::,c lit 0: ly
true for there arc just 2S many oLeuerrt: _1': !.1,.1>. )res'2}:,vine

. It.O.S there are In .ti.

DE? UTITIOIJ -..a, Four e Lemcrit.s 0:

i1 - l3 i2 - i4 (I ,".r:-, ••......' '..~-
jl - j3 jt') - j4 ( mod-- c:

then when marm-ced to '_L.A , they t: ·~~U__~_1)1'

Re.m..E1f:1:;. Let us conceive of fic.;lli~

. :':.::_-'~ri': A(~1 "_ n) (i, ,-"~
J."

( :::, 3)

(2, J)

~·~~.__.·~~:ti~,:1\ ~)r2.~~Gl'l~v"C Sr
L

.:;rvc S~, .::-r~('~C01·l'./(-':C'~ .y.
"

say four elements ,y;, ~, na tr tx

quadr il ,~~.te r a'l or r .icmbus.

SLl tisfy the r el.at Lon

il - i3 ::: j<) - j4c:

i2 - j It ::: j3 - jl \Thieh

A -:Jarallel10Gram sc :.isfies

i1 + :L r = il + i4--,

jl + j" ::: j2 + j4 ~..hLcl:
)

3 /I.
<: , ~,

(
r-, -
r": •.

In general He may s"y that our t r anc forme. Jrl LEL~)S 8..05 tJ.:.:L '00.1'3.11 .r am

to par al.Le Logr arcs , ;:;r.rJ.arcs to squar cs e t;c.

DKi'INITION n .c::
G.l...1.

elements could. be giv2D



J
-, -----" ..--

In
G

Let L\ be the di.s t ance fune tion

':There

L:.. ((iI' jl) 7 (i2,j2)) :::

(u,b) ::: (a-l)ntb

We say t.wo e l cmerrts (il,jl) (i2,j2) C A

!. i.: (11+1 n+ 1) ) ( 11+1 n+ :L:.." - ( ~1'Jl' . <,)-, -2 ::: I'). ( -;:~- , --:')-
\ L,..J....J . W c~

TfIEOREl1 2.5. Definition 1.5 ~ ~

Clcd.rly erjuat.Lon (2.19) holds if

Hence Def ini t ion 1.5 ~ Dcfi.nit

NOlI{ let equation (2.19) hold, so t.hc t

J' ::: 1"l2nc,

let n + 1 hat

This Lmn Li es that (2.20) reduces to

This is false for jl + 1.'-

No'.." let il -I- in ---
G

Now .il + jn c 2n-l
G

nleft hand side < G 1.n

n + 1 + () . .5)
/

and b <
:lonco ° '- 0

Hence jl + j2 ::: n + 1.
',I Thus Definition 2.5 j-

( 2. )•

;fini tion 2.5.

n

r

n ~2•.5.

1 (2. :

1 + 0, () > o.

::: + 1 ( ') c
!....J.L

CU.1.( :( ll-l+o) > <')

n' .. s Lnco ., O.
("t
v.

is proved.
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9N A GENERALISATION OF THE E ER FUNCTION *

Kri sbnasvamt Allad j
Vf.vekanano a College

l1adras-4. (India:

* A summary 0 f 't hi s paper was presented
Institute 0 f Mathematical Sciences, 11e,1
of the report on the Lnt.e r nat Lona.l Sumr
Number Theory at the University of Mici

Michigan, held in June-July 1973.
"

11ATSCIENer: , 'T' ~e
~s-20, as a nar t
~ Institute on
zan , Ann Ar bor ,
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K1"i shnas \'TJli1i li.1L~(>
ViV8;~2.rl-_~lJ:.::~,_<.C0118 ::';8, H<--<_:c' _~::; -4 ; I l;:c.) ill.

********

number' theory COIrL,,:' ac r os s , In t.hi s ;::0. i: vo s t.udy ~: ;cncr<.lli-_

tion of the Euler r'unc t.Lori and di s cue s - -1.8 intGl.'8;'; tine; )J:'oDel' :-,:,8S

-:<*
DEF Il:ITION. 2.

of 'error f'unc tLo.rc J def'Lned +hr ough tIt:'__ :?;cneralisation.

Let r(1):-:;ent the number of

111 ( x , ( m, n) ::: 1

c/' (( n) [xJ) =: 2: 1
:0'

(n, :'_

wher-e [x] 3 +., !1.(~S ~I~orthe

?''l:U'ther if n C 7+ andu

1,2r cc;s t
r

n =: L:
i=l

distinct nr Lmes + "8 Z t.ne n

DEFINITION -, If n:::
r c'
'IT ;;'i- "i=l

lvi tIl (:';)11 ::: 1. Dofinition 2 ~oGcthcr

:::l

i whe r e the i). S--l',

y
=: 2 ,~!) (n) =: 1

x . v

-¢ ( 11) .1 -- ) < cp (ri, x) A cf- ' n) + ::J( n) ( r;,'- ;'(,n ,/ -<, v, -" ' -.n u

(nE: - IJand 7.!)( n) :{ \:( n) 0 ) V c: ') C -- ( r+, i'= t. ,~

-'-"_.--..- • . .-.. __ • .ow ._ .•••...•. , __ .,. '..-' ._,._ ..-..-.._ ~ . __ • •• _ •.••.•••••.•. • __ .•••---...-... •• _., -. ..'_ .•• _.-""---'-...-_ •.•••.••..•.•••.. _._

* Hork done, vrhi.L« -CllS C::U ::;1101' pLrt1ci~'kl:
o'l1EdCr Institut(;'_n :;U~.'.1b(;:r ':'~180rJ (lDi

** the ~encralisation in Definition 1 ~s
the cons idc;:rL:~t.Lcn.. of this P':"',lJcrar e cl

in the IntcrnationaJ
2.t A.E~1 Ar bor , .iiclii.. -:"1.

,t:;,,'" -L~:;utecl t o Ce s 2.1."0, 1',:.-j
'f.'erent.
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2

We

Sil1ce ('" n) - -\ •. :.l ? .1.l --_ 1::,11 C Z+

¢,( '~I~=) + q' ( q,(n) + J .C' ( n,x) =1 ( '-),...n-x) = ~L.L ::;;, _., , ;.J.,) ...::....

?,n( cP ( n or) + cj:J .., " ._) = 4 ( n) U-( :1' ~\':'iS e ( I~)" 1 ,_"_ .L! '1 -"---...: .. •.J

Let us now C.c{in'2 th;:~ er r or function. Sine

s to Ll.owl ng definition.

by t:.18

DEli'IHITION 3~ e( n,x) x= n CP (n) -: (n , x)

i~
1.::0

)1
,---- J
j( -... Q

e ("1 or) -,. ,L. - d{
r-.'-~ ..

n-:

a)

b)

n

x ! n H8 have

e( n ,cc) 8(n,n-::)+ =
~-!. ., ( .., ') •- ~ .1..L.

= 0 ii

= -1 i .r_1.

n-]C .
.- "'.-- cb (n) - ,1-('::1 11-

n· r··'

c·: , n) / I .0:

(x, n) = L,



NO"V1 it is clear that

n

? c(n~x)
'---'-I =

')
u

";-1 e r --1 x)L \1,A

:..C ~ n
()[, n) :.::1

=

Part b can be proved ~sin~ (2) l' &nd +1.-,.-.....11

e( n, 1'n + x) = e( n, x) if +C Z

THEOREl·i 2.
Y\

a) J e( n, ::) (1.;: ~ 0

D " '11

frQ.QJ.•.•_ J 8 (ri, x) dx

o

Clearly = !lS:J&
q ••
L.~

He need an e s t i.. te of 1 v)., J"

S1
is a fu.nc-i.:;ionw.i th jumps

-N-", \
'-Vl"
'-I'

)-1
I: i

wher-e
file < »

11., X)l/~

o
no, ~,... n ~ (n) -1

(in ascending order' ) and

=

= cb(n,x)clx

= > s:"lective1y.

Since,
at every ....< n, ( m , n) = 1. We '.D.V C

8.:'.:'8 the Lnt. .er s .: n ccnr Ime to

n = n,~tJ.n)
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-na:t'n\
--- ::.2_\ •. ':L + 1

2,~jP( n ,«) dx

o
Hence 8

1

- 8

2

= 0 wh i ch 'JI'OVGS t.hcor em

= u.b (n) - 1

S2 =

We shall DC".! usc the er r or f'unc ti

¢:..Ln
nLira

m -7

Droof .•.t...:t..,; ..__ ._-r- In cfe(n,m) = n:. ::,(n)-
n

Hence
'W\l

')
~.- ,

'Yi -:. I
=

ff, .J

)
~'-I

-n=: I

S,.., +
.:;

e( rr.m) +

rtu4 •
CI If°4-

m

=
We shall first evaluate

of fractions in a farey sequence of orde
result that

F =El

m
~. .-1-,) Cf--> (n)L-.,

II z: I

the number OJIf 1:1e denote by 4-, (ri, a, b)

(m,n; = 1 then

a. r~~y\-- b t c{i\Tv<..~J,r.m(3 )" A
to show

......-,.
_.6..._

')'\
~
) c/>(n,m).
r+-!

=1
,

r epr esent.s the nun1 ..,

III then it is a. c12.~ LCJ.l

such th.o:.
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cp ( n, m) :::: cp ( n)

M_'_I

+~
I

11 '" ,

'"m, I

= Z 4>(n)
71= I

NO\,! cb (n , n,m) counts the D1JLlbe,

Or nml < and is in its lowest or(eJ1

of order :S m, NO .....1 every FD_rey f're.c t:

by ¢ ( a, 8., n) • This clearly implies tj
h1 f

,') c-p(.n , n,El) :::: 1"
'-I m

S _ n ""::::i 2 i om 2
" 11' = -~~- + (.t± .Ill G

7f

Hence

Let us now es t.Lmate 80• Stnce
f.)

by Definition (2)? we have thJ.t

The
1;')

f- .: rp (n,n,m) •
I

i1 "" I
)r n < m t -: m (m I ,~'1..•. 1

This is a F-,~:.Ile~!
,., ionr ra

a b ,.. is ed1 15 , 111 ccu, .¢

-.,

)

m loe; m) 1"1]

(
e

/ '41( n) and l!J(r:t)
./

m)~ -::-

--- ~OCn G ) I'or ~very E'7 0 since
O(n E ) for f- 0 [I}:::: E ;ry .7

Ie( rr.m) I
't(l;l)
'(fl.

Hence SL1:: '" e(n,m) == OCmJ.rf) ! f' '/ O.
:<: L.I

Thus 7\;:I
))i\

-' cpr'}? ) o (?Y)I+fj +~?1: ot», IOem)ffl 2, - -/.--
he I

7J 7T~

c-r _I ~ ¢>('!! '
a (?Y1I+~)

-i- 6 + °tt~1)-- -
"7 IT--/ )) 'I}') c:?}1 1'!:::I

.:-: 'h'\
Hence i. L' 4:!!)) - b

'/}-l-=J dJ ;V) -I 712
}) ==' I 11

6
(Note 2

7T
is the L'a.mous limit ".(5 \ -LL, ~

, '1'"
11"'-/ '

) .
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From (2) it is evident that

Let us now consider an error fune on of three v7a~~ic..ble[

Lim
a~co

or b---=-; co

cb (n, a + b)
--::1..---"---' _. __ ._,--_._ ...

Y ( n, a) + cp (ri, b)

Th1il.san approximate es tLmat;e of cjJ( 11, Cd

l' (n, a) + . p( n, b). The follo1:ring 8l'r

estimate of this error.

•

\'rou.ld be cp (n, 2.+ b ::

funct:Lon gives us 2.:

¢> (ri, i)

DEFINITION 4. Let e(n,m,i):: d:: n,m+i) - cP (n,m) _

n,mi C Z+

T}IEOREH4.
-rlZ e(n,m,i)

I
t ::'0

ee)

:: rN 1Ii ne(n,m) + 0(1
n
)
'--1

L=o "Cc "
e(n,m,n) :: 0, for (n',n) = 1 nl ~ n

')",-\~,2-. cP (ri, m+i
. I
(,.:0

q.,( n, i) + m cpCn) - n ¢( n,m)

= n 2 ~ cb (n) -

for e( n,m, i) = eeT:

cp (n,

Part b f'o iLows from (A)

n e (ri.m)

e (ri, m, i) since

)- \
---1

) ~(n,i)
-I
: Q

J ::: n e( n,m) •

) + e( n, L) - e( n,lil+i)
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TJ-IEOREN 5.

'/'\1e(n,m,x) QX = ne(n,m)

: [~J ne ( n, m) + 0 ( n)b)

tVJ e( n,m, x) ':x
o

e(n,m,x) = cb (n,m,;-:)
71

Pr.:..oof• j e(n,m,x) <1"

o

11.

=

+
- ¢(n,m) - q" (n,x), m 8 Z m

= f~(n,,"+_:) - <p (n,m) - 10 (11,0:) d.: ,
o

-86 -87-

where

Since ¢(n,ntx) = i. havd<fCn) + <p(n,-;':.)

= j</>" (n, x) dx + ) t~1(n) d::

o \0

n <j>(n,m).

J
,n

(ri.rn+x) (:;~

0?1.foe rr.m) dx =
Q

=

Hence 85 -86 -87 = "(p(n) - n cp(n,rn) = ....e (n,m).

Note that the ::,'c1lr!iJationover t:1e (1.; c.
.; ...•...0 ::'ete ':':S (i'ell as over L~';

continuous v .....r Lab'Le :) I~ e(n,m,x) Glvc:s tIle ::.:.ne quantity. ThD.t i
">'\ f:( n,m,x) dxZ. e( n,m, i) ::: = ne (n,I::) •

. I ••(:: 0 U

Let us nO,\1 f'Lnd upper and Lower bourx for the aver-age va.l.u

of the error flL~ctions,
e( n,m, x) and e( n, x) wher e

~
'I'Y\H,

1 -THEOREM 6. L'lri .:sup
m ~.:~ m \

Y] == I •

Lim inf 1. ~r<'1
/m '--,

1Y\ -') (.~ 1)-= r

~ i-

e(ll, .i) :; -i + ~ [!]



J:

~;

PI'.Q.Q.f. We h2;'18.
fYItL M-+C

~r
e(n,ii1,i) = L,z

~ -:I """'+l"I, ,

~ cP(n,lfi+i)
fYl-:::.\

:::

2 Fm+i 2 Fm

since

')1 !
-1:> cf:)(n,n')

~\
'/1:: I

By (7) and by (5,6) 'vie have.
1)1+L

~!.~¢ (n,m)
11=m+1

8

( ct (n,m+i)i.~I
1)','\

-'21 d> (rr.m)

1'\::. ! .
M"IL\

T,
11:,'M+!

cp (ri.m)

::: 2 F
nr

11
>;:--2 )
~

Ii .::-

:::

:::

iJ'I'~ l
\Z ct· (n)

')') I:::'hi" I

'M->-i..

2n. /,1-+"

::: 1-' F - C
0, m+L - m L1 ",here

lience
fr!+l1

Z,
)1 ~I

e(n,m,i) :::

Let us finel bounds for
?l1t-l'

Z,'f(n,m,i) = (ri, L)

1'1::1

F • - F + Cm+1. m m

F . - F + Cm+1. 111 m

f( n m~i), "

::: )- cP(n.i)
c-' I,.., " I '

'!SIVI~L

?1 (l J~

{llYl 1-L)( L - ~ [J'z, 2 J

c? ( n,r~)

''1-1 l

')' cp' ( n, m)
L,

I::::.M+1

?H +t ,
)
Ll

i'\ .", I

d-> C n)

( "- (n,m, n)

""m =.:-.O(m)

'.,', 'i.. I

) cfCn,i)
-- ,
I

:n,m,i)

<p(n,i))

'1'0'" L
\

- L'1'"'."" .• .»

I
, L)

',,1 ::;-I

1> (ri, i)

,

( 8)

'2-', (ri, L)
')'1 -s,) It + L

')'\ (:A."~\\
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NOli! i-(l'l,i) :::i if (n,i~) :::1. The m .,o:c of 1:::;'

8.3 m

,
<, t>J""/.

is as;- ~-£ to

Hence lim
m ----? CD

£lr~IL,..i.t
11

-I

11'm ) C
<:'-'1 "

m -";:> 00 ?1 ~ m H
i . "1)-"niL,) -

subs bi tuting the bouncs of
M~L \

\.'1\f;,;' e (;1) Yri1t)

/J ;::.{

f(n,m,i) in (

and

~Li

()

{ /.- / S:' ~'!)
/

'I'hi s completes t.he t.ncor cm,

THEOREH 7.

-_ -ni ..L. (n)P-t.w\L'!. e(n, L) 4~· .. cti (n,i).

«=:;. i. _L
712

o.; Lr-I.-.U I)
" o . }>'1---/ / '")

)
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Thus

o
M+l

:2,
11-::.1

e(n, L) = cP (n)
n

'~~

i ~./'" '::/

'~~

i !.,
I

'Y\ ::: I

=

This gives.
)rl+l

\
I

~
e(n,i)m =

'VI ::: 1
Thus

e(n, i) < (, i_CP_l~~J_. ,<,
1.T

e (n, i) E,
i - ~ ['~ 1~

TT

1lll
m~Q)

1sup
[11

lim
m -----:y Q)

sup

Usinc: the bounds of f(n,m,i) and

(.n, L)

.f..LI4l}1..~.J1
ill

eorem 2.

Do there e:~ists numbers 'n t such that

Let us now concLude by considerinG nc fir:~;.l quc st Lon,

e(n,3.,b) < 0 or 8(n, a, b) '::>0 'd 1,b S z+ ?"- /
,T1-IEO IDJt;l 8. A necessary and suf'f Lc: lt c ond.i tLon for

¢(n,a+b) ~c:p(n,C'.) + p (ri, b) 'r/ a,b z+

whfch is the same as saying

e(n,a.,b) ,< 0 V o.,b S Z+

that "n ' should be a. power of a prime (pHi

PX..Q.•Q):•.t.. We prove necessity first.

Let e(n,a,b) < 0 \j, a b S Z+, and let
,

c(i S Z+ r ~ 2 Pis distinct primes.

l·,~..:>

n /I
0(.
1

D·- 1

F
(~ \

any i ,j , i i- j, i ,j s

H

ij
'Ii
,ji
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since (Pi,Pj) = 1 \-'Ie have a solution to the equation

D .• :: - n.yl = 1 in X,:f 8 Z+~l -J. \

Let us assume vii thout loss of generali t. t.ha t p.x < P;Y.J....... .,. Clearly

PiX, PlY. are Consecuti ve and not copr Lne to n,
+Now considor any m 8 Z

m ° (mod (9)

and the t'1:l0 interv3.ls (O,p.Y), (m-2,m+::.y-2).
J. ~

Cl~~U. f'or any ° < E < pj.Y-2( t=' ,n) = 1 ther o exis t an

m < m + E- <.. m + P.jY-;2 (m+ C ) = 1 by (,-'). licr.eover (n,m-l) ::::1.

This implies that

~ (~,;) .y)
j - l f (n,m-2, l~+ .y-2)

J
If e(n,a,b) (/0 then

e(n,a,b) == cp(n,a+b) - ¢(n",) C#(n,b) 0

or cr(n,a,a+b) -1' (ri, b) > 0

NOH for a = m-2, :) = Pj! ' ve have sean that this is true. Hence

e(il"a,b) > 0 for some a,b 8 Z+ (and he nco infinitely marty t.Lm.,s

since the solutiol'~s to (10) are infinite'; e This is a contradi:":,~,ion

and SO neces s i ty is "proved.

Now let m
11 = P p being a pr Ln:

cp(n,cHb) = 2. + b [
'p.

P
+ b :

cp (rr. a) '- a -[ ;1
= b -[ ~)
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C,learly e(n,a, b) :::.' 0 V a,b 8 Z+ since

This completes the iJroof.

I t.hank Professor 1.Kuipers and H.lTiec1errei t01" for some

s tLnul.atij.ng discussions.

I am grateful to Professor D.J .1eii~ for giving me an

oY:)Qrtuni ty to participate in the Intern2;~LonJ.l Summer' Institute

in Number Theory (197(l, An:1~~rbor)

1. Topics in Number Theory (VoLs L) Willi:.: J., Leve que , pp.120 ~j1d

2. On the Distribution 0 f Pseudo Random 'T:lrnhers Ge[lerFlt~o bv
a linear co ngr uo nt t nt met ho d , H. Nei(lC'~rteter, Baths. of
Comp. 'J. D.
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V ",here

r e pr-e se nt s the numbe r of fare" frFl~tlons1 .~.[0..; (:i) ',rtt.h oenolTJin~+or

~ K.
On dt sc uss t ng ",'ith him we obse rve o tf·,·~ his resl11t, t s the

f ••
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This is given in (3) 1,

"I

I'
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intror uco a new f'un-rtb n in number theory "\r" to 0 iscuss l"ro-

D rties of numbers '-',3fined through this f '''ction. Our "10fin1-

tion could be extenCieO. to all r'?l.tionals l"~ 'TO confine ourselve:

to natural number s , Our function is c l os ",Y linl<:e0. 11/1 th tho

number of 1Jartition.s of an integer into l""Lr:lOS and lIe hODO that

thi s would ~')rove sucjr a study intere st.Lnr,

No_t_B...:t.ton~L.-:.

I set of nositive Lnt ;cr s

p set of primes

C set of comnosi te Lr' ~gor s ,

i!Io shall use ti'le ~,vorcJ.'Result f, for minor J:heorems, and Lemma

for results used for the proof of theoren~.
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Krishrl.aswami Alladi
"i' 1, r '. 1 ' M' 60r'" ')4of vekanano a vO.l_ege, iaor as- .1 ~; INDIA.

++++++

tion in number t ~-'(~(iryas socLaterl 'lid th t}r- canoru ca'l r enr-e sen ta ';' on

of an int8r;er ~:S ;'odx.cJ~ of nrimes 8ndur1Y iV; nronertias.

DElIla TIOlJ 1, If C] 0__ - .- . n c ., <:.n. n

PI 1= n , , and
,)

1:->. I!'-- P
~"1 - /

and A(') =n LCn).

If n E; I, A(n):{ n~ (i j) pE P, A(n)
,\( 7)1)+ '

,~(- ')- '(' mnC::'-." D _n == fA n), "" '~_'" •
I />;

. (:U.i) A(l) == 0, C:Lv)

The proofs for the above zare quit easy.

If

thrr'ic if '- ( , 7 A("1 ) fo~~ all J~ <: '1, ,.,., E c..:~.n, , .lJJ

..TJiES1S0~~,L. T s» ,- P, then 1 ;-) , are high.1~y log "'ithm':'-'-- .1, D \::: D,

If -""'I an? T 1-! -1" notn ~ , -'-' 1 --,-,', '- 0: the form r. or ?p, p ~ P, then " ,

m E. C, '.10 m < n. The'"c. pP ''-.,Let and

A(m) highly logarit~nic.. I )
h\p • Hence ''11 j< D

Let 1'1 < '~p. Let m ;:;
':TDere /\ -m E I, and q ?:::: r.



.}

,

<

"",

2

N 01,[ A (m ) ::-: A ( A) + q ~,A +

Therefore 2p is highly 10garJthmi~0
~,re shall nov Drove the converse f, .,...the case n = 31)0 TIc'

proof for other c anorri c a'l. re'')r''" sentatior or oceo'" s on similn.r 1"8S.

L(-~t n = 3n? whcr e D ~ p. No\>!c'-'sidcr Pl, q ~ p suet:

that At 2q) :;> ' (3 '
~ 2 a /'3 p or C1 < P + 1.,'", .:0)

Now if INe Drove tha. t 2q: -< 3p, for SOlD I q E. P, our t.hoor em

. ~l S pr ov ec 0 Thi s im~~lie s that He would '"ave to nr00uce a q <C: P

sa ti sf'v i ng D +1~ < 3' P 'Hhich is true f'(' ::JJ,J., n '7.. No ::ronce ,~";.r
k --2,

theorem is »rovcd .

DEFIFITION:3. If n E I, let c.d(n) rC)nr,3sent tb,C' nu her

of m < n, m E C such that ACm:) < c(n).

Lt W (n)3·~n E:~I.
"n,~<X)

E.r...9.Qf; Let c (rn) r epr e serrt t.ho r vnbcr of' comoo 3i te int-er s

<, m ,

Therefore for all m m < A.")'
,

Lt C0") =
'YL~oO

This imnlies thnt
< J. ( \ ,- (1 A(m) <~,m I , m 1.-- \.J ~"-

> ( ( <,c A r "'j, H(?DC8

for Lt A(n) = 00
0'l, -) 00

n E I, i.e.

ACn) > ACm) f'o ;... all < n, m E. C ;'\"en

Wen) '> W(m) for all '1 < n, m E C.

~,'~ ACn) -- ( ) B t .!,C'--'!r c"n. u-tt:: (m < n, m '-,



3

E C, then (-J em. ~ / cern) <, c (n) 1 :LO-" ClD.(l E c.m «, YIl < n, m---
Therefore 6J (m )

, cen) (n ) 5 fCJl' all < e I Tllis<-.. = ,-- n, m •

nr-cvesour ro SlJJ:C.

• ~ I ).,-<o\. n

'Y'r1' <
If GJ (ri) "> (.0(n1), fCTlJl m!EC'A.n, n e I~

.> A (r,l 1) n fo:,:'all m r ~ C J rr: ,( b, n E: I,"'ltle'1st

for 8..11 n > ~T

i" •

1 ,- r. ' be not h. .Ly iogar-- c. ~e ~rove for

is similar.

Let 20, < Ifq

r~~rcsents the nth nyime.
2,

liuy'oy has sly- '1 that

rr},i s imn.LLes that

-.['II Y(' \C \ ." ·.1, ~ 1 11 "' 111 \

ql -( :3p'.,-1 ...•1.-.,· t"':->~·c.cu. p...•., ld

1;Je shall need 2n cu!~~.ms..I':'i:; of i;he nur -:~r of such o ". ~ince

IT(X) A.. X

(3.)
lo~)Z

If 0 < C <
for all n > N~

" ,

~F' have ':~Jle to'l.Lowi ng - -.) condi tions sati sf4 8'

,/
I

'l}1rl If C >- L,>c

t'''.ere exists an N" E::: sucb til.-c,t, iT ) /' Ct X
"- ~·'c

loG'l)(
If



~.'''-''.' ....~ --.-.,

~ ~ ~_.~-=~~~=_~¥~_~O<=-~'Wl_••_tt_·_- 1F~ __ Q_n_.~
\

all x '> I\"I. Lot n(Ji-l C, and C t Ibe such that 1< .:-..< 1.25.
c.

No", if P + 1, w",cl3r 8T8 mad o gro8.ter t;-:.n tho mO'ixi!:l'lIr'J. of N!

2:
and 1~1I t1J8n tlv? nuubcr q ' satisfying (ri.) '.nll be

PTherofore t.ho r o oxl zt C I
\

~ ItlJ P
who so 'A' functior~~; ar o grc;;"tter t.ha t 1J + 3 •

comp« si to integer s < 3~

(.JJ (3p) <, c(lD)

- C1 f < c (2.'l., ) TI L "Ij- "\' I -.-SL
~ioC)r ~l()gr

Thorefore W (3'0) - c (2q) < 3p - 2q - C1 P
,:(lo3f

c (?q) ::: W (2q). So W (3D) 6J (2q) < 30 ?q

It can be sbown f r om (1) that 3p _ 2q < C; -'~__

-'.~ /OJr

<C('2«v)

+ C( rz ~ J:S P)

,

But

for all n* >N.

I

I
I
I



· "

(2q) wrri ch ~s t~, c orrt r a+ic t ion,

lIenee the theorem is true.

Re.R.1ll..U.~.If n E 11 and n >2, hero exist at least

OTIe m E I, such that A(m) ::: n. If F(n) r-e or e serrt s the nunbcr

of such inte ":er s then F (n) is the number r nar+I tions of t n f

into nrimes.

J2::..0..9..f.t..Now f'o r all n > 2,' n ' c 8;' be wr i t ten a.s

n :::c(1 P1+' , + of., PI' 7 vlhere the P1 ar e ·'sti.nct or Lmos . This

cx1 0{. fZ cI- y
implies that m::: f?1 P2 i" • rT ,SE. '_sfies the condition

A(m) ::: n , Further t'~e nUTJ1ber of r onr c sGnt'~ions of In I as

n ::: d.
1

P1 +, . " +d.."1 Py ,is F(n) and~. lS t11,E) mr-bcr of n:3T"'

tions of "n t into nrimox , In thi s context tc: ',-TOul:1 li1-1:G to ):1ent: n

t.ha t an ostimate of F(n) has been made b Rotl,,)9.n'J. S'7,::),lcaras (" 1
They have nroveo. th"lt

FCn) ~ exp'[J~?-n_ Jf(1 + O{..?S~~)I\}
, 3' lo'j'Q. ' lorn. J

CLS Il. ~ 00

n C I? t.han is said to bo a logar~-If n

thmi c number if n :::K. A(n) Eand

TI~Dl~~:£'~,,3_...T1 3rG exl. st infini toly .ny lac; ar i thr;1ic number
:::-..., rr - ( ,=::'/ n ::: J\, •• u.. n),

K E. I ~ A (K) :c' 7' ( A (n )) • , ,. (5) u;
Nov-} l-et m E: T., 0. "f'I 0\ cc n:3", de r tna. 'Ylllll'\ be~

m p.,- I ( JT ( it) ) =- m (6)
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A( I) 1 !:ln;J \ 1 ~ i' 1 . :"' • b h ' i 'II" = "., <., l}. m ~1 -;/ ill lS,q .i.og ari .irrm c Durn '~r, \1. ere .~,

is COlTI1)O si te , 110 hr;rE~ calI., mI as the lc rr i t'h"ll:'C X'nJT!1bArobtni""~

~ tl:'1-t ACrn') =m.

nu-ibc r n' obc;:ti:n' thcour,h ' ..'; say, hr . t;.(nl .-- ACnl). Tjut t",

JOi-~~,ri.thmic nunbcr » ob t a.l ncd through aTe ~iffcrent. for

t"~e I AI function fer any intor,er is uru o-.o .

Las tJ-:l the 10 ;)'3.rt thrni c number 0b t.ai -'-'.!0 tr.l~oug~ ~J. or im e t ,!) i

is p.A-! (,A P)::P/~\(O):::-'PitSGlf H~r .,~ in 81.11' r'Gfinition ,': "?

c onsi d ered In' )':;0 h:-; comDO site _~ A(nJI..: c omnos i,t e , But 3i nc

thoie number s is in';'ini to.
~ ( ~
1\n/

nrn~bers nbtaine( , .n', n, E C :f(n~ = F (A Cn))tile:"

form \-,1 (A ( , .,n L 'In:,
, ••. I /

T}i(;!'(:,forn the nu ",?r of such loc,,,,'ri thmi
-I

tc the ?l11m'ncr of ir:J'-rrers m = A (A:(J11))
Thereforor A(m) = ,:Hn) , v' .i ch is nr ec t s ol.y

rCr) =~(A(n))
Further fen: ::-:?(!7.Cn))) F [ n/2.2 J 1.11'C:1"'8 [J s tand s "~')r

theor8l"l of 'Roth

TheoreF .~

/.. 'r--,-'--,
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ler.'.st

Li.t~t\l~~.If ::~E I, then for ,J.lJ. !' "> ~T, thorf.'; 8'dst ",t

one '\L~E i£"n such th~,t -n ~ ::= 1 .rnod a Q •
'00

Er..Q..QL... 'I'her-e exist i.nfini tely many '''''imes {p J } j "'1 sue"

Pi =1 (mod a). Let PI and P2 be' ~he snn.l1est of t'hc·'.t'1.'3.t

h now so o that for ;:111 n /. 11, n carle ~artitionG~ 83

trt -= A1 P1+ .A~pZ' For if n;::' K (mod r.)R,)' ',';8 need ;'1 A 1 to

s2ti~:fy the congruence f\1 tJ
1

:.. K (mod P2) r - Al t:\ = 0 (r.lOd T)?)

or .::: '\;2 p,~ • No~:.Jt'-IC above congruence 110..::'1. s);.utlon if (p'l) t'z}):\

But C P1 ~ P2 ) =1
M )., A').
'111 ::::P1 fJ~ Fur t.hor rn lJ

c

If (.:,b) = 1, e.,b 01. b, then for nIl n

thor e 87:i st s an m ~e £n <ucb that 'l~{ ~ ('Y)Or1 .')).

<. 1-P.-rQ-,'l..t. LGT;118 1 ShOi.'TS thc~t for all m ,>' 1 tlleT'(!
I

rrn j E ;;(11'1.such th8.t

n. - b (mod a).
l

• J
r- ;"JTI.Sl(' o r

infini te1y many suc!.' "mI ,

N0\.[ con si ~er sinc(;

I
<,.
:.

-- :~
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8

for all tn > N ~-"I E !£:_ such
.A(~)

't ha t m ' == b ~mod 8). Therefors :n.m' = n _ h (rno l 8), and "1.

:LS a. logarithmic nu-ibe r . Further III "N.I \ C '::R ;"1 nrl
) v\ YY\

I .l;to \)?I: --' "._J.)
J'rf\ . . i"l ~I--~

"if n f m , Hence thr:; t.heor cm.

m i.c N1.)."'rlbers. T:r.en

sf~~:uenc8

numbe'r of »al r s n, n-? Ef' is infini t.o, Further if -rr( z,...:. 'j'
, I

rp.nrosents the m .."L'1'lOc;}.'of such nail's

fiex ,:l.J ex
(!o~~)2

i.vhere

This imnlies tha-~

,

(h' b '-' lis theH- 1 l t':L)
ith ..."'\ "1""'! -" ("'1

'o'. _, "'-

of such DriTYl C S "

C18::.trly i.f
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.-l~.

/-\ C1\.)
-n,

thmic nuabe r ,

tJ Acn)
"---..-

'Y\.
=0

1·; "( '., t. ' I_"'),~,., ':)• ,_ , Il I, ·,-Tn.'-' _L t..,

Therefore

Therefore Lt:
r;l .J co

Hen~e the result.
DEFn~1 T1Of ~--_~_... --~' ..•. "" _\ .........• E 1. -f"0·.

11
11/1 0 c::: t..c9 ,., t V \ J' _.; ') n 1;';' n)a. -fl.

L
~ cJ(..nsucn t.na t Li1il - 11, .- -' ,'~ "j'~}""-'- \ .,

c.:1' tbmetic al - "-:~'~'J.. ~,.~.t.
.p • .,..,r.l··
-1 .•. '_ .••. ,) v con~on ~iffor0n~r
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,-.1 ( ) • 1 -,~'( .. t )~ ni = l-_. or ~

i'L(m) =:1\Cml).m < ~!..1. •. 1 !,.! such t'(!"t

r r \ve take the seQuence1\. (y\+ F- ~ Y\. then
1 <.0{) .

'Yl..<1\+1 •
~

tha t 'Yl 'l'1-11 / I'YlQ,o~ 1\) as «) ~ c;() ,

~)rov:tng our t'l(;orr;m.

Let ft (mryi +1 ) =- 'l\ = F,+ p -t. I '. Fou if orio of tho Y'I~;'1'1es
" .).,

. ~ ~
say P1 <1\-(lb0Y1/- , then f;l, f3)" > F"LiP3+ -:'? ~05Y,)

--- 'Yt / ( 'L
The ref 0 r 8 ,()~ 1'\ "r I ,7 lJp J Y\) •

2:J01,v let P1 <": (loo/y\) ,so trnt l1C~ rl0 not l.::no1.'JvTh(}+"er

f-11 f2 . '( . >ro\to,,;'Y\ )L..or not. Clearly t.h: rumbc r nf ry) ~ E ~'(-:

such t.na t A ('fI t ) -::= ~ \ + I ., vrill be the nUt")ocr of Dartt tion'-~

into r.r-i.me s of ("(1 - ~ 1) for the '/1~ C/:JJ ~-"(t ) 2.< F\ < n . :-:t
can be co>s:i.],y conouted t.h.rt tho num bor of such r.A is (~j)C('1\'!.\ - J

C'fl- ft) is

FCYl-fd <. \-( (Qo~~)L) , 0J 2.Co") Y\ )~ Tr (\ -t 6[))lOJJ,vt':.'y\ J~~
IV ..Q,V. b rr--r- 2. (o,~ l r) (';' \"1 (

\ t) to~GO .?l )'\. . I ; I )

Further the nurcbe r of such P ~ --=- (:1'Y1). Thc0refore the l'L.J.x=,n' ,. \

nU"1b,nr of 'l1Z , such t.hat '1\;,::: PI -+ \a~-\_~ , < is

(&0 1L) -'2)< r {!~Qo5'11)2. -II (f'1- c ~oc:.j(o1i_~):: :'~1~
V . 6 loq Io CjYl ~4 ())cJ't\..
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11

. rL
C1ce.rly the number of rrt { such that rJ\ r > l1Uo ~ Y\') <: (;{

G •

It t <.Q But if 'Y\ 'Yl +] is taken , iJ!G. cle .r'Ly ,3P(, t.ha t n + 1 '> ~
for n+L = Jl.:¥ r (CvJ\:tl -c\)):. 'Yl "II t I '> "r1 ( ~o/"/'- if n ----7>cO •

T p <)1.\ ./ rv/'--' .her et'o r o L.; ([I -........V\.../ ,

')\, '1' + \
Rema:rl5> In f ac t 1.ve h2VG »r-oved riot only for t.ho case

but 1Lt)rf\ where rrYt '> .A . ~) ~ '> (J •

11IEOllE!Li2. If !y) 'Y'(\E';;f "().,
% '> \",,-. '-", 0, /\ /

Ennee the I'o.l.Lowi ng t.heo r-em n

tben

Proof is the same,

E. I, then <fL is as follows ~-F (')1.)
('(\(3 "

3 l~ 7l -=- 0 (rrvt 0 cA ~)'
~r()-~~ /3

3 ,~
(rn-4-) /J

3- '1-r\\ ,...L.

0L F (i)L J

n1F':::'(t'(I )
'I~ YL -= "3 (YY10oL g)

~ryt-I (~od~J
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all the st at emerrt s of Resu'Lt 7.
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The our oos.: of this contribution is to introduce a conce-rt

ca'l Led "Duali ty" Tlong f'unc td.oris ('l~fincc1 on integers and to

study the class of functions ,.,hichDosscss "Duality". He ar o

led to this coricco+ of "Dual.Ltv" l"hich is aunl.Lc abj n to .q "lide

class of functions, by initially considc!'ing a r el.atd cn be tween
A(n) and Ct,')(n) t","Ofunctions introducer'! by the author earlier 1 •

y

;>.11 integers > 0, and n::; IT P: CY i~
L=l c,

A(n)

If n is
~

= ~ c{. I::.'
1.:;;;', l '. •

then

l'fe defined '.n t to be a highly logar-i_

thmic number if A. (n ) ') A(m), for all m < n, n"mi m oai ',r~

into~~rs and m b~ing composite. We also ~afined (n) to be
the number of 1:1 < n , n,m being interors, m being coml)ositc
such bha t A(m) <, A(n) , ,

It was t.hcn shown bv the aubhor
• ',I 1

(1) A(n) > A(m) \j m <, n , m, n G I, m, being coaoo st t.o

(J(n) > e-J(m) " " " 1111

and (?) CA.) (n) ul(m) " \I " II;> j!

i.;-.) A(Jl~ > A(n) :> I II " " It

'i/ n > N. Tbat is, tYe nu-ib or s satis'f'ling (1) (highly logarithmic)

coindide vd th tb,c nur-bcr s sati.sf'Ying (2) '?..ftcr a ecrtain stage

'N r, 'There ineqlL-:J5 t;j_ es (1) ancl (?) are 0of'Lncd OV2r the same
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set of Inteeers - composite int(:!~ers.

£!"9TE: I is the sot of 2'.)ositive integ.:?rs.

DEFIJHTION 1. >0
'Ie define lJ to be the cl as s of all

if ¢ 6- C; t1,onfunctions, 'such that

¢Cn) ~ 0, nG I, n ~O cp: +I~R
"

b) There exists an infinite secuonco of inter.~rs in

inCr2Qsing order
so that

A =
3) I ') rt. } "'0. f 2 / ; (

oJ J - I in increasing order arc all tho

inte2:r;rs satisfy:ing ¢ (n_
i
) > <;6(a

i
)

.J
for all a. < n.

1 )

and

at least n. > N.
"

J
and

0) the so('uence and Z
· n.

1 ',.
do not coincide ove~

after a certain st3ge.

DEFlfITION? The integers n ,n ,n , ..• are sai~ to ~e1 ') 3
Ihi g·llly cp lil~i~ I, andl? is s ai.d to be the 0ual of ¢' c., ,

said to DOssess the nron9rt~r of '~ualityl.
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?WtE.~ 1) tn the case of A(n), cfo was er.u:11 to

A, \f = w and 8.1,a2,.... the set of corvoo s.i to inteR:crs,

r highly A 1i1(0 Ii. c. hif-1"ly Logar'L thr:lic numbcr s ,and n'l ,n ,-- 2
2)

...
'IIhenevc-;r '18 re-f'cr to n sequence of integers, it is

a'l iray s nosi tivc and in increasing order ~ to infinity.

arc functions ~ L:;DEFI1HTIOj: 3. If ¢ ,'1nd If

If> (n) rCl)re sent s the mmbo r of~aid to be a dual of

for some sequence

if

a. < n~ Ca. )
~

such t h2t cp (n )

• Tl1.'! s o que nc e ~a.~' is c al.Loo an associated (integ~:rs)
L ~_l

~ ' -
sequence. T1e also USc the notation y instead of .y

T 13't rh ,,'"'J v=e .'t-IEOR.c.:1 1. If Y is a '<:-------"--7- f'unctf.ori SUC') t h9.t

cP (ri) >/ 0 for 8.Jl n -? 0, n 6- I, and there exi stsqn

V,lhich d» (1"\1) <:tl(m
2
)

0./)' d ¢(lr'? ) -3 ;-()n .>

i -=:C' 0<') fF.f' /1 ¢f-

,

o

like nu~bers and

the a ss oc i at.od s'JQuence. 'Chooso ari integ·jr m1'-such ..thatJ ":~l)~ :(",oJ
. r': 1.• _. r:,

\.: m (ffil', l;Je her-e choo se m2 as the intec:cr next to TIll for
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m1_, ••••
-'-:'"

that there exists integers "n ' satisf:ring ¢l.n) > = (m) for

all m < n, (J )

C:i2&1.: Let th:~ m. s he notall consecutl v e • This
1

Lmnl Le s that there exists an interval (ml,::'1'7lk+1) for whi.c h ~1k+l

mk + I. In this int8rv8.1 denote by b. ,the ~:,eatest v aLue

of the cP function, less them cp (!I1
j
{). If there exists

more that 0110 PL3.nchoose the first. in

every other ir:t::l'val~vhoso -'list.?,.ncc :i_:.:~ not one unit. If m,

and mp+I cons ocu t Lve for SJ:!1G D < 'C choose J:!1,_)° Nowif

cp (oi) ;/ 4 (bj) t-j :; <: I , tlt.Q·~ choi.,c ~ i:iJs~lf as b
i
_

J

and the 1"1 S
1)

~ ')
as the ';eC1uence ;" a

i
<"

" () and lot

the value of 0<.,'
Clc?rli..r the Sm j7

( i i=l
satisfv the irGC)u.8.1ity,-!..,.(J'¥1o)-,."!\(·c{ )t:J,,; <M .•

v. • '-f/ I --- '-f.J,', f.' z

'y
This

f(/Ili ))'V(c~I:) Ii r r i.'':'' )°7
as sociatcd S·;O·~I\):r.ce

i.s tIl,e Clual of
/ i
J. D.. •(.. J of Lntog or " n(1

t-,0 ,
T,-I.. ,~I.C'1 S~+ i srv 1-;1" j nocu-i'l i ty,... .J_.).j .,_-__'. _ ••. '-:'. • _ .;

C1nc1 let

this seCluence
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Then But vIe knovr t 11'"t since

5-2 for there exist :,no

ButiiJ'G k.nOi-ll/ Cnq) > 'f (a
i
)

a. = a, ,'Pen):: ~ Ca, 1)
1 J-1 q - J-

for all a. < a., but 'fThen
1 J

t.i on, Therefor Itnlq'S co.inc i do s I.,Tith tho mks. Further tr(~

sequence ~a.~ c1()(~s not coincide '.lith fil.• 'l'her ef'o r e
. I. 1;

whor-e the 'n\;: 3 r are not consecut.t ve .i rrt e «cr s ,

If the t· .,are conSGCu lve ln~cffers, then ~:lOOSO

any arbi tr"l.ry so-u 8~ce of int~';r "rs F:l.i?'l2F:l.3,• o. Since ~ IV c ,J
, /)(c Gr;;,q}--\.Q/J,1 CC &', J (?- " ••.

¢(~)< .i. &:"':.l- ) I (1'Tl1~re b1 b
2
, b-' J,) •••• ar o the into?,) "r.- '-t'".. . i\ ' , 3

1,?,3, .... ) arc) the'! Lnt.og er s satisfyinc: ..'~ (n) ,) l (Eli) \' 8.,: < n

then thev al.so ~":otisfy tbe ineruali ty of the (lual of d» , nee
) I, CPfG

THEOREM -, If f(n)::;: O?n~. 0 n €: I, and if for

m1, m2, m3 •••• ~n infinite se('uonce of integers, fem
1

) < f
2

)

f c r~,•• ,. then - c G

r o exists three cas s , If 1Ie consider the

s orruoric e of int rv 8.1;:: (~_ ,m2) (m
2
,m

3
) ••• tl'}en one the t.hr :

condi tions must be satisfied.

1) Th81'(, exi st no int~,rval (mi,n\ +1) in wrrlch the

functioD3l valus at n (mi,mi+1
) i.e. fen) f (m. ) •

1
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?) There 8xist a ~inite number of intc~rvals Cmi' mi+t)
value at n E (mi,mi+1) i.e.h' ,\1..1 C{J the f'unc tLona'l.

i _.e. f (ri)

Thor" exist infinitely many intervals (m. + m
i
+
1
)

1 _

i r: 'Ihieh the f'unc td ona'l. value of n E: (m. .m, +1) t.. r: .
1 1

I,
\

I
I

fen) ) f(miL

Ca~. 1'11is is the same as thp. conci tion (1) in

Theorem 1. Hence f E G .
Case. '-2. If 'ire now le2'T8 the S8 finite number of tnt.crval s

and start ':ri th 30'718 (L' j ,mj +~) ,

as nl'~' •.• " then it r al.I.s

as Theorem 1. T~ence f E ~

Case 3: There now e xl,st infinitely many mi' such t.hot

arx' r ervune m, ,mj+l' m •..••2 •....
d J

no" under the same condition (1)

for at.Lea st one n E (m., m.+1) fCn) :>f(m.). This shops
111

thCl.t it is oo s si bj e to choose a sub sccuonco lTIi ,such that t ner o
1

exists at least ODe n 6- (m . ,m. ) snch th:J.t fCn)Ij Ij+1

vIe now choose an nj' wher-e

f (nj) > fern. ).
Ij

n.
J

is the first intoR>,;r for wrri ch

I t can nov; be sc en that the in. ;5' ct,·d~Jl1·?s(J {! J"

e for the

form the 1'1.irh1y

'f I like numbers r-. "" _1 (r ¥J
'-"-,/ I 0l r c:- l:J

not coincide). ~~e other conditions for Dualitv ~r8 also satis-
fi 00.. nonce fc;

G\ I

to ': ?

. //'That arc the t:nc s of f'unc +Lons th?t

do no t belong
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If fCn) ~
/'

0, n ~ 0, n Go
A '{Jf \:j: \/~

I, and
fen) ;;; ("' ''''()"Y>'J, .!. • .L in> P'l, t~'.Gn

then thoro 3Jdst an infinite se0~8nce

a such t.h "It.'i' >·.l .... ..'" fCn) ./ f (:1.)
1

a
i < n, :1.. S

s ati sfied by an infinitude of' highl y ' f lil~c' nu+ber s , But since

th.e :f(ai) ;; C,

n > Nf

\..'
,,1 i > k.

f(n) ;; f(3.i).

Therefore
if n > Hence th,...-:,·-:;'

canno t exist an jr'finite of 'hirshly 'f' like' nunOoI's.LIence

(4nalogous). If fCn) ::;...0, n >".. 0, n (- I,

and fCn) is a ;-;trictly decreasing sr,opcnce for a'l I. n >m, th;'1

then f* c: e
dual of f.

of integers ; "')
c a '{
L J-):L ==1

all a < n .i .J

= K.
3.K

But
tho I-I.st of the a. <1

n .•
J T1'.18 implies t:Clt

since (~. -.""'"~-l=r+:> u.)

nj ·-.>.'-oo..::.~nj --)00, :-:r:''1 S0 f* (n
i
)

".].3 i--:;;'i)O. irherefor(~ f'Cn,}
J

Honce hy t1'C)orGm I

,
= K -'3> CD

the Inc'r-eas rng sub~~equence

f-aT'

f* (2 (:J'-....'l? •

If f I:: G f:I- Z t- 8."(1,1 if
v

f* is tho dual of'

f th(~nf* (ri) <.
.•.•..

•••"', and f' Cn) ---; n for infinitely m8ny valu~3.

1') c( .cl· nc--, ,_-.I,. 0 I) tl. 1...) . ..:.., , the bra scuucncc co i~lci'::c:

f*(n) is not cav~l to In' for Gvery n.
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Lot f*(;'1).--:i: n for 1 finite n. This i;"1~")J.i8sthat

so f':«n+l) -=!:. "'+]_ . -- I 1. - • He nc e by inc1ur!tio: the f* (n) -=1: n for
I

infinitely n::my n ,

\

t''lcn there exists A. 9 6-
\~

su~h that g* = f. '~erc ~~
is n. r'1'2J of c;.

,'pr·2,Q.t= ~,Jo ::-;'v'.ll cons rruc t ~h0 'unction I f I =3.S :i'ollOi.-.Js.

Take any l.rbitrary value for g Co) say K. \iJe kriovr t.ha t
---

f(l) = 0, or f(l) = 0. If f(l) = 0, tlli:o gel) = let ';, k ,

If f(l) = Ii tl,:::n g CL) = 1(' > k , If general 1,)t us have r:

v a.l.ue s for '-rrdc1 r~*(n) is ")recisely f(rd, whor o [;*(1") rG~')r(':s('.nts

< n, m E I Sl1.C:·l t hat gem) < g(n) •. T.fro: t.ak e

in such a ilay that g*(n) ::i-p;*(nt) when n ;;;f:: n ",v 2.11..:0 s of

...• ~(n), the II' smalLe s t v,J'.ues 8.n('~ let n;(f.'~) be the grr.>'1.t('~~t

of these. 1st F,(L) bo the lc:'a.-;t of th~:: r-omat ni ng val.ue s', fJ1rd.s

i!"lDlicsth?t C:C') <'l(1) .::l.n'~th8:r8.'·dst DO O<]~t(n
g (H) .,. dT.")t· f' (,..,) (~,f T \ < 'I ) 7,' t (+1 ) ~ '.~::> Jl S Ylnp' g ,:j / r-' "". J ", t r)TJ 1"'U "n - ~_. __ ._.•

'.' -- - t.. <) '<, I \.:)' - '_'1 \.. '--- ~J L\· 2

This "rill imnly tbC'lt g*(n+l) = 1 l-f(n+l), and g(n+l) =t- gem)

for any m <: r, i;Jo have fOI"TIe0. 'l:.h8 functional value at (n+L)

'.'Then f(n+1) = 1 <. n+L, If f(n+l) :1 n+I then 11Ut g(n+l) = g(\:)+l

wher-e C(lvI) is 111.J.xirllFl of g(n), g(JJ, •.•. gCn ),
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Hence by 5_::'1cluction1·m have former the function?l val.uo

at (n+L) , But, 'J havo f'ormor' t.ho functional value at 0, RY'C 1.
Henc o g* = f.

If' f ~ I --;t I n, f (r ) -:t n
for ir:fini toly 118-Y'cY and , .f' ,

-' cont at ns ;::.ninc!'EO'8Sing'sub soquorr-;
then thcrc:-'x~.sts3" = f.such that

E.r...QDX. For-t the function' gr as in theorcM 6. ,since

g(n) 1: g Cn! ) ';>,~;1n! = Yl, and. g* = f, and f co rrt ad ns an Lncr c:»,

sing sub se ouonco . Hence by 'theor-em 2 g G e , for the as sooia too
S8 U n . 1 ~ ~."q c, c C l S _ ," ,'j, . . . . 2nc tb.is does not coincirle lr.i th the hig"ly
r 0' ,

b like numbers since f (ri) -I-
r n for infinitely many n.

then f* satisfies the follol~

ing inoqu:'llity; n - m ~f*(n) - f*(m) I·The.ren '> m, fen) > f( )

for infini tely r.any naf.r s n, m r)
, .

of integers
,

as sac L~tc;0. s e r-uc ncr for f*, 2.n:'l another infini to s ooucnr;e of

intcg';rs

f(n.) >
J n.

J
HenT t:!,l~e t'IO nu=ber s in tho sequence n.

J
nmncly

Let

and be the rC'1.tnst of the less thana.s
l
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f* (n, ) = il.Jl
.. . f* (n , ) - f * (nJ, ) >. 0

J8 1 '/
= for the ,:1,i s

arc a sequenco of integers, and n, > nJ, •
d~ '1

Since thG soquence

is infini to, tho number of l)air sn,
J is also infirit8.

<l1'a2'···· and nl,n:~, •... should. not coincide even af t.cr a

certain st a;e , If I;v8 ncrmit this coincidence ll0.~ can easily

that a function has an incrc2sing subseauence rnl,m~, •... then

ql liko I numbers forI1"l' r-;l-;ly~..~., L} '. '. •

~. '7 ,I
A = ~ n m j L'lhCrC-L '- ,. , •• 0 , •1 2

cp(/1,\~) > =C~rl) tI

Jr,£ '?v1
L

) .. ,oc;aJ;1 SJ-'d

YVJ .: n1~ n1 f- E

,
A new logarithmic function, Kri sbnaewamL Allaoi (to ;:,H"·,,,par)

ns s/10.4. 73.
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1. In t~1eDaD2r 'Fibonacci Polvnominls and their genr'rali?:a-
tiont the rth derivatives and partial ~erivativ8S 8re
.represcnt cd by

()JV\Dt ~_o 1X.
d~
d i:"(

Also change tho subscript In'

resDectively

Please change them to and reSDcctively.

2. to tmt in tho first few
lines of Page 7 in the same paper.

,


