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Abstract

Formal methods for the analysis of concurrent systems is an active area of research.
Many mathematical models like Petri nets, communicating automata, automata with
auxiliary storage like counters and stacks, rewrite systems and process algebras have been
proposed for modelling concurrent infinite state systems. Efficient algorithms for analysis
and the power to express interesting properties of concurrent systems are conflicting
goals in these models. Having too much expressiveness results in undecidability, so it
is important to get an insight into what kind of restrictions will lead to good analysis
algorithms while retaining some expressive power. Restrictions like reversal boundedness
in counter automata, disallowing cycles in network of push-down systems etc. lead to
decidability in the respective models.

In this thesis, we propose to use the framework of parameterized complexity to study
the effect of various restrictions on the complexity of problems related to some models and
logics of concurrent systems. Parameterized complexity works by trying to find efficient
algorithms for instances of hard problems where one can identify structure that helps
in analysis. A numerical parameter is associated with problem instances and algorithms
are designed whose time and/or memory requirement is a fast growing function of the
parameter, but growing slowly in terms of the size of the instance. On instances where
the parameter is small, such algorithms run efficiently. Apart from providing efficient
algorithms, parameterized complexity provides a mathematically rigorous way of studying
finer structure of the models under analysis.

In the first part of this thesis, we look at the effect of well known graph parame-
ters treewidth and pathwidth on the parameterized complexity of satisfiability of some
logics used to specify properties of finite state concurrent systems. This is followed by
parameterized complexity of some problems associated with synchronized transition sys-
tems and 1-safe Petri nets, which are compactly represented finite state systems. In the
second part of the thesis, we look at general Petri nets (which are infinite state) and
study the parameterized complexity of coverability, boundedness and extensions of these

problems with respect to two parameters.
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Chapter 1
Introduction

Parameterized complexity [25] works by trying to find efficient algorithms for instances of
hard problems where one can identify structure that helps in analysis. A numerical parame-
ter (usually denoted by k) is associated with problem instances and algorithms are designed
whose time and/or memory requirement is a fast growing function of the parameter, but
growing slowly in terms of the size of the instance. On instances where the parameter is
small, such algorithms run efficiently. For example, with hard problems for which all known
algorithms have worst case running time exponential in the size n of the input size, param-
eterized complexity looks for algorithms with worst case running time f(k)n®, where f is
some computable function of the parameter k and c is a constant. Parameterized problems
with algorithms of such running time are in the class Fixed Parameter Tractable (FPT),
which can be thought of as parameterization of the classical complexity class Polynomial
time (PTIME). Appendix [A] contains a brief introduction to concepts related to FPT and
a hierarchy of parameterized complexity classes believed to be intractable. Other classical
complexity classes can also be parameterized [35]. There are articles in the literature that
consider questions that are essentially parameterized complexity problems related to concur-
rent systems [86, 44]. We refine such results by considering other parameters and utilizing
techniques that have been recently developed in the field of parameterized complexity.

The study of parameterized complexity derived an initial motivation from the study of
graph parameters. Many problems that are complete for non-deterministic polynomial time
(NP) can be solved in polynomial time on trees and are FPT on graphs that have tree-

structured decompositions.

Definition 1.1 (Tree decomposition, treewidth, pathwidth). A tree decomposition of a
graph G = (V, E) is a pair (T, (Bi)ienodes(1)), Where T is a tree and (By)icnodes(T) 15 0 family
of subsets of V' such that:

e For allv € V, the set {t € nodes(T) | v € B} is nonempty and the subgraph of T

induced by the set is connected.
o For every edge (vy,v9) € E, there is a t € nodes(T) such that vy,ve € By.

The width of such a decomposition is the number max{|B;| | t € nodes(T)} — 1. The



treewidth tw(G) of G is the minimum of the widths of all tree decompositions of G. If the
tree T in the definition of tree decomposition is a path, we get a path decomposition. The
pathwidth pw(G) of G is the minimum of the widths of all path decompositions of G.

Treewidth is a well-studied graph parameter that arises naturally in many contexts. For
example, Thorup has shown that flow graphs resulting from structured programs of many
languages have small treewidth [92]. Treewidth has also been used as a unifying framework
for many decidability results for automata with auxiliary storage [66] and for efficient model
checking of First Order logic [2]. Treewidth being such a fundamental and widely occurring
concept, we study its impact on the satisfiability of modal and temporal logics. Modal logics
have many applications (reasoning about knowledge [30], programming [80] and hardware
verification [83] etc.), in addition to nice computational properties [96] [40]. Many tools have
been built for checking satisfiability of modal formulas [52] [76], despite being intractable in
the classical sense (PSPACE-complete or NP-complete in most cases). Complexity of modal
logic decision problems is well studied [59, 46, [45]. Temporal logic is widely used for formal
specification and verification of concurrent systems and extensively researched [14, 97, [67, 58)].

In the first part of this thesis, we study the effect of treewidth as a parameter for the
satisfiability problems of modal logic, Linear Temporal Logic (LTL) and Computational Tree
Logic (CTL). The LTL satisfiability problem is known to be polynomial space (PSPACE)-
complete [89] and CTL satisfiability problem is known to be exponential time (EXPTIME)-
complete [34 27]. For modal logic, the satisfiability problem is usually PSPACE-complete or
non-deterministic polynomial time (NP)-complete [59], depending on the restrictions imposed
on satisfying models. We look for FPT algorithms or for hardness for some parameterized
complexity class believed to be intractable (details in Appendix . It turns out that when
there is transitivity or some equivalent concept such as in LTL, CTL and modal satisfiability
in transitive models, treewidth does not help. We will see that treewidth does help in the
general modal satisfiability problem, thus gathering some evidence that it is transitivity that
makes treewidth useless, as far as FPT algorithms are concerned.

Labelled Transition Systems (LTS) are models of sequential systems while extensions like
Synchronized LTS and 1-safe Petri nets compactly represent concurrent finite state systems.
We continue to study parameterized complexity of problems associated with these models.
Most of the problems we consider are PSPACE-complete.

Petri nets, introduced by C. A. Petri [79)], are popularly used for modelling concurrent
infinite state systems. Using Petri nets to verify various properties of concurrent systems is
an ongoing area of research, with abstract theoretical results like [4] and actually constructing
tools for C programs like [55]. Reachability is one of the most fundamental problems of Petri
nets. Although it is known to be decidable [70, 57|, the complexity is not known. Complexity
of the reachability problem is known for many subclasses of Petri net{]7 which are the result
of various restrictions on Petri nets. Finding such restrictions helps in understanding the

structure of Petri nets and in developing techniques. We use parameterized complexity as

LA survey can be found in [81]



a mathematically rigorous way of analyzing structural restrictions. With the capability of
having an “extended dialog” with hard problems [24], answers to parameterized complexity
questions can provide finer understanding of the problems under consideration.

Apart from reachability, coverability and boundedness are some of the most fundamental
questions about Petri nets. All three of them are exponential space (EXPSPACE)-hard [65].
Coverability and boundedness are in EXPSPACE [82]. Reachability is known to be decidable
[70, 57, 61, 64] but no upper bound is known. Other interesting properties of Petri nets
include liveness, deadlock, fairness etc., which especially arise in the context of concurrent
reactive systems. Logics have been proposed to uniformly describe such properties of Petri
nets [51], 98] 3], 44]. In the second part of this thesis, we study the parameterized complexity
of the coverability and boundedness problems. We also study the parameterized complexity
of model checking a logic that we have carefully designed to avoid expressing the reachability
problem, but is powerful enough to express coverability, boundedness and some extensions.

Let us denote the size of an input instance of a problem by n. If the problem is EX-
PSPACE-hard, any algorithm will require memory space exponential in n in the worst case.
Let us consider some parameter denoted by k. For an EXPSPACE-hard problem such as
those mentioned in the previous paragraph, a suitable parameterized complexity theoretic
question would be to check if there are algorithms solving the problem using memory space
O(f(k)poly(n)). The function f(k) may be any computable function of the parameter k
while poly(n) is some polynomial of the input size. Such algorithms are called PARAPSPACE
algorithms. Fundamental complexity theory of such parameterized complexity classes have
been studied [35]. We consider two parameters and provide PARAPSPACE algorithms for cov-
erability, boundedness and model checking the newly designed logic. One of the parameters
we consider is called vertex cover number, which has been widely studied in the literature,
especially in the literature related to graph theory. The other parameter is called benefit
depth, which is newly introduced here in the context of Petri nets.

The rest of this chapter is organized as follows. In section we give an informal intro-
duction to modal logic and give some motivation for considering treewidth as a parameter.
In section we introduce Petri nets and the associated problems when used to model
concurrent systems. Finally, section gives an overview of the organization of the rest of
the chapters of this thesis.

1.1 Introduction to Modal Logic and Relevance of
Treewidth

Modal logic can be considered as an extension of the standard propositional logic. We will
use the symbol A for conjunction (“and”) and V for disjunction (“or”). Given propositional
variables ¢, r, s and a truth assignment for these variables that assigns either true (T) or false
(L) to each variable, a propositional logic formula such as (¢ V r) A s is either true or false

according to the standard semantics of propositional logic. Now, consider a directed graph



in which every vertex has its own truth assignment for the set of propositional variables (we
will see later in Chapter [2] that such a structure is called a Kripke model). Figure [1.1] shows

an example.

TrAsO: {q,r,...} = {T,L} ewo (gVr)As

TrAsl

TrAsh TrAs6

Figure 1.1: An example of a Kripke model

Henceforth, we will call the vertices of the directed graph as worlds. We can now consider
the truth or falsity of logical formulas at some world. The truth of a propositional logic
formula such as (¢ V r) A s at some world like wq in the above example depends only on
the truth assignment at wy. To reason about other worlds, modal logic provides modalities
diamond () and box (). To explain the meaning of these modalities, let us call the worlds
having truth assignments TrAsl, TrAs2 and TrAs4 in the above example successors of wy.
The modal logic formula Q¢ is true in the world wq if the formula ¢ is true in one of the
successors of wy (the formula ¢ itself can be either some propositional logic formula or some
other modal logic formula). The modal logic formula (¢ is true in wy if ¢ is true in all
successors of wy. Given a modal logic formula ¢, the satisfiability problem for modal logic is
to check if there is a Kripke model that has a world in which ¢ is true. In the general case, the
satisfiability problem is PSPACE-complete. After giving formal definitions in Chapter [2] we
will see that the complexity may vary depending on restrictions imposed on Kripke models.

To illustrate how modal logic can be useful, consider the case where propositional variables
are true or false depending on whether integer variables of a certain program are zero or not.
Different worlds of the Kripke model correspond to different states of the program memory
and directed edges correspond to program statements. Modal logic formulas can then be
used to reason about program variable values resulting from many possible executions of the
program. This idea was studied systematically by Pratt [80)].

We will now motivate the reason for using treewidth as a parameter for the satisfiability
problem of modal logic, again using propositional logic as the basis for ease of comprehension.
Given a propositional logic formula F in Conjunctive Normal Form (CNF), its incidence
graph is a graph that has one vertex each for every clause and every propositional variable of
F. A vertex corresponding to a clause and a vertex corresponding to a propositional variable
are connected by an edge if the variable appears in the clause (either positively or negatively).
Figure shows examples of some propositional logic formulas and their incidence graphs.

As can be seen from the above examples, the number of cycles in the incidence graph
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Figure 1.2: Some propositional logic formulas and their incidence graphs

increases as the number of variables shared among clauses increases. Hence, the treewidth of
the incidence graph can be used as a quantitative measure of the extent of “inter-dependency”
among clauses of a formula. Since checking of satisfiability is relatively easier when clauses
do not share many variables with each other, we can expect the complexity of checking
satisfiability to be low when incidence graph has low treewidth. While this idea has been
explored for propositional logic and constraint satisfaction problems |17, 12l [77, 87|, we will
extend the notion of incidence graphs to modal logic formulas in Chapter [2| and study the

parameterized complexity of the satisfiability problem for modal logic.

1.2 Introduction to Petri Nets

Consider a system consisting of a device that can be in one of three states: ready, restart and
idle. Suppose the system also maintains a variable with possible values 0, 1, 2 to keep track of
the device. This system can be modelled as two labelled transition systems as shown at the
top of Fig. Suppose the system has been designed in such a way that the variable changes
its value from 1 to 2 precisely when the device goes from ready state to restart state. One way
to model this synchronization between the variable and the device is as shown at the bottom
of Fig.[1.3] The variable’s transition from 1 to 2 is “merged” with the device’s transition from
ready state to restart state to form a single transition labelled ¢. The device’s states of ready
and restart are now represented by the circles labelled p, and ps respectively. Henceforth,
we will call these circles as places. The device being in state ready can be represented by
putting a token in place ps and the variable having value 1 can be represented by putting a
token in place ps. Executing the transition labelled ¢ can be thought of as removing a token

each from places po, p4, and adding a token each to places ps3, ps. The places py, po, p3, P4, D5, D6
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Figure 1.3: A Concurrent system modelled as a Petri net

Ps3 DPs

and transitions ¢ and the four other unlabelled transitions constitute an example of a Petri
net. Petri nets were introduced by C. A. Petri [79).

A function assigning a number of tokens to each place of a Petri net is called a marking.
Only positive number of tokens are allowed. If a transition is executed at a marking as
explained above, the number of tokens will change in some places resulting in a new marking.
Given a Petri net with an initial marking, the set of all markings that can be reached by
firing any sequence of transitions is called the set of reachable markings. If any marking
reachable from the initial marking has at most one token in each place, then the Petri net is
called a 1-safe Petri net. A marking reachable in a 1-safe Petri net can have a token each in
places belonging to some set of places, the set of places potentially being any subset of the
set of all places. Thus, if there are m places, the number of reachable markings can in general
be as much as 2™. Therefore, a 1-safe Petri net can be a compact representation of a much
larger structure. We will see in Chapter {4 that this is the reason for the high complexity
of many problems related to 1-safe Petri nets. We look at parameters (including treewidth)
that restrict the ability of 1-safe Petri nets to compactly represent larger structures.

Instead of merging two transitions as done at the bottom of Fig. we can label each
transition with letters from an alphabet. We can then model synchronization by insisting
that if there are transitions in two different transition systems labelled by the same letter,
then they can only be executed simultaneously. The resulting models are called synchronized
transition systems and is the subject of Chapter [3l Synchronized transition systems again
turn out to be compact representations of larger structures and we study parameters that
restrict this ability.

If we remove the restriction that all reachable markings should have at most one taken
in each place, we get general Petri nets. The number of markings reachable from the initial
marking can be infinite in general (checking that it is not so is called the boundedness prob-
lem). In an attempt to understand what causes EXPSPACE-hardness of boundedness and
other problems, we study the parameterized complexity of these problems with respect to

various parameters in Chapter [6] and Chapter



1.3 Organization of the Thesis

This thesis is organized as follows. In Chapter [2] we study the extent to which treewidth can
help in obtaining Fixed Parameter Tractable (FPT) algorithms for satisfiability of various
modal logics. In Chapter 3| we give some parameterized complexity results for synchronized
transition systems. In Chapter [4] we consider 1-safe Petri nets. Here, the problems under
consideration are PSPACE-complete and we look for FpT algorithms (or their absence). We
give a brief survey of the literature on concepts and models related to Petri nets and their
logics in Chapter ol In Chapter [6], we introduce a parameter that we call benefit depth,
motivated by some refinements in Rackoff’s EXPSPACE upper bound [82] for coverability and
boundedness. In Chapter [7, we consider another parameter vertex cover and its effect on
the complexity of coverability and boundedness. We summarize our results in Chapter [§
Appendix [A] gives a brief introduction to parameterized complexity and some intuition about
why parameter treewidth makes certain problems easier.

Some of the work mentioned above has been published in the following papers.

1. M. Praveen and K. Lodaya. Modelchecking counting properties of 1-safe nets with
buffers in parapspace. In Foundations of Software Technology and Theoretical Com-
puter Science, volume 4 of Leibniz International Proceedings in Informatics, pages
347-358, 20009.

2. M. Praveen. Does treewidth help in modal satisfiability? (extended abstract). In
Mathematical Foundations of Computer Science, Springer Lecture Notes in Computer

Science, volume 6281, pages 580-591, 2010. Full version submitted to journal.

3. M. Praveen. Small vertex cover makes petri net coverability and boundedness easier. In
International Symposium on Parameterized and Exact Computation, Springer Lecture
Notes in Computer Science, volume 6478, pages 216227, 2010. Full version submitted

to journal.

4. M. Praveen and K. Lodaya. Parameterized Complexity Results for 1-safe Petri Nets. In
International Conference on Concurrency Theory, Springer Lecture Notes in Computer
Science, volume 6901, pages 358-372, 2011.

5. M. Praveen. Parameterized Complexity of Analyzing Synchronized Transition Systems.
Presented in Young Researchers Workshop on Concurrency Theory, 10 September,
2011.



Chapter 2

Treewidth and Satisfiability of Modal
Logics

Treewidth as a parameter has been very successful in obtaining Fixed Parameter Tractable
(FpT) algorithms for many classically intractable problems. One such class of problems is
constraint satisfaction and closely related problems like satisfiability in propositional logic
and the homomorphism problem [I7, 87]. There have been recent extensions to quantified
constraint satisfaction [12] [77]. In such problems, treewidth is used as a measure of modu-
larity inherent in the given problem instance and algorithms make use of the modularity to
increase their efficiency. Understanding the extent to which treewidth can be stretched in
such problems is an active area of research [69, [42]. In this chapter, we explore treewidth
with respect to satisfiability of modal and temporal logics.

Given a propositional formula in Conjunctive Normal Form (CNF), its incidence graph
is a graph whose vertices are the clauses and propositional variables. A clause vertex is
connected to a variable vertex iff the variable occurs in the clause. We generalize this to
modal logic. It is known that any modal logic formula can be effectively converted into a
CNF [28,49]. Given a modal logic formula in CNF, we associate a graph with it. Restricted
to propositional CNF formulas (which are modal formulas with modal depth 0), this graph
is precisely the incidence graph associated with propositional CNF formulas. We also define
CNF fragments of LTL and CTL and associate a graph similar to incidence graphs for

formulas in those fragments. We prove that

1. with the treewidth of the graph and the modal depth of the formula as parameters,

satisfiability in general models is FPT and so is satisfiability in reflexive models,

2. with the pathwidth and modal depth as parameters, satisfiability in transitive models
is W|[1]|-hard,

3. with the pathwidth and modal depth as parameters, satisfiability of LTL and CTL
formulas in CNF is W[1]-hard and

4. with treewidth as the parameter, satisfiability in models that are Euclideanﬂ and any

LA binary relation — is Euclidean if Vz,y, z,  — y and x +— 2 implies y — z.



combination of reflexive, symmetric and transitive is FPT.

Since modal formulas of modal depth 0 contain all propositional formulas, bounding modal
depth alone will not give FPT results (unless PTIME=NP). The main idea behind our FpT
results is to construct a relational structure whose domain elements are clauses and literals of
a modal formula, with binary relations indicating which literals occur in which clause. Then,
satisfiability of the modal formula can be expressed in Monadic Second Order (MSO) logic
over the relational structure, enabling us to apply Courcelle’s theorem [16]. The lower bound
proof involves carefully designing a modal formula of low pathwidth that can implement
counting mechanisms using the underlying transitivity. With a suitably defined CNF, we
extend the lower bound to satisfiability of LTL and CTL.

Beginning with the seminal paper of Ladner [59], a lot of research has been done on
the complexity of modal satisfiability. In [45], Halpern considers the effect of bounding
different parameters (such as the number of propositional variables, modal depth etc., but
not treewidth) on complexity. In [75], Nguyen shows that satisfiability of many modal logics
is in PTIME under the restriction of Horn fragment and bounded modal depth. In [I],
Achilleos et al. consider parameterized complexity of modal satisfiability in general models
with the number of propositional variables and other structural aspects (but not treewidth)
as parameters. In [2], Adler et al. associate treewidth with First Order (FO) formulae and
use it to obtain a FpT algorithm for model checking.

The Complexity of satisfiability of modal logics follow a pattern. In [47], Halpern
et al. prove that with the addition of Euclidean property, complexity of (infinitely) many
modal logics drop from PSPACE-hard to NP-complete. [48] is another work in this direction.
Similar pattern is observed in graded modal logics [56]. With treewidth and modal depth
as parameters, our results indicate similar behaviour in the world of parameterized complex-
ity — satisfiability in transitive models is W|1|-hard, while satisfiability in Euclidean and

transitive models is FPT, even with treewidth as the only parameter.

2.1 Notation and Preliminaries

We use standard notation about parameterized complexity like FPT algorithms, FPT reduc-
tions and W]1|-hardness from [36]. We will also use notation and definitions of relational
structures and their tree decompositions from [36]: a relational vocabulary T is a set of rela-
tion symbols. Each relation symbol R has an arity arity(R) > 1. A 7-structure S consists
of a set dom called the domain and an interpretation RS C dom®™() of each relation
symbol R € 7. A graph is an {E}-structure, where E is a binary edge relation. A tree is
a graph without cycles. Suppose 7 is a relational vocabulary consisting of only unary and
binary relation symbols. The Gaifman’s graph of a 7-structure is the graph whose vertices
are domain elements of the 7-structure and whose edges are elements of binary relations of
the T-structure. The treewidth of a 7-structure is the treewidth of its Gaifman’s graph.

Monadic Second Order (MSO) logic is a powerful logic capable of expressing properties



of relational structures. Let x,y,... be a set of first order variables and X,Y,... be a set
of second order variables. For a given relational vocabulary 7, well formed formulas of MSO

logic are those generated by the following syntax:
pi=r=ylreX|R@y,..),Rer|oVé| || IXe

In the formula R(z,y, ...) above, the number of elements in the tuple z,y, ... should be equal
to the arity arity(R). In the formula Jx¢, occurrences of = in ¢ are said to be bound by the
quantifier dz. First order variables not bound by any quantifier are said to be free variables.
Similar terminology is followed for second order variables. We write ¢(z,..., X,...) to
indicate that x,... and X, ... are free first order and second order variables of ¢ respectively.
An MSO sentence is a formula without free variables.

Given a MSO formula ¢ and a relational structure S, an assignment s is a function that
assigns an element of the domain of S to each free first order variable of ¢ and a subset of
the domain to each free second order variable. Another assignment s’ (for the free variables
of a potentially different formula ¢') is said to be an extension of s if s'(z) = s(x) and
s'(X) = s(X) for each free first order variable x and free second order variable X of ¢. The
fact that ¢ is true in (S, s) (denoted as S, s |= ¢) is defined inductively as follows:

S,s Ex=yiff s(z)=s(y)

S,sEre X iff s(z) € s(X)

S,s = R(z,y,...)iff (s(z),s(y),...) € R®

S, sE0 Vit S;s = ¢ or S, s ¢

S,sE-¢iff S;s ¢

S, s = Jz¢ iff there is an assignment s’ extending s such that S,s’ = ¢
S, s = 3X ¢ iff there is an assignment s” extending s such that S, s" = ¢

The formula Vx¢ is an abbreviation for —dz—¢ and VX ¢ is an abbreviation for =-3X —¢.

We will extensively use Courcelle’s theorem:

Theorem 2.1 (Courcelle’s theorem, [15]). The following problem is FPT:

p-tw-MC(MSO)
Instance: A relational structure S and a MSO sentence ¢.
Parameter:  The treewidth of S and the size |¢| of ¢.
Problem: Decide whether ¢ is true in S.

The proof of the above theorem is based on constructing a tree automaton and running it
on the tree decomposition of the given relational structure. The running time of the resulting
algorithm is linear in the size of the relational structure. The size of the tree automaton is

a function of the size of the MSO sentence and the treewidth of the relational structure. In
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particular, the size of the automaton can be non-elementary in the size of the MSO sentence,
hence the dependence of the running time of the algorithm is in general non-elementary in
the size of the MSO sentence. It is known that unless PTIME = NP, such non-elementary
dependence can not be avoided [3§].

Given a graph, computing a tree decomposition of optimal width is NpP-complete, but

parameterized by treewidth, it is FPT:

Theorem 2.2 ([6 [7]). The following two problems are FPT:

p-COMPUTE-TREE-DECOMPOSITION
Instance: A graph G.
Parameter: The treewidth of G.

Problem: Compute an optimal tree decomposition of G.

p-COMPUTE-PATH-DECOMPOSITION
Instance: A graph G.
Parameter:  The pathwidth of G.

Problem: Compute an optimal path decomposition of G.

The basic modal language is defined using a set of propositional variables ® (whose
elements are usually denoted ¢,r, s and so on) and unary modal operators ¢ (‘diamond’)
and O (‘box’), in addition to the standard Boolean operators. We use standard notation for
modal logic from [5]: the well-formed formulae ¢ of the basic modal language are given by

the grammar

¢pu=q|L]-¢[oVe]Oe |0

where ¢ ranges over ®. This means that a formula is either a propositional variable, the
propositional constant false (‘bottom’), a negated formula, a disjunction of formulae or a
formula prefixed by a diamond or a box. We use standard abbreviations like ¢ A ¢ =
~(=p V), ¢ = =gV ¢ ete.

A Kripke model for the basic modal language is a triple M = (W, —, Val), where W is
a set of worlds, — is a binary accessibility relation on W and Val : W x & — {T, 1} is
the valuation function. If Val(w,q) = T, we think of it as ¢ being true in the world w. For
w,v € W, if w — v, then v is said to be a successor of w. The pair (W,+—) is called the
frame A underlying M.

We denote the fact that a modal formula ¢ is satisfied at a world w in a model M by
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M, w |= ¢. The |= relation is defined inductively as follows.

M, w = q iff Val(w,q) =T

M, w = L never

M, w | —¢ iff not M,w = ¢
MwE oV iff MwE ¢ or Myw 1

M, w |= Q¢ iff for some successor v of w, M, v |= ¢
M, w = Og iff for all successors v of w, M, v = ¢

If the accessibility relation +— is reflexive, then the frame A and the model M are said
to be a reflexive frame and a reflexive model respectively. Similar nomenclature is followed
for other properties of +—. The relation +— is Euclidean if for all wy, ws, w3, wy +— wy and
wy — ws implies wy — ws.

A modal formula ¢ is satisfiable if there is a model M and a world w in M such that
M,w | ¢. A modal formula ¢ is satisfiable in reflexive models if there is a reflexive model
M and a world w in M such that M,w = ¢. Similar nomenclature is followed for other
restrictions on the accessibility relation +—. A world w’ is said to be reachable from w if
there are worlds wy, wo, ..., w,, such that w — w; — -+ — w,, — w'. It is well known
that if some modal formula is satisfied at some world w in some Kripke model, discarding
worlds not reachable from w does not affect satisfiability [5, Proposition 2.6|. Henceforth, if
some modal formula is satisfied at some world w in some Kripke model M, we will assume
that M consists of only those worlds reachable from w. Satisfiability in general, reflexive
and transitive models are all PSPACE-complete [59], while in models where the accessibility
relation is an equivalence relation, satisfiability is NP-complete [59].

The modal depth md(¢) of a modal formula ¢ is inductively defined as follows. md(q) =
md(L) = 0. md(~¢) = md(). md(éV ) = max{md(¢),md(x)}. md(0¢) = md(Cg) =
md(¢) + 1. We will use the Conjunctive Normal Form (CNF) for modal logic defined in [49]:

literal ::= q | =q | Oclause | O CNF
clause := literal | clause V clause | L

CNF = clause | CNF N CNF

where g ranges over ®. Any arbitrary modal formula ¢ can be effectively transformed into
CNF preserving satisfiability [28]. In section we will see that satisfiability problem for
modal logic formulas in CNF is still PSPACE-hard. A CNF is a conjunction of clauses and
a clause is a disjunction of literals. A [iteral is either a propositional variable, a negated

propositional variable or a formula of the form Cclause or O CNF'. If a clause clause; is such

that clause; = literaly V literaly V - - - literal,,, where literaly, literals, . . ., literal,, are literals
according to the above grammar, then literaly, literals, . . ., literal,, are immediate literals of
clause;.
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If we remove the literals clause and ¢ CNF from the above grammar, we get the standard
Conjunctive Normal Form for propositional logic: a literal is either a propositional variable
or its negation, a clause is a disjunction of literals and a CNF formula is a conjunction of
clauses. Consider for example the modal CNF formula [-¢ vV O[rV =s]] A gV —r] A rV
O[=s]] A [-r Vv O[(t V =s) Ar]]. This modal CNF formula has four clauses: [-g vV O [r V —s]],
lq vV =r], [r Vv O[-s]] and [-r VvV O[(t V —s) Ar]]l. The last clause has two literals: —r and
O[(t v =s) Ar]. The second literal is of the form ¢ CNF, where the inner CNF formula is
(tV=s)Ar.

Suppose ¢ is a modal formula in CNF. If ¢ is of the form clause; A clauses A - - - A clause,,,
then clauseq, clauses, . .., clause,, and all immediate literals of these clauses are said to be at
level md(¢). If Oclause; is a literal at some level i, then clause; and all immediate literals
of clause; are said to be at level 1 — 1. If QCNF is a literal at some level ¢ and CNF is of the
form clause; A clauses A - - - A clause,,, then clauseq, clauses, - - -, clause,,» and all immediate
literals of these clauses are said to be at level i — 1. Note that a single propositional variable
can occur in the form of a literal at different levels.

We will give lower bounds for satisfiability of Linear Temporal Logic (LTL) and Compu-
tational Tree Logic (CTL). With a set of atomic propositional variables ® = {q, ...}, well

formed LTL formulas are those generated by the following syntax.

Ppu=qe@ || 1N | X | 01Uy

These LTL formulas are interpreted on sequences of subsets of ®. Given a sequence 7™ =
®yP; - -+ of subsets of ®, the satisfaction of a LTL formula ¢ at some position i in this

sequence is defined as follows.
e miqiff g€ ®,.
o 7, i ¢ iff m i~ .
o T i1 Ay iff T il ¢ and 7,0 = ¢o.
o 7,0 = X¢ iff there is a position i + 1 in 7 and 7,7 + 1 |= ¢.
o i [= 1Ups iff for some j > i, 7, j = ¢po and for all i <1 < j, m, 1 = ¢;.

Usual abbreviations are T =pV —p, F'¢ = TU¢ and Gp = ~F—¢.
With a set of atomic propositional variables ® = {q, ... }, well formed CTL formulas are

those generated by the following syntax.
bi=qed| 6| EX6| AX$ | El6:Us] | Al1Uss]

CTL formulas are interpreted on trees whose nodes are labelled with subsets of ®. For a
tree 7 and a node 7 labelled by the subset ®

follows.

»» satisfaction of a CTL formula is defined as
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e T nk=qiff g€ 9,
e T.nkE—¢iff T,n ¢.
o Tﬂﬂ:@/\@ 157777):?51 andTﬂ?}:@-

e 7.n [ EX¢ iff there exists a child ' of n with 7,7 = ¢.
o 7.nE AX¢ iff for every child ' of n, 7,7 | ¢.

o 7T.n | E[p1Uds] iff for some path ngnins - -+ of T starting from n = 1y, there exists
i > 0 such that 7,7; = ¢ and for all j with 0 < j <, T,n; = ¢1.

o T.n | Alp1U¢s] iff for every path ngminy - -+ of T starting from 7 = 7y, there exists
i > 0 such that 7,7; = ¢ and for all j with 0 < j <, T,n; = ¢1.

Usual abbreviations are EF¢ = E[TU¢|, AGp = ~EF-¢, AFp = A[TU¢| and EGp =
—~AF—¢,

2.2 Treewidth for Modal Logic Formulas

In this section, we will associate a relational structure with a modal CNF formula. We show
that checking satisfiability of a modal CNF formula is FPT, parameterized by modal depth
and the treewidth of the associated relational structure. We begin with an example modal
CNF formula.

Consider again the modal CNF formula [~¢VO [r V =s]|A[qV =] A[rV O[=s]|A[-rV O[(tV
—s) Ar]]. Tts modal depth is 1 and has 4 clauses at level 1. Figure shows a graphical rep-
resentation of this formula, which is very similar to the formula’s syntax tree. The 4 clauses
at level 1 are represented by ey, ez, e3 and ey. e represents the clause {—q VvV O[r V —s]}.
Since —¢q occurs as a literal in this clause, there is a dotted arrow from e; to ¢. O[r V —s]
(represented by eg) also occurs as a literal in clause e; and hence there is an arrow from e;
to eg. ey represents the fourth clause at level 1, which contains O [(t V —s) A (1)] as a literal.
This ¢ CNF formula is represented by e1g9. The two clauses (¢t V —s) and (r) are represented
by e; and eg respectively and are connected to e;g by arrows. The propositional variable r

occurs as literal at 2 levels, indicated as Lvg and Lv;.

Figure 2.1: Relational structure associated with the modal formula [—¢V O[rV —s]] A
gV =r|A[rVO[=s]]A[-r VOtV —s) AT
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Now we will formalize the above example. The intuition behind the following definition
is to represent all clauses and literals of a modal CNF formula by the domain elements of
a relational structure. Binary relations are used to indicate which literals occur in which
clause (and which clauses occur in which literal). Unary relations are used to indicate which
elements represent literals and which elements represent clauses. This will enable us to
reason about clauses, literals and their dependencies using MSO formulas over the relational

structure.

Definition 2.3. Given a modal CNF formula ¢, we associate with it a relational structure
S(¢). It has one domain element for every clause in ¢. It has one domain element for
every literal of the form Uclause or QCNF in ¢. It also has one domain element for every
propositional variable used in .

The relational structure has two binary relations Oc (occurs) and Oc (occurs negatively).
For any two domain elements ey, es, @(61762) off ex represents a clause and ey represents
a propositional variable occurring negated as a literal in the clause represented by ei. If
ey represents a clause, then Oc(ey,es) iff eq represents an immediate literal (of the clause
represented by e1) of the form Oclause, O CNF or a non-negated propositional variable. If e;
represents a literal of the form Oclause, then Oc(ey, es) iff es represents the corresponding
clause. If ey represents a literal of the form O CNF', then Oc(ey, es) iff ea represents a clause

in the corresponding CNF'. Finally, the following unary relations are present:
Cl : contains all domain elements representing clauses

Lt : all domain elements representing literals
Bo : all literals of the form Oclause
Do - all literals of the form O CNF

(Lvi)o<i<mdg) - all clauses and literals at level i

The relation Oc is the one represented as dotted arrows in Fig, . For clauses and
literals of the form Uclause or $ CNF', there is one domain element for every occurrence of
the clause or literal. For example, if the literal {(q; A ¢2) occurs in two different positions of
a big formula ¢, the two occurrences will be represented by two different domain elements
in S(¢). In contrast, different occurrences of a literal that is just a propositional variable
or its negation will be represented by the same domain element. In the rest of this chapter,
whenever we refer to the treewidth of a modal CNF formula ¢, we mean the treewidth of
5(9).

If e; represents a clause, Oc(eq,e2) means that the clause represented by e; can be
satisfied by satisfying the literal represented by es. Similarly, Oc(ei,es) means that the
clause represented by e; can be satisfied by setting the propositional variable represented by
ey to false.

If Cly C CIN Lvg is a subset of domain elements representing clauses at level 0, let
CNF(Cly) be the modal CNF formula that is the conjunction of clauses represented by
domain elements in Cly. We will now see how to check satisfiability of CNF({e7,es}) in
Fig. and describe the generalization of this process given in below. We use ¢/ and
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It for first order variables intended to represent clauses and literals respectively. First of
all, there must be a subset Tro C {r,s,t} = Lt N Lvy that will be set to T, as written in
the beginning of . Then, we must check that this assignment satisfies each clause ¢/ in
Cly, written as Vel € Cly in . To check that the clause represented by e; is satisfied,
either a positively occurring literal like ¢ must be set to T and hence in Try (written as
“Jit € Tro: Oc(cl,lt)” in (2.1))) or a negatively occurring literal like s must be set to L and
hence not in Tro (“30t ¢ Tro : Oc(cl, it)” in (2.1)). A similar argument applies to eg as well.

C(Cl, Tr) =Vl € CI{[3lt € Tr: Oc(cl, It)] Vv [3lt ¢ Tr: Oc(cl, It)]} (2.1)
£0](Clo) £ 3Tr¢ C (Lt N Lug) = ¢(Cly, Tro) (2.2)
€li(ClL) & 3T C (Lt N Lwy) = ¢(Cli, Try)
A[Bo;_1 = {cl' € (CIN Lv;_4y) | 3lt" € Tr; N Bo, Oc(it', cl')} =
Vit € TriNDo: Doy = {cl € (ClN Lv;—y) | Oc(lt,cl)} =
5[2 — 1](D Qi1 UBDZ‘_l)}

(2.3)

Checking satisfiability at higher levels is slightly more complicated. Suppose CIl; C CI N
Lv; is a subset of clauses at level i. We will take Cl; = {ej,es,eq4} from Fig. as an
example. If some world w in some Kripke model M satisties CNF'(Cl;), there must be some
subset T of literals at level 1 satisfied at w (“37r; C (Lt N Lv;)” in (2.3)). As before,
we check that for every clause represented in Cl; (“Vel € CI,” in (2.1]), there is either a
positively occurring literal in Try (“3it € Tr; : Oc(cl,It)” in (2.1))) or a negatively occurring
literal not in Try (“30t ¢ Tr; : Oc(cl,lt)” in (2.1)). Next, we must check that the literals
we have chosen to be satisfied at w (by putting them into 7r;) can actually be satisfied.
Suppose Ty was {eg, q,r,€10}. Since eg represents a literal of the form Oclause (with the
clause represented by domain element e5), we are committed to satisfy the clause represented
by e5 in any world succeeding w. Let Bog = {e5} be the set of clauses occurring at level 0
that we have committed to as a result of choosing corresponding Uclause literals to be in
Tri (“Bo;_1 = {cl' € (ClN Lv;_y) | 3lt" € Tr; N Bo, Oc(it’, cl')}” in (2.3)). Now, since we
have also chosen ey to be in Tr; and ejg represents a ¢ CNF' formula, there is a demand
to create a world w’ that succeeds w and satisfies the corresponding CNF formula. We
have to check that every such demand in 7r; can be satisfied (“Vit € Tr; N Do” in (2.3))
by creating successor worlds. In case of the demand created by ejq, {er,es} = Doy is the
set of clauses in the demanded CNF formula (“Do;_1 = {cl € (Cl N Lv;,_1) | Oc(lt,cl)}”
in (2.3)). Our aim now is to create a successor world w’ in which all clauses represented
in Dog are satisfied. However, w’ is a successor world and we have already committed to
satisfying all clauses represented in Bog in all successor worlds. Hence, we actually check if
the clauses represented in Bog U Doy are satisfiable by inductively invoking &[0](D ¢y UBgy)
(“€li — 1)(D ©;—1 UBp;—1)” in (2.3)).

Now, we formalize the above arguments. The part of the formula [Bo,_; = {cl' €
(ClN Lv; ) | 3t € Try N Bo, Oc(lt', cl')} = --+] in can be written in formal MSO
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syntax as follows:

VBo,_1 Vel BDifl(Cl/) ~ [CZ(CZI) A\ L’Uifl(Cll)/\
it Tri(It") A Bo(lt') A Oc(cl', 1)) = -

We will continue to use the slightly informal syntax of (2.2) and (2.3)). The following lemma

formalizes the meaning of ((Cl, Tr), which will occur repeatedly in many other formulas.

Lemma 2.4. Let ¢ be a modal CNF formula, Cl be any subset of clauses, Tr be any subset
of literals and ((Cl, Tr) = Vel € CI{[3lt € Tr : Oc(cl, It)] vV [3lt ¢ Tr : Oc(cl,lt)]}. Let M
be some Kripke model and w be a world in it. If ((Cl, Tr) is true in S(¢), all literals in Tr
are satisfied at w and any propositional variable not in Tr is set to L at w, then all clauses
in Cl are satisfied at w. If all clauses in Cl are satisfied at w and Tr is the set of literals
satisfied at w that are sub-formulas of some clause in Cl, then ((Cl, Tr) is true in S(o).

Proof. Suppose ((Cl, Tr) is true in S(¢) and ¢l is some clause in Cl. If [3lt € Tr : Oc(cl, It)]
is true in S(¢), then some literal in Tr occurs in ¢l, so ¢l is satisfied at w (since [t is satisfied
at w). If 3t ¢ Tr: Oc(cl, It)] is true in S(¢), then a propositional variable not in 7r (and
hence set to L in w) occurs negatively in cl, so ¢l is satisfied at w.

Suppose Tr is the set of literals satisfied at w that are sub-formulas of some clause in Cl
and all clauses in Cl are satisfied at w. Let ¢l be any clause in Cl. Since cl is satisfied at w,
either a positive literal occurring in cl is satisfied at w or a propositional variable occurring
negatively in ¢l is set to L in w. In the first case, [3it € Tr : Oc(cl,It)] is true in S(¢)
and in the second case, [3it ¢ Tr : Oc(cl, It)] is true in S(¢). Therefore, ((CI, Tr) is true in

S(9). O
Lemma 2.5. The property £[i](Cl;) in (2.3) can be written in a MSO logic formula of size

linear in 1.

Proof. We will prove that the length |£[i]| of £[i] is linear in 4 by induction. Let ¢ be the
length of &[i] without length of £[i — 1] counted. As can be seen, [£[0]] < c. Inductively
assume that [£[i — 1]| <ic. Then, [£[i]| = ¢+ |£[i — 1]|. Hence, |£[i]| < c+ic=c(i+1). O

Lemma 2.6. If ¢ is any modal formula in CNF and Cl; is any set of domain elements
representing clauses at level i, then CNF(Cl;) is satisfiable iff £[i](Cl;) is true in S(¢).

Proof. By induction on 1.

Base case i = 0: All literals at level 0 are propositional variables or their negations.
Suppose £[0](Clp) is true in S(¢). Lemma implies that in a world w, if we set exactly
those propositional variables occurring in 7Trq to T, all clauses in Cl, are satisfied at w. If all
clauses in Cl, are satisfied at some world w, then let Try be the set of propositional variables
set to T in w that occur as literals in some clause in Cly. Lemma then implies that
[0](Clp) is true in S(9).

Induction step: Suppose Cl; is a set of domain elements representing clauses occurring at
level i and £[i|(Cl;) is true in S(¢). Consider a Kripke model M with one world w where the
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propositional variables occurring in Tr; are set to T and others are set to L. If we can prove
that all literals occurring in 7r; can be satisfied at w, then Lemma 2.4]implies that all clauses
in Cl; are satisfied at w. So let Bo,_; = {cl’ € (Cl N Lv;_y) | 3It' € Tr; N\ Bo, Oc(lt', cl')}
be the set of clauses that we have to satisfy in all successors of w, since the corresponding
Oclause is in Tr;. Let It € Tr; N Do be a literal of the form OCNF in Tr; such that
Do,y = {cl € (ClN Lv;—q) | Oc(lt,cl)} is the set of clauses to be satisfied at a successor
of w in order to satisfy It at w. Since £[i — 1](D ¢;—1 UBn;_1) is true in S(¢), by induction
hypothesis there is a world v’ in some Kripke model M’ where all clauses in D o;_; UBo;_4
are satisfied. Make w’ a successor of w to satisfy [t at w. Repeat this for every It € Tr; Do
to satisfy all literals in Tr; at w.

Now we will prove the other direction of the induction step. Suppose Cl; is a set of
domain elements representing clauses occurring at level ¢ and there is a Kripke model
M and a world w such that M,w = CNF(Cl;). Let Tr; be the set of literals satisfied
at w that are sub-formulas of some clause in Cl;. Lemma implies that Vel € Cl; -
[(3it € Tr; - Oc(cl,it)) Vv (3t ¢ Tr; : Oc(cl,lt))] is true in S(¢). Suppose Bo,_; = {cl' €
(ClN Lv;—y) | 3" € Try N Bo, Oc(lt', cl')} is the set of clauses such that the correspond-
ing Oclause is in Tr;. Let It € Tr; N Do be a literal of the form Q CNF in Tr; such that
Do,y = {cl € (ClN Lv;—y) | Oc(lt,cl)} is the set of clauses in the corresponding CNF
formula. Since all literals in 7Tr; are satisfied at w, there must be a successor w’ of w where
all clauses in D ©;_y UBg;_; are satisfied. By induction hypothesis, £[i — 1](D ©;_y UBo;_1)
is true in S(¢). Hence, £[i)(Cl;) is true in S(¢). O

Theorem 2.7. Given a modal CNF formula ¢, there is a FPT algorithm that checks if ¢ is
satisfiable in general models, with treewidth of S(¢) and modal depth of ¢ as parameters.

Proof. Given ¢, S(¢) can be constructed in polynomial time. To check that all clauses of ¢
at level md(¢) are satisfiable in some world w of some Kripke model M, we check whether
the formula 3Clyng(4)Vecl( Clmagg)(cl) < (Cl(cl) A Lumaeg)(cl))) A &Emd(¢)]( Clmag)) is true in
S(¢). By Lemma [2.6] this is possible iff ¢ is satisfiable and length of the above formula is
linear in md(¢). An application of Courcelle’s theorem will give us the FPT algorithm. [J

2.2.1 On the Relevance of Treewidth for Modal Logic

In Theorem 2.7 the role of treewidth is buried inside the proof of Courcelle’s theorem.
Here, we try to motivate why small treewidth implies more efficient algorithms. Informally,
treewidth is a measure of how close a graph is to being a tree. Given a modal logic formula ¢
in CNF, the associated structure S(¢) is very similar to the syntax tree of ¢. The structure
S(¢) is not a tree (i.e., it has cycles) because a single propositional variable may be shared
by many clauses of the formula. Thus, if very few variables are shared across clauses, S(¢)
is very close to a tree, i.e., S(¢) will have small treewidth. In the example of Fig. the
propositional variable r is shared by the clauses represented by domain elements es, e3 and

es. If we replace 7 by 7’ in the clause represented ey as in Fig. 2.2] the number of shared
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Figure 2.2: Relational structure associated with the modal formula {—r Vv O [r]}A{r V 0L} A
{rV Oy Ad=r VOI(EV —r) Ar)]}

variables and cycles will decrease. For example, e, was part of many cycles in Fig. but
not so in Fig. 2.2] Small treewidth thus implies less sharing of variables across clauses and
hence less work for the algorithm.

Treewidth is a very fundamental concept and naturally arises in many contexts, even
in industrial applications like software verification [92]. Applications of treewidth related
techniques to propositional logic is extensively studied — see |33, Section 1.4] and references
therein. Modal logic being a natural and very useful extension of propositional logic, we might
expect some benefit by exploring applicability of treewidth related techniques to modal logic.

The set of modal formulas with small treewidth is powerful enough to encode complex
formulas. In section we prove that there are classes of modal formulas with con-
stant treewidth whose satisfiability is PSPACE-complete. Hence, the restriction of bounded

treewidth is not a severe one.

2.3 Reflexive Models

In this section, we extend the basic technique described in section to satisfiability in
reflexive models. Let Oc*(z,y) A VXX (z) ANV2Vu(X(2) A Oc(z,u) = X(u))] = X(y) be
the MSO formula such that Oc*(z,y) holds iff (z,y) is in the reflexive transitive closure of
the binary Oc relation.

The arguments of this section are slightly more complicated than those in section [2.2]
Following is the intuition behind this complication. Suppose that in order to satisfy some
clause clause at some world w, we decide to make a literal Oclause’ (that occurs in clause)
true at w. Since w is its own successor (due to reflexivity of the underlying frame), this
means that in order for w to satisfy Oclause’, it has to satisfy clause’ too. In our attempt to
satisfy a clause clause at some world w, we are forced to satisfy clause’ at the same world.
Note that clause’ is at a lower level than clause. Hence, we can no longer hope to satisfy a
clause of level i at a world w by satisfying some literals of level ¢ at world w as we did in
section We will also have to look at clauses and literals of level lower than 7. The rest
of this section gives the formal arguments needed to handle this.

Let Cl; be some set of domain elements representing clauses at level at most 7. The

property &[i](Cl;) defined below checks if there is a reflexive Kripke model M and a world
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w in it that satisfies all clauses in Cl;. Recall the definition of ((CI, Tr) from (2.1).

£0](Clo) £ 3Try C (Lt N Lwg) : C(Clo, Tro) (2.4)

£li)(Cl) & 31, C Lt -
Vit € Tr; del € Cl;: Oc*(cl,lt)
ABo;_1 ={cl' € Cl| 3" € Tr; N Bo, Oc(lt', cl')} =
¢(Cli U Boy_y, Try)
AVt € TryNDo: Do;_y ={cl € Cl| Oc(lt, cl)} =
&[i — 1](D ©;—1 UBo;_4)

(2.5)

Lemma 2.8. The property £[i](Cl;) can be written in a MSO logic formula of size linear in
1. If ¢ 1s any modal formula in CNF and Cl; is any subset of domain elements representing
clauses at level at most i, then CNF(Cl;) is satisfiable in a reflexive model iff £[i|(Cl;) is true
Proof. We will prove that the length |£[i]| of £[¢] is linear in ¢ by induction. Let ¢ be the
length of £[i] without the length of {[i — 1] counted. As can be seen, |£[0]| < ¢. Inductively
assume that [£[i — 1]| <ic. Then, [[i]] = ¢+ [£[i — 1]|. Hence, [£[i]| < c+ic=c(i+ 1).

We will now prove the second claim by induction on 1.

Base case i = 0: Same as the base case in the proof of Lemma 2.6

Induction step: Suppose Cl; is a subset of domain elements representing clauses occurring
at level at most ¢ and £[i](Cl;) is true in S(¢). We will build a reflexive Kripke model M
and prove that it has a world w such that M,w = CNF(Cl;). We will start with a single
world w in which the propositional variables occurring in Tr; are set to T and others are set
to L. Let Bo;_1 = {cl' € Cl | 3lt" € Tr;NBo, Oc(lt', cl')} be the set of clauses such that the
corresponding [Ulclause is in Tr;, so that all clauses in Bo; ;1 are to be satisfied at all successors
of w, including w itself. The condition Vit € Tr; el € Cl; : Oc*(cl,lt) ensures that all
literals in Tr; are at level at most 7. Suppose It € Tr; N Do is any literal of the form O CNF
in Tr; such that Do;_y = {cl € Cl | Oc(lt, cl)} is the set of clauses in the corresponding
CNF. Since all clauses in Do; 1 UBn;_; are at level at most ¢ — 1 and £[i — 1](Do;_1 UBo;_1)
is true in S(¢), by induction hypothesis there is a reflexive Kripke model M’ with a world
w’ in it that satisfies all clauses in D o;,_; UBo;_;. Make w’ a successor of w to satisfy [t
at w. Repeat this for every It € Tr; N Do. By induction on the modal depth of any clause
cl € Cl; U Bo;_1, we show that cl is satisfied at w. If (31t ¢ Tr; : Oc(cl, It)) is true in S(¢),
a propositional variable occurring negatively in ¢l is set to L at w. If (3it € Tr; : Oc(cl, It))
is true in S(¢) and It is a propositional variable, there is a propositional variable occurring
in ¢l set to T in w. If It is of the form O CNF, we added some world w’ succeeding w to
satisfy It at w. If It is of the form Clclause, then the corresponding clause cl’ is in Bo;_;
and has modal depth lower than cl. By induction hypothesis on the modal depth of c/’, it is
satisfied at w. Tt is also satisfied at all other successors of w by construction.

Now we prove the other direction of the induction step. Suppose Cl; is a subset of domain

elements representing clauses occurring at level at most ¢ and that there is a reflexive Kripke
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model M and a world w such that M,w = CNF(Cl;). We prove that £[i](Cl;) is true in
S(¢). To begin with, we choose Tr; to be the set of precisely those literals satisfied at w that
are sub-formulas of some clause in Cl;. This will ensure that Vit € Tr; 3Fcl € Cl; : Oc*(cl, lt)
is true in S(¢). Let Bo;_y = {cl' € Cl | 3it" € Tr;NBo, Oc(lt’, cl')} be the set of clauses such
that the corresponding [lclause is in Tr;. The world w satisfies all clauses in Cl; and since
w is its own successor, it also satisfies all clauses in Bo;_;. Therefore, Lemma implies
that Vel € Cl; U Bo;_y : [(3lt € Try 2 Oc(cl, 1t)) V (3t ¢ Try 2 Oc(cl, 1t))] is true in S(¢).
Let It be any literal of the form ¢ CNF in Tr; and let Do,y = {cl € Cl | Oc(lt, cl)} be
the set of clauses in the corresponding CNF formula. Since w satisfies /¢, there must be a
successor w’ of w that satisfies all clauses in Do;_; and also all clauses in Bo;_; since w’ is
a successor of w. Since all clauses in D ¢;_; UBg,;_; are at level at most 7 — 1 and v’ is a
world in a reflexive Kripke model that satisfies all clauses in D ¢; 1 UBo;_1, we can apply
induction hypothesis to conclude that £[i — 1)(D ¢;—1 UBn;_1) is true in S(¢). O

Theorem 2.9. Given a modal CNF formula ¢, there is a FPT algorithm that checks if ¢
is satisfiable in reflexive models, with the treewidth of S(¢) and the modal depth of ¢ as

parameters.

Proof. Given ¢, S(¢) can be constructed in polynomial time. To check that all clauses of ¢
at level md(¢) are satisfiable in some world w of some reflexive Kripke model M, we check
whether the formula 3Cluq(e)Vcl( Clma(g)(cl) < (Cl(cl) A Luma)(cl))) A Emd(@)]( Clmacs))
is true in S(¢). By Lemma this is possible iff ¢ is satisfiable in a reflexive model. The
length of the above formula is linear in md(¢). An application of Courcelle’s theorem will

give us the FPT algorithm. [

2.4 Lower Bounds for Treewidth

In [45], Halpern proved that even with one propositional variable, modal satisfiability is
PspAcE-hard in general models and in reflexive models. This hardness proof involves a
modal formula and here, we will observe that the modal formula is in CNF with constant
treewidth. This implies that with treewidth alone as parameter, modal satisfiability is not
EF'PT unless PTIME = PSPACE.

Let F be a propositional 3-CNF formula with variables ¢, qo, . .., . Let Q1,Q2,...,Q, €
{V, 3} be Boolean quantifiers so that Q1¢1Q2q2 - - - Qn¢,F is a Quantified Boolean Formula.
It is known that checking the truth of such formulas is PSPACE-complete.

Let ¢ ((0°) denote ¢ ---¢ (O---0), with () repeated i times respectively. If clause
is a clause in F and ¢;,7 > 2 occurs as a literal in clause, replace ¢; with the O CNF' literal
O[O(=r AO'r) ANO(rvO " !=r)]. Replace occurrences of g; with O?(—=rAQr). Similarly replace
occurrences of —g;,i > 2 and —q; by the Oclause literals D[(r V O'=r) V O(=r A O 1r)]
and (J?(r vV O-r) respectively. Let clausey, clauses, . . ., clause,, be the clauses of F after the

above replacements. Conjunction of the following formulas is equivalent to the formula 1%
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defined in [45, Section 3|.

it é do VAN _|d1
n+1

depth é /\ Dn(_‘dl V di—l)

i=1
determined & /\ O"—d; V —q; VO(=d; V )] AO"[=d; Vg V O(=d; V —g;)]

i=1

A .
branching = /\ {O"[~d; Vdiv1 V O(dig1 A —diya A qigr)]
1:Qiy1=V
ANO"[=d; Vdipq V O(digr A =diva A =gig)]}
A /\ O"[~d; V dig1 V O(dip1 A ~digo)]

:Qi+1=3

satisfy A /\ O"[~d, V clause;]
j=1

By replacing q1, G2, - - - s qn, do, - - -, dpy1 by O (=1 AQT), O[O(=rAQ?*r) AD(r v Ot =r)], -+
O[O(=r AO™) AO(r v O 1=p)], O[O (—r A O™ ) AD(r v O 1), -+, O[O (=1 A O H2r) A
O(r v 02" —r)] respectively in the above formula, we get a modal CNF formula ¢Z%,
that is satisfiable in a reflexive Kripke model iff Q1¢1Q2¢s - - - Qnq,F is true [45], Section 3|.
Note that 7 is the only propositional variable used in ¥Ly .. Hence, if the domain element,
representing r is removed from S(¢Lyy), the remaining structure is a tree, which has a de-
composition with each bag containing at most 2 elements. Adding the element representing
r to all bags will give a tree decomposition of S(¢Lyr) of width 2. Therefore, satisfiability
of modal CNF formulas of constant treewidth in reflexive models is PSPACE-hard. Hence,
unless PTIME = PSPACE, modal satisfiability in reflexive models is not FPT with treewidth
alone as parameter. It is proved in [45, Section 3| that a simpler version of % (called %)
will work for satisfiability in general models. It is routine to check that using the same pro-
cedure as above, a modal CNF formula %, with S(¥5y) having constant treewidth can
be constructed such that 5y, is satisfiable iff Q1¢1Q2¢2 - - - QngnF is true. Hence, unless
PTIME = PSPACE, modal satisfiability in general models is not FPT with treewidth alone as

parameter.

2.5 Models with Euclidean Property

In this section, we will investigate the parameterized complexity of satisfiability in Euclidean
models. The main observation leading to the FPT algorithm is the fact that if a modal
formula is satisfied in a Euclidean model, then it is satisfied in a rather simple model. As
proved in [56], if a modal formula is satisfied at some world wy in some Euclidean model M,
then it is satisfied in a model whose underlying frame is of the form (W U {wq},—) where
W x W Ci—. The frame looks as illustrated in Fig. 2.3l The worlds wy, w9, w3 serve to satisfy
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Figure 2.3: Illustration of an Fuclidean frame

some (Q CNF formulas at wy.

We will drop all unary relations (Lﬂi)ggigmd(d)). Instead, we will have one unary relation
Pv containing all domain elements representing propositional variables. This will not change
the treewidth of S(¢). Let Bo be a set clauses and Tr be a set of literals of the form ¢ CNF.
The following formula checks if there exists a Kripke model with a frame of the form W x W
as shown in Fig. 2.3

X(Bo, Tr) 2 3Try € Lt \ Pu
Bog={cl e Cl| 3t € (TroNBo) A Oc(lt,cl)} =
Vit € Tr: 3Pvg C Pv: Doy ={cl € Cl| Oc(lt,cl)} =
Vel € Doy UBoU Bog :
(3t € Tro U Pug : Oc(cl, it)) vV (3t ¢ Pvg : Oc(cl, 1t))]
AYIt € TroNDo: FPvy C Pu: Doy ={cl € Cl| Oc(lt,cl)} =
Vel € Doy UBny :
(3t € Tro U Puy : Oc(cl, it)) vV (3t ¢ Pvy : Oc(cl, 1t))]

Lemma 2.10. Suppose ¢ is a modal CNF formula, Bo is a set of clauses and Tr is a set of
literals of the form O CNF. Then x(Bn, Tr) is true in S(¢) iff there is a Kripke model where
all worlds are accessible from one another such that for each O CNF literal in Tr, there is a

world satisfying the corresponding CNF formula and all clauses in Bo.

Proof. Suppose x(Bo, Tr) is true in S(¢). Let M be a Kripke model with one world w; for
each literal It; € Tr, where the propositional variables in the corresponding Pvg (as witnessed
by the truth of x(Bo, Tr) in S(¢)) are set to T and others are set to L. Add one world w;
for each literal It; € Tro N Do of the form O CNF in Try, where the propositional variables
in the corresponding Pv; are set to T and others are set to L. By induction on the modal
depth of any clause cl, we prove the following claim:

Claim: If ¢l is in D ¢, UBog where Doy = {cl' € Cl | Oc(lt;, cl’)} for some literal
It; € Tro N Do, then cl is satisfied at the world w;. If ¢l is in D ¢y UBo U Bog where
Doy = {cl" € Cl| Oc(lt;, cl')} for some It; in Tr, then cl is satisfied in the world w;.

Let cl be any clause as in the claim. If 3it € Trq is true and It is of the form { CNF,
then the clauses in the corresponding C'NF' have modal depth less than ¢/ and satisfied is
some world w; by induction hypothesis. If It is of the form Uclause, then the corresponding

clause belongs to Bog with modal depth less than cl, so it is satisfied in all worlds by
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induction hypothesis. Otherwise, cl is satisfied by the valuation of propositional variables in
the corresponding world. This proves that M meets the requirements of the lemma.

For the other direction, suppose there is a Kripke model M as specified in the lemma.
Let Try be the set of literals of modal depth at least 1 that are satisfied at some world in
M. Let Bog = {cl € Cl| 3t € (Tro N Ba) A Oc(lt, cl)} be the set of clauses such that the
corresponding [clause is in Trg. All clauses in Bog are satisfied in all worlds of M. For any
literal [t € Tr, there is some world w in M satistying the corresponding CNF' formula and
all clauses in Bo. Let Doy = {cl € Cl | Oc(lt, cl)} be the set of clauses in the corresponding
CNF formula and Pvgy be the set of propositional variables set to T in w. Since all clauses
in D oy UBo U By are satisfied at w, [(3lt € TroU Pvg : Oc(cl, It)) V (3t & Pug : Oc(cl, It))]
is true in S(¢). Finally, let It € Trq N Do be a literal of the form O CNF in Tro. There
must be a world w’ in M satisfying the corresponding CNF formula. Let Do, = {cl € Cl |
Oc(lt, cl)} be the set of clauses in the corresponding CNF formula and let Pv; be the set
of propositional variables set to T in w’. Since all clauses of D ¢ UBg, are satisfied at w’,
(3t € TroU Puy : Oc(cl, It)) vV (3it ¢ Puy : Oc(cl, It))] is true in S(¢). O

The following formula makes use of x(Bag, Tr) to check if a set of clauses Cly is satisfiable
in an Euclidean model. Recall the definition of ¢(CI, Tr) from Lemma

X(Clo) & 3Trg C Lt : ¢(Cly, Try)

2.7
Ax({cl € CL| 3t € TroN Bo, Oc(lt, cl)}, Tro N'Do) (2.7

Lemma 2.11. Let Cly be a set of clauses occurring in a modal CNF formula ¢. CNF(Cly)
15 satisfiable at a world wy in an Euclidean model M in which wqy is not its own successor

iff X' (Cly) is true in S(¢).

Proof. Suppose x'(Cly) is true in S(¢). Let M be a Kripke model with one world wy where
the propositional variables in Try are set to T and others are set to L. Let {cl € Cl | Jit €
Tro N Ba, Oc(lt, cl)} be the set of clauses such that the corresponding Oclause is in Try.
By Lemma there is a Kripke model M’ with all worlds accessible from one another
such that for each literal of the form QCNF in Tro N Do, there is a world satisfying the
corresponding CNF formula and all clauses in {c¢l € CI | 3lt € Tro N Bo, Oc(lt, cl)}. Make
all such worlds successors of wy so that M is an Euclidean model where all literals in T'rq
are satisfied at wg. Lemma implies that all clauses in Cl, are satisfied at wy.

For the other direction, suppose there is a Euclidean model M as specified in the lemma.
Let Try be the set of literals satisfied at wy that occur as sub-formulas of some clause in Cl.
Lemma [2.4] implies that ((Cly, Tro) is true in S(¢). Let W be the set of worlds in M other
than wy reachable from wy. Since M is Euclidean, all worlds in W are accessible from one
another. For each O CNF literal in Try, one of the worlds in W accessible from w, satisfies
the corresponding CNF' formula and all clauses in {cl € Cl | 3lit € Tro N Bo, Oc(lt, cl)}.
Therefore, Lemma implies that x'({cl € Cl | 3t € Tro N Bo, Oc(lt, cl)}, Tro N Do) is
true in S(¢). O
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Theorem 2.12. Let ¢ be a modal CNF formula. With treewidth of S(¢) as parameter, there
15 a FPT algorithm for checking whether ¢ is satisfiable in a Kripke model that satisfies

FEuclidean property and any combination of reflexivity, symmetry and transitivity.

Proof. Let Cly be the set of clauses in ¢ at the top level. To S(¢), add a new literal element
It of the form QCNF, and add Oc edges from this new It element to all clauses Cly. This
will increase the treewidth of S(¢) by only a constant. If ¢ is satisfied at a world wq that
is its own successor, then Euclidean property will force all worlds to be accessible from
one another. Therefore, by Lemma [2.10| and Lemma [2.11} checking satisfiability of ¢ in an
Euclidean model is equivalent to checking the truth of x'(Cly) V x(0, {it}) in the modified
S(¢). Addition of reflexivity or symmetry again forces all worlds to be accessible from one
another (except in the case where there is only one world, which can be easily handled by a
small MSO formula), so checking satisfiability of ¢ in a Euclidean model that is also reflexive
and /or symmetric is equivalent to checking the truth of x (0, {it}) in the modified S(¢).

If the model is required to be Euclidean and transitive, then, referring to Fig. all
worlds in W would be accessible from wq. If a literal Oclause has to be satisfied at wy,
all worlds in W have to satisfy the corresponding clause. This can be easily handled by
modifying x(Bo, Tr) as follows:

X(Bo, Tr) & 3T, C Lt \ P
Bog={cl e Cl| 3t € (TroNBo) A Oc(lt,cl)} =
Vit € Tr U (TroN'Do) : 3Pvg C Pu : (2.8)
Doy = {cl € Cl| Oc(lt,cl)} = Vel € Doy UBoU By :
(3t € Tro U Pug : Oc(cl, It)) vV (3lt ¢ Pvg : Oc(cl, It))]

All the MSO formulas used above are of constant length. Hence, an application of Cour-

celle’s theorem gives the desired result. O]

The Euclidean property is very strong in the sense that it makes the complexity of
infinitely many modal logics drop from PSPACE-hard to NP-complete [47]. One might hope
for extending the results of this section to any modal logic whose frames is a subset of
Euclidean frames. The results in [47] use semantic characterizations while our MSO formulas
can only reason about syntax of modal logic formulas. Even though there is a close relation
between the syntax and semantics of modal logic of Euclidean frames (which have been used
to obtain the results of this section), it seems difficult to exploit this relation to obtain FpT
algorithms for arbitrary extensions of modal logic of Euclidean frames. It remains to be seen

if other tools from the theory of MSO logic on graphs can be used to achieve this.

2.6 Transitive Models

In transitive models, formulae with small modal depth can check properties of all worlds
reachable from a given world. This makes it difficult to obtain FPT algorithms for satisfia-

bility in transitive models. Similar to hierarchies of intractable problems like the polynomial
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hierarchy in classical complexity theory, there are hierarchies of intractable parameterized
problems. The parameterized complexity class W|[1] is in one such hierarchy. Parameterized
problems that are W[1]-hard are believed not to have FPT algorithms. More details can be
found in [36] 25].

To formally prove W|[1]-hardness, we will give a parameterized reduction from the Parti-
tioned Weighted Satisfiability (p-PW-SAT) problem to satisfiability of modal CNF formulas
in transitive models. The primal graph of a propositional CNF formula consists of one vertex
for each propositional variable, and an edge between two variables iff they occur together in
a clause. For e € N| let [e] denote the set {1,2,...,e}. The p-PW-SAT problem is defined

as follows:

p-PwW-SAT
Instance: A propositional CNF formula F over variables ® = {q1,...,¢,}, a
partition part : & — [e] of the variables and a target function tg : [e] — N.
Parameter: Pathwidth of the primal graph of F and the number of parts e.
Problem: Decide if there is a satisfying assignment that sets exactly tg(p) variables

to T in each part p.

Lemma 2.13. The p-Pw-SAT problem is W/|1]|-hard when parameterized by the number of
parts e and the pathwidth of the primal graph.

Proof. We will give a parameterized reduction from the Number List Coloring Problem
(NLcP). An instance of NLCP is a graph G = (V, E), a set of colors S, for each vertex v € V
and a target function tg : U,ey S, — N. We need to check if G can be properly colored
(every adjacent pair of vertices get different colors) such that every vertex v is colored from
its set S, and there are exactly tg(¢) vertices colored with ¢ for every ¢ € U,cy S,. In [31],
it is proved that even for graphs of pathwidth 2, NLcP is W[1]-hard when parameterized by
the total number of colors in U,ey .S,

Given an instance of NLCP with a graph of pathwidth 2, we associate with it an instance of
p-PW-SAT with the set of propositional variables {¢ | v € V, £ € S, }. Every color £ € U,ey'S,
is a part of the set of propositional variables and contains the variables {¢’ | S, D {¢}}. The
target function is the same as the target function of the NLCP instance. The CNF formula

is the conjunction of the following formulae:

atLeast 2 A (\/ qu)

veV \LeSy,
atMost & /\ /\ (ﬂqﬁ \% —|qu>
VEV (AL ES,

proper & N\ N\ (mal v )

(v,u)EE LESyNSy

Suppose the given NLCP instance is a YES instance. In the associated p-PW-SAT instance,

set ¢ to T iff the vertex v receives color £ in the witnessing coloring. Since every vertex gets
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a color from its set, the formula atLeast above is satisfied. Since every vertex gets at most
one color, the formula atMost is satisfied. If (v, u) is any edge in the graph, then since v and
u get different colors in the witnessing coloring, the formula proper above is also satisfied.
Since target function of the p-PW-SAT instance is same as the target function of the NLCP
instance, the target function of p-PW-SAT is also satisfied.

On the other hand, suppose that the instance of p-PW-SAT is a YES instance. Color
a vertex v with the color ¢ iff the propositional variable ¢ is set to T in the witnessing
satisfying assignment. The formula atLeast ensures that every vertex gets at least one color
from its set, while the formula atMost ensures that every vertex gets at most one color. If
(v,u) is an edge in G and ¢ is a common color between S, and S,, then the formula proper
above ensures that at least one of the vertices v, u do not get the color £. Hence, the coloring
given to the graph G is proper. Again since the target function of the p-PW-SAT instance
is same as the target function of the NLCP instance, the target function of NLCP is also
satisfied.

Now, it is left to prove that the parameters of the p-PwW-SAT instance is bounded by
some functions of the parameters of the NLCP instance. The first parameter of the p-Pw-
SAT instance is the number of parts, which is same as the total number of colors in the
NLCP instance (and later is a parameter of the NLCP instance). The second parameter is
the pathwidth of the primal graph of the CNF formula. Consider any path decomposition
of width 2 of the graph G in the NLCP instance. For every bag B and every vertex v in
the bag, replace v by the set {¢ | £ € S,}. We claim that the resulting decomposition is
a path decomposition of the primal graph of the CNF formula in the p-PW-SAT instance.
It is sufficient to prove that for every clause in the CNF formula, there is a bag containing
all propositional variables occurring as literals in that clause. For any clause in the formula
atLeast or atMost associated with a vertex v, any bag that contained the vertex v before
replacement will meet the above criteria. For a clause in the formula proper associated with
an edge (v,u), any bag that contained the vertices v and u before replacement will suffice.
In the new path decomposition, number of elements in any bag is at most 3 times the total
number of colors in the NLCP instance. Hence, the pathwidth of the primal graph of the
CNF formula in the p-PW-SAT instance is also bounded by a function of the parameters of
the NLCP instance. O

Theorem 2.14. With pathwidth and modal depth as parameters, modal satisfiability in tran-
sitive models is W|1]-hard.

The rest of this section is devoted to a proof of the above theorem, which is by a pa-
rameterized reduction from p-PW-SAT to satisfiability of modal CNF' formulae in transitive
models. From Definition it is clear that pathwidth is at least as large as treewidth.
Hence, any problem that is W[1]-hard when parameterized by pathwidth is also W|[1]-hard
parameterized by treewidth. Given an instance (F,part : & — [e],tg : [¢] — N) of p-Pw-
SAT problem with the pathwidth of the primal graph of F being pw, we construct a modal
CNF formula ¢ of modal depth 2 in FPT time such that the pathwidth (and hence the
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treewidth) of S(¢x) is bounded by a function of pw and e and p-PwW-SAT is a YES instance
iff ¢ is satisfiable in a transitive model. Suppose the propositional variables used in F are
q1,Q2, - .., qn. The idea is that if ¢r is satisfied at some world wgy in some transitive model
M, then M wy = F. To check that the required targets of the number of variables set
to true in each part are met, ¢ will force the existence of worlds wy,ws, ..., w, arranged
as wg — wy — wy — -+ — w,. In the formula ¢, we will maintain a counter for each
part of the propositional variables. At each world w;, if ¢; is true, we will force the counter
corresponding to part(q;) to increment. At the world w,, the counters will have the number
of variables set to T in each part. We will then verify in the formula ¢ that these counts
meet the given target. Such counting tricks are standard in complexity theoretic arguments
of modal logics, for example [5, Section 6.8]. The challenge here is to implement the counting
in a modal formula of small pathwidth.

In a p-PW-SAT instance containing n propositional variables and e parts, we will denote
the number of variables in part p by n[p]. We first construct an optimal path decomposition
of the primal graph of F in FPT time. We will name the variables occurring in the first bag
as qi,-...,q;- We will name the variables newly introduced in the second bag as q;1,...,qx
and so on. In the rest of the construction, we will use this same ordering ¢, ..., q, of the
propositional variables. This will be important to maintain the pathwidth of the resulting
modal formula low. The modal CNF formula ¢ will use all the propositional variables

qi,---,qn used by F and also use the following additional variables:
® t11,... tte, f11,. .., f1e: part indicators.

e Forpe {l,...;e}, tr),..., trz[p],ﬂ(p), . ,ﬂz[p]: counters to count the number of vari-

ables set to T and L in part p.
® dy,...,d,1: depth indicators.

The modal CNF formula ¢# is the conjunction of the formulae described below. For clarity,
we have used the implication symbol = but it can be easily converted to CNF. Also for
notational convenience, we will use part(i) instead of part(q;). ®(p) is the set of variables
among {qi,...,q,} in part p. The formula determined ensures that all successors of wq
preserve the assignment of ¢q,...,q,. The formula depth ensures that for all i, d; A —d;;
holds in the world w;.

In w;_4, if g; is set to T, we want to indicate that in w;, the counter for part part(i)
should be incremented. We will indicate this in the formula setCounter by setting the

variable £1,44;) to T. Similar indication is done for the counter keeping track of variables
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set to L in part p.

determined A /\ q; = Ug; A /\ —q; = U=g;

1=1 =1
n—1

depth £ O(dy A =do) A N\ T[(di A =dig1) = Odips A —diy2)]
i=1

setCounter é (QI = tTpart(l)) A (_'QI = prart(l))
A /\ ] {[dz‘q A —=d;] = [(¢ = tipare@) N (0 = prart(z'))}}

incCounter A (trparea ) = Dtrpart ) (frparta) = Dﬂpart )

e nlp]—-

WA /\ [t1, = (tr) = Otr2 ™ AD(f1, = (), = O3

p—le

targetMet = /\ Old, = (trtg( 2N ﬁtr;g(p)H)]
p=1

A /\ O[d, = (ﬂz[pl—tg(p) A _lﬂz[p]—tg(p)ﬂ)]

p=1

Variables tr), ..., trZ[p ]

implement the counter keeping track of variables set to T in part
p. If j variables in ®(p) N {q1,..., ¢} are set to T, then we want trJ to be set to T in w;.
To maintain this, in w;_1, if it is indicated that a counter is to be incremented (by setting
t1, to T), we will force all successors of w;_; to increment the ¢r, counter in the formula
incCounter. Finally, we check that at w,, all the targets are met in the formula target Met.

The modal CNF formula ¢+ we need is the conjunction of F, the formulae defined above
and the miscellaneous formulae below (which ensure that counters are initiated properly and

are monotonically non-decreasing).

€ e
determined 2 /\ tr) = Otr) A /\ )= 0f)

p:l pzl

countInit & do A\ —dy N /\(—nfr; A —|ﬂ/1) A trg /\ﬂg)

p=1
e mnlp]
depth' £ N\ N\ [O(tr) = Otrd) AD(f = Ofi)]
p=1j=0
count Monotone = /\D (d; = di—1) A /\ /\ (tr) = tr)" ) AO(f), = fil71)]
=1 p=1j5=2

Lemma 2.15. If a p-PW-SAT instance is a YES instance, then the modal formula constructed

above is satisfied in a transitive Kripke model.

Proof. We will construct a transitive Kripke model using the satisfying assignment f that

satisfies F while meeting the given target. The model M consists of worlds wg, w1, ..., w,
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arranged as wy — wy — wy — -+ - — w,. In all worlds, ¢; is set to f(g;) for all ¢, thus ensuring
that M, wy = F A determined. In w;, {dy,...,d;} are set to T and {d;;1,...,d,11} are set
to L for all ¢ between 0 and n, thus ensuring that M, wqy |= depth A dy A —dy, the last two
clauses coming from the formula countInit. It also ensures that M, wy = A, O(d; = d;_1),
which is part of countMonotone. We will set trg and ﬂg to T in all worlds and tr; and ﬂfl)
to L in wy for all parts p, thus ensuring M, wy |= countInit A determined’. At w;_1, we will
set L1pare(s) t0 @i's value in the same world and f1p4,4(;) to —¢;’s value. This will ensure that
M, wy = setCounter.

At w;, for any part p, if j variables in ®(p) N {q1,...,q;} are set to T, then we will set
{tr), ..., tri} to T and {tr)™, ..., tri¥) to L. If §/ variables in ®(p) N {q1,...,q} are set
to L, we will set {ﬂg, . ,flil} to true and {ﬂg“, . ,ﬂzm} to L. For any p # part(i + 1),
we will set t1, and f1, to L at w;. These will ensure that M, wq = incCounter A depth’ A
count Monotone.

Combined with the above settings of all propositional variables in M, it is easy to check
that the fact that f meets the target for each part implies M, wq = target Met. m

Lemma 2.16. Suppose the modal CNF' formula ¢z constructed above is satisfied at some

world wqy of some transitive Kripke model M. Then M contains distinct worlds wq, ..., w,
such that for each i between 1 and n, w; is a successor of w;_y1. Moreover, {dy,...,d;}
are set to T and {dis1,...,dni1} are set to L in w;. For any part p, if j variables in

S(p) N {q1,...,q} are set to T in wg, then {trg,...,trf,} are qll set to T in w;. If j
variables in ®(p) N {qi,...,q} are set to L in wy, then {ﬂg, o fU ) are all set to T in w;.

Proof. We will first prove the existence of worlds wy, ..., w; by induction on i.

Base case i = 1: Since M, wy |= depth, there must be a successor w; of wy that satisfies
dy N\ —dy. Since M, wy |= countInit, wy satisfies dg A =d; and hence w; can not be same as
wp. Since M,wy = O(ds = da) (part of countMonotone) and w; is a successor of wy, we
get M, w; |= d3 = dy. Since ds is set to L in wy, this means that ds is also set to L in wy.
Similar reasoning can be used to prove that all of {ds,...,d,.1} are set to L in wy. The fact
that M, w; = di = dp means that dy is set to T in w; (since d; is set to T in wy).

Induction step: Assume that worlds wq, ..., w; exist in M with the stated properties.
Hence, w; satisfies d; A —d;11. Since wy satisfies depth and w; is a successor of wy (by
transitivity), there must be a successor w;;; of w; that satisfies d; ;1 A —d; 2. Since all
worlds wy, . . ., w; satisfy —d; 1, w; ;1 is distinct from all of them. The fact that w; . satisfies
dy = dy—; for all ¢/ (these formulae are part of countMonotone formula satisfied by wy) can
be used to show that all of dy,...,d;+; are set to T in w;;1 and all of d;yo,...,d, 1 are set
to L in w;yq.

We will now prove the second claim of the lemma, which is about values of {trg, VN trf)}
in w;. We will first prove that {7/, is set to T by induction on .

Base case i = 1: If ¢; is not in part p, there is nothing to prove (¢r° is set to T in all

part(1)
worlds). If ¢; is in part p and ¢ is set to L, there is nothing to prove. If ¢; is in part p and

q1 is set to T, then since wy satisfies setCounter, we get M, wy |= q1 = tipare1). Since, qp is
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set to T and part(1l) = p, we get that ¢1, is set to T in wy. Since wy satisfies incCounter,
we get M, wy = t1, = Dtr; and hence M, wy = Dtr}). Since w; is a successor of wy, we
conclude that in wy, tr}) is set to T.

Induction step: Case 1: g; is not in part p and none of the variables in ®(p) N {q1,...,q}
are set to to T in w;. In this case, there is nothing to prove.

Case 2: ¢; is not in part p and some 1 < j < i variables in ®(p) N {q,...,q;} are set
to T. By the induction hypothesis, trjp' is set to T in w;_1. Now M, wy = depth’. Hence
M, wo = O(tr], = Otr7), and hence M, w;_; |= tr), = Otr) (since w;_ is a successor of wy),
and hence M, w;_; = Otr) (since tr/ is set to T in w;_;), and hence M, w; = tr (since w;
is a successor of w;_1).

Case 3: ¢; is in part p and ¢; is set to L. If none of the variables in ®(p)N{qi, ..., ¢} are set
to T, then the argument is similar to case 1. If some 1 < j < ¢ variables in ®(p)N{q1,...,q}
are set to T, then the argument is similar to case 2.

Case 4: q; is in part p and ¢; is set to T. We know that w;_; satisfies d; 1 A —d;.
Since wy satisfies setCounter, we have M,w, = D{[di_l A-d) = g = tTpaTt(i)]}; and
hence M,w;_y = [di-1 A =di] = [¢; = tipar()] (since w;_; is a successor of wy), and
hence M, w;—y = ¢ = t1, (since M,w;_1 = d;_1 A —~d;), and hence M, w;—y = t1,
(since M,w; 1 E ¢;). Since wy satisfies incCounter and w;_; is a successor of wy, we
get M, w;_y |=t1, = (tr)~" = Otr)). We have already seen that t1, is set to T in w;_; and
trjp"l is set to T in w;_; by the induction hypothesis (j is at least 1 since ¢; is in part p and
is set to T). Hence, we get M, w; 1 Dtrf). Since w; is a successor of w;_1, we conclude
that trd is set to T in w;.

Now, since wg satisfies O(tr], = trJ~") (this is part of countMonotone) and w; is a
successor of wo, we get M, w; |= tr), = tr/~'. Since tr) is set to T in wj, it follows that tr/~!
is also set to T in w;. Similarly, #r9,..., trJ are all set to T in w;.

The proof for values of {ﬂg, . ,ﬂf,l} is symmetric to the proof of values of {#r0, ... tr]}.

[

Theorem 2.17. If ¢+ constructed above is satisfied in a transitive model, then the p-PW-SAT

instance 18 a YES instance.

Proof. Suppose ¢ is satisfied in some world wy of a transitive model. Since F is part of ¢,
the assignment to {qi, ..., q,} induced by wy satisfies F. We claim that this assignment also
meets the targets. If not, we will derive a contradiction. For some part p, suppose there are
more than tg(p) variables set to T. Then by Lemma m trtpg(p)H will be set to T in w,,
contradicting the fact that wq satisfies targetMet. For some part p, if there are less than
tg(p) variables set to T, then there will be more than n[p] — tg(p) variables set to L. By
Lemma ﬂz[p}’tg(p)ﬂ will be set to T in w,, again contradicting the fact that wq satisfies
targetMet. O

Given an instance of p-PW-SAT problem, the formula ¢ described above can be con-
structed in FPT time. To complete the proof of Theorem we will prove that the path-
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width of ¢~ is bounded by some function of e and pw. ¢ has been carefully constructed to

keep pathwidth low.
Lemma 2.18. The pathwidth of S(¢F) is at most 4pw + 2e + 5.

Proof. Given an optimal path decomposition of the primal graph of F, depth counters can
be added to the bags without increasing their size much since the order of depth counters is
same as the order of ¢, ..., q,. There are only 2e part indicators t1y,...,t1e, f11,.-., [Te, SO
they can also be added to the bags without increasing their size very much. However, the set
of 2n part counters (of the form trz or ﬂf)) has to be added carefully to maintain the size of
the bags. Formulas of ¢+ have been carefully designed to enable this. The key observation
is that the only “link” between ¢y, ..., q, and part counters are part indicators and there are
only 2e of them. The following proof relies on this observation.

Consider an optimal path decomposition of the primal graph of F with each bag con-
taining at most pw elements. Ensure that for all ¢ with 1 < ¢ < n, there is a bag containing
both ¢; and ¢;;1 or there is a bag with ¢; such that the next bag contains ¢;,; (call this the
continuity property). If this is not the case for some i, consider the last bag B containing ¢;
and the first bag B’ containing ¢; 1. No bag that is between B and B’ will introduce any new
variable (if it did, that new variable would have been ¢;,; according to our order). Hence,
all the bags in between B and B’ are subsets of B. Hence, they can all be removed and B’
can become the bag immediately after B. The resulting decomposition is still a path decom-
position of the primal graph of F with each bag containing at most pw elements. Moreover,
the order of variables ¢i,...,q, does not change due to the change we have made in the
path decomposition. This new decomposition has a bag containing ¢; such that the next bag
contains ¢;+1. Now, we can repeat the above process until we get a path decomposition with
the continuity property.

For any ¢ with 1 < ¢ < n, let B; be a bag containing the propositional variable ¢;. We will
expand this path decomposition by adding variables used in ¢z such that for every clause
that appears in ¢, there is a bag that contains all propositional variables appearing in that
clause. Each of these expanded bags will have at most 4pw + 2¢ elements. We will then
show how to expand this into a path decomposition of S(¢£), by adding at most 6 elements
to each bag (creating duplicate copies of existing bags if required). This will prove that the
pathwidth of S(¢#) is at most 4pw + 2e + 5.

First, in each bag B and each element ¢; in it, add d;_;,d; and d; ;. Note that due to
continuity property of the decomposition we started with, the expanded decomposition still
retains the property that all bags containing an element forms a connected component, even
after adding depth counters dy, ..., d, 1. Next, add t1q,...,t1., f11,--., f1e to all the bags.
Apart from ¢;, the bag B; (mentioned in the beginning of the previous paragraph) now also
contains d;_1,d; and d;;,. Now, we have a decomposition with each bag containing at most
4pw—+2e elements, and the last bag contains d,,. To this bag, we will append 2e paths serially.
For 1 < p < e, (2p — 1)" path will be as follows: {d,t11,... t1e, f11,..., fie, 00, tr)} —
{dn,tre, .o tte, fro, ooy fre trp, troy — oo = {dn, t1y, . e, f11, 0 fle trzm_l, trﬁm}. We
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will refer to these bags as B}, ..., B;L[” I 2ot path is similar, with fl , variables replacing tr,
variables. We will refer to these bags in 2p'" path as B!, ... ,B""'" Each of these new bags
has at most 2e + 3 elements, and the whole decomposition still retains the property that for
any element, the set of bags containing that element forms a connected component.

Now we will show how to expand the above decomposition into a path decomposition of
S(¢r). We have to add clauses and literals occurring in ¢ and ensure that for any pair
of elements Oc(ey,ey) or Oc(ey,ey), there is a bag containing both e; and e,. To achieve
this, we may have to “augment” an existing bag with new elements. If B; is a bag in the
path decomposition --- — B; — ..., augmenting B; with elements e; and e; means that we
add another bag --- — B/ — B; — ... with B, containing all elements of B; and in addition
containing e; and es. If we ensure that these new elements introduced during augmentation
is never added to any other bag in the decomposition, augmentation will not violate the path
decomposition’s property that for any element, the set of bags containing that element forms
a connected component. Now, we will go through each sub-formula of ¢ and prove that all
its clauses, literals and Oc pairs are already represented in the path decomposition we have

constructed above or that the decomposition can be augmented to represent them.

e (Clauses in F: For each clause in F, the propositional variables in that clause form a
clique in the primal graph of F. Hence, there is a bag B in the new decomposition
that contains all propositional variables occurring in that clause. Augment B with a

new domain element representing the clause.

o determined: Here, the clauses are of the form —¢; V Ug; and ¢; V —¢;. Augment the
bag B; containing ¢; with 3 domain elements, one for the clause —¢; vV Ug; itself, one for
the literal [Jg; and one for the clause in this literal that contains ¢; as its only literal.

Perform similar augmentation for the clause ¢; V U—g;.

e depth: For O(dy A —dy), augment the bag Bj containing d; and dy with 4 domain
elements representing literals and clauses of O(d; A =dy). Augment the bag B,y con-
taining d;, d;+1 and d; o with 6 elements representing literals and clauses of O[—d; V
dig1 V O(dig1 N —diy)].

o setCounter: Augment the bag B; containing ¢, and t1,,.1) with one element repre-
senting the clause —q; V £1,4¢(1). Do a similar augmentation for the clause g1V f1p44(1)-
C(g A r) is equivalent to Og A Or. Hence, the latter part of setCounter can be split
into clauses L(—d;—1 V d; V =¢; V tpepe(iy) and O(=di—1 V. d; V @i V fipare)). Augment the
bag B; containing d;_1,d;, ¢;, Upare(iy and f1per ;) With 6 elements representing clauses

and literals of these two clauses.

1
part(1)

)). Similarly augment the bag

e incCounter: Augment the bag B! with 3 elements

part(1)
representing clauses and literals of (—t1pq¢1) V Oir

BY

part(1)
with 6 elements representing literals and clauses of O(—t1, V —tr/ v Otrd*). Similarly

augment Bg“/ for O(=f1, V ﬂﬂf; Vv Dﬂ{)_‘_l)'

containing t1,4¢(1) and tr

1
part(1

for (= f1pare(1) V Oflpars1y)- Augment the bag Bt containing ¢1,, tr4 and tri ™
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e targetMet: Augment the bag BY”)*! containing d,,, tr¥” and 9™ with 6 elements
for the literals and clauses in O(—d,, V%)) and O(—d,V—¢r'?®*). Similarly augment
Bg[ﬂ}—tg(p)ﬂ’ for O(~d,, \/ﬂg[p}—tg(p)) and O(—d, V ﬁﬂz[p}—tg(p)ﬁtl)

e determined: Augment the bag B} containing tr) with 3 elements representing literals

0 0 Qi i 0 0
and clauses of —tr; Vv Uitr,. Similarly augment B, for =/l vV Ufl,.

e countInit: Augment the bag B; containing dy and d; with 2 elements representing
the clauses in do A ~d;. Augment the bag B} containing ¢rf) and tr} with 2 elements

representing the clauses in =tr) A tr. Similarly augment B;' for — ﬂ; A ﬂg.

e depth’: Augment the bag Bz containing tri with 6 elements representing literals and
clauses of O(—tr v Otry). Similarly augment Bg' for D(—.ﬂfp' WV [lﬂf)).

o countMonotone: Augment the bag B; containing d; and d;_; with 3 elements repre-
senting literals and clauses of O(—d; V d;_1). Augment the bag Bg containing trjp' and

tr)~! with 3 elements representing literals and clauses of C(—tr) V trJ~1). Similarly

augment BI' for O(—=f1 v fi7~).
[l

In the absence of transitivity, the above reduction would require a formula of modal depth
that depends on n (and hence it would no longer be a parameterized reduction). The above
hardness proof will however go through for any class of transitive frames that has paths of
unbounded length of the form w; — wy — - - - — w, without any reverse paths. See [90] for

some context on such classes of transitive frames of unbounded depth.

2.7 Temporal Logics

In this section, we prove W[1]-hardness of satisfiability of a CNF fragment of LTL and CTL
given below, with treewidth and modality depth as parameters. The proof is very similar
to the one in the previous section. We give a parameterized reduction from p-PW-SAT
to satisfiability of LTL/CTL formulas. The formulas required are obtained by the modal
formulas given in the previous section by replacing ¢ with X and [J with G in case of LTL
and ¢ with £X and [J with AG in case of CTL. We will consider the following fragment of
LTL and associate treewidth to a LTL formula of this form in the same way we associated

treewidth to modal logic formulas in CNF.

literal ::= q | =q | Gelause | X CNF
clause ::= literal | clause V clause | L

CNF ::= clause | CNF N CNF
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For LTL formulas of the above Conjunctive Normal Form, we associate modality depth in
the same way we associate modal depth to modal logic formulas, replacing ¢ with X and [J
with G.

We will also consider the following fragment of CTL and associate treewidth to a CTL

formula of this form in the same way we associated treewidth to modal formulas in CNF.

literal ::= q | =q | AGclause | EX CNF
clause ::= literal | clause V clause | L

CNF ::= clause | CNF N\ CNF

For CTL formulas of the above Conjunctive Normal Form, we associate modality depth in

the same way we associate modal depth to modal logic formulas, replacing ¢ with £X and
[0 with AG.

Theorem 2.19. The satisfiability of the CNF fragment of LTL/CTL given above is W|1]-
hard, with the pathwidth of the relational structure associated with the formula and the modal-

ity depth of the formula as parameters.

The rest of this section is devoted to a proof of the above theorem. Given an instance
(F,part : ® — [e], tg : [e] — N) of p-PW-SAT problem, compute an optimal path decomposi-
tion of the primal graph of F and order the propositional variables as q, ..., g, as described
in the beginning of section 2.6, Consider LTL formulas in and the CTL formulas in
(@-10).

Lemma 2.20. If a p-PW-SAT instance is a YES instance, then the LTL formula that is the
conjunction of F and formulas in (2.9) is satisfiable, and so is the CTL formula that is the

congunction of F and formulas in (2.10]).

Proof. 1t is routine to verify that the model wy — wy +— - - - w,, constructed in Lemma [2.15
satisfies the LTL and CTL formulas. m
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determined A /\ ¢ = Gqg; \ /\ —q; = Gy

=1 i=1
n—1

depth £ X (dy A =dp) A\ Cl(di A=dip1) = X(dit A—diso)
i=1

setCounter é (Q1 = tTpart(l)) N (_'Ch = prart(l))
N /\ G {[di—l A _'dl] = [(ql = tTpart(i)) A (_'qz = prart(i))]}

. A
incCounter = (H1pari(1) = Gtrmn )/\ (frparta) = Gﬂp(m )

e nlp]-1
AN N\ Glt, = (tr) = Gl ™ AGLf1, = (i) = GATT]
p:l 7=0
targetMet = /\ Gld, = (trtg(”) ﬂtrtg(p)ﬂ)] (2.9)
p=1

A /\ G[dn = (ﬂ;[ﬂ]—tg(ﬂ) A ﬁﬂz[p]—tg(p)-i,-l)]

p=1

determined & /\ trg = Gtrg A /\ flg = Gﬂg

p:l p=1

countInit & do A\ —dy A /\(ﬁtrll) A —|flﬁ1, A trg A ﬂg)

p=1
e nlpl
depth' £ N\ N [G(1r) = Gird) A G(fEE = Gfi)]
p=1j=0
e nlp] . ) ) ]
countMonotone = /\ G(d; = di—1) N /\ /\ (tr) = tri" Y AG(fl), = ﬂ‘;_l)}
p=17=2

Lemma 2.21. Suppose F and the conjunction of the formulas in or 15 satisfied
at position 0 of some model w (a linear sequence in case of LTL, tree in case of CTL). Then
the model contains positions 1,...,n such that for each i between 1 and n, position i is a
successor of i — 1. Moreover, {dy,...,d;} are set to T and {d;y1,...,d,41} are set to L in
position i. For any part p, if j variables in ®(p) N {qr,...,q} are set to T in position 0,
then {trg, . tr]p'} are all set to T in position i. If j' variables in ®(p) N {q,...,q} are set
to L in position 0, then {ﬂg, o ,ﬂf;} are all set to T in position 1.
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determined A /\ g = AGq; \ /\ -q; = AG—g;

=1 =1
n—1
depth & EX(dy A =do) A N\ AG [(d; A ~dis1) = EX(disy A —dis2)]
i=1

setCounter é (Ch = tTpart(l)) A (_'CII = .prart(l))
A /\ AG{[di—1 A —di] = (@ = trpari) N (56 = [lpar)]}

incCounter A (trpart(r) = AGtrmﬁ ) A (fpart)y = AGﬂ;l)art(n)

e nlpl—
A /\ AGlt1, = (trd = AGtri™)| N AG[f1, = (fi) = AGAIT)]
p—l 7=0
targetMet = /\ AGd, = (trtg( 2N ﬂtrzg(p)ﬂ)] (2.10)
p=1

A/\AGd = (fITIP90) A frietee)H )]

p=1

determined & /\ trg = AGtrg A /\ ﬂg = AGﬂS
p=1 p=1
countInit & do A\ —dy A /\(—nﬁr}, A ﬂﬂfl) A trg A ﬂg)
p=1
depth' 2 |\ )\ [AG(tr) = AGtr)) N AG(fl) = AGf)]

p=17=0
countMonotone = /\ AG(d; = di—1) A /\ /\ [AG(tr) = tri ") NAG(fl), = ﬂ;_l)}
=1

p=1j=2

Proof. We will first prove the existence of positions 1,... 4 by induction on 7.

Base case i = 1: Since 7,0 = depth, there must be a successor 1 of 0 that satisfies
dy A —dy. Since 7,0 = G(d3 = ds) or 7,0 = AG(d3 = ds) (part of countMonotone) and 1 is
a successor of 0, we get m, 1 |= d3 = dy. Since dy is set to L in 1, this means that dj is also
set to L in 1. Similar reasoning can be used to prove that all of {ds,...,d, 1} are set to L
in 1. The fact that 7,1 |= d; = dy means that dy is set to T in 1 (since d; is set to T in 1).

Induction step: Assume that positions 1,...,7 exist in © with the stated properties.
Hence, position ¢ satisfies d; A —d;.1. Since position 0 satisfies depth and 7 occurs after 0,
there must be a successor ¢ + 1 of ¢ that satisfies d;;; A =d; 9. The fact that position ¢ 4 1
satisfies dy = dy_; for all ¢/ (these formulae are part of countMonotone formula satisfied by
position 0) can be used to show that all of dy, ..., d;,; are set to T and all of d;, o, ..., dy i1
are set to L in position ¢ + 1.

We will now prove the second claim of the lemma, which is about values of {trg, cee tr%}
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in position 2. We will first prove that trf) is set to T by induction on 1.

Buase case i = 1: If ¢; is not in part p, there is nothing to prove (¢r° is set to T in all

art(1
positions). If ¢; is in part p and ¢, is set to L, there is nothing to provei If(' c)h is in part p and
q1 is set to T, then since position 0 satisfies setCounter, we get 7,0 = q1 = tipere1). Since,
q1 is set to T and part(l) = p, we get that ¢1, is set to T in position 0. Since position 0
satisfies incCounter, we get 7,0 = t1, = Gtr, or m,0 |= t1, = AGtr, and hence 7,0 |= Gtr}
or ,0 = AGtr,. Since position 1 occurs after 0, we conclude that in position 1, tr} is set to
T.

Induction step: Case 1: g; is not in part p and none of the variables in ®(p)N{q1, ..., ¢}
are set to to T in 7. In this case, there is nothing to prove.

Case 2: g; is not in part p and some 1 < j < i variables in ®(p) N {q1,...,q} are set to
T. By the induction hypothesis, tri is set to T in position i — 1. Now 7,0 |= depth’. Hence
m,0 E G(tr) = Gtr)) or m,0 | AG(tr) = AGtr)), and hence 7,i — 1 |= tr), = Gtr) or
m,i— 1 | tr) = AGtri(since position i — 1 occurs after 0), and hence 7,7 — 1 = Gtr) or
m,i—1 | AGtri(since tr] is set to T in position i — 1), and hence 7, |= trJ (since position
i occurs after i — 1).

Case 3: g; is in part p and ¢; is set to L. If none of the variables in ®(p)N{q,..., ¢} are set
to T, then the argument is similar to case 1. If some 1 < j < ¢ variables in ®(p)N{q1,...,q¢}
are set to T, then the argument is similar to case 2.

Case 4: q; is in part p and ¢; is set to T. We know that position ¢ — 1 satisfies d;_1 A —d;.
Since position 0 satisfies setCounter, we have 7,0 = G {[di_1 A ~d;] = [¢; = tipari(s)] } or
7,0 = AG {[di-1 A —di] = [gi = tlpares)] |, and hence 7,0 — 1 |= [dioy A=d] = [0 = Upars)]
(since position i — 1 occurs after 0), and hence 7,7 —1 |= ¢; = t1, (since 7,i—1 = di—1 A—d;),
and hence m,1—1 |= t1, (since m,i—1 = ¢;). Since position 0 satisfies incCounter and position
i — 1 occurs after 0, we get 7,i — 1 |= t1, = (tr) " = Gtr)) or m,i — 1 = t1, = (tr)' =
AGtr?). We have already seen that t1, is set to T in position i — 1 and #r)~" is set to T in
position i — 1 by the induction hypothesis (j is at least 1 since ¢; is in part p and is set to
T). Hence, we get 7,0 — 1 |= Gtr) or 7,i — 1 |= AG'tr). Since position i occurs after i — 1,
we conclude that ¢rd is set to T in 4.

Now, since position 0 satisfies G(tr), = tri~') or AG(tr), = tr)~') (this is part of
countMonotone) and position 7 is a successor of 0, we get 7,4 |= tr) = trJ~". Since tr7

is set to T in position 4, it follows that =" is also set to T in position i. Similarly,

0
P

The proof for values of {ﬂg, . ,ﬂf)/} is symmetric to the proof for values of {tr),..., tr]}.
]

tro, ..., trf) are all set to T in position 1.

It is routine to verify that the proofs of Theorem and Lemma [2.18] also prove Theo-
rem and Lemma below respectively. This completes the proof of Theorem [2.19]

Theorem 2.22. [If the LTL or CTL formula obtained by conjoining F with the formulas in
(2.9) or (2.10) is satisfiable, then the p-PW-SAT instance is a YES instance.
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Lemma 2.23. The pathwidth of the LTL or C'TL formula obtained by conjoining F with the
formulas in (2.9) or (2.10) is at most 4pw + 2e + 5.

2.8 Remarks and Open Problems

By expressing satisfiability of modal formulae as a MSO property, we obtained a FpT al-
gorithm for modal satisfiability in general models with treewidth and modal depth as pa-
rameters. The resulting algorithm has running time linear in the size of the modal formula
by Courcelle’s theorem. Due to the dependence of the constructed MSO sentence on modal
depth, the FpPT algorithm obtained in section has a running time with a tower of 2’s
whose height is O(md(¢)). It remains to be seen if this can be improved or there is a lower
bound that prevents any improvement. Lower bounds in similar but different contexts have
been proved in [I], [77]. The parameterized complexity of modal satisfiability in symmetric
models is open.

In modal formulas, different occurrences of the same sub-formula are considered as sep-
arate syntactic objects, increasing the overall size of the formula if same sub-formula is re-
peated many times. Another direction is to look at satisfiability of modal circuits, where there
is only one syntactic object for a sub-formula and different occurrences of that sub-formula
are indicated by referring to the same syntactic object. There are variations of incidence
graphs, such as primal/dual graphs [87], whose effect on complexity of satisfiability may also

be considered.
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Chapter 3
Synchronized Transition Systems

Labelled Transition Systems (LTSs) are popularly used to model sequential systems. Syn-
chronized transition systems are generalizations where we can model many sequential systems
interacting with one another through synchronization. With the number of systems partici-
pating in such synchronization as a parameter, parameterized complexity of many problems
like reachability and model checking are studied in [20]. All the problems studied are shown
to be complete for some intractable parameterized complexity class. In this chapter, we will
introduce a stronger parameter and give parameterized complexity results with a combination

of the new and old parameters.

3.1 Preliminaries

A labelled transition system (LTS) over some alphabet ¥ = {a,b,...} is a tuple &/ =
(Q,%,—) where Q = {s,u,...} is the set of local states and —C @ x ¥ x @ is the set
of local transitions. We assume the standard notation s — u, s — u (w € %), s 5w,
s — u ete. For W C ¥, s W, « means that for some w € W, s — u. The size of
a finite LTS & is || = |Q| + |X| +| — |. Product systems are products of individual
LTSs. Assuming o = (Q;, %, —;) for i = 1,..., k, which are called processes, the product
o) X -+ X g denotes a LTS (Q, >, —) where QQ = Hle Q; is the set of global states and
the set of global transitions —C @) x X x @) is defined as follows. The processes synchronize
on transitions labelled by the same letter: (s1,...,s;) — (uy, ..., u;) iff s; = u; for every
i=1,...,k A global state s = (s1,..., ;) of & X -+ X o, corresponds to each process <7

being in the local state s; for every i =1,... k.

Definition 3.1. Given an initial and a final global state of the product system, the reachability
problem is to check if starting from the initial global state, the product system can reach the

final global state through a sequence of transitions.

It is known that for 1-safe Petri nets (which are a form of product systems), reachability
and other problems like model checking LTL and p-calculus are PSPACE-complete [29]. In

[20], the parameterized complexity of these problems for product systems are studied with
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the number of processes k as parameter. Following are the main results from [20], where the

number of processes £ is the only parameter by default.

1. Reachability and its refinements repeated reachability, local reachability and fair reach-
ability are AW[SAT]-hard.

2. Linear Temporal Logic and Computational Tree Logic model checking are AW|[SAT]-

hard with both the size of the formula and the number of processes k as parameters.

3. Hennessy-Milner Logic model checking is AW|[1]-complete with both the size of the

formula and the number of processes k as parameters.

4. p-calculus model checking is XP-complete with both the size of the formula and the

number of processes k as parameters.
5. Bisimulation is XP-complete.

It is shown in [20] that most of the above classification remain intact under variations like
replacing global synchronization with binary synchronization (where only two processes can
participate in a global transition) and bounding the size of the alphabet ¥ by a constant.
With such robust hardness results, we are forced to define stronger parameters to obtain
FPT results.

Following is the definition of a stronger parameter with which we show FPT results. The
intuition behind this definition is to restrict a particular behaviour of product systems that
is common in most of the hardness proofs mentioned in the previous paragraph. Consider a
product system consisting of two processes @7 and <. Let {s1,...,s,1} and {ug,... , un}
be the set of local states of & and o7 respectively. The number of global states would be
very large if every global state (s;, ;) is reachable in the product system (indeed this is the
case in product systems constructed in many hardness proofs of [20]). In product systems
where this is not the case, the number of reachable global states will be small. The following

definition formalizes this notion.

Definition 3.2. For two LTSs ofy, .oy with initial local states s;,, U, suppose s is a local
state of oy and W, C X* is a set of strings such that Yw € Wi, s; — s. Define
synchronous W,-neighbours of s € Q1 to be Nor[Wy] = {u € Q2 | wip, W, u}. Let
m[et, o) = max{|Nor[W,]| | 3s € Q1,W, C ¥*: Yw € W,, s; — s}. Generalizng
this, let oA, ..., be LTSs and define m[i| = max{m|<, o/j] | j # i} and m = min{m]i] |
1 <i < k}. The number m is called the synchronous neighbourhood size of & X - - X 7.

For the two L'TSs 7, @% in the above definition, there are at most m[., @%] global states
all of which have the same local state in .2/} but have distinct local states in o%. Figure [3.1
shows an example of a synchronized transition system with three processes. Local states are
shown as small circles and local transitions as directed edges with labels alongside. Initial
local states are shown with an arrow pointing to them. Consider the local state s of @7 and

the set of strings W represented by the regular expression abb*. Considering <7 and o, the
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Figure 3.1: An example system with small synchronous neighbourhood size

synchronous Wy-neighbours of s is given by Nbr[W,| = {uy, us, ug,us}. It can be seen that
m[2] = 3 as per Definition [3.2]

In the following section, we give FPT upper bounds when both synchronous neighbour-
hood size and number of processes are parameters. In section we show W][1]-hardness

when synchronous neighbourhood size is the only parameter.

3.2 Upper Bound

Lemma 3.3. For a product system @) X --- X &), with synchronous neighbourhood size m,

k-1

the number of reachable global states is at most nm~ ", where n is the maximum number of

local states in any one LTS.

! = n. Suppose k > 1 and the

Proof. The required result is obvious for k = 1 since nm!~
number of reachable global states is greater than or equal to nm*~! + 1. In such a case, we
claim that m[i] > m for every i = 1,..., k, a contradiction.

For any i = 1,...,k, there are at most n local states in 7. For each local state s of
7, let Qs be the set of k — 1 tuples that form a reachable global state when combined with
s. There is at least one local state s in .o such that |Q,] > m* ! + 1 (otherwise, total
number of reachable global states will be at most nm*~!). Let s be such a local state. For
each j # i, let Q4 be the set of local states in <7 that appear in the j™ process of some
tuple in Q,. There is at least one j such that |Q7| > m + 1 (otherwise, |Q,| < mF™1). Let
Q) = {uy,...,Umy1,---}. Now, (s,uy),..., (s, unys1) are each part of some reachable global
state. Let w; be the sequence of transitions that enables the product system to reach a
global state with .7 in local state s and .27 in local state u;. Now, with the set of strings
{wi,..., wnt1}, 9 reaches one local state s while for the same set of strings, <7 reaches

m + 1 different local states {uy, ..., uns1}. Hence, m[i, j| > m. O

Theorem 3.4. With the number of processes k and synchronous neighbourhood size m as

parameters, reachability in product systems is FPT.

Proof. With both the number of processes m and synchronous neighbourhood size k as
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parameters, the upper bound of Lemma allows us to construct the whole state space of

the composed system in FPT time, hence reachability is FPT. O]

3.3 Lower Bound

With the result of the previous section, a natural question would be whether reachability is
FpPT when parameterized by the synchronized neighbourhood size alone. In this section, we
answer this question in the negative, by a parameterized reduction from the Parameterized
Weighted 2-CNF- Satisfiability (p-W2CNF -SAT). An instance of p-W2CNF -SAT consists
of a 2-CNF formula F over the propositional variables ¢y, ..., q, and a number k£ such that
each literal in every clause is a negated propositional variable. The problem is to check if
there is an assignment satisfying F while setting exactly k variables to T. This problem is
known to be W|1|-hard [36, Theorem 6.28|.

Theorem 3.5. With the synchronous neighbourhood size m as parameter, reachability in

product systems is W|1|-hard.

Proof. Given an instance of p-W2CNF -SAT, construct a product system consisting of the
following LTSs. The LTS shown in Fig. is a controller ensuring that exactly k variables
are set to T. For 1, ¢, and all ¢; for each i between 2 and n — 1, the LTSs shown in Fig.[3.3]

YA\AL fin} SA\AL fin}
a t @L t 8 fin @)
YAAt fin}
Figure 3.2: Controller

Fig. and Fig. are constructed respectively. If there are v clauses Ci,...,C, in F,

N\ A{fin}

E\{finvzlf}

Figure 3.3: Assignment for ¢;

then for each j between 1 and v — 1, the LTS shown in Fig. is constructed. Finally, the
LTS shown in Fig. [3.7is also constructed. In Fig. (resp. Fig. [3.7)), it is assumed that the
clause C; (resp. C,) is —¢; V —gir.
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2 \ {fma Zif}

Figure 3.4: Assignment for g;

YA\ A{fin}

" gL
; @ 71 @ Fin
Y\ {nn}
N\ A{fin, 2, f}

Figure 3.5: Assignment for ¢,

zif )
j 1 f
@L @@@ =0
Zit

S\ {5} >\ {fin}

Figure 3.6: Checking satisfaction of C;

Zz'f .
f
O 1) o)
Zi’f

2\ {1}

Figure 3.7: Checking satisfaction of C,
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In the initial global state, the controller LTS in Fig. is in the state Cy. LTSs in
Fig. Fig. and Fig. are in states ¢p,¢q; and g, respectively. LTSs in Fig. and
Fig. are in states C; and C, respectively. In the final global state to be reached, all LTSs
are in the state g.

Suppose that the given p-W2CNF-SAT instance is satisfiable. For each ¢;, if the satisfying
assignment assigns L, take the transition labelled f from z} to z;f in the LTS of Fig. 3.4} If
the satisfying assignment assigns T, take the transition labelled t from 2} to x;t, taking the
controller LTS one step nearer to C}, in the process. Since there are exactly k variables set
to T in the satisfying assignment, the controller LTS will reach C}, k LTSs reach y;t and the
remaining LT'Ss among those in Fig. Fig. and Fig. reach y;f. Since all clauses
are satisfied, LTSs in Fig. and Fig. can reach the state D). Now, all LTSs can take
the transition labelled fin to reach the state g.

On the other hand, suppose the final global state can be reached from the initial global
state in the product system constructed above. Consider the assignment that assigns T to ¢;
if the L'T'S in Fig. takes the transition labelled ¢ from 2 to z;t and assigns L otherwise.
Since the controller LTS in Fig. needs exactly k transitions labelled ¢ to reach g, the
assignment constructed above sets k variables to T and all others to L. Since all LTSs in
Fig. and Fig. reach g and the clause C; has to be satisfied to reach D; from CJ, the
constructed assignment satisfies all clauses.

Except the controller LTS of Fig. all other LTSs have a constant number of states.
Hence, the synchronous neighbourhood size of the product system constructed above is a
constant. Therefore, with synchronous neighbourhood size as parameter, reachability in
product systems is W|1|-hard. O
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Chapter 4

1-safe Petri Nets

1-safe Petri nets are powerful models that can compactly represent finite state systems.
They can model concurrent behaviour such as causality, independence, synchronization etc.
Complexity of various problems of 1-safe Petri nets are known [13] 29], most of them PSPACE-
complete. In this chapter, we show either a FPT algorithm or W/[1]-hardness for various
problems with respect to the parameters treewidth, benefit depth and vertex cover number.
Apart from throwing light on the effect of treewidth on 1-safe Petri nets, we also get as a
corollary a proof of a conjecture about a graph pebbling problem made by Downey, Fellows
and Stege 26, section 5.

It turns out that most of the problems for 1-safe Petri nets are W|[1]|-hard with treewidth
as parameter. Therefore, we turn to the stronger parameter vertex cover number. This helps
in understanding the role of different parameters in the complexity of our problems and the
techniques may be useful in other contexts as well. We show that LTL model checking is
FpT with the size of the LTL formula and vertex cover number as parameters, by combining
the well known automata theoretic method with a powerful result about feasibility of Integer
Linear Programming (ILP) parameterized by the number of variables [63] 53, 37]. Automata
theoretic methods are extensively studied and arise in many other contexts [96, [44, [58].

The SIGNED DIGRAPH PEBBLING problem considered in [26] can simulate 1-safe Petri
nets and it is shown that with treewidth and the length of the firing sequence as parameters,
this problem is FPT. Downey, Fellows and Stege conjectured that with treewidth alone as
parameter, the problem is W|1|-hard [26], which we prove here.

4.1 Petri Nets and Problem Definitions

Let Z be the set of integers and N the set of natural numbers. We first define general Petri
nets and then impose some restrictions to get 1-safe Petri nets. A Petri net is a 4-tuple
N = (P, T, Pre, Post), where P is a set of places, T is a set of transitions and Pre and Post
are the incidence functions: Pre : P x T'— [0... W] (arcs going from places to transitions)
and Post : P x T — [0...W] (arcs going from transitions to places), where W > 1 is the

maximum arc weight. A place p is an input (output) place of a transition ¢ if Pre(p,t) > 1
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(Post(p,t) > 1) respectively. Conventionally, *¢ (¢*) denote the set of input (output) places
of a transition t. In diagrams, places will be represented by circles and transitions by thick
bars. Arcs are represented by weighted directed edges between places and transitions.

A function M : P — Nis called a marking. A marking can be thought of as a configuration
of the Petri net, with every place p having M (p) tokens. Given a Petri net N with a marking
M and a transition ¢ such that for every place p, M(p) > Pre(p,t), the transition ¢ is
said to be enabled at M and can be fired. After firing, the new marking M’ (denoted as
M =% M) is given by M’(p) = M (p) — Pre(p,t) + Post(p, t) for every place p. We can think
of firing a transition ¢ resulting in Pre(p,t) tokens being deducted from every input place
p and Post(p',t) tokens being added to every output place p’. A sequence of transitions
o = tity---t, (called firing sequence) is said to be enabled at a marking M if there are
markings M, ..., M, such that M Ly M,y AN M,. Markings M, My, ..., M, are
called intermediate markings and the sequence of markings M M; - -- M, is called a run. The
fact that firing o at M results in M, is denoted by M == M, and we say that M, is reachable
from M. The set R(N, My) is the set of markings reachable from the initial marking Mj.

For the purposes of complexity analysis, we assume that when a Petri net is given as
input to algorithms, it is presented as two matrices for Pre and Post. We will assume that a
Petri net A has m places, n transitions and that ¥ is the maximum of the range of Pre and
Post. We define the size of the Petri net to be |N| = 2mnlog W + mlog|M,| bits, where

| Mp| is the maximum of the range of the initial marking M,.

Definition 4.1 (Reachability, Coverability and Boundedness). Given a Petri net with an
inttial marking My and a target marking M.,,, the Coverability problem is to determine if
there is a firing sequence o such that My == M’ and for every place p, M'(p) > My, (p) (this
is denoted as M' > M., ). If we replace M' > M.y, by M' = M.,,,, we get the reachability
problem. The boundedness problem is to determine if there is a number ¢ € N such that for

every firing sequence o enabled at My with My == M, M(p) < c for every place p.

Let NV be a Petri net with an initial marking My with My(p) € {0,1} for every place p.
For every firing sequence o enabled at My with My == M, if we have M(p) € {0,1} for
every place p, then the Petri net N with initial marking M, is said to be a 1-safe Petri net.
Reachability, coverability and model checking some temporal logics on 1-safe Petri nets are
complete for PSPACE.

4.2 Logics for Specifying Properties

We will use Linear Temporal Logic (LTL) for specifying properties of 1-safe Petri nets. Syntax
of LTL is the same as the one defined in section 2.1 except that instead of a set ® of atomic
propositional variables, we will use the set of places of a Petri net. For a Petri net with set of

places P, LTL formulas are formed by the following syntax. We follow the notation in [29].
pu=pEP [P N[ X[ U
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These LTL formulas are interpreted on runs of a 1-safe Petri net. Given a run 7 = MoM; - - -,

the satisfaction of a LTL formula ¢ at some position 7 in this sequence is defined as follows.
o m,i=piff M;(p)=1.
o T, i= ¢ iff miE .
o T i1 ANy iff mi = ¢y and 7,0 = ¢o.
e 7,1 = X¢ iff there is a position ¢ + 1 in 7 and 7,7+ 1 = ¢.
o i | = »1Udgs iff for some j > i, 7, j = ¢9 and for all i <1 < j, m, 1 E ¢.

Usual abbreviations are T = pV —p, F¢p = TU¢ and Gp = —~F—¢. Let N be a l-safe
Petri net with initial marking M,. A firing sequence o enabled at M, is said to be mazimal
if o is infinite or it is finite, My == M and no transition is enabled at M. A l-safe net
N with initial marking M, is a model of an LTL formula ¢ iff every run m that can be
obtained by firing any maximal sequence of transitions from M, (we will call them maximal
runs) satisfies 7,0 = ¢. Much more expressive is the Monadic Second Order (MSO) logic of
Biichi [I1], interpreted on a maximal run MyM; - -, with 7, s |= p(x) iff My, (p) = 1 under
an assignment s to the variables, which denote positions of the run. First- and (monadic)
second-order quantifiers and Boolean operations are available as usual. The satisfaction of a

MSO formula by a run is independent of places that do not occur in the MSO formula:

Proposition 4.2. Let N be a 1-safe net and ¢ be an MSO formula. Let P, C P be the
subset of places that occur in ¢. Let m = MoM,--- and ©" = MM --- be two finite or
infinite runs of N such that for all positions i of m and for all p € Py, M;(p) = M/(p). For

any assignment s, we have w, s = ¢ iff 7', s = ¢.
Proof. By a straightforward induction on the structure of ¢. m

Some interesting properties of Petri nets like liveness (a transition is live if it can always
occur again) cannot be expressed in LTL. Another such example is specifying that the initial
marking is a home marking, which means that the initial marking can be reached from any
reachable marking. Computational Tree Logic (CTL) introduces quantification over set of
computations starting from a marking to enable expressing such properties. Asin LTL, CTL
syntax is the same as given in section [2.1 with the set of places P replacing the set of atomic
propositional variables ®. Following is the CTL syntax for 1-safe Petri nets, again using the
notation of [29)].

pu=peP|=¢|opN¢|EX|AXG | E[01U¢s] | Alp1U¢]

CTL formulas are interpreted on computation trees, which are possibly infinite trees
labelled with a set of atomic propositions. A sequence of tree nodes 1y 7 - - - is a path if for
each i > 0, n;,1 is a successor of n;. A path is maximal if it is infinite or it is finite and its last

node does not have any successor in the computation tree. In case of 1-safe Petri nets, the

48



set of atomic propositions is the set of places. The root of the tree is labelled with the initial
marking. Every node of the tree labelled by some marking M will have as its successors, the
set of nodes labelled by markings that are reachable from M by firing a transition. We will
call this the reachability tree of the 1-safe net. For a tree 7 and a node 7 labelled by the

marking M, satisfaction of a CTL formula is defined as follows.
o T.n=pifft M,(p) =1.
« TnkE—0iff T,nk o

hd Tun)qul/\gsz IH‘TJT] ):le and TJTI):QSQ

e 7.n [ EX¢ iff there exists a child ' of n with 7,7 = ¢.
e 7.nE AX¢ iff for every child o/ of n, 7,7 | ¢.

e 7.1 E[¢1Uds] iff for some maximal path ngnins - -+ of 7 starting from n = 7o, there
exists ¢ > 0 such that 7,7; = ¢ and for all j with 0 < j <, T,n; = ¢1.

o 7,1 Alp1Ugs] iff for every maximal path nomin, - -+ of T starting from 1 = 7y, there
exists ¢ > 0 such that 7,7; = ¢2 and for all j with 0 < j <4, 7,7, = ¢1.

Usual abbreviations are EF¢ = E[TU¢|, AGp = ~EF-¢, AFp = A[TU¢| and EG¢p =
—AF—-¢. Checking that all maximal runs of a 1-safe Petri net satisfy a given LTL formula
is PSPACE-complete and so is the problem of checking that the reachability tree satisfies a
given CTL formula [29].

4.3 Treewidth, Pathwidth and 1-safe Petri Nets

Given a Petri net N/, we associate with it an undirected flow graph G(N) = (P, E) where
for two places py # pa, (p1,p2) € E iff for some transition ¢, Pre(p;,t) + Post(pi,t) > 1 and
Pre(ps,t) + Post(ps,t) > 1. If a place p is both an input and an output place of a single
transition, the vertex corresponding to p has a self loop in G(N). Informally, if P, = ¢* U *¢
is the set of input and output places of a transition ¢, then P; induces a clique in the flow
graph. With a similar notion of a flow graph for product systems that we saw in Chapter [3]
a global transition would have induced a clique intersecting each process. Presence of cliques
increases the treewidth and pathwidth of graphs. In 1-safe Petri nets, such induced cliques
are localized to set of places interacting with a transition.

The intuition behind the flow graph is to connect a pair of places by an edge in the flow
graph if they are related in some way in the Petri net. In the example of Fig. places p;
and py both need a token to enable the transition ¢. Hence, they are connected by an edge
in the flow graph as defined. Places p; and p3 are connected too; the relation between them
is that if transition t is fired, a token is removed from p; and a token is added to ps.

In this section, we will prove W|1]-hardness for problems associated with 1-safe nets, with

treewidth of the flow graph of the Petri net as parameter. For this, we give a parameterized
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Figure 4.1: A simple Petri net and its flow graph

reduction from the p-PW-SAT problem. Recall from Lemma that when parameterized
by the number of parts e and the pathwidth of the primal graph, p-Pw-SAT is W|1]-hard.

Now we will demonstrate a parameterized reduction from p-PW-SAT to reachability in
1-safe Petri nets, with the pathwidth of the flow graph of the Petri net as parameter. Given
an instance of p-PW-SAT, let ¢q,...,q, be the variables used. Construct an optimal path
decomposition of the primal graph of the CNF formula in the given p-Pw-SAT instance
(this can be done in FPT time [7]). For every clause in the CNF formula, the primal graph
contains a clique formed by all variables occurring in that clause. There will be at least
one bag in the path decomposition of the primal graph that contains all the vertices in this
clique. Order the bags of the path decomposition from left to right and call the clause whose
clique appears first C, the clause whose clique appears second as Cy and so on. If more than
one such clique appears for the first time in the same bag, order the corresponding clauses
arbitrarily. Let Cy,...,C,, be the clauses ordered in this way. We will call this the path
decomposition ordering of clauses, and use it to prove that the pathwidth of the flow
graph of the constructed 1-safe Petri net is low (Lemma . For a part p between 1 and
e, we let n[p] be the number of variables in p. We will construct a 1-safe Petri net with the

following places.

1. For every propositional variable ¢; used in the given p-PW-SAT instance, places ¢;, x;, T;.

2. For p e {1,...,e}, places t1,, f1,, tr9, ..., trf,g(p) and ﬂg, . ,ﬂ;f[p}_tg(”).

3. For each clause C}, a place Cj. An additional place C,41.

4. Places s (for serializing certain operations in the Petri net) and ¢ (for checking some

global conditions).

The construction of the Petri net is illustrated in the following diagrams, divided into
modules for understandability. The notation part(i) stands for the part to which ¢; belongs.
For each propositional variable ¢; used in the given p-PwW-SAT instance, part of the net
shown in Fig. is constructed. Intuitively, the truth assignment of ¢; is determined by
firing t; or f;. The token in x;/Z; is used to check satisfaction of clauses later. The token in
tTpart(i)/prart(i) is used to count the number of variables set to T /L in each part, with the
part of the net in Fig. . To transfer a token from #r) to tr), we need to have a token in
t1,. To transfer a token from trg to trf,g (P)
For each clause C; between 1 and m, the part of the net shown in Fig. is constructed.

In Fig. [£.4] it is assumed that C; = ¢ V @ V g3. For each clause, the corresponding part

, we will need tg(p) tokens in t¢1,. Similarly for f1,.
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Figure 4.2: Part of the net for each variable ¢;
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Figure 4.3: Part of the net for each part p between 1 and e
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Figure 4.4: Part of the net for each clause C;
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of the net has to be constructed similarly according to the literals occurring in the clause.
Intuitively, a token can be moved from place C; to Cj4; iff the clause Cj is satisfied by the
truth assignment determined by the firings of ¢;/ f; for each ¢ between 1 and n.

Finally, the part of the net in Fig. checks that the given target has been met for

all parts. The initial marking of the constructed net consists of 1 token each in the places

Crnsy 090 gytote) pplti=to) o pnlel—tg(e)

Figure 4.5: Part of the net to check that target has been met

Qs Gy sy trd 0 0 12 and Cy, with 0 tokens in all other places. The final mark-

ing to be reached consists of 1 token each in the places s, g and 0 tokens in all other places.

Lemma 4.3. Given a p-PW-SAT instance, the Petri net described above can be constructed
in time O(f(pw)poly(n,~)), where f(pw) is some computable function of the pathwidth pw of
the primal graph of F and poly(n,~y) is a polynomial in the number of propositional variables
and number of clauses. The constructed Petri net is 1-safe. The given instance of p-PW-SAT
15 a YES instance iff in the constructed 1-safe net, the required final marking can be reached

from the given initial marking.

Proof. The only non-trivial process in the construction of the Petri net is computing an
optimal path decomposition of the primal graph of the CNF formula in the given p-PW-SAT
instance. This can be done in time O(f(pw)poly(n,~)) and the rest of the construction can
be done in polynomial time.

To see that the constructed net is 1-safe, observe that in the given initial marking, the
only transitions enabled are ¢, fi1,...,t,, fn. Only one of these transitions can be fired since
they all take away the only token available in the place s. Once some transition ¢;/ f; fires, the
only other transition enabled is tc;/ fc; respectively (transitions td;/ fd; will also be enabled,
but since they never add any token to any place, firing those will never violate 1-safeness).
On firing one of these, the only transition enabled is the transition in Fig. that can shift
a token from trgart(i) to tr;m(i). On firing this transition, the situation is similar to the one
at the initial marking. If some clause C; is satisfied by the truth assignment determined by
the firing of ¢;/f; transitions, some transition in Fig. may be enabled. However, such a
transition may only shift a token from C; to C;;1 and will not violate 1-safeness. Finally,
the transition in Fig. is enabled at most once since all its input places can get at most

one token at most once.
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Suppose the given instance of p-PwW-SAT is a YES instance. Starting with ¢ = 1, repeat
the following firing sequence for each ¢ between 1 and n. If ¢; is T in the witnessing satisfying
assignment, fire ¢; else fire f;. Then use the token thus put into t1,4,4()/ f1pare(s) T€SPectively
to shift a token one place to the right in Fig. and put a token back in the place s. Continue
with the next ¢. Since the witnessing assignment meets the target in each part, we will have
one token each in the places 90 . ¢9® gull=te® — grld=tol) 1n addition, there
will be a token in x;/; iff the witnessing assignment set ¢; to T /L respectively. Since this
witnessing assignment satisfies all the clauses of the CNF formula, we can move the initial
token in C to C,,41 using the transitions in Fig. 4.4, Now, the transition in Fig. can be
fired to get a token into the place g. Now, the only tokens left are those in the places s and
g, and those in x;/T;. We can remove the tokens in x;/T; by firing td;/ fd; to reach the final
marking.

Suppose the required final marking is reachable in the constructed Petri net. Since a
token has to be added to the place g to reach the final marking and the transition in Fig.
is the only transition that can add tokens to g, all input places of that transition must
receive a token. The only way to get a token in places trf;g(p) is to shift the initial token
in the place tr) tg(p) times. This requires exactly tg(p) tokens in the place t1,. A similar
argument holds for getting a token in ﬂz[p}_tg(p). Since the only way to add a token to
t1,/f1, is to fire transitions ¢;/ f; (such that part(i) = p), the only way to get a token each
in trig(l), o trég(e),ﬂ?[l]_tg(l)7 .., finld=19(0) g to five either t; or f; for each i between 1 and
n. Consider any firing sequence reaching the required final marking. Consider the truth
assignment to ¢, ..., q, that assigns T to exactly those variables ¢; such that ¢; was fired in
the firing sequence. This truth assignment meets the target for each part since this firing
sequence adds one token each to the places trtlg(l), e rig(e),fl?[l]_tg(l), Nl
reach the final marking, a token is also required at the place C,, 1. The only way to get this
token is to shift the initial token in Cy to C,41 through the transitions in Fig. [£.4] This

means that every clause is satisfied by the truth assignment we constructed. O

It is now left to prove that the pathwidth of the flow graph of the constructed 1-safe net

is a function of the parameters of the given p-PW-SAT instance.

Lemma 4.4. Suppose a given instance of p-PW-SAT has a CNF formula whose primal graph
has pathwidth pw and e parts. Then, the flow graph of the 1-safe net constructed as described
above has pathwidth at most 3pw + 4e + 7.

Proof. We show a path decomposition of the flow graph of the net. Call the set of places
18,9, Cons1, 11, -+ s tley [0+ [1es trig(l), e trfég(e),ﬂrf[”_tg(l), L fine=t©ON as P Con-
sider an optimal path decomposition of the primal graph of the CNF formula. In every bag,
replace every occurrence of each ¢; by the set {q;, x;,7;} U Py.

Let C'y,...,C,, be the clauses in the path decomposition order as explained in the begin-
ning of this sub-section. We will first show that places representing clauses can be added to
the bags of the above decomposition without increasing their size much, while maintaining

the invariant that all bags containing any one place are connected in the decomposition. We

23



will do this by augmenting existing bags with new elements: if B is any bag in the decom-
position and p is an element not in B, recall from the proof of Lemma that augmenting
B with p means creating a new bag B’ immediately to the left of B containing p in addition
to the elements in B. We will call the new bag B’ thus created an augmented bag. Perform
the following operation in increasing order for each j between 1 and m: if B is the first
non-augmented bag from left to contain all literals of the clause C;, augment B with C;.
There will be m new bags created due to the above augmentation steps. Due to the
path decomposition ordering of (4, ..., C,,, the augmented bag containing C;; occurs to
the right of the augmented bag containing C; for each j, 1 < j < m. There might be some
non-augmented bags between the augmented bags containing C; and Cj4;. If so, add C; to
such non-augmented bags. Now, to every bag, if it contains C; for some j between 1 and m,
add Cj;1. Tt is routine to verify the following properties of the sequence we have with the

bags modified as above.
e Fach bag has at most 3pw + 4e + 8 elements.
e The set of bags containing any one element forms a contiguous sub-sequence.

e Every vertex and edge in any subgraph induced by the parts of the net in Fig. [4.2]
Fig. [£.4] and Fig. [4.5]is contained in some bag.

To account for the subgraph induced by the parts of the net in Fig. [£.3] we append the

following sequence of bags for each p between 1 and e:

({trg, tr;} UpP)— ({tr;, tri} upbP)—---— ({tr;g(p)*l, trtpg(p)} UP)—
(L, Y U P = ({flL oY U P = - = ({7071 rli=e®y u )

The resulting sequence of bags is a path decomposition of the flow graph of the Petri net,
whose width is at most 3pw + 4e + 7. O]

Lemma [4.3] and Lemma [4.4] together give a parameterized reduction from p-Pw-SAT to
reachability in 1-safe nets with the pathwidth of the flow graph of the net as parameter. We
thus get the following theorem.

Theorem 4.5. With the pathwidth of the flow graph of a 1-safe Petri net as parameter,
reachability is W|1|-hard.

In the above reduction, it is enough to check if in the constructed 1-safe net, we can reach
a marking that has a token at the place g. This can be expressed as a coverability problem,
CTL model checking and also as complement of LTL/MSO model checking problems with

formulas of constant size. Hence, we get the following theorem.

Theorem 4.6. With the pathwidth of the flow graph of a 1-safe Petri net as parameter,
coverability, CTL and the complement of LTL/MSO model checking problems are W|1]|-hard,

even when formula sizes are constant.
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4.3.1 Treewidth, Pathwidth and Graph Pebbling Problems

The techniques used in the above lower bound proof can be easily translated to some graph
pebbling problems considered in [26]. Tt is conjectured in |26 section 5] that SIGNED Di-
GRAPH PEBBLING parameterized by treewidth is W|1]-hard. In [26], this parameterized
problem is referred to as SIGNED DIGRAPH PEBBLING I. Corollary below proves the
stronger result that SIGNED DIGRAPH PEBBLING parameterized by pathwidth is W|[1]|-hard.

Definition 4.7 (SIGNED DIGRAPH PEBBLING,[26]). Instance: A red/blue bipartite digraph
D = (V, A) for which the vertex set V is partitioned V.= RU B into two parts, and also the
arc set A is partitioned into two parts A = AY U A~. Each arc in A has one of ils vertices
in R and the other one in B.

Question: Starting from the start state where there are no pebbles on any of the red vertices,
is it possible to reach the finish state where there are pebbles on all of the red vertices, by a
series of moves of the following form? A legal move: If b is a blue vertex such that for all
u such that (u,b) € A%, u is pebbled, and for all u such that (u,b) € A, u is not pebbled
(in which case we say that b is enabled ), then the set of vertices u such that (b,u) € AT are
reset by making them all pebbled, and the set of all vertices u such that (b,u) € A~ are reset
by making them all unpebbled.

Corollary 4.8. Parameterized by pathwidth, SIGNED DIGRAPH PEBBLING is W|1]-hard.

Proof. We will reduce p-PW-SAT to SIGNED DIGRAPH PEBBLING. First reduce the given
p-PW-SAT instance to an 1-safe net as shown above. From this 1-safe net, construct an
instance of SIGNED DIGRAPH PEBBLING as follows. Let the set of all places form the set of
red vertices R and the set of all transitions form the set of blue vertices B. The arcs of the
SIGNED DIGRAPH PEBBLING instance are as follows.

1. If Pre(p,t) = 1 in the 1-safe net, draw an A" arc from p to ¢ in the SIGNED DIGRAPH
PEBBLING instance.

2. If Pre(p,t) = 1 and Post(p,t) =0, draw an A~ arc from ¢ to p.
3. If Pre(p,t) = 0 and Post(p,t) = 1, draw an A" arc from ¢ to p.

Suppose that in the 1-safe net, M, =4 M. 1t is clear that the constructed SIGNED DIGRAPH
PEBBLING instance in the state where precisely those red vertices are pebbled that have a
token in M, enables the blue vertex ¢, and can move to the state where precisely those red
vertices are pebbled that have a token in M,. Add a special blue vertex b; with A* arcs from
by to q1, Goy -y Gy tr, ...t A, f1%,C1 and s. Add A~ arcs from all red vertices to b;.
In the start state where there no pebbles at all, b; is the only blue vertex enabled. The blue
vertex b; is enabled only in the start state. Upon performing the legal move using b; from
the start state, we will reach a state in which precisely those red vertices are pebbled that
have a token in the initial marking of the 1-safe net. From this state, there is at least one

pebbled red vertex in any reachable state, so b; is never enabled again. From this state, we
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can reach a state with the red vertex g pebbled iff the given p-PW-SAT instance is a YES
instance. Add another special blue vertex by with an A" arc from the red vertex g to b.
Add AT arcs from by to all red vertices. All blue vertices except b; and by, unpebble at least
one red vertex. Hence, the only way to reach the finish state (where all red vertices must be
pebbled) from the start state is to enable by. The only way to enable by is to reach a state
where the red vertex ¢ is pebbled. Hence, the constructed SIGNED DIGRAPH PEBBLING
instance is a YES instance iff the given p-PW-SAT instance is a YES instance.

To complete the reduction, it only remains to show that the pathwidth of the SIGNED
DI1GRAPH PEBBLING instance is bounded by the pathwidth of the flow graph the intermediate
1-safe net. Consider an optimal path decomposition of this flow graph. For every transition
t, the set of all input and output places of ¢ forms a clique in the flow graph. Hence, there will
be at least one bag B in the path decomposition containing all these places. Create an extra
bag B’ adjacent to B containing all elements of B and also the blue vertex corresponding to
t. After doing this for each transition, add the vertices b; and b, to all bags. The resulting
decomposition is a path decomposition of the SIGNED DIGRAPH PEBBLING instance. Its
width is at most 3 more than the pathwidth of the graph flow the 1-safe net. n

4.4 Benefit Depth and 1-safe Petri Nets

In this section, we will introduce a parameter called benefit depth and show that benefit
depth as a parameter is not helpful for 1-safe Petri nets, by showing W/|1]-hardness results.
In Chapter [6] we give a positive result using benefit depth as a parameter for general Petri

nets.

Definition 4.9. Given a place p, the set of places Ben(p) C P and the set of transitions
Tven(p) C T benefited by p are the smallest sets that satisfy the following properties:

1. p € Ben(p).
2. If some p' € Ben(p) and there is a transition t with Pre(p',t) > 1, then t € Then(p).

3. If some transition t € Tyen(p) and there is a place p” such that Post(p”,t) > 1, then
p” € Ben(p).

The benefit depth of a 1-safe Petri net is defined as max,ep{|Ben(p)|}.

Intuitively, places in Ben(p) are those that can get a token from p, may be through a
sequence of many transitions. If p; is an input place of a transition ¢ and ps is an output
place of ¢, then ps is reachable from p; through transition ¢ (this is different from reachability
between markings). Intuitively, benefit depth is the maximum number of places reachable
from any one place, through sequences of transitions.

To show that with benefit depth as parameter, reachability in 1-safe nets is W[1]-hard,
we will show a parameterized reduction from the constraint satisfaction problem (Csp). The

parameterized CSP we are interested in is defined as follows:

o6



p-CsP
Instance: A set of variables {q1,...,¢,}, domain {1,..., dom} and a set of
constraints C. Each constraint C' € C is a pair (5, R), where S,
the constraint scope, is a non-empty sequence of variables from
{@1,...,qn}, and R, the constraint relation, is a relation over
{1,...,dom}, whose arity matches the length of S.
Parameter: The size of the domain dom and the maximum number deg of
constraints in the scopes of which any one variable can occur.
Problem: Decide if there is an assignment s : {q1,...,¢,} — {1,..., dom} such
that for each constraint C' = (¢;,...,qs, R) € C, (s(qi),-..,s(q)) € R.

This parameterized version of Csp is W[1]-hard [87, Corollary 2]. Given an instance of Csp
with domain size dom, degree deg, n variables and m constraints, we construct a 1-safe net

with the following places.
1. For every variable ¢;, a place g;.
2. For every constraint C; where j is between 1 and m, a place C}.

3. For every ¢ between 1 and n, for every domain element d between 1 and dom, for every

constraint C; in which ¢; appears, the place q[z]?
4. One place g for checking that all constraints are satisfied.

We assume without loss of generality that every variable occurs in at least one constraint.
Construction of the 1-safe net is illustrated in the following diagrams. For every variable
¢; and domain value d (between 1 and dom), part of the net shown in Fig. is con-
structed. Intuitively, the transition t¢ is fired to assign domain value d to ¢;. In Fig. ,

Figure 4.6: Part of the net for every variable ¢; and domain value d

the set of places labelled by ¢[i]? should be understood to stand for the set of places

d

*

{q[i]] | ¢; occurs in constraint C;}. The set of transitions labelled ¢[i]¢ should be similarly
understood. For every constraint C; and every admissible tuple of domain values for C}, part
of the net shown in Fig. [4.7]is constructed. In Fig. it is assumed that the constraint C;

consists of variables ¢;, g2 and ¢3 and that (3,5,6) is an admissible tuple for this constraint.
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C;

Figure 4.7: Part of the net for every constraint C; and every admissible tuple

¢, Gy Ch,

3

Figure 4.8: Part of the net to check that all constraints are satisfied

Finally, the part of the net in Fig. verifies that all constraints are satisfied. The initial
marking has 1 token each in each of the places ¢,...,q, and 0 tokens in all other places.

The final marking to be reached is 1 token at the place g and 0 tokens in all other places.

Lemma 4.10. Given a CSP instance of domain size dom and degree deg, the benefit depth
of the 1-safe net constructed above is at most 2 + deg(dom + 1). The given CSP instance is
satisfiable iff the required final marking is reachable from the initial marking in the constructed

1-safe net.

Proof. Maximum number of places are benefited by some place in {q1,...,q,}. Any place

dom
deg

{C1,...,Cy}. This adds up to at most 2 + deg(dom + 1).

Suppose the given CSP instance is satisfiable. For each variable ¢;, if d is the domain

¢; can benefit itself, the place g, all places {q[i]1, ..., q[1]%"} and at most deg places among

value assigned to ¢; by the satisfying assignment, fire the transition t¢ shown in Fig. .
Since the satisfying assignment satisfies all the constraints, the transitions shown in Fig.
can be fired to get a token into each of the places C',...,C,,. Then the transition shown in
Fig. can be fired to get a token in the place g. Any tokens remaining in places g[i]? can
be removed by firing transitions ¢[i]¢ shown in Fig. Now, the token in the place g is the
only token in the entire net and this is the final marking required to be reached.

Suppose the required final marking is reachable in the constructed 1-safe net. Consider
any firing sequence reaching the required final marking. Since the final marking needs a
token in the place g and the only transition that can add token to ¢ is the one shown in
Fig. [4.8] the firing sequence fires this transition. For this transition to be enabled, a token
needs to be present in each of the places C,...,C,,. These tokens can only be added by
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firing transitions shown in Fig. To fire these transitions, tokens needs to be present in the
places ¢[i]?. To generate these tokens, the firing sequence would have to fire some transition
t4 for each i between 1 and n. Consider the assignment that assigns domain value d to g; iff
the firing sequence fired t¢. By construction of the Petri net, this assignment satisfies all the

constraints. O

Since the 1-safe net described above can be constructed in time polynomial in the size of
the given CSP instance, Lemma [4.10] shows that this reduction is a parameterized reduction
from CsP (with dom and deg as parameters) to reachability in 1-safe nets (with benefit depth
as the parameter). We thus get the following theorem.

Theorem 4.11. With benefit depth as the parameter, reachability in 1-safe Petri nets is
W|1]-hard.

Again in the above reduction, it is enough to check if in the constructed 1-safe net, we
can reach a marking that has a token at the place g. This can be expressed as a coverability
problem, CTL model checking and also as the complement of LTL/MSO model checking

problem with a formula of constant size. Hence, we get the following theorem.

Theorem 4.12. With benefit depth as the parameter, coverability, CTL and the complement
of LTL/MSO model checking problems are W|1]|-hard, even when formula sizes are constant.

4.5 Vertex Cover and Model Checking 1-safe Petri Nets

A vertex cover VC C V of a graph G = (V, E) is a subset of vertices such that for every
edge in F, at least one of its vertices is in V(. The vertex cover number of a graph
is the size of a smallest vertex cover. In this section, we will show that with the vertex
cover number of the flow graph of the given 1-safe Petri net and size of the given LTL/MSO
formula as parameters, checking whether the given net is a model of the given formula is
Fpr1. With vertex cover number as the only parameter, we cannot hope to get this kind of

tractability:

Proposition 4.13. Model checking LTL (and hence MSO) formulas on 1-safe Petri nets
whose flow graph has constant vertexr cover number is CO-NP-hard. Model checking CTL

formulas on 1-safe Petri nets whose flow graph has constant vertex cover number is CO-NP-
hard.

Proof. We give a reduction from the propositional logic validity problem. Let F be a propo-
sitional formula over variables ¢, ..., q,. Consider the 1-safe net Nz shown in Fig. The
initial marking consists of 0 tokens in g, and 1 token each in all other places. The flow graph
of N has a vertex cover of size 2 ({g1,92}). Every marking M reachable in Nz defines
an assignment to the variables used in F: ¢; = T iff M(¢;) = 1. Every assignment can be
represented by some reachable marking in this way. We claim that F is valid iff Nz is a
model of the LTL formula —(T U —F). If F is valid, then none of the markings reachable in
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Figure 4.9: The net Nz associated with a propositional formula F

Nz satisfies =F. Hence, Nz is a model of the LTL formula —(T U —F). On the other hand,
if Nz is a model of =(T U —F), then none of the markings reachable in Nz satisfies —~F.
Hence, F is valid. This means that model checking LTL (and hence MSO) is Co-NPp-hard
even when the flow graph has constant vertex cover number.

We claim that F is valid iff Nz is a model of the CTL formula —=E[T U —~F]. If F
is valid, then there is no run along which a marking defines an assignment satisfying —F.
Hence, Nr is a model of the CTL formula —=E[T U —F]. If N is a model of the CTL
formula =E[T U —F], then none of the reachable markings define an assignment satisfying
—F. Hence, F is valid. This means that model checking CTL is CO-NpP-hard even when the

flow graph has constant vertex cover number. ]

Since a run of a 1-safe net N/ with set of places P is a sequence of subsets of P, we can
think of such sequences as strings over the alphabet &?(P) (the power set of P). It is known
[11, 96] that with any LTL or MSO formula ¢, we can associate a finite state automaton A,
over the alphabet &2(P) accepting the set of finite strings which are its models, as well as a
finite state Biichi automaton By accepting the set of infinite string models.

Given a Petri net A, consider its flow graph G(N'). Any vertex cover of G(N') should
include all vertices that have self loops. Suppose VC' is a vertex cover for G(N'). We use the
fact that if vy, v ¢ VC are two vertices not in VC' that have the same set of neighbours, v,
and v, have similar properties. This has been used to obtain FPT algorithms for many hard
problems (e.g. [32]).

Figure 4.10| shows the schematic of a simple manufacturing system modelled as a 1-
safe Petri net. Starting from p;, it picks up one unit of a raw material o and goes to po,
then picks up raw material 3, then . Transition ¢; does some processing and then the
system starts from p; again. Suppose we want to make sure that whenever the system picks
up a unit of raw material (3, it is processed immediately. In other words, whenever the
system stops at a marking where no transitions are enabled, there should not be a token in
p3. This can be checked by verifying that all finite maximal sequences satisfy the formula
Va((Yy y < x)= —ps(x)). The satisfaction of this formula depends only on the number of
units of raw materials «, 3 and v at the beginning, i.e., the number of tokens at the initial
marking. The naive approach of constructing the whole reachability graph results in an

exponentially large state space, due to the different orders in which the raw materials of each
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Figure 4.10: An example of a system with small vertex cover

type can be drawn. If we want to reason about only the central system (which is the vertex
cover {p1,ps2,ps, P4} in the above system), it turns out that we can ignore the order and
express the requirements on the numbers by integer linear constraints. Roughly speaking,
our FPT algorithm works well for systems which have a small “core” (vertex cover), a small
number of “interface types” with this core, but any number of component processes using
these interface types to interact with the core. Thus, we can have a large amount of conflict

and concurrency but a limited amount of causality.

Definition 4.14. Let VC be a vertex cover of G(N). The VC-neighbourhood of a tran-
sition t is the ordered pair (*t N VC,t* N VC). We denote by | the number of different
VC'-neighbourhoods.

Definition 4.15. Suppose N is a Petri net with | neighbourhoods for vertex cover VC,
and p ¢ VC. The VC-interface I[p] of p is defined as the function I[p] : {1,...,l} —
P({—1,1}), where for every j between 1 and | and every w € {1, —1}, there is a transition
t; of VC-neighbourhood j such that w = —Pre(p,t;) + Post(p,t;) iff w € I[p](j).

In the net in Fig. [1.10] with VC' = {p1, p2, p3, p4}, all transitions labelled o have the same
VC'-neighbourhood and all the corresponding places have the same VC-interface. Since there
can be 2k arcs between a transition and places in VC if |VC| = k, there can be at most 22*
different VC'-neighbourhoods of transitions.

Place p can have one incoming or one outgoing arc with each transition of the net. It
cannot have both an incoming and an outgoing arc since in that case, p would have a self
loop and would be in VC. If p’ is another place not in VC, then no transition can have arcs
to both p and p', since otherwise, there would have been an edge between p and p’ in G(N)
and one of the places p and p’ would have been in VC. Hence, places not in VC' cannot

interact with each other directly. Places not in V(' can only interact with places in VC
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through transitions and there are at most [ VC-neighbourhoods of transitions. Since [ < 22%,

there are at most 42 VC-interfaces. The set of interfaces is denoted by Int.

Proposition 4.16. Let N be a 1-safe net with VC being a vertex cover of G(N'). Let
D1, P2, - .., P; be places not in the vertex cover, all with the same interface. Let M be some
marking reachable from the initial marking of N'. If M(p;) = 1 for some j between 1 and 1,
then M does not enable any transition that adds tokens to any of the places py, ..., p;.

Proof. Suppose there is a transition ¢ enabled at M that adds a token to p; for some j’
between 1 and i. Then there is a transition ¢ with the same neighbourhood as ¢ (and hence
enabled at M too) that can add a token to p;. Firing ¢’ from M will create 2 tokens at p;,
contradicting the fact that N is 1-safe. O

If the initial marking has tokens in many places with the same interface, then no transition
can add tokens to any of those places until all the tokens in all those places are removed.
Once all tokens are removed, one of the places can receive one token after which, no place
can receive tokens until this one is removed. All these places have the same interface. Thus,
a set of places with the same interface can be thought of as an initial storehouse of tokens,
after depleting which it can be thought of as a single place. However, a formula in our logic
can reason about individual places, so we still need to keep track of individual places that
occur in the formula.

Let A be a 1-safe net such that G(N') has a vertex cover VC of size k. Suppose ¢ is
a formula and we have to check if A is a model of ¢. For each interface I, let P; C P be
the places not in VC with interface I. If Py \ P, # 0 (i.e., if there are places in P; that
are not in ¢), designate one of the places in Py \ P, as p;. Define the set of special places
S = VOUP,U{p; € P/\P, | I is an interface and P;\ P, # 0}. Note that |S| < k+]|¢|+4>".
Since this is a function of the parameters of the input instance, we will treat it as a parameter.

We need a structure that keeps track of changes in places belonging to S, avoiding a
construction involving all reachable markings. This can be done by a finite state machine
whose states are subsets of §. Transitions of the Petri net that only affect places in S can
be simulated by the finite state machine with its usual transitions. To simulate transitions
of the net that affect places outside S, we need to impose some conditions on the number of

times transitions of the finite state machine can be used. The following definition formalizes
this. For a marking M of NV, let M[S={pe S| M(p) =1}.

Definition 4.17. Given a 1-safe net N with initial marking My and S defined from ¢ as
above, the edge constrained automaton Ay = (Qun, 2, 0n, 0, Fy) is a structure defined
as follows. Qn = P(S) and X = Int U{ L} (recall that Int is the set of interfaces in N ).
The transition relation 6 C Qn X X X Qnr is such that for all P1, P, C S and I € Int U{Ll},
(P, I, Py) € 0 iff there are markings My, My and a transition t of N such that

[} leSzPl, MQ’—S:PQ and M1 :t> Mg,
e | removes a token from a place p € P\ S of interface I if I € Int and
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o { does not have any of its input or output places in P\ S if [ = L.

The edge constraint ( : Int — N is given by ((I) = {p € Pr\ S | Mo(p) = 1}|. A subset
Py C S is in Ey iff for every marking M with M [S = Py, the only transitions enabled at M

remove tokens from some place not in S.

Intuitively, the edge constraint ¢ defines an upper bound on the number of times those

transitions can be used that reduce tokens from places not in S.

Definition 4.18. Let Ay be an edge constrained automaton as in Definition and let
m = PyPy... be a finite or infinite word over P(S). Then 7 is a valid run of Ay iff for

every position i > 1 of w, we can associate an element I; € Int U {L} such that
e for every position i > 1 of m, (Pi_1,1;, P;) € 0 and
o forevery I € Int, |{i >1|1; =1} <{(I).

o if m s finite and P; s the last element of w, then P, € Fy and for every interface
I € Int with a marking M;[S = P; enabling some transition that removes tokens from
some place in Pr\S, {i > 1|1, =1} =(I).

Next we have a run construction lemma.

Lemma 4.19. Let N be a 1-safe net with initial marking My, ¢ be a formula and Ax be as
in Definition . For every infinite (maximal finite) run m = MoM; --- of N, there exists
an infinite (finite) run © = MM --- such that the word (M[S)(M{[S) --- is a valid run of
Ay and for every position i of m, M]| Py = M;[P,. If an infinite (finite) word m = PyP; - - -
over Z(S) is a valid run of Ay and Py = My[S, then there is an infinite (finite mazimal)
run MoMy -+ of N such that M;[S = P; for all positions i of .

Proof. Let m = MyM, --- be an infinite or a maximal finite run of N. For every interface
I € Int, perform the following steps: if for some marking M in the above run, {p € P; |
M (p) = 1} = 0, let M; be the first such marking. By Proposition[4.16] no transition occurring
before M; will add any token to any place in P;. If there is any transition occurring after
M; that adds/removes tokens from P\ S, replace it with another transition with the same
neighbourhood that adds/removes tokens from p;. By Proposition such a replacement
will not affect any place in P, and the new sequence of transitions is still enabled at M.
After performing this process for every interface I € Int, let the new run be 7’ = M{Mj ---.
By construction, we have M/[P, = M;[P, for all positions ¢ > 0 of 7. If 7w is a maximal
finite run, so is 7.

Now we will prove that the word (M{[S)(M;[S)--- is a valid run of Ay. Suppose the
sequence of transitions producing the run 7’ is M| RN M RN M- -. For each position
1 > 1 of this run, define I; € ¥ as follows:

e if #; has all its input and output places among places S, let I, = L.
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e if ¢; removes a token from some place in P;\ S for some interface I, let I; = I. Due to
the way 7’ is constructed, this kind of transition can only occur before the position of
My and the number of such occurrences is at most [{p € P\ S | My(p) = 1}| = ¢(1).

Due to the way 7’ is constructed, there will not be any transition that adds tokens to
any place in Py \ S for any interface I. By definition, it is clear that for every position
i > 1of o', (M_,]S,I;, M![S) € dy. In addition, for every interface I € Int, we have
{i > 1| 1; = I}| < ¢(I). Hence, the word (M}[S)(M][S)--- is a valid run of Ay if the
word is infinite. If 7’ is finite, suppose M, is the last marking of the sequence 7’. Suppose
for some variety I € Int, there is some marking M such that M[S = M/[S and M enables
some transition ¢ that removes tokens from some place in P; \ S. Since M/ does not enable
any transition, all transitions (including ¢) removing tokens from some place in P\ S are
disabled in M. This means that every place in P; \ S that had a token in M, has lost its
token in M. Since such loss of tokens can only happen by firing transitions that remove
tokens from places in Py \ S, we have [{i > 1 | I, = I}| = ¢(I). Hence, to prove that
(MTS)(M{[S) -+ (M]]S) is a valid run of Ay, it is left to show that M, € Fy. To see that
this is true, observe that if some marking M with M[S = M) enables a transition that does
not remove any token from P\ S, then so does M/, a contradiction.

Next, suppose m = PyP; --- is an infinite or finite word that is a valid run of A such
that Py = My[S. For every position ¢ > 1 of m, there are I; € Int U {L}, transition ¢
and markings M/ ; and M/ such that (P,_1,I;, P;) € oy, M] N M, M! |[S = P,_; and
M][S = P,. Define transitions ¢; as follows:

o If [, = L, transition ¢ has all its input and output places in S. Let t; = ..

o If I; = I € Int, transition ¢, removes a token from some place in Py \ S. Let t' be
a transition of the same neighbourhood as ¢, that removes a token from some place
pi € {p € Pr\S | My(p) = 1} such that no transition among ¢, ... ,¢;,_; removes tokens
from p;. This is possible since, due to the validity of 7 in Apr, [{¢/ > 1| I = [} <
Hpe Pr\S| My(p) =1} =4(I). Let t; =1

We will now prove by induction on ¢ that there are markings Mg, My, ... such that M, AN
M, N M; and M;[S = P, for every position i of 7.

Base case i = 1: If I} = L, the fact that My[S = Py, M| Ay M and that t; has all its
input and output places in & implies that M, RN M for some M; such that M;[S = Py.
If I, = I € Int, then t; removes a token from some place p; € P; \ S. Again the fact that
My[S = Py and M| % M implies that M, L M, for some M, such that M, (S = Py.

Induction step: 1f I;;1 = L, the fact that M;[S = P;, M % M;j, , and that t,;; has
all its input and output places in § implies that M; SR M, for some M, ., such that
M;1[S = Py If I,1 = I € Int, then t;; removes a token from some place p;11 € P;\ S.
Again the fact that M;[S = P, and M/ g M, , implies that M, LEEN M; 1 for some M,
such that M;1[S = Piy1.
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If 7 is a finite word, we have to prove that the run constructed above is a maximal
finite run. Let M, be the last marking in the sequence constructed above. We will prove
that M, does not enable any transition. Suppose some transition t is enabled at M,. Since
M,[S € Fj, t removes a token from some place in P\ S for some variety I. Since [{i >
1| I; = I} = £(I), there are ¢(I) transition occurrences among ty,...,t,. that each remove
a token from some place in P; \ S. Since there were exactly ¢(I) places in P; \ S that had
a token in M, and no other transition adds any token to any place in P; \ S, t can not be

enabled at M,. Hence, no transition is enabled at M,.. O

Lemma implies that in order to check if A satisfies the formula ¢, it is enough to
check that all words accepted by A satisfy ¢. This can be done by checking that no finite
sequence is accepted by both Ay and A, and no infinite sequence is accepted by both Ay
and B-4. As usual, this needs a product construction. Automata A4 and B-4 run on the
alphabet Z(P;). Let Q4 and @ be the set of states of A, and B-, respectively. Then,

Ay = (Qa, P(Py),64,Qoa, Fa) and By, = (@B, Z(Py), 65, Qos, F).

Definition 4.20. .Aj\/ X .Aﬂ¢ = (QN X QA,Z,5N, {MO [S} X QOA7FN X FA,@, .A/\/ X B_@ =
(QN X QB7 27557 {MO ’78} X QOB)QN X FB>€) where

((QMQQ)aL (qllng)) € 5% Zﬁ (Q1717 qll) € 5/\/ and (Q2>QI N P(ﬁ?Qé) € 5./4
(g1, 92), 1, (d5, 45)) € 08 iff (a1, 1, 1) € Oy and (g2,q1 0 Py, gh) € 0

An accepting path of Ay x Ay is a sequence (qo,q0)1(q1,4)) - - I (¢, q.) which is 5%-

respecting:

i (QO7q6)7 <q17qa)7 R (QTa(L,n) € QN X Q.A:

o the word Iy - - - I, € ¥* witnesses the validity of the run qoq - - - q. in Ax (as in Defini-

tion and

o the word (qoN Py) - -+ (g, N Pp) is accepted by A_4 through the run ¢q) - - - ¢.q% for some
0y € Fu with (., ¢ N Py, q5) € da.

An accepting path of Ax x By is defined similarly.

Proposition 4.21. A 1-safe net N with initial marking My is a model of a formula ¢ iff
there is no accepting path in Ay X< A-y and Ay X B-g.

Proof. Suppose N is a model of ¢. Hence, all maximal runs of N satisfy ¢. We will prove
that there is no accepting path in Ay x A, and Ay x B-,. Assume by way of contradiction
that there is an accepting path (qo, ¢0)I1(q1,¢}) - - - I (gr, ¢.) in Ay X Ay By Definition [£.20]
qoq1 - - - q- 1s a valid run of A,. By Lemma there is a finite maximal run MyM; --- M,
of N with M;[S = ¢; for all positions 0 < i < r. By Definition [£.20} (¢ N Py) - -+ (¢ N Py)
is accepted by A, and hence satisfies —¢. Proposition now implies that MM, --- M,

satisfies ~¢, a contradiction. The argument for Ay x B_; is similar.
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Suppose N is not a model of ¢. Suppose there is a finite maximal run MyM; - - - M,
of N that satisfies —¢. By Lemma there is a finite maximal run 7" = M{Mj--- M/
such that the word (M{[S)(M][S)---(M.[S) is a valid run of Ay and for every position 4
of o', M![P, = M,[P,s. By Proposition 4.2, (M{}[Ps)(M;[P)---(M/[P,) satisfies ~¢ and
hence accepted by A, say with the run ¢{q; - - - ¢.¢j. Let the word I, - - - I, € ¥* witness the
validity of the run (M{[S)(M][S) -+ (M/[S) in Ay, as in Definition[4.18 By Definition [4.20]
the sequence (M| Py, q)) (M [Py, qy) - - - 1.(M][ Py, q.) is an accepting path of Ay x A_,.

The argument for maximal infinite runs is similar. O]

To efficiently check the existence of accepting paths in Ay x A4 and Ay x B, it is
convenient to look at them as graphs, possibly with self loops and parallel edges. Let the
set of states be the vertices and each entry of a transition (g, I;,¢") be an edge leaving ¢ and
entering ¢'. If there is a path p in the graph from ¢ to ¢/, the number of times an edge e
occurs in p is denoted by p(e). If u # ¢, ¢’ is some node occurring in pu, then the number of
edges of u entering u is equal to the number of edges of i leaving u. These conditions can

be expressed as integer linear constraints.

> oule)= > ule)=1

e leaves g e enters q
S oue) - Y ule) =1 (4.1)
e enters ¢’ e leaves ¢’
uFaqd Y ple)= Y ule)
e enters u e leaves u

In connected graphs, the above conditions are also sufficient for the existence of a path. The
following generalization of Euler’s theorem is also useful in other problems of general Petri
nets |85} section 2.1].

Lemma 4.22 (Theorem 2.1,[85]). In a directed graph G = (V, E) (possibly with self loops
and parallel edges), let p: E — N be a function such that the underlying undirected graph
induced by edges e such that u(e) > 0 is connected. Let q # ¢ be two vertices. Then, there is
a path from q to q' with each edge e occurring u(e) times iff u satisfies the constraints (4.1)

above.

If the beginning and end of a path are same (i.e., if ¢ = ¢'), the conditions of (4.1)) can

be simplified as follows.

u is a vertex : Z p(e) = Z u(e) (4.2)
e enters u e leaves u
Lemma 4.23 (Theorem 2.1,[85]). In a directed graph G = (V, E) (possibly with self loops
and parallel edges), let p: E — N be a function such that the underlying undirected graph
induced by edges e such that p(e) > 0 is connected. Let q be a vertex such that there exists
an edge e incident on q with p(e) # 0. Then, there is a loop from q back to q with each edge
e occurring pu(e) times iff p satisfies the constraints (4.2)) above.
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Theorem 4.24. Let N be a 1-safe net with initial marking My and ¢ be a MSO formula.
Parameterized by the vertex cover number of G(N') and the size of ¢, checking whether N is
a model of ¢ is FPT.

Proof. By Proposition it is enough to check that there is no accepting paths in Ay x.A 4
and Ay x B-;. To check the existence of accepting paths in Ay x B-4, we have to check if
from some initial state in {My[S} X Qop, we can reach some vertex in a maximal strongly
connected component induced by | -labelled edges, which contains some states from Q) x Fj.
For every such initial state ¢ and a vertex ¢’ in such a strongly connected component, check
the feasibility of along with the following constraint for each interface I:

> ule) <) (4.3)

e is I— labelled
To check the existence of accepting paths in Ay X A-4, check the feasibility of and
for every state ¢ in {My[S} x Qo4 and every state (Pi,q”) in Fj x Q4 with some
qr € F4 such that (¢, Py N Py, qr) € d4. If some marking M with M [S = P, enables some
transition removing a token from some place with interface I, then for each such interface,

add the following constraint:

S (o) =) (1.4)

e is I— labelled

This will ensure that all available tokens are used up so that only maximal runs are considered.
The variables in the above ILP instances are u(e) for each edge e. The number of variables
in each ILP instance is bounded by some function of the parameters. As ILP is FPT when

parameterized by the number of variables [53] 63, 37|, the result follows. O

4.6 Open Problems

With the vertex cover number of G(N') and the size of a given CTL formula as parameters,
the parameterized complexity of checking whether the 1-safe Petri net N satisfies the given

CTL formula is open.

67



Chapter 5

Survey of General Petri Nets and

Related Concepts

Works on logical characterization of seemingly unrelated models relate to languages of Petri
nets and counter automata. In this chapter, we survey some of the logics whose satisfiability
or provability relates to languages of Petri nets or counter automata in some way. The logics
considered are LTL with freeze operators [21], FO?(~, <,+1) on data words [8], Existential
Monadic Second Order (EMSO) logic of Petri net languages [78], provability in fragments of
linear and relevance logic [93, 94, 5] and Presburger arithmetic with monotone transitive
closure operator [84]. We also look at the coverability and boundedness of Branching Vector
Addition Systems (BVAS) [19] and Yen’s path logic for deciding the existence of certain Petri
net paths |98 3].

5.1 Petri Nets and Some Properties

Recall the definition of Petri net reachability, coverability and boundedness from Defini-
tion [4.1] In the Petri net shown in Fig. 5.1 the initial marking M, is given by My(p1) = 1
and My(pa) = Mo(p3) = 0. If My, is defined as Moy (p1) = Meow(p2) = 1 and My, (p3) = 0,
then M., is not coverable since p; and p, cannot have tokens simultaneously in any reachable
marking. Since for any ¢ € N, the Petri net in Fig. [5.1]can reach a marking where ps has more
than c¢ tokens (by firing the sequence t,t5 repeatedly), this Petri net is not bounded. Lipton
proved both coverability and boundedness problems to be ExpspACE-hard [65] 29]. Rackoff
provided EXPSPACE upper bounds for both problems [82]. Lipton’s EXPSPACE lower bound
applies to the reachability problem too, and this is the best known lower bound. Though the
reachability problem is known to be decidable [70, 57, [61 [64], no upper bound is known.

5.2 Data Words

Since the semantics for LTL with freeze quantifier and FO?*(~,<,+1) are through data

words, we start with data words. Let X be a finite alphabet. A data word o over X is a finite
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Figure 5.1: An example of a Petri net

word str(o) over ¥ together with an equivalence relation ~7 on its positions. Equivalently,
a data word o can also be thought of as a finite sequence of letters from > in which, every
position is also associated with a datum from an infinite domain such that any two positions

have the same datum iff they are equivalent with respect to ~°.

5.2.1 LTL Over Data Words

All notation and results of this subsection are from [2I]. To reason about data words, the
syntax of LTL is extended by freeze operators. In the following syntax, atomic propositions

a are elements of 3 and r ranges over positive integers.

¢ n=a|T|=0|oNY|[Xo|oUY | X0 | U | Lo | 1,

The formula F~'¢ is an abbreviation for TU '¢. The semantics for LTL with freeze
operators is defined over data words. A register valuation v for a data word o is a finite
partial map from positive integers to the equivalence classes of the positions of ¢ with respect
to ~7. Given a data word o, a position ¢ and a register valuation v, the definition of 0,7 =, ¢
is the usual definition for Boolean operators and temporal operators X and U. The symbol
[i]~. stands for the ~7 equivalence class of the position i of o. The symbol v[r — [i].] stands

for the register valuation that is same as v except that r is mapped to [i]..

o,ifE, a iff o(i)=a

oil=y X '¢ iff i—1>0andoi—1k, ¢

0,1 =, U ' iff for some j <4, 0, =, 1 and for all j' with j < j' <4, 0,5 =, ¢
ol lig it 0,0 o ¢

o,i =y 1. iff € dom(v) and i € v(r)

Let LTL.(TO) be the fragment of LTL with n registers (i.e., r ranges over {1,...,n})
and temporal operators in TO.

Theorem 5.1 ([21]). Satisfiability for LTL%(X, U) is decidable and not primitive recursive.

The decidability is shown in [2I, Theorem 4.4] and non-primitive recursive lower bound
in |21, Theorem 5.2|. The decidability is shown in two stages — first, satisfiability is reduced

to the non-emptiness problem for alternating automata with 1 register (an extension of the
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standard translation of LTL to alternating automata, e.g., [96]). Register automata are finite
state automata augmented with registers. Transitions can store the datum in the current
position into a register. They can also compare the datum of the current position with any
register for equality. The second step of decidability consists of reducing non-emptiness of
alternating automata with 1 register to non-emptiness for incrementing counter automata.
Incrementing counter automata are finite state automata augmented with a finite set of
counters that can store natural numbers. Transitions can increase the value of a counter by
one or decrease it by one if the current value is not zero. Zero-testing transitions are allowed,
which can be executed only if a counter specified in the transition has value zero. The
counters may have incrementing errors, that is, the value of any counter may erroneously
increase at any time. Non-primitive recursive lower bound of Theorem is shown by a
logspace reduction from incrementing counter automata.

Small extensions of the logic lead to undecidability.

Theorem 5.2 ([21]). The satisfiability problems for LTLy(X,U) and LTLY (X, U, F~') are

undecidable. The emptiness problem for 2-way alternating register automata is undecidable.

5.2.2 Two Variable Logic on Data Words

Most of the results in this subsection are from [8]. First order formulas using at most 2
variables built using binary relations ~, < and +1 are considered. < and +1 correspond to
the usual ordering and successor function on the set of positions of a data word. In general,

+n corresponds to the “n'"

successor” function on positions. Two positions x and y satisfy
x ~ y iff both positions have the same datum from the infinite data domain.

First, the following result from [21]. We will use X? (resp., X ~2) as an abbreviation for
XX (resp., X !X, In general, X™ (resp., X ") is an abbreviation for n repetitions of
X (resp., X~ 1). A formula in LTLY({X, X!, X2F, X 2F~'}) is said to be simple iff each
occurrence of a temporal operator is immediately preceded by |; (and there are no other
occurrences of |1). In the following, equisatisfiable formulas means one is satisfiable iff the

other one is.

Theorem 5.3 ([21]). 1. For each sentence of simple LTLY({X, X', X2F, X2F~'}), an

equisatisfiable formula of FO?*(~, <, +1) is computable in logarithmic space.

2. For each formula of FO?*(~,<,+1) with one free variable, an equisatisfiable sentence
of simple LTL%({X, X1 X2F X72F~1}) is computable in polynomial space.

It is proven in [8] that satisfiability of FO?(~, <,+1) is decidable by a reduction to Petri
net reachability. This is done in two stages. First, it is shown that an arbitrary formula can
be effectively transformed into an equivalent normal form. We need the following notions to

define this normal form.

1. The formula 64 ensures that the unary predicate symbol R is used to denote a unary
predicate that contains exactly those positions whose datum is different from the previ-

ous position (that is, R, marks the positions where datum changes). It can be defined
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as follows:

Op =Vr(Ry(x) > Vylr=y+1—x ~y))

2. A formula 0 is data-blind if it does not use ~.

3. A type is a one-variable formula a(z) that is a conjunction of unary predicates or their

negations.

4. A formula 0 is type-ordering if it is in one of the following forms, where «, 3 indicate

arbitrary types:

(a) Each equivalence class of ~ contains at most one occurrence of «:
0 =Vavy((a(z) Na(y) Az ~y) =z =y)
(b) In each class, all occurrences of a occur strictly before all occurrences of 3:
0 = VaVy((a(z) ABy) ANx ~y) =z <y)
(c) In each class with at least one occurrence of «, there must be a (3 too:
0 =VrIy(a(z) = (6(y) Nz ~y))
A formula is in data normal form if it is a disjunction of formulas of the form
ARy ... Ry Ry(04 A \/ 0)

where all predicates R;, Ry are unary and each 0 is either a data-blind or a type-ordering
FO?(~,<,+1) formula. This data normal form is an extension of the classic Scott normal
form (see e.g. [41]).

In the second stage, satisfiability of FO?(~,<,+1) formulas in data normal form is
reduced to reachability in Petri nets. Intuitively, data-blind formulas can be handled by the
usual finite state automata. The other forms of simple FO?(~, <, +1) formulas above induce
regular conditions on the class strings of a data word (a class string is the projection of a
data word to the set of all positions having a given datum). Each class string can hence
be recognized by a finite state automaton but a-priori, there is no limit on the number of
classes. So we have to shuffle unboundedly many finite state automata, which results in a

Petri net with given initial and final markings.

Theorem 5.4 (|8]). From each FO?*(~,<,+1) formula we can compute an equivalent for-
mula in data normal form with a doubly exponential number of disjuncts, each of exponential
size. From each formula ¢ in data normal form we can compute a Petri net of exponential

size such that the set of all strings that can be fired from the net’s initial marking to reach its
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final marking is equal to the string projection of the set of data words satisfying ¢. Empti-
ness of multicounter automata (without zero tests) can be reduced in polynomial time to the
satisfiability problem of FO*(~, <, +1).

Some decidable and undecidable extensions of FO?(~, <,+1) are also considered in [§].
Theorem 5.5 ([8]). The satisfiability problem for FO*(~,<,+1,...,+n) is decidable.

The proof of the above theorem is an extension of the proof of Theorem In view of
this, [21] extends Theorem to establish equivalence between FO*(~,<,+1,...,+n) and
LTLHX, X1 X" X~ XnHlp X-n-1p-1),

Suppose that there is a linear order on the infinite data domain. Let < be a binary
relation on the positions of a data word such that = < y iff the data value at x is smaller

than the one at y.

Theorem 5.6 ([8]). The satisfiability problems for FO3(~,+1) and FO?*(~,<,+1,<) are

undecidable.

The availability of the equivalence relation ~ and linear order < in F'O? are very powerful,
as evidenced by the following decidability results. Consider the logic FO?*(X, +1,,+15). This
logic is interpreted on structures similar to words but have two successor relations +1, and
+15 instead of the usual one successor relation in words. Formulas in this logic can also
reason about letters from the finite alphabet . Another way of thinking about this is to
consider data words as usual, but that have a second successor relation inherited from a
successor relation of the infinite data domain, assuming that no two positions have the same

data value.
Theorem 5.7 ([68]). Satisfiability of FO*(3, 414, +1p) is decidable.

Small extensions are again undecidable. Let <., < be the linear orders corresponding
to the successor relations +1,,+13 respectively. Let 42, be the two step successor function
corresponding to the successor relation +1, (+24(x,y) iff 3z : +1,(z,2) A +14(2,y)). The
relations +3, and 424 are defined similarly.

Theorem 5.8 ([68]). Satisfiability of the following logics are undecidable: FO*(Z, +1,, <a
15, <p), FO* (X, 414, +15) and FO*(3, 414, 424, 434, +15, +25).

Decidability can be regained by giving up the successor relation +1 on the positions of a
word and the equivalence relation ~ of the infinite data domain. Let = be a binary relation
on the positions of a data word such that x = y iff the data value at x is smaller than or
equal to the one at y. Let < be the reflexive closure of the linear order on the positions of a

data word.

Theorem 5.9 ([88]). The satisfiability of FO*(X, <, 3) is in EXPSPACE.
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5.3 Petri Net Languages

All notation and results in this section are from [78]. We consider Petri nets with a labelling
L :T — Y from the set of transitions to a finite alphabet . We assume that Petri nets
come with an initial marking M, and a finite set of final markings F'. The different languages

associated with a Petri net N are as below.

Definition 5.10. The language of N is its labelled firing sequences:
LN)={weXt|IM; e F JoecTt My== M; L(o)=w} .
The deadlock language of N is its mazimal labelled firing sequences:

TN)={wext |3IMeNT JoeTt My== M L(oc)=w

and no transition is firable at M} .
The weak language of N is defined by a “covering” property of firing sequences.

GN)={wex |IMeNT 3IM;e F JoecT* My== M M > M;
L(o)=w} .

To avoid some technical complexities, only Petri nets that do not have arc weights (this
corresponds to W = 1 in the definition of a Petri net given at the beginning of section
are considered in [78]. In addition, it is assumed that initial and all final markings have at
most one token in each place. It is shown how to effectively transform an arbitrary Petri net
into another one satisfying the above conditions, preserving languages and weak languages.
This transformation may however result in an exponential blowup in the size of the Petri
net.

To reason about Petri net languages, the usual syntax of MSO on words is extended by
second order binary relation symbols <, and =, introduced in [78]. If X and Y are monadic
second order variables representing subsets of domain elements from [n] = {0,...,n — 1},
then

A . . .
X <Y =Vi<n [ X[l <Y ]
X=Y2X<,Vand|X| =] .
Intuitively, if Y is the set of positions of a string containing opening bracket and X is the

set of positions of the string containing closing bracket, then the string is well bracketed iff
X =Y.
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The syntax of the logic with the above extension is as follows.

xi=r=ylr<y|Xe| X<V [ X =YV [xAE[xVE] x|
Jrx | Vax | 3Xx | VXx

Various syntactic fragments of the above logic are considered. A quantifier free formula is

any formula obtained from the following syntax.
xi=r=ylr<y|Xe [ X <YV [ X =YV [xAE[xVE]x
A first order formula is any formula obtained from the following syntax.

xi=r=y|lr<y| X[ X <V [ X =Y [xAE[xVE] x|
Jzx | Vax

A £ -formula is any formula obtained from the following syntax.

xo=r=ylo<y|Xe|xANEIxVE]x]
Jrx | Vax | 3Xx | VXx

Let X be a set of MSO variables. Let x(X) denote a formula whose free variables are

among X. Following is the main theorem in [78].

Theorem 5.11 ([78]). Let L be a language over an alphabet X. The following are equivalent:
1. L is a Petri net language.
2. L is a Petri net deadlock language.
3. L is defined by a sentence of the form 3Xx(X), where x(X) is a first order formula.

4. (Normal form I) L is defined by a sentence of the form IXx(X), where x(X) is a
positive Boolean combination of formulas of the form X =, Y and first order £ -

formulas.

5. (Normal form IT) L is defined by a sentence of the form 3Xx(X), where x(X) is a

Boolean combination of formulas of the form X <,Y and first order ‘£ -formulas.

The direction of proof from the fragments of MSO in the above theorem to Petri nets
is very similar to the proof of the classical Biichi-Elgot-Trakhtenbrot theorem. Most of the
translation can be done with finite state automata. An extra step is needed while translating
the atomic formula X =, Y, where we need to recognize well bracketed strings. Unboundedly
many opening brackets may occur before a closing bracket. We need to keep track of number
of opening brackets that are not yet closed and this is where the power of Petri nets are used.

Each occurrence of =, in the MSO formula will necessitate a new type of opening-closing
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bracket pair, so a finite state automaton with one stack is not powerful enough to handle
this.

In the direction from Petri net languages to fragments of MSO above, the firing sequences
are treated as strings where positions that add tokens to a place are associated with an
opening bracket and positions removing tokens from that place are associated with closing
bracket. Since transitions can add/remove at most one token at a time from a place and
initial and final markings can have at most one token in every place, the firing sequence
should be well bracketed (except for a missing bracket at the end). These conditions can
be encoded in the fragments of MSO given above. The second order relation =, is only
used to encode well bracketedness. It may be noted that most of the MSO formulas used
in this direction of the proof can be written as data blind FO?(<,+1) formulas defined in
section [5.2.2] except the formula that uses =,. To express well bracketedness, type-ordering
formulas defined in section are sufficient.

If we relax the well bracketedness condition to prefix of well bracketedness strings, <, is

enough.
Theorem 5.12 ([78]). Let L be a language over an alphabet X. The following are equivalent:
1. L is a weak Petri net language.

2. L is defined by a sentence of the form IXx(X), where x(X) is a positive Boolean

combination of formulas of the form X <, Y and first order -Z;-formulas.

The proof of Theorem is very similar to that of Theorem Since we only have

to test that a string is a prefix of a well bracketed string, <, suffices and =, is not needed.

5.4 Exponential Space Upper Bound for Petri net Cov-

erability and Boundedness

In this section, we give a sketch of the EXPSPACE upper bound given by Rackoff [82] for the
Petri net coverability and boundedness problems.

We call a function M : P — Z a vector. A transition ¢t may be taken as a step at the
vector M yielding a new vector M’ given by the equation M'(p) = M (p)— Pre(p,t)+ Post(p,t)
for all p € P. This is denoted as M N Taking a transition ¢ as a step from a vector
M is a weaker notion than the firing of ¢ from a marking M", since the latter does not allow
negative numbers. A finite transition sequence o = tyt, - - - t, is a walk from an initial vector
My to a vector M, if there exist intermediate vectors My, Mo, ..., M, such that for all ¢ with
1 <4 <r, we have a step from M; ; to M, using the transition ¢;. We write M, 2 M,.

Let @ C P be a subset of places. We will need the in-between notion (due to Rackoff
[82]) of o being a @-run in which, for every intermediate vector M;,0 < i < |o|, M;(p) >
Pre(p,t;+1) for every place p in (). Thus a firing sequence is a P-run. A (-run is a walk. For
two vectors M; and M,, we say My, >¢q M, if for every p € Q, My(p) > Ma(p). A walk o
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from M is said to QQ-cover a marking M., if it is a @)-run and the final vector M, obtained
by walking o from M, satisfies My >g M,,. We say o covers a marking if o P-covers it.
We will fix for this section M,.,, as the marking to be covered. For the purpose of

complexity analysis, we will denote the maximum of the range of M, by R.

Definition 5.13. A QQ-covering run is a Q-run that QQ-covers M.,,. Let Qy C Q. A Q-
run from My to M, is said to be c-bounded for (g, c € N, if for all intermediate vectors
M;,0 <i<r, M{p) is in {0,...,c} for every place p in Q.

Definition 5.14. [82] Let () C P. Define lencov(Q, M, M.,,) to be the length of the shortest
Q-covering run from the vector M. If there is no such sequence, define lencov(Q, M, M y,)
to be 0. For 0 <1i <b, l(i, M) is defined to be maz{lencov(Q, M, M.y,) | M a vector, Q C
P and |Q| = i}. In this section we abbreviate (i, M,y,) to £(7).

The following recurrence relation for ¢(i) is the main technical lemma used in [82] to
obtain EXPSPACE upper bound for coverability. A closer analysis of this recurrence relation
is performed in the next two chapters and here, only a sketch of the proof is given. Recall
from the beginning of section that W is the maximum arc weight. Also recall that we

denote the maximum of the range of M,,, (the marking to be covered) by R.
Lemma 5.15 ([82]). £(0) <1 and £(i +1) < (W) + R)™ ! + £(3).

Proof. Suppose @ C P, |Q| =i+ 1 and there is a Q-covering run. If this run is (W{(i) + R)-
bounded for @, then we can get a Q-covering run of length at most (W¢€(i) + R)*™ by
removing portions of the run between two vectors that are equal with respect to all places
in Q. Otherwise, there is an intermediate vector M and a place ¢ € @ such that M(q) >
(WL(i) + R). The portion of the @-covering run occurring after M can be replaced by a
shorter (@ \ {q})-covering run of length at most £(7). O

With the recurrence relation obtained above, we can calculate an upper bound on the
length of a shortest P-covering run that is double exponential in the size of the Petri net.

Exponential space is enough for a Turing machine to guess and verify such a sequence.

Definition 5.16. Let M be a vector and (Q C P. A sequence of transitions o is said to be a
M, )-enabled self-covering run if o is a Q-run such that for some two positionsi < j of o,
the intermediate vectors M; and M; satisfy M; >p M; and for some p € P, M;(p) > M;(p).

It is known [54] that self-covering sequences are necessary and sufficient for unbounded-
ness. Suppose o. is a ()-covering run with last vector M and o,. is a ()-enabled self-covering
run with vectors M; and M; as defined above. While it is enough to ensure that M >o M,
for the Q-covering run, we have to ensure that M; >p M, for the ()-enabled self-covering
run. Now, we will prove a lemma which states that if there is a self-covering sequence in
which the tokens in some subset () of places always remains less than some ¢ € N, then there

is one such sequence that is not too long.
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Lemma 5.17 ([82]). Let Q C P be a subset of places, M a vector and ¢ € N a number.
Suppose there is a M, Q-enabled self-covering run that is c-bounded for Q). Then, there is a
M, Q-enabled self-covering run of length at most (Wc)PW(™  where poly() is a polynomial

whose degree does not depend on m, W or c.

Proof. The idea is to remove portions of the self-covering run between intermediate vectors
that are equal with respect to all places in @) (such sequences are called Q-loops). However,
since we have to maintain the requirement that M; >p M; as in Definition we can
not remove all Q-loops as we did from ()-covering runs in Lemma The requirement of
M; >p M; can be stated in the form of a linear Diophantine equation whose solution will
tell us how many ()-loops need to be retained to satisfy the requirement. Using the fact that
feasible linear Diophantine equations have small solutions [9], many loops can be removed,

leaving behind a short self-covering sequence. O

Definition 5.18. Let Q C P and M a vector. Define \(Q, M) to be the length of the
shortest M, Q-enabled self-covering sequence and 0 if there is no such sequence. Let \(i) =

max{\(Q, M) | M a vector, |Q| =1i}.

Lemma 5.19. A\(0) < 2P gnd \(i + 1) < (W2X(5))P°W™) | where poly() is a polynomial

whose degree is a constant independent of m, W and 1.

Proof. Suppose Q C P, |Q| =i+ 1 and there is a M, Q-enabled self-covering run for some
vector M. If this run is (WA(:))-bounded for @, then the result follows from Lemma [5.17
Otherwise, there is an intermediate vector M’ and a place ¢ € @ such that M'(q) > WA(4).
The portion of the M, Q-enabled self-covering run occurring after M can be replaced by a

shorter sequence of length at most A(7). O

With the recurrence relation obtained above, we can calculate an upper bound on the
length of a shortest self-covering sequence that is double exponential in the size of the Petri
net. Again, exponential space is enough for a Turing machine to guess and verify such a

sequence.

5.5 A Unified Approach for Deciding the Existence of
Certain Petri Net Paths

The notation and results of this section are from [98] B]. As usual, we denote by N' =
(P, T, Pre, Post) a Petri net with places P and transitions 7. If ¢ is a firing sequence, then
its Parikh image #(o) : T — N is a mapping such that each transition ¢ appears #(o)(?)
times in 0. Yen [98] defined a class of path formulas for Petri nets consisting of the following

elements.

1. Variables: There are two types of variables, namely marking variables My, M, ... and

variables for transition sequences oy, 09, . ...
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2. Terms: Terms are recursively defined as follows.

e Lor every mapping ¢ € N¥| ¢ is a term.
e For all j > 7, M; — M, is a term, where M; and M; are marking variables.

e If 77 and 75 are terms, then so are 77 + 75 and 7, — 7Ts.
3. Atomic predicates: There are two types of atomic predicates.

(a) Transition predicates:
e 2z #(0;) > c and z ® #(0;) > ¢ are predicates, where i > 1, ¢ € N is a
constant, z is a mapping from 7" to Z and © is the vector dot product.
o #(01)(t) > c and #(01)(t) < ¢ are predicates, where ¢ € N is a constant and
t € T is a transition of \.
(b) Marking predicates:
e M(p) > zand M(p) > z are predicates, where M is a marking variable, p € P
is a place of N and z € Z is an integer.

o Ti(p1) = Ta(p2), Ti(p1) < Za(p2) and T1(py) > T2(po) are predicates, where 74
and 73 are terms and py,py € P are two places of NV.

A predicate is any positive Boolean combination of transition predicates or marking pred-
icates. The semantics of predicates is defined below. Assuming that marking variables
M, M,, ... stand for markings M, My, ... of a Petri net N and variables for transition se-
quences oy, 09, ... stand for firing sequences oy, 09, ... of N, semantics of terms and atomic

predicates are as follows.
1. Terms: Semantics of terms are recursively defined as follows.
e For all j > i, M; — M, is the term defined as (M; — M;)(p) = M;(p) — M,(p) for
all p € P.
e If 77 and 75 are terms, then 77 + 75 (resp., 73 — 73) is the term defined as (7; +
1,)(p) = Ti(p) + To(p) (resp., (v — T2)(p) = Ta(p) — Tz(p)) for all p € P.

2. Atomic predicates:

(a) Transition predicates:

o zO#(0;) > cif Y, 2(t)#(03)(t) > cand zO#(0;) > cif Y, z(t)#(04)(t) >

C.

e Semantics of #(01)(t) > ¢ and #(01)(t) < ¢ are according to the standard

semantics of > and < on integers.
(b) Marking predicates:
e Semantics of M(p) > z and M(p) > z are according to standard semantics of

> and > on integers.
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e Semantics of 71(p1) = T2(p2), T1(p1) < Ta(p2) and 71 (p1) > To(p2) are accord-

ing to standard semantics of =, < and > on integers.

Boolean operators on predicates work according to standard Boolean laws.

A path formula is a formula of the form
IM,, ..., M, 30y, .. 0, ((Moéww1 N '--%MT)/\(b(]\/[l,...,]\/[r,al,...,o—T))

where ¢ is a predicate and My is the initial marking of A/. A Petri net N with initial

marking M, satisfies the above path formula if there are reachable markings M, ..., M,
and firing sequences o1,...,0, such that My == M; = ... == M, and the predicate

o(My, ..., M, oq,...,0.)is true.

Theorem 5.20 ([3]). Given a Petri net N with initial marking My and target marking M,
another Petri net N' and a path formula f can be constructed in polynomial time such that
M is reachable from My in N iff N satisfies f. Given a Petri net N' and a path formula
f, another Petri net N’ can be constructed in polynomial time such that N satisfies [ iff N'

can reach the marking that has 0 tokens in all places.
An EXPSPACE upper bound is given in [3] for model checking a fragment of path formulas.

Definition 5.21. A path formula
M. ..., M3y, ... 0, ((MO LINGYRIN ---%MT)Aqs(Ml,...,Mr,al,...,ar))

is called increasing if ¢(My, ..., M,,01,...,0,) does not contain transition predicates and

implies M, > M;.

Theorem 5.22 ([3]). Given a Petri net N and an increasing path formula f, checking

whether N satisfies f can be done in exponential space.

The proof of the above theorem involves extending Rackoff’s induction strategy for bound-

edness [82] to increasing path formulas.

5.6 Simulating Exponential Space Turing Machines on
Vector Addition Systems with States

A Vector Addition Systems with States (VASS) is a finite directed graph (@, E), an integer
m € Z called its dimension and a mapping R : E — Z™. Here, () is the set of states and FE is
the set of transitions. A configuration of a VASS is a pair (¢, M) where g € ) is a state and
M € Z™ is a vector of integers. A walk is a pair (o, Mo) where My € Z™ and 0 = e; -+ - ¢y
is a sequence of edges forming a path in the graph (Q, E'). The sequence of configurations in
the walk is (qo, Mo), (q1, M1), ..., (qo|, M|s|), where for each 1 <i < |o|, M; = M;_1 + R(e;)

and ¢;_, and ¢; are the start and end vertices respectively of the edge e;. Each M; is called

79



an intermediate vector in the walk and My, gy are called the initial vector and initial state
respectively. A positive walk is one where the initial vector and all intermediate vectors are

made up of natural numbers. A positive walk is represented as (qo, Mo) == (qjo|, Mo|)-

Definition 5.23 (Reachability, Coverability and Boundedness). Given a VASS with initial
state qo, nitial vector My and a target configuration (q, M.y), the Coverability problem is
to determine if there is a positive walk (o, M) such that (qo, Mo) == (¢, M|s|) and for every
1 < i <m, My (i) > Meoy(i) (this is denoted as M' > M,,,). If we replace M' > M.y,
by M' = M,,,, we get the reachability problem. The boundedness problem is to determine
if there is a number ¢ € N such that for every positive walk o starting at (qo, My) with
(90, Mo) == (qio|, Mjo|) Mio((i) < ¢ for every place 1 <i < m.

VASS are known to be equivalent to Petri nets. In [86], a detailed lower bound is given
for the boundedness problem of VASS. There, the contribution of various natural parameters
of VASS to the lower bound is studied in detail. VASS provide a natural way to separate
control structure and counters. The graph underlying a VASS can be thought of as a control
structure, and parameters of the graph can be used to study parameterized complexity. A
close examination of the control structure of the VASS used in [86] (which is in turn based

on Lipton’s lower bound proof [65]) gives us the following result.

Proposition 5.24. For every exponential space Turing machine and an input for this ma-
chine, there exists a VASS with some initial and final configuration such that the Turing
machine accepts its input iff the final configuration of the VASS is reachable from the intial
configuration. The pathwidth of the graph underlying the VASS depends only on the Turing

machine and not on the input to the Turing machine.

Proof. Tt is known that counter machines (without incremental errors) can simulate Turing
machines [50] [74]. In particular, if a Turing machine operates in space exponential in the size
of its input, then it can be simulated by a counter machine with a fixed number of counters
such that the numbers in the counters never exceed double exponential of the size of the
input. The only reason VASS can not simulate counter machines in general is that VASS
can not test numbers for zero. Using the fact that counters never exceed double exponential
values, Lipton [65] shows that zero testing can be simulated by VASS when counters are
bounded (|86l 29] also contain detailed descriptions of Lipton’s construction). The following
proof is based on a close examination of Lipton’s construction. Suppose a co-ordinate i’ that
can hold values up to 22 is to be tested for zero. Another co-ordinate i is maintained with
the invariant that the sum of values in ¢ and 4 is 22’ throught the VASS’s operation. To test
i' for zero, it is enough to check that i has value 22. Figure shows a schematic of the
control structure of the VASS that does this.

The idea is that two co-ordinates i7; and 75 that can hold values up to 227" are used as
indices to run nested loops that decrement i. The control begins at gy with values 22’ in 4y, iy
and reaches qy if i’ is not zero (this can be easily tested by decrementing and immediately

incrementing ¢’ once). In the other case, control reaches ¢; from where the outer loop begins.
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Figure 5.2: Control structure of VASS for zero testing

From ¢; to go, 71 is decremented and from g¢o, io is decremented. Then 7 is decremented
once. At g;, if 75 is not zero, control goes back to gy for the next iteration of the inner loop.
Otherwise, iy is tested for zero by transferring the control to another module of the VASS
that performs zero tests for co-ordinates that can hold values up to 227" The loop between
g3 and ¢4 implement a “argument passing system” to ensure that i5 is the one being tested
for zero. When this module returns control at qg, if 7; is non-zero, control is transferred to
q1 for the next iteration of the outer loop. Otherwise, ; is tested for zero by passing it as a
parameter to the same inner module through the loop formed by ¢5 and ¢s. If ¢, also happens
to be zero, then the control is transferred to ¢y to indicate that i was zero. Indeed, since
both 4, and 4, are zero, decrementing 7 (the block with i |) is executed 22 x 227" = 2%
times, which means that i had value 22, which means that ¢ had 0.

The above sketch skips many intricate details and the interested reader is referred to
[86, 29]. The main point to be noted is that the inner VASS module referred to above is
constructed inductively in the same way, with loops controlled by counters with value 2272,
Let @; be the set of control states of the VASS above, without taking into account the
states of inner modules. If a co-ordinate with maximum value 22" has to be tested for zero,
the set of states of the VASS constructed inductively as described above would have set of
states (, U Qp—1 U ---U Qp. Since there is no edge across states in (); and ),;_o for any j,
following is a path decomposition of the entire control graph of the VASS for zero testing:
(QoUQ1) — (Q1UQ2) — -+ — (Qn_1UQ,). For larger n, this decomposition will be longer

but the size of each bag remains the same. Addition of other parts of the counter machine’s
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finite state control will increase the size of the bags by only a constant. O]

Proposition reduces the acceptance problem of Exponential space bounded Turing
machines to the reachability problem in VASS. By adding simple gadgets to the VASS, the
same problem can also be reduced to the coverability or boundedness problems in VASS.
Hence, to get better algorithms, we will have to consider parameters that also take into
account the way counters interact with each other. This is the motivation for considering

the parameter benefit depth in the next chapter.

5.7 Presburger Arithmetic with Monotone Transitive Clo-

sure

Since Petri net reachability sets need not be semilinear, Presburger arithmetic (first order
theory of natural numbers with addition) cannot define reachability sets. In [84], Presburger
arithmetic is generalized by introducing an operation called monotone transitive closure. Let
¢ = {z,y,...} be a set of variable symbols. The generalization of Presburger arithmetic

mentioned above is made up of terms 7 and formulas ¢, given by the following syntax.

Tu:=0|xed|S(r)| T+
Ypu=T=T7| VY| Iy
¢ =mTC(Y(x1,. . T, Y1, -, Uk)) | ONG | OV & | Tz (5.1)

In the formula mTC(Y (1, ..., Tk, Y1, Yk))s T1y- -+, Thy Y1, - - -, Yg are the free variables of

1.
Let s: & — N be an assignment to the variable symbols. This assigns a natural number

[7]s to every term 7 as defined below.

[0]s = 0, the smallest natural number.
[2]s = s(z)
[S(m)]s =[7]s +1
[+ 72]s = [nls + [

If s is an assignment and n € N is a natural number, then s[x — n] is the assignment that
is same as s except that x is assigned n. The definition of an assignment s satisfying a formula
¢ (denoted as N, s |= ¢) is as below. We write N |= ¢(nq,...,ng,n),...,n}) to denote the
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fact that N, s[x; — ny, ...,z — ng,y1 = 0, ..,y — 0] E 0@, o Tk, Y1, - Yk)-

N,s = =mniff [1]s = [m]s

N,s = -0 iff N, s £

N,s =1 Vi iff N s =1y or N s = 1

N, s = Jz¢ iff there is a n € N such that N, s[z — n] = ¢

N, s EmTC(W(z, ..., Tk, y1,- -, yx)) iff (s(z1),...,s(xk), s(y1), ..., s(y)) € Tk,

where Te € N?* is the smallest set satisfying the following properties:

L. (nq,...,ng,nq,...,ng) € Tcfor ny,...,n, €N,
/ / / /
2. (ny,...,ng,nl,...,n,) € Tc whenever N = 1(nq,...,ng,nl, ..., n),
3. (nq,...,ng,nf,....nf) € Tc whenever (ny,...,ng,n},...,ny) € Tc,
(nf,...,np,nY,....,n}) € Tcand n),...,n; € N, and
4. (ni+nf,...,np+ny,n +n, ... n.+nf) € Tc whenever (ny,...,ng,n},...,n;) € Tc
" 1
and ny,...,ny € N.

N)‘S):gbl\/ng iﬁN,S ):gbl OI‘N,S):QSQ
N,;s = d1 Ao iff N, s = ¢y and N, s |= ¢
N, s = Jz¢ iff there is a n € N such that N, s[x — n] = ¢

Condition above can be thought of as indicating the fact that in a Petri net, a marking
can be reached from itself by firing the empty firing sequence. Condition |3|indicates that if
M == M’ and M’ == M", then M == M". Condition [4|indicates that if M == M’, then

g

M+ M" = M' + M" for every marking M".

Theorem 5.25 ([84]). Given a formula ¢ as given in (5.1), checking for the existence of a

satisfying assignment to its free variables is decidable.

The proof of the above theorem is through usage of some newly defined operators operat-
ing on sets of multisets. Expressions made up of such operators can be built up corresponding
to the given formula (or as shown in [84], corresponding to a given Petri net with initial and
final markings). The expression can then be simplified resulting in a lengthier expression,

following the style of proof of decidability of Petri net reachability.

5.8 Branching Vector Addition Systems

The notation and results of this section are from [19]. A Branching Vector Addition System
(BVAS) is a tuple B = (m, Ag, R1, Ry) where m € N is the dimension, Ay C N is a
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non-empty finite set of axioms and R;, Ry C Z™ are finite sets of unary and binary rules,

respectively. A derivation of B is a labelling D : 7 — Z™ such that:
e 7 is a finite binary tree,
e if 1 has one child in 7, then D(n) € R, and
e if 1 has two children in 7, then D(n) € Rs.
Vectors that are derived at every node are recursively obtained as follows:
e if nis a leaf in 7, then D(n) = D(n).
e if 7 has one child / in 7, then D(n) = D(n) + D(1').
e if 7 has two children 1 and " in 7, then D(n) = D(n) + 23(77’) + D).
Now, we say that D is:
o initialized iff, for each leaf n of 7, D(n) € A,.
e admissible iff, for each node n of 7, D(n) € N™.

e derives 23(6), which is the vector derived at the root.

A BVAS produces a vector v if v is derived from an initialized admissible derivation. Given
a BVAS B and a target vector t of the same dimension, the reachability problem is to decide
if B can produce the vector t. Given a BVAS B and a target vector t of the same dimension,
the coverability problem is to decide if B can produce a vector v such that v > t. The

boundedness problem is to decide if the set of all vectors produced by B is finite.

Theorem 5.26 ([19]). The covering and boundedness problems for BVAS are complete for

doubly-exponential time.

The proof of the above theorem involves extending Lipton’s counting strategy in [65] and
Rackoff’s induction strategy in [82] to branching systems. For boundedness, this extension

requires proving new upper bounds for small solutions of linear Diophantine equations.

Theorem 5.27 ([62]). The reachability problem for BVAS is hard for double exponential

space.

The proof of the above theorem involves a careful combination of Lipton’s counting strat-

egy [65] and branching to compute triply-exponentially large numbers.

84



5.9 Petri Nets and the Theory of Tensor x

Linear logic has been described as a “resource conscious logic”. In its proofs occurrences
of propositions can not be used more than once, neither can they disappear unless they are
explicitly used up by the rules of inference. Similar ideas being present in Petri nets, relations
between them have been explored. In this section, we use the fragment of linear logic built up
from the connectives tensor » and implication —. Meanings of these connectives are implied
by the proof rules given below. The following relation between the deducibility problem for
sequents in finitely axiomatized x-theories and the Petri net reachability problem is from [93],
Chapter 1].

We begin with the theory consisting of axioms
idX — X
(for any string X constructed from the places py,ps,... and x) and two general rules

t:pr —=ps t':ipy—ps t:pr—ps t'ips— s
t-t':p1 — p3 t]t:p1*ps— pakps

(the first rule corresponds to sequential composition of transitions; the second one corre-
sponds to parallel composition). For each Petri net transition, an axiom is added. If a
transition ¢ for example removes 2 tokens from p;, removes 3 tokens from py, adds one token

to p3 and adds 2 tokens to ps, we add the axiom
t:plKps — p3xp] .

Here, p? denotes p; x p;. Since % is associative and commutative, this shorthand notation
can be used. A final marking My is reachable from an initial marking M, in a Petri net N/
ift My — My is deducible in the theory formulated above.

5.10 Relevance Logic

Formulas of relevance logic are built up from atomic propositions using the Boolean connec-
tives A,V in addition to implication — and fusion o. Different choices of connectives and
axioms lead to different fragments of the logic. In the following sub-sections, we look at two

such fragments.

5.10.1 Implication Conjunction Fusion Fragment of Relevance Logic

The notation and results of this section are from [94]. The logic discussed is the system
R_ o, which contains the fusion connective o in addition to — and A. The axioms for the

system are

1. T
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2. T—=(g—q)

3. (g—=1) = ((r—s5) —(¢g—9)

4 (g—=(r—s) = —(g—9)

5. (q—=(r—s)—(g—r)—(¢g—9)

6. (A7) —q

7. (gNAT) >

8. (q—=r)AN(g—s) = (qg— (rAs))

9. ¢—(r—{(qor))

10. (g = (r—s)) = ((gor) =)
Following are the inference rules of R_. ..

=7 q(modus ponens)

- (adjunction)
r r

The semantics of relevance logic is based on a structure with a ternary relation. A model
structure is a triple (o, W, E'), where W is a set, o0 € W and FE is a ternary relation on W

satisfying the following conditions for all w, wy, ws, w3, wy, ws € W:
1. E(o,w,w)
2. E(w,w,w)
3. (E(wy,ws,w3) A E(ws, wy,ws)) — Jws(E(wy, wy, ws) A E(we, ws, ws))
4. (E(o,wy,wz) N\ E(ws, ws,wy)) — E(wq,ws, wy)
5. (E(wy,ws, ws) A E(0,ws,wy)) — E(wy, ws, wy).

If M = (o,W, E) is a model structure, then a valuation V is a function that assigns to each
propositional variable ¢ a set V(¢) C W, and which satisfies the condition: if w € V(g) and
E(o,w,w") then w’" € V(q). A model is a model structure with a valuation.

If M is a model, the truth relative to a point is defined recursively as follows:
1. Myw = qiff we V(q)

2. M,w =T iff E(o,0,w)

3. M,w | q — r iff Vwyws((E(w, wy, we) and M, w; = q) = M,ws 1)

4. M,w = qor iff Jwywe(E(wy, ws, w) and M, w; | q and M, ws = 7)

5. MiwEgArift Mjw = qand M,wkE=r
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A formula ¢ is valid if M, o0 |= ¢ in all models M.

Exponential space lower bound is shown for the validity problem through semi-Thue
systems. If X is a finite alphabet, a semi-Thue system S is a finite set of pairs of strings
in >*. Pairs of strings in the semi-Thue system are written as a« — [ and referred to as
production rules of the system.

If S is a semi-Thue system, we write yad = y33(S) if v and § are words in the alphabet
of S and the production rule & — 3 belongs to S. The relation == is the reflexive transitive
closure of =—-.

A semi-Thue system over an alphabet X is said to be commutative if it includes all
productions of the form ab — ba for all a,b € ¥; it is contractive if it includes all productions
of the form aa — a for all a € ¥. If S is a commutative contractive semi-Thue system, then
a production in S is said to be proper if it is not of the form aa — a or ab — ba.

If S is semi-Thue system over ¥, define a ternary relation F over ¥* as F(a, 3,7) iff
a3 == v(S). With every letter a € X, associate a propositional variable g(a). If & € ¥, then
q(a) is the propositional expression corresponding to «, where concatenation is represented
by the fusion operator. The triple (e, X%, F) will form a model structure, where € is the
empty string. The valuation V over this model structure defined as V(q(a)) = {a € X* |
a = a(S)} for all a € ¥, gives the canonical model M(S) associated with S. Suppose
oy — (1,...,0, — [3, are the proper productions of S. If +,6 are words in ¥*, then
¥(S,7,9) is the formula

[q(Br) = qlaa) A= A q(Bn) = qlam) ANT] — (q(6) — q(v)) -

Theorem 5.28 ([94]). Let S be a commutative, contractive semi-Thue system over ¥ and
v,8 words in X*. Then M(S),y k= q(0) iff 6 == ~(S). In addition, R_ ., F ¥(S,7,8) iff
v == §(9).

It is also shown in [94] how to construct in logspace a commutative, contractive semi-Thue
system from a given doubly exponential bounded 3-counter machine so that the termination
problem for such 3-counter machines can be reduced to the word problem for commuta-
tive, contractive semi-Thue systems. This gives an exponential space lower bound for the
deducibility problem of R_ ... It is also shown in [94] how to apply McAloon’s result [71]
about upper bounds for Dickson’s lemma to conclude that Kripke’s decision procedure for
deducibility in R_, ., (described in [91 pp. 30-39]) is primitive recursive in the Ackermann

function.

5.10.2 LR+ Fragment of Relevance Logic

Results from this section are from [95], where complexity of decision procedures for the
system LR+ is considered. This system consists of the connectives fusion o, —, A and V.
The axiom system consists of all axioms from the previous subsection and some additional

ones for V.
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LT
2. T—=(qg—1q)
3. (g—=r)=((r—s) —(¢—9))
4 (g—=(r—s) = —I(g—9)
5. (g = (r—s)) = ((g—r)—(g—5))
6. (A1) —q
7. (gAT) = 7
8. (q—=r)N(g—s)—(g—(rAs))
9. q— (r—(gor))
10. (¢ = (r—s)) = ((gor) — )
1. g—qVr
12. r = qVr
13. (g—=s)AN(r—s) = ((gVr) —s)
Following are the inference rules of R_. ..

q—r

(modus ponens) L (adjunction)
r

’

A non-primitive recursive lower bound is shown for validity in systems of LR+ through
a series of reductions. First, 3-counter machines whose counters are bounded by Ackermann
function of the size of the machine are considered. The termination problem for such machines
is known to be non-primitive recursive.

The above termination problem is reduced to termination of Expansive counter machines
with zero tests (ECMs). An ECM is a counter machine where the automaton can test
counters for zero and counters that have non-zero value can arbitrarily increase their value.
The zero testing ability is critically used to ensure that these expansion errors do not hinder
simulation of Ackermann bounded 3-counter machines.

The termination problem for ECMs is reduced to the acceptance problems for Expansive
And branching Counter Machines (EACM). An EACM is similar to an ECM but zero tests
are not available. Instead, EACMs have branching transitions. On executing a branching
transition, two copies of the counter machine are created, each copy in a new control state
and values of the counter same as those before the transition. An initial configuration thus
gives rise to a computation tree. An initial configuration is said to be accepted if there is a
computation tree rooted at that configuration such that all leaves are in accepting state and

all counters are zero in all leaves. It is easy to simulate ECM by EACM — whenever we need
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to perform a zero test in the ECM, we provide a branching transition in the EACM. One
branch assumes that the counter under consideration is zero and continues the computation.
The other branch tests that the counter is actually zero.

Finally, the acceptance problem for EACMs is reduced to deducibility in LR+. A sequent
calculus equivalent to the axiom system given above is given in [95]. A sequent is associated
with every transition of the EACM. In the resulting theory, the sequent corresponding to
the initial configuration of the EACM is derivable iff the initial configuration is accepted
by the EACM. Finally, it is shown that deducibility in the sequent calculus is equivalent
to theoremhood in LR+, so that the decision problem for LR+ is not primitive recursive.
Utilizing some translations from LR+ to implication conjunction fragment of some other
logics [72], [73], this lower bound is extended to R_x.

As is done in the previous subsection, an upper bound that is primitive recursive in the
Ackermann function is shown by analysing a decision procedure for LR. LR results from R

by dropping the distribution axiom.

5.11 Summary of results

The following table summarizes the results mentioned in this chapter. The lower bound
mentioned in the “Lower bound” column of the table need not imply a formal complexity
theoretic lower bound in all cases, since some of the reductions involve exponential blowups,
such as those for satisfiability of EMSO with =,.

Problem

Lower bound

Upper bound

LTLI(X,U) Satis-
fiability

Reduc-

tion from non-emptiness of Ex-

Non-primitive recursive.

pansive counter machines (ECMs)
with zero tests [21].

Reduction to non-emptiness of
alternating register automata
of ECMs

to non-emptiness
with zero tests [21].

LTLYX,U) and
LTLY(X,U, F)
satisfiability.

Undecidable. Reduction from ter-
mination problem for Minsky ma-
chines [21].

Non-emptiness of
2-way alternating

register automata.

Undecidable. Reduction from ter-
mination problem for Minsky ma-
chines [21].

FO*(~,<,+1) sat-
isfiability.

Logspace reduction from Petri net
reachability [8].

Double exponential time re-

duction to Petri net reachabil-
ity [8].

FO?(~,+1) and
FO?*(~,<,+1,<)
satisfiability.

Undecidable [8]. Reduction from

Post’s Correspondence Problem

I9].
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Problem

Lower bound

Upper bound

Satisfiability of ex-
istential MSO with

g-

Reduction from Petri net reacha-
bility [78].

Reduction to Petri net reacha-
bility [78].

Satisfiability of ex-
istential MSO with

<,

Reduction from Petri net cover-
ability [78].

Reduction to Petri net cover-
ability [78].

Petri net coverabil-

ity and bounded-

EXPSPACE-hard [65].

EXPSPACE [82].

ness.
Model checking | Polynomial time reduction from | Polynomial time reduction to
Yen’s path logic | Petri net reachability [3]. Petri net reachability [3].

formulas on Petri

nets

Model checking in-
creasing path for-
mulas of Yen’s path

logic on Petri nets

EXPSPACE [65].

EXPSPACE [3].

Emptiness and sat-
isfiability for Pres-
burger arithmetic
with monotone

transitive closure.

Reduction from reachability in
Petri nets with inhibitor arcs [84].

Reduction to emptiness of ex-
pressions built from operators
operating on sets of multisets
[84].

BVAS covering and
boundedness prob-

lems

Doubly exponential time. Reduc-
tion from acceptance in alternat-
ing doubly exponential bounded

counter machines [19).

Doubly exponential time. Ex-
tension of Rackoff’s induction
to BVAS [19)].

Deducibility in the

theory of tensor *.

Polynomial time reduction from
Petri net reachability [93].

Polynomial time reduction to
Petri net reachability [93)].

Deducibility in con-
junction, implica-
tion, fusion frag-
ment of Relevance

logic.

Reduction from termination of
doubly exponential bounded 3-
counter machines to the word
problem in commutative contrac-
tive semi-Thue systems to de-
ducibility [94].

McAloon’s ordinal recursive
bound on Dickson’s lemma
[94].
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Problem

Lower bound

Upper bound

Validity in LR+
fragment of Rele-

vance logic.

Reduction from termination of
Ackermann bounded 3-counter
machines to termination of ECMs
with zero tests to acceptance in
expansive and-branching counter
machines without zero tests to de-
ducibility to validity [95].

McAloon’s ordinal recursive
bound on Dickson’s lemma
[95].
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Chapter 6

Petri Nets and Benefit Depth

Communicating automata with buffers [I0] is a model of concurrent communicating systems.
In this chapter, we consider a small generalization where 1-safe Petri nets (which we call
components) communicate through buffers. Thus we have a system model which allows
communication by message-passing as well as by synchronization, since 1-safe Petri nets can
model the latter.

We introduce a logic to express some counting properties of Petri nets. This logic can
express coverability, boundedness and some extensions, so its model checking problem is
ExXpPsPACE-hard. We consider the parameter benefit depth that we introduced in Chapter
and extend it to 1-safe Petri nets communicating through buffers. With this extension, benefit
depth measures how much buffers can affect one another. Benefit depth is upper bounded by
the number of buffers but it seems reasonable that, in a loosely coupled distributed system,
the communication graph amongst buffers is not dense and benefit depth can be low. We will
show PARAPSPACE upper bound for model checking the above mentioned logic with respect
to this parameter (recall from Chapter [1| that PARAPSPACE algorithms are those that run
in space O(f(k)poly(n)), where the function f(k) may be any computable function of the
parameter k while poly(n) is some polynomial of the input size n). The main idea behind
this result is that if a transition benefitting from a place occurs before a transition that does
not benefit from that place, the two transitions can be swapped. This fact can then be used
for finer combinatorial analysis of recurrence relations that are the main tools for Rackoft’s
EXPSPACE upper bounds [82].

6.1 System Model

Our results work for any Petri net. But we divide the net into bounded and unbounded
portions to emphasize the fact that our problem formulation strictly generalizes reachability
for 1-safe Petri nets. The model of systems we consider in this chapter consists of some 1-
safe nets, called components, which can add or remove tokens to/from a set of unbounded

places that we refer to as buffers.

Definition 6.1. A net of communicating automata with buffers (we just use the word
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“net” in the rest of this chapter) is a Petri net where the set of places is partitioned into a
set of buffers B and component places C' = P\ B. We require that all places in C' remain
1-bounded regardless of the number of tokens in the buffers at the initial marking. We will
use the notation |B| = b and |C| = a.

Definition 6.2. Recall the definition of the set of places Ben(p) C P and the set of tran-
sitions Tyen(p) C T benefited by a place p from Definition [{.9 Ind(p) = P\ Ben(p) and
Tina(p) = T\ Tyen(p) are the places and transitions independent of p. The benefit depth of
a net is defined as K = maz{|Ben(p) N B| —1|p € B}.

The diagram shown in Fig. illustrates a communicating automaton with buffers. The

line 1 line 2 line r

sl sl s

@%% &ﬁé@

master line 1 master line 2

Figure 6.1: Tllustration of communicating automata with buffers

boxes labelled as line 1, line 2 etc. can be thought of as assembly lines represented by 1-
safe Petri nets, drawing raw materials from buffers ¢b,, iby etc. Output of these assembly
lines are deposited into buffers ob;, ob, etc. Boxes labelled master line 1 and master line 2
can be thought of as master assembly lines that use the output of earlier assembly lines as
their input. They deposit their output in buffers pr; and pry respectively. Irrespective of
the number of assembly lines, benefit depth is 3 since only ob;, pr; and pre can benefit by

decreasing tokens from @b;.

6.2 Benefit Depth and Coverability

Recall the concept of vector from section 5.4 In this chapter, we will consider only those
vectors M : P — 7 that satisfy M(p) € {0,1} for all places p € C. The following is same as
Definition adapted to nets of communicating automata with buffers.

Definition 6.3. [82] Let C C Q@ C P. Define lencov(Q, M, M.y,) to be the length of the
shortest Q-covering run from the vector M. If there is no such sequence, let lencov(Q, M, M yy)
to be 0. For 0 <i <b, (i, M) is defined to be maz{lencov(Q, M, M.y,) | M a vector, C C
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Q C P and |Q\ C| = i}. In this section we abbreviate ((i, M.y,) to £(i). In section [6.4) we
will abbreviate £(b, Mioy) to U'(Meoy).

Definition 6.4. Let C C Q@ C P and p € B be a buffer. Define covind?(Q, M, M.y,) to
be the length of the shortest Q-covering run in Tye,(p)* from the vector M. If there is no
such sequence, define covind?(Q, M, M.,,) to be 0. Let (1(i) = maz{covind?(Q, M, M.y,) |
M a vector, p a buffer, |Q N Ben(p) N B| = i}.

Our strategy is to segregate covering sequences into two parts, the first made of transitions
in T;,4(p) and the second one made of transitions in T, (p). We need the following technical
lemma, which is a generalization of the exchange lemma [22) Lemma 2.14| to Petri nets

with weighted arcs.

Lemma 6.5. Let p be a place and tyen, € Tyen(p) and ting € Tina(p) be transitions. Let Q C P

be some set of places. If tyenting is a Q-run from some vector M, then so s tiatpen-

Proof. We will first prove that ¢;,4 is a Q-run from M. Suppose not. Now, suppose p’ € Q) is
one of the places that do not have sufficient tokens at M to enable t;,4. Since ti,q € Tina(p),
we know from Definition that for all p” € Ben(p), Pre(p”, tina) = 0. Hence, p' ¢ Ben(p),
i.e.,, p' € Ind(p) N Q. Now, we have M Loens Ay Lnds M, for some vector My, ting is a Q-run
from M; but not from M since a place p’ € Ind(p) N Q does not have enough tokens at M.
Since p’ has enough tokens at M, tp., adds some tokens to p/, i.e., Post(p/, tpen) > 1. This
contradicts the fact that tye, € Tpen(p). Therefore, t;,q is a Q-run from M. So, M tind, M,
for some vector Ms.

Now, we will prove that t., is a Q-run from M;. Suppose not. Let p’ € Q be one of the
places that do not have enough tokens at Mj3 to enable ty.,. Since tp, is a Q-run from M, t;,4
must decrease the number of tokens in p'. Since t;,q € Tina(p), we know from Definition
that ¢;,4 does not decrease tokens in any place that belongs to Ben(p). Hence, p’ ¢ Ben(p),
ie., p € Ind(p) N Q. Let ¢’ be the number of tokens in p’ at M and let ¢;,, decrease the
number of tokens in p’ by ¢;. Now, if dy = Pre(p/, tyen) is the number of tokens needed by
then, then dy > ¢ — q1. Now, if tye,ting is run from M, number of tokens in p’ at the end
will be ¢ —dy — q1 < 0 (Post(p/, tyen) = 0 since p’ € Ind(p)), which contradicts the fact that
thenting 18 a @Q-run from M. Therefore, p’ cannot be in Ind(p) NQ and hence there is no such

p’. This means that ., is a Q-run from M3 and hence t;,qtpen is a Q-run from M. ]

In the following lemma, we give a finer analysis of a recurrence relation introduced by
Rackoff in [82] that we mentioned in Lemma The idea is that using the exchange lemma
above, all transitions benefiting from a place can be moved to the right. Properties of the

resulting sub-sequence can be used to get better upper bounds.

Lemma 6.6. Let N be a net with mazimum arc weight W, benefit depth K and let R
be the maximum of the range of M.y, the marking to be covered. If K < i < b, then
0i+1) < (WhH(K) + R)™2 4+ £(i) + 1(K).

94



Proof. Suppose that Q;11 = C'U A where |A| =i+ 1 and that there is a ();;1-covering run
from some vector M. If this run is W¢1(K) + R-bounded for @41, then there is a similar
run where no two intermediate vectors are equal when restricted to ;1. The length of such
a sequence is at most (W/1(K) + R)*12¢,

Otherwise, there is a QQ;+1-covering run from M that is not W/1(K)+ R-bounded for Q; .
Then there exist runs oy and o9 such that oy09 is Q;41-covering from M, oy is Wi (K) + R-
bounded for Q);;; and the final vector M’ obtained by walking o; at M has more than
W/i(K) 4+ R tokens at some place p € A. Let Q; = Q;11 \ {p}. As above, we can assume
that length of oy is at most (W/1(K) + R)™129.

Now, o9 is a Q;-covering run from M’. By definition, there is a @Q;-covering run o} from
M’ whose length is at most £(i). Since o} is a @Q;-run from M’ we can apply Lemma
repeatedly to rearrange o) into another sequence 773 such that 7 € T;,4(p)*, T2 € Then(p)™,

71Ty is a Q;-run from M’ and |r7a| = |ob| (see Fig. [6.2). This rearrangement of o could

/

1 P
01 ﬂrLd(p>* Tben(p>*
p—HO ol D D [O] Ie)

O o D Die) O }g Ben(p

Al O o D @O O

Qi+ O Qo Ol ) }C Ind()|0;

O Ol 1O Ol O
. QO OO .

C{ ) ) O OO 8
M M/ M/I

< (B(k)

Figure 6.2: Sequences and bounds used in the proof of Lemma
7 (resp. |) inside places indicates that tokens are non-decreasing (resp. non-increasing).

potentially cause places in C' to get more than 1 token in an arbitrary Petri net. However,
our assumption that places in C' remain 1-bounded regardless of the number of tokens in
the buffers at the initial marking ensures that the rearrangement doesn’t disturb the 1-
boundedness of places in C. Let M” be the final vector obtained by walking 71 at M’. Now,
Ty € Then(p)* and is a @Q);-covering run from AM”. Hence, by Definition , there is a @Q;-
covering run 74 from M"” with 7} € Tpen(p)* and || < €1(|Ben(p) N B| —1). Since |7y| < (i)
and (1(|Ben(p) N B| — 1) < (1(K), |nimy| < 4(i) + (1(K). Since 71 € Tina(p)*, Definition
implies that no transition in 7; decreases tokens from p. Since M"(p) > M'(p) > W (K)+R
and each transition in 75 removes at most W tokens from p, o775 is a @;41-covering run
from M whose length is at most (W/(1(K) + R)™12 + ((i) + (1(K). O

The bound on £(i+1) given by Rackoff in [82] is similar to the one in Lemma [6.6] but uses
(1) in place of /1(K). Since ¢1(K) can be much smaller than £(i), the bound in Lemma

is better. This is the fact that enables us to restrict exponential space complexity to K.
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The following lemma gives a recurrence relation for length of covering sequences made of

transitions in Tpe, ().
Lemma 6.7. (1(0) < 2% and (1(i + 1) < (W/i(i) + R)"™ 2% + (1(4).

Proof. (Following [82].) We will first prove the bound on ¢1(0). Let @ = C U A and AN
Ben(p) = 0 for some buffer p. Suppose o € Ty, (p)* is a Q-covering run from some vector
M. If any two intermediate vectors reached by walking o at M are equal when restricted
to C', remove the subsequence between these two intermediate vectors. Since the removed
subsequence never added any tokens to any place in A, such removals will never decrease
tokens from places in A. Therefore, after all such removals, the sequence that is left is still
a @-covering run from M. The length of this run is at most 2°.

Next, we will prove the bound on ¢1(i + 1). Suppose that Q) = Q;11 = C U AU A" where
|A'| =i+ 1, with AN Ben(p) = 0 for some buffer p. Suppose that there is a Q; 1-covering
run in Ty, (p)* from some vector M.

Case 1: There is a Q);1-covering run from M that is W/1(i) + R-bounded for A’. Then,
as above, there is a );;1-covering run o from M that is W/i(i) + R-bounded for A’ such
that no two intermediate vectors obtained from walking o at M are equal when restricted to
Qi+1 \ A. The length of such a run is at most (W/1(i) + R)"12%

Case 2: Otherwise, there is a (Q;,1-covering run from M that is not W/1(i) + R-bounded
for A’. Then there exist sequences o1 and o9 such that o109 € Tpen(p)* is a Qi1 1-covering
run from M, o1 is W/1(i) + R-bounded for A’ and the final vector M’ obtained by walking
oy at M has more than W/1(i) + R tokens at some place p’ € A'. Let Q; = Q41 \ {p'}. As
in case 1, we can assume that length of o, is at most (W/1(i) + R)"12%.

Now, 09 € Then(p)* is a @Q;-covering run from M’. By definition, there is a Q;-covering
run 0y € Tpen(p)* from M’ whose length is at most ¢1(i). Since M'(p) > Wii(i) + R and
each transition in o), removes at most W tokens from p’, 010 is a @);1;-covering run from M
whose length is at most (W/1(i) + R)™2% + (1(i). O

It now only remains to solve the recurrence relations we have obtained and use them in

a nondeterministic algorithm that guesses covering sequences to get our first main theorem.

Definition 6.8. Let W' = max{W, 2}, R’ = max{R,2}. Define a growth function g : N — N
as 9(0) =W'R'2% and g(i + 1) — (g(i))B(i+l)2a.

Lemma 6.9. (K + j) < (K + j)(Wi(K) + R)5%92¢ + ji1(K) + ((K).

Proof. By induction on j. The base case j = 0 is clear since RHS of the inequality is at least
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UK +7+1) <(WO(K) + R)SH12% + (K + j) + (1(K)
< (Whi(K) 4 R)fH+toe
+ (K + §)(WhH(K) + R)*2% + j1(K)
+U(K) + (1(K)
< (K +j+1D)(Wha(K)+ R)XHH120 4 (5 + 1)01(K)
+U(K)

]

Lemma 6.10. (1(i) < g(i), £(i) < g(i), (K + j) < (K + 7)(g(K))>¥E*+)29 and g(i) <
(W/R/>3ii!26ii!a‘
Proof. Bounds on (1(i) and £(i) are by induction on i. For the base case i = 0, we have

01(0) < 2% < g(0) and £(0) < 2% < ¢g(0) (this bound on ¢(0) can be obtained by arguments
similar to those used for the bound on ¢1(0) in Lemma [6.7).

(i +1) < (W) + R)™2% + 41(d)
< (Wg(i) + R)™2" + g(i)

< (WR)™ (902" + (i)
(+1)98 4 g(;)

For the bound on ¢(7), we will use Rackoff’s result from [82], which states that (i + 1) <
(W) + R)™12% + £(i).

0+ 1) < (WL(I) + R)™12% + 4(4)
< (Wg(i) + R)"™12" + g(q)
< <g(z~))3(i+1)2a
=g(i+1)

Next, we will prove the bound on ¢(K + j).

< (K 4 7)(Wg(K) + R)* 2% + jg(K) + g(K)
< (K + j)(W'R)SH (g(K))* 2 + (j + 1)g(K)
< (K + ) (g(K))* )20

(K + )

Finally, the bound on ¢(i) is by induction i. For the base case i = 0, we have g(0) =
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(W/R/)Qa — (WIR/)ZSOO!QGOO!LL'

gli+1) = (g(0))* 2
<(W/R/)3i1;!26%!a) 3(i+1) 9a

(W/R/)3i+1(i+1)!2(6iz‘!3(z‘+1)+1)a

IA

IN

(W/R/):’,Hl(i+1)!2(6ii!3(z‘+1)2)a

IA

_ (W/R/):aiﬂ(i+1)!26i+1(z‘+1)!a

]

Theorem 6.11. Let q(i) = (65 T2K!m?)". Suppose a net under consideration has benefit
depth K. There is a non-deterministic algorithm that decides if there is a firing sequence

covering M.y, from My in space O(log |My| + logn + ¢(1) log W' log R'mlogm).

Proof. Since there are b buffers in the net, ¢(b) gives an upper bound on the length of the
shortest P-covering run. Therefore, there exists a P-covering run iff there is one of length at
most ¢(b). From Lemma we get

K e K 1 3m ;6K LR 3m
£b) < Bg(K))*2° < mlg(K))™2 < m (W/RY 920" ) ™ g0 < o (R0 ) ™

Hence ((b) < m(W'R)5""*K'™* A nondeterministic algorithm can guess a sequence of
transitions of this length and verify that it is P-covering from M,. The memory needed
is dominated by a counter to count up to maximum ¢(b) and the memory needed to store
intermediate markings. The memory needed for the counter is O(g(1) logmlog W'log R')
and to store markings we need O(log |My| + logn + ¢(1)mlog mlog W'log R'). O

Given a net, its benefit depth K can be computed in polynomial time. Hence, the upper
bound on the memory requirement in the above theorem is space constructible and the well
known Savitch’s theorem can be applied to determinize the above algorithm. The memory
required will still be polynomial in the size of the input net and this gives us the PARAPSPACE

algorithm.

6.3 Logics for Specifying Petri Net Properties

Let NV = (P, T, Pre, Post) be a Petri net. Following is a logic of counting properties such

that its model checking can be reduced to coverability (k) and boundedness () problems,
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but is designed to avoid expressing reachability. This is a fragment of counting CTL.

(Terms)T :=p € P |m+m|cr, ceéN
(Coverability)x =T > ¢, c € N | k1 Aky | kK1 V Ky | EFk
(Boundedness) ::= {m,..., 7.} <w | 28| B1V [2
pu=01K| A2 | PV

We use the formula {7y,..., 7.} = w as an abbreviation for —{7,...,7,} < w. Formally,
the semantics of the above logic is defined on the computation tree generated by a Petri net,
rooted at the initial marking. We give the semantics below in an equivalent format based on
the Petri net itself. The satisfaction of a formula ¢ by a Petri net A/ with initial marking
My (denoted as N, My [= ¢) is defined below. The Boolean operators work as usual. Note
that every term 7 gives a function L, : P — N such that 7 is syntactically equivalent to
ZpGP L,(p)p. By fixing an order on the set of places P, we can treat any function L, and

marking M as a vector with |P| coordinates.

o N My =7 >ciff L, ® My > ¢, where ® is the vector dot product as in the previous
chapter.

e N, My = EFk iff there is a marking M reachable from M, such that N, M |= k.

o N, My ={n,..., 7} <wiff 3¢ € N such that for all markings M reachable from My,
thereis a j € {1,...,7} such that >, L. (p)M(p) <c.

With the example of Fig. [6.1] the formula EF (ob; 4+ 0by > 50 A EF (pry + pro > 30)) is
satisfied if we can reach a marking M such that M (ob,) + M (obg) > 50 and from M, we can
reach a marking M’ such that M'(pry) + M'(prsy) > 30.

6.4 Model Checking Logic of Counting Properties

Though the PARAPSPACE result for coverability can be extended to the boundedness prob-
lem, we consider the more general problem of checking whether a given net satisfies a given
formula ¢ of the logic defined in section [6.3] We show that this can be done in PARAPSPACE
with benefit depth as the parameter, provided the nesting depth of EF modality in ¢ is a

fixed constant. Following is the main theorem of this section.

Theorem 6.12. There is a PARAPSPACE algorithm that checks whether a given net with an
wnitial marking satisfies a given formula ¢, if the benefit depth of the net is a parameter and

the nesting depth D of EF modality in the formula s treated as a constant.

First of all, we simplify the kind of formulas that our algorithm has to handle by non-
deterministically choosing a disjunct from a disjunctive sub-formula. We then end up with
¢ a sequence of conjuncts (i,..., ., k, where each 3; is of the form {r,---7.} < w or

{71, 7.} = w and & consists of conjunctions of nested EF modalities over 7 > ¢ formulas.
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Section gives the details of model checking such nested s formulas in PARAPSPACE
and section [6.4.2] gives the details of model checking formulas of the form {r,---7,} <w or
{m,-+ 7.} = w. Combining these two will give us the required PARAPSPACE algorithm for
model checking formulas ¢, completing the proof of Theorem [6.12]

6.4.1 Nested Coverability Properties

We first consider verifying the formulas x, which are of the form y AEF (k1) A--- AEF(k,.),
with v being a conjunction of 7 > ¢ formulas. We call v the content of x and «q,..., s,
as the children of x. Each of the children may have their own content and children, thus
generating a tree with nodes I', with s at the root of this tree. We will represent nodes of
this tree by sequences of natural numbers, 0 being the root.

The maximum length of sequences in I' is one more than the nesting depth of the EF
modality in x and we denote it by D. Let [D] = {0,1,...,D — 1}. If @ € T is a tree node
that represents the formula k(o) = v A EF (k1) A -+ A EF(k,.), content(a) = v denotes
the content of the node a. Let ratio(r > ¢) = max{[c¢/L,(p)| | L.(p) # 0,p € P}.
Defining max()) = 0, we define the maximum ratio at height ¢ in the tree by ratio(i) =
max{ratio(t > ¢) | 7 > c appears as a conjunct in content(«) for some a € I', || = 7 + 1}.
Recall from Definition [6.3|that b is the number of buffers and ¢'(M) the length of the shortest
run covering M using all the buffers ¢(b, M).

Definition 6.13. Given a formula k and a net N with initial marking My, the bound function
f :[D] x P — N is defined as follows. We use f(j) for the marking defined by f(j)(p) =

f,p)-
o f(D—1,p) =ratio(D — 1),
o f(D —1i,p) = max{ratio(D — i), Wl'(f(D—i+ 1))+ f(D—i+1,p)}, 1 <i< D,

e f(0,p) = Mo(p).

A guess function h : T' x P — N is any function that satisfies h(a,p) < f(|a| — 1,p) for all
acl andp e P. If h is a guess function, h(a) is the marking defined by h(a)(p) = h(a, p).

If a given system satisfies the formula kK = YAEF (k1) A- - - AEF (k,.), then there exist firing
sequences ogq, - . ., 0, that are all enabled at the initial marking M, such that M, =% My,
and M, satisfies k;. In general, if k generates a tree with set of nodes I', then there is a set
of sequences {0, | & € T'\ {0}} and set of markings {M, | @ € T'} such that M, =% M,;

for all o, j € I" and M, satisfies content(a) for all o € T'.

Lemma 6.14. There exist sequences {j, | a € T'\ {0}} and markings {M,, | o € T'} such
that M, == M,; for all o, aj € T with M, satisfying content(a) and |p| < U(f(la] — 1))
iff there exist sequences {o, | a € I'\{0}} and markings {M! | « € T'} (with M} = My) such

that M, LN M, for all a,aj € T with M;, satisfying content(c).
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Proof. (=) Since M, satisfies content(a), we can take M) = M, and 0, = [i4.

(<) Consider the following guess function:

My(p) ifa=0
hla,p) = Mi(p) if a % 0 and M. (p) < f(ja| — 1,p)
f(la| = 1,p) otherwise

By definition, h(a) < M and h(a) < f(|a| —1). Since o,; is a firing sequence that covers
M,; from M, there exist sequences f,; that cover h(aj) starting from M/, whose length is
at most ¢'(h(ayj)) (and hence at most ¢'(f(|aj| — 1))). We claim that there exist markings
{M, | @ € T} such that M, =25 M,; for all o, ij € I and that M, satisfies content(a) for
all o € T

First, we claim that every p,; can be fired from M, and that every place p will satisfy

at least one of the following two conditions:
1. Ma;(p) = Mg;(p)

2. Maj(p) = f(laj| = 1,p)

We will prove this claim by induction on |af.

Base case: |a| = 1. pp; is a firing sequence of length at most ¢'(h(0j)) that covers h(0j)
starting from My. The claim is clear by the definition of h(07).

Induction step: We want to prove that p,; can be fired at M, and that M,; satisfies the
stated claims. We will prove these for an arbitrary place p. By induction hypothesis, either
Mo (p) = M, (p) or Mo(p) = f(le| = 1,p).

First, suppose that M, (p) > M/ (p). Since p,; covers h(cyj) starting from M, M,;(p) >
h(cj)(p) and there are no intermediate markings between M, and M,; where p receives
negative number of tokens. Also, since M,;(p) > h(aj)(p), either M,;(p) > M;(p) or
M(ad)(p) > f(laf] — 1,p).

Second, suppose that Mq(p) > f(lal = 1,p). [pag] < ¢(h(a)) and h(aj) < f(laj| — 1)
by definition. Hence ¢'(h(ayj)) < O(f(Joj| — 1)) and |paj] < O(f(|agj| —1)). By definition of
f(la|—1,p), we get M, (p) > W (f(laj|—1))+ f(Jej| —1,p). The sequence p,; will remove
at most WI'(f(|aj| — 1)) tokens from p and hence, at least f(|aj| — 1, p) tokens will be left
in place p at marking M,;. Therefore, M,;(p) > f(Joj| — 1,p).

This completes the induction and hence the claim.

Now, we will prove that each M, satisfies content(«). For each conjunct 7 > ¢ in
content(a), we will prove that > p L-(p)Ma(p) > ¢, where L, is the positive linear com-
bination represented by 7. If ¢ = 0, then the required result can be obtained by just
observing that both L.(p) and M,(p) are positive for all p € P. So suppose that ¢ # 0. Let
Qr={p€ P| L;(p) # 0}. We distinguish between two cases:

1. For some p € Q-, Ma(p) = f(laf — 1, p). In this case, Mu(p) = f(lo| = 1,p) = %5
Hence, L (p)Ma(p) = c.
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2. For all p € Q,, M,(p) < f(la] — 1,p). In this case, for all p € Q,, M,(p) >
M! (p). Since M satisfies content(c), we have ) L,(p)M!(p) > c. Therefore,

ZpeQT L (p)M(p) > c.

PEQT

m

To derive an upper bound for f(i) to use in a nondeterministic algorithm, let R =

max{ratio(tr > ¢) | 7 > cis a sub-formula of K}, R’ = max{R,2} and W’ = max{W,2}.

Recall that D — 1 is the nesting depth of EF and note that boundedness and coverability
can be expressed with D < 2.

Lemma 6.15. Fori> 2, f(D —i,p) < (i+ 1)R'W(f(D —i+1)).

Proof. By induction on 1.

Base case: 1 =2

f(D=2,p) <max{R,W(f(D—1))+ f(D—1,p)}
<R+ WU(f(D-1))+ f(D-1,p)
<R+WOC(f(D-1)+R
<2R+WC(f(D-1))
<2RWI(f(D - 1))

+
+

Induction step:

f(D—i—1,p) <max{R,WC(f(D—1i)+ f(D—ip)}
< R+WE(f(D—1i)+ (i +1)RWE(f(D—i+1))
< RWO(f(D—1i) + (i + DRWE(f(D — 1))
— (i £ 2)RWL(f(D — 1))

O

Lemma 6.16. Let q(i) = (65T2K!m?)" represent the term in the space bound of Theo-
rem [6.11. Then

1. 0'(f(D—1)) <m(W'R)Y and
2 0(F(D =) < mI[Lp (D =+ HW2Rm)" 0,
Proof. The first result ¢'(f(D — 1)) < m(W'R)?Y is by Lemma Next result is by

induction on 4.
Base case: i = 2. Since f(D —2,p) < 2R'W{'(f(D —1)) and ¢'(f(D —2)) < m(W'r")2)
where ' = max{f(D — 2,p) | p € P}, we get

C(f(D —2)) < m(W2RW(f(D —1)))®
m( W/QR/ (W/R/)q 1))q(1)
m(2W"?R'm)*W (W' R4

IA
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Induction step: Since f(D —i—1,p) < (i +2)R'W'0'(f(D — 1)), we have

C(f(D—i—1)) <m(W'(i+2)RW(f(D —i— 1))

D q(1)
<m ((z +2)W"”R'm H D — j+ 1)W"?2R'm)a+it+1- D>>

j —1

D
:m((i+2)leR/m)q(l) H ((D ]+1)W/2R/ ) q(i+1+j+1-D)
D

] (2

m ﬁ ((D _] + 1)w/2R/m)Q(i+l+j+1_D)

j=D—i—1
]

Theorem 6.17. There is a PARAPSPACE algorithm that checks if a given net satisfies a
given Kk formula, provided the benefit depth of the net is treated as a parameter and the

nesting depth D of EF modality in the formula is treated as a constant.

Proof. By Lemma [6.14] it is enough for a nondeterministic algorithm to guess sequences
0aj, @j € I' of lengths at most ¢'(f(|agj| — 1)) and verify that they satisfy the formula.
Using bounds given by Lemma and an argument similar to the one in the proof of
Theorem [6.11] it can be shown that the space used is exponential in K and polynomial
in the size of the net and numeric constants in the formula. This gives the PARAPSPACE
algorithm. O]

Note that the size of the x formula need not be a parameter, as long as the nesting depth
D of EF modality in the formula is treated as a constant. The space requirement of the
above algorithm will have terms like m?” and hence it will not be PARAPSPACE if D is

treated as a parameter instead of a constant.

6.4.2 Boundedness Properties

We will now look at model checking § formulas. We will adapt the concept of disjointness
sequence [18] to our notation. Let Alo] be the total effect of walking the sequence of transi-
tions o = t; - - - t, so that for any place p, Alo]|(p) = >_,_, Post(p,t;) — Pre(p,t;) is the change

in the number of tokens in p as a result of walking the sequence o.

Definition 6.18 ([I8]). Let X C B be a non-empty subset of buffers. A firing sequence
o enabled at the initial marking My s said to be a X-pumping sequence if o can be

decomposed into 10,0505 - - - 0,0, such that
1. X C{pe B|Als)p >0,1<p<e}
2. Aloq](p) > 0 for all places p € P and for each p between 2 and e, for each p € P,

Alo,)(p) < 0 implies there is a j < p — 1 such that Alo;](p) > 0.
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3. For each p between 1 and e, each p € C, Alo,|(p) = 0.

The subsequences 01,03, ...,0. are called pumping portions. They are underlined to dis-

tinguish them from other parts of the sequence.

Lemma 6.19 ([18]). N, My | {n,...,7.} = w iff there exists a X-pumping sequence for
some X C P such that for every j € {1,--- ,r}, there is a p; € X with L. (p;) > 1.

Proof. (<) Suppose there is a X-pumping sequence o as given in the lemma. Let ojoy - - - 0L0,
be the decomposition of ¢ as in Deﬁnitionm By repeating the pumping portions oy, ..., 0.
arbitrarily many times (see [I8, Lemma 3.1]), we can ensure that for all ¢ € N, IM €
R(N, M) such that for all j € {1,...,7}, XpepLy, (p)M(p) > c.

(=) Suppose N, My = {m1,..., 7.} = w. By semantics, we get Ve € N, IM € R(N, M)
such that for all j € {1,...,7}, >° _p Ly (p)M(p) > c. Hence, we can conclude that for all
¢ € N, there are buffers p{, p5, ..., p¢ and M® € R(N, My) such that M¢(p§) > cA L, (pS) > 1
for all j € {1,...,r}. For each ¢ € N, let X¢ = {p5,...,p¢}. Since the sequence X' X2 .. .
is infinite and there are only finitely many subsets of B, at least one subset of B occurs
infinitely often in this sequence. Let X be this subset. We will now prove that there is a
X-pumping sequence using some results about coverability trees [23, Section 4.6].

Recall [23] that in a coverability tree, markings M : P — N are extended to w-markings
M : P — NU {w}, by mapping unbounded places to w. We first claim that there is some
reachable w-marking M in the coverability tree of (A, My) such that for all p € X, M(p) = w.
Suppose not. Then, for every reachable w-marking M, there is some place p € X such that
M(p) < w. Let ¢ be the maximum of such bounds. Then, by [23, Theorem 22|, for every
marking M € R(N, My), there exists p € X such that M(p) < ¢, a contradiction. Hence,
there is a reachable w-marking M in the coverability tree of (N, My) such that for all p € X,
M (p) = w. Now, the required X-pumping sequence can be constructed (see [I8, Lemma 3.1]
for details). O

Definition 6.20 ([18]). Let Q C P be a subset of places such that C C Q, X C B be a
non-empty subset of buffers and M a vector. A sequence of transitions o is said to be a
M, Q-enabled X-pumping sequence if it can be decomposed into 01010503 - - 0,0, such
that

1. X C{pe B|Als)p) >0,1<p<e}

2. Alow|(p) > 0 for all places p € P and for each p between 1 and e, each p € C,
o

3. For each p between 2 and e, for each p € B, Alo,|(p) < 0 implies there is a j < p—1
such that Alo;](p) > 0.

4. For any intermediate vector M' occurring when walking o from M and any p € Q,
M'(p) = 0.
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As we did for coverability, we could try to bound the lengths of M, Q-enabled X-pumping
sequences by induction on |@)|. However, reasoning about M, Q-enabled X-pumping se-
quences may involve high numbers. Instead, we will reason about another structure defined

below, whose existence will imply existence of M, Q-enabled X-pumping sequences.

Definition 6.21 ([I8]). Let Q C P be a subset of places such that C C Q, X,Y C B with
X non-empty. Let M be a vector and ¢ € NU{w}. A sequence of transitions o is said to
be a Y -neglecting weakly M, (), c-enabled X -pumping sequence if it can be decomposed

into 010,050y - - - 0.0 such that

1. X C{pe B|Alg,)p) >0,1<p<e}

2. For each p between 1 and e, for each p € C, Alo,|(p) = 0.

3. For each p between 1 and e and any p € B, Alo,|(p) < 0 implies (there is a j <p—1
such that Alo;](p) >0 orpeY).

4. For any intermediate vector M' occurring while walking o from M and any p € Q\ C,
M'(p) < c.

5. For any intermediate vector M' occurring while walking o from M and any p € Q,

M'(p) < 0 implies (p € Y or there is a j such that o; occurs before M' and Alo;](p) >
0).

Condition 5 above means that an intermediate vector M’ may have negative number of
tokens in a place p belonging to @ only if that place is in Y (all places in Y are neglected)

or there is a way to pump up tokens in p before reaching M’.

Lemma 6.22 ([18]). Let Q C P be a subset of places such that C C @, X C B be a non-
empty subset of buffers and M a vector. Suppose o is a O-neglecting weakly M, Q, w-enabled
X-pumping sequence with decomposition 1010509 -+ 0.0, as in Definition |6.21. There are

ni,na, -+, ne € N such that o107 0503 -~ ocope is a M, Q-enabled X -pumping sequence.
Proof. We define n.,...,n; in that order as follows:
o n,=1.
e Suppose 1 < p < e and n,qq,...,n. have already been defined. Define n, to be
(e =p)(lo] = DW + 2527, (lo] = HYWny.
Let
M T 0 B T M T My e 2

We will verify that each of the 4 conditions of Definition [6.20] are satisfied by the sequence

/I ni /N2 ! ~n
0101 0-20-2 "'O'eO'ee.

1. This condition follows from condition 1 of Definition [6.21]
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2. The condition for each p between 1 and e, for each p € C, Alg,"](p) = 0 follows
from condition 2 of Definition [6.21} Let us verify that A[o7'](p) > 0 for all places
p € P. If this is not the case, then o, decreases the number of tokens in some buffer,

contradicting condition 3 of Definition [6.21]
3. This follows from condition 3 of Definition

4. We will prove the following claim by induction on p: for any intermediate vector M’
between M and M, and any p € @), M'(p) > 0 and for any intermediate vector M" (that
can occur anywhere) and any p’ € (Q N U;z’f{p € B | Alo}’](p) > 0}), M"(p') > 0.

Base case p = 1: Let p € ). For any intermediate vector M’ between M and Mj,
M'(p) < 0 would imply a contradiction of condition 5 of Definition [6.21] For any
intermediate marking M’ between M and M;, M'(p) < 0 would imply a contradiction
of condition 3 or 5 of Definition Hence, M{(p) > 0 for any p € QN {p € B |
Alow]() > 0}. Hence, for any p € QN {p' € B | Alo’(p)) > 0}, My(p) > (e—1)(|o| -

1)W+Z§z§(|a\ —1)Wny;. After M, what remains is 03, ..., 07 and 03°, ..., op<. Their
lengths are bounded by (e — 1)(Jo| — 1) and Z;i;ﬂa\ — 1)n; respectively. Since no
transition can decrease more than W tokens at a time, it follows that no place in
QN{p € B|Alo"]|(p) > 0} will ever have negative number of tokens after M;.

Induction step: Let p € @ and M’ be any intermediate marking between M, and M.
Suppose M'(p) < 0. By induction hypothesis, p € @\ U;if{p’ € B | Algj|(p') > 0}
We would then get a contradiction to conditions 3 and 5 of Definition [6.2I] This
means for any place p € QN {p’ € B | Alo,41](p') > 0}, My, (p) > 0. Hence, M,.1(p)
contains enough tokens to ensure that p will never have negative number of tokens in

any intermediate vector after M, .
O

Thanks to Lemma [6.22] it is sufficient to check the existence of (-neglecting weakly
My, Q,w-enabled X-pumping sequences. Any M, Q-enabled X-pumping sequence is a (-
neglecting weakly M, (), w-enabled X-pumping sequence by definitions, so it is also necessary
to check the existence of (-neglecting weakly My, Q,w-enabled X-pumping sequences. We

will bound the lengths of such sequences by induction on |@Q|.

Definition 6.23. Let C' C Q C P and p € B be a buffer. Let XY C B be sub-
sets of buffers with X non-empty and M be a vector. Define \P(Q, M, X,Y) to be the
length of the shortest (Ind(p) U Y )-neglecting weakly M, Q,w-enabled X -pumping sequence
in Tyen(p)*. If there is no such sequence, define NP(Q,M,X,Y) to be 0. Let (i) =
max{\(Q, M, X,Y) |M a vector, X, Y C B,X # 0,|Q N Ben(p) N B| = i}. Also de-
fine M(Q, M, X,Y) to be the length of the shortest Y -neglecting weakly M, Q,w-enabled X -
pumping sequence and 0 if there is no such sequence. Let A\(i) = max{\(Q,M,X,Y) |
M a vector, |QNB| =14, X, Y C B, X # (0}.
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During the induction, we will need to split, rearrange and combine sequences to build

new sequences. The following proposition states that under certain conditions, two pumping

sequences can be combined to create one pumping sequence.

Proposition 6.24. Let Y, X', X? C B be subsets of buffers with X' N X2 =0, X', X2 £
and M a vector. Let C' C Q C P be a subset of places. Let o1 be a Y -neglecting weakly
M, Q,w-enabled X'-pumping sequence, ending at some vector M*. Let M? be any vector
such that for allp € Q\ (Y UX"), M?(p) = M'(p). Let o3 be a Y U X'-neglecting weakly
M?,Q, w-enabled X?-pumping sequence. Then, o105 s a Y -neglecting weakly M, Q, w-enabled

(XU X?)-pumping sequence.

Proof. According to Definition let the decomposition of o7 be

de

& 51 5é
S M, — My — - =5 M — M*

M —

and that of o9 be

m n n. Ne!
M? L MY — M} — .. = MZ = M> .
Now consider the concatenated sequence
by 81 st de ), m n Me!
M- M, — M — - — M = M' - MY — M} — - =5 MY = M* .

We will show that the above decomposition satisfies all the conditions of a Y-neglecting

weakly M, Q,w-enabled (X' U X?)-pumping sequence. We will prove that each of the 5
conditions of Definition is true for the above decomposition.

1.

2.

This follows from the fact that oy and oy satisfy condition 1 of Definition [6.21]
This follows from the fact that oy and o9 satisfy condition 2 of Definition [6.21]

For some p and p € B, if A[d,](p) < 0, then the fact that oy satisfies condition 3

of Definition suffices. Suppose A[n,](p) < 0. From the fact that o, satisfies
condition 3 of Definition we get that either thereisa j < p—1withp € {p' € B|
Aln;l(p') > 0} or p € (Y U X?'). In both cases, the new sequence will satisfy condition

3 of Definition [6.27]

. This condition follows since in this case ¢ = w.

.Ifpe @\ (YUX!') and M’ is any intermediate marking between M' and M3, then

M'(p) > 0 from the fact that o, satisfies condition 5 of Definition and that
M?*(p) = M*(p). If M’ is an intermediate marking after M} and M’(p) < 0, then we
will have some j such that n; occurs before M’ with p € {p’ € B | A[n;](p") > 0} due
to the fact that oy satisfies Z)ndition 5 of Definition [6.21 N
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Pumping portions of weakly enabled pumping sequences can be repeated without losing
their property.
Lemma 6.25 ([18]). Suppose 0 = oj010% - -- 0.0, is a Y -neglecting weakly M,Q,w-enabled
X -pumping sequence. Then the sequence o’ = 0101”1@0?/1 oy oL00¢0, 18 also a Y -neglecting
weakly M, Q,w-enabled X -pumping sequence for any ni,ny,...,n. € N (o, is same as o,

except that o, is not considered a pumping portion while o, is considered a pumping portion).

Proof. We will prove that the new sequence satisfies all the conditions of Definition [6.21]
Conditions 1,2 and 3 are satisfied since the set of pumping portions of the new sequence is
equal to that of the old one and occurs in the same order. Condition 4 is trivially satisfied
since in this case, ¢ = w. Suppose for some intermediate vector M’ and some place p €

Q, M'(p) < 0. Let j be the maximum number such that o; occurs before M’. Suppose

/

n,
1 | SR LY
05050,7 05

= M" and M" = M'. IfpeY orpe [V {p € P| Aloy](p) > 0},
there is nothing else to prove. Otherwise, Alo;/|(p) = 0 for every j' between 1 and j. This

;) n n
01017919y

/ / .
010105050

implies that if M ——= M, and My — Ms, then Ms(p) < 0, contradicting the fact
that o satisfies condition 5 of Definition [6.211 O

Now, we will prove a generalization of Lemma[5.17] which states that if there is a weakly
enabled pumping sequence in which the tokens in some subset () of places always remains
less than some ¢ € N, then there is one such sequence that is not too long. The proof is

essentially an adaptation of the proof of [I8, Lemma 4.2].

Lemma 6.26 ([I8]). Let X,Y C B be subsets of buffers with X being non-empty. Let
C C Q C P be a subset of places, M a vector and ¢ € N a number. Suppose there is a Y -
neglecting weakly M, Q, c-enabled X -pumping sequence o that decomposes into o101 -+ ,0.0¢
as in Definition [6.21. Then, there is a Y -neglecting weakly M, Q,w-enabled X -pumping
sequence o' of length at most e(Wc29)PW™) where poly() is a polynomial whose degree does
not depend on m,W,e,a or c. In addition, if M - M', then o' will satisfy the property
that M -~ M" and forallpe Q\ (YUX), M"(p) = M'(p).

Proof. We will prove the result by induction on e. If e = 1, we have just the sequence
M 4, M = M. If any two intermediate vectors between M and M is same with respect
to @\ Y, the subsequence between them can be removed without violating the remaining
sequence’s property. Repeating this as many times as needed, we can shorten o] to be of
length at most (c2%)/?l. Let a (Q \ Y)-loop be any subsequence of o; whose effect on all
places in @ \ Y is 0 such that no subsequence inside this loop satisfies the same property.
As is done in [86, Lemma 2.2|, (Q \ Y)-loops can be carefully removed from o; without
affecting its X-pumping property such that the total length of shortened o and o, is at
most (W e2%)Pw(m) - Since we only removed @Q \ Y-loops from ¢ to obtain the new sequence
o', it satisfies the condition that M 7 M" and for all pe@\(YUX), M"(p) = M (p).

For the induction step, suppose o decomposes as 0}0; -+ -0, 0.1 and for 1 < p <e+1,

X, ={p € B | Alg,|(p) > 0}. Let M 22 M,. We observe that 0509 - Of 10cs1
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a (Y U Xj)-neglecting weakly M, Q, c-enabled (Xs U --- U X, 1)-pumping sequence. By
induction hypothesis, there is a (Y UX7)-neglecting weakly M, Q, w-enabled (XoU- - -UX, 1 1)-

™). As is done in the base case, o}

pumping sequence & of length at most e(W¢c24)ro!
and 0, can be replaced by shorter 0] and §; respectively such that 70, is a Y-neglecting

weakly M, Q,w-enabled X;-pumping sequence of length at most (W ¢2%)P°(™)  Since the

815,
change from o}o; to ¢;6; only involves removal of (Q \ Y)-loops, we have M —— M? such
that for all p € (Q \'Y), M?*(p) = Mi(p). By Proposition 6.24) {010 is a Y-neglecting
weakly M, @Q,w-enabled X-pumping sequence. Its length is at most (e + 1)(WW¢2%)retv(m),

05020, 1 Tet1 0 / . . .
If My ————— M.y, and My — M/, we have by induction hypothesis that for all

peQ\NYUXoU---UXci), M/, (p) = M(e+1)(p). Combining this with the property
that for all p € (Q \Y), M?(p) = M;(p), we conclude that M LN M, for some vector

M | with M (p) = Mea(p) forallp e @\ (Y UX). O

We are now ready to give the most important recurrence relation for A(i), extending
Lemma [5.19, Recall that K denotes max{|Ben(p) N B| — 1 | p € B} and b denotes the

number of buffers.

Lemma 6.27. For 0 <i < b, A(i +1) < m(W?2\(K)29)Pow(m) 1 \(i) + X\ (K), where poly()

15 a polynomial whose degree s a constant independent of m, W, K, a and i.

Proof. Let C' C @ C P be a subset of places such that |Q N B| =i+ 1. Suppose o is a Y-
neglecting weakly M, (), w-enabled X-pumping sequence for some vector M and X,Y C B,
X # 0.

Case 1: o is a Y-neglecting weakly M, Q, WA;(K)-enabled X-pumping sequence. By
Lemma [6.26] there is a Y-neglecting weakly M, (), w-enabled X-pumping sequence of length
at most m(W?2\ (K)24)retu(m),

Case 2: Suppose that according to Definition o decomposes as

M5 M2 My — 2 M M
and there is some p € {2,..., e} and an intermediate vector M’ between M, ; and strictly

before M, (or between M and strictly before M{) such that for some buffer p’ € Q N B,
M'(p") > WA(K). Let M’ be the first such vector. For 1 < j <e, let X; = {p € B |
Aloj](p) > 0}. If there is some p > 1 such that {p € P [ Alo,](p) > 0} C Ug’;i{p €
P | Aloj](p) > 0}, then o, can be considered as a non-pumping portion and the resulting
sequeng will still be a Y—_neglecting weakly M, @), w-enabled X-pumping sequence. Hence,

without loss of generality, we can assume that e < m.
1/ 2/

Suppose M,_4 SN Y (SN M. The sequence 010, -0, 10,1 is a Y-neglecting weakly

M, Q, WA (K)-enabled (X; U -- Xp,l)—pumpmg sequence. By Lemma [6.26] there is a Y-
neglecting weakly M, (), w-enabled (X1U- X, 1) -pumping sequence ¢ of length at most (p—

1)(W2A (K)2%)P() such that M —2 M), 7y M swhere for all pe @\ (YUUL X)),
M"(p) = M'(p).
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The sequence az’&agﬂ ~-ocisa (YUX U---UX,_1)-neglecting weakly M’, ), w-enabled
(X,U---UX,)-pumping sequence. By definition, there is a (Y U X; U---U X,_1)-neglecting
weakly M',Q \ {p'},w-enabled (X, U ---U X,)-pumping sequence ¢’ of length at most A(p).
If the buffer p’ belonged to Y U X; U---U X, 4, we could have combined ¢ with 501’ using
Proposition to conclude the required result. However, if p’ € Q \ U/_; ! X, then at the
end of 602’, p’ will only have WA;(K) tokens. If the sequence ¢’ is appended to this, then
the number of tokens in p’ may become negative in some intermediate vector since ¢’ is too
long. To overcome this, we will prove that ¢’ can be replaced by another sequence where the
number of transitions capable of decreasing tokens from p’ (i.e., transitions in Tpe,(p')) is at
most A\ (K).

Let ¢ decompose as 5;%- -+ 0,0. according to Definition @ For every j between p
and e, use exchange lemma repeatedly to rearrange 6’- into 773-7?’- and 5- into 1,Tjs where
77;-,@ € Tina(p')* and 7(;-,& € Tyen(p')*. The resulting sequence n,m pn,ﬂrp LT NeTe 18 still
a(YUX,U---UX, )neglecting weakly M’ Q\ {p'},w-enabled (X, U ---U X,)-pumping
sequence: conditions 1,2,3 and 5 of Definition are about the total effect of pumping
portions, which have not changed due to the change in positions of transitions. Condition 4
is trivial since in this case, ¢ = w.

For each j between p and e, we define subset of buffers le and Yj2 as follows.

o V) ={pe B|Allp >0}\ UrZ! X;. Intuitively, Y} consists of all those buffers
whose tokens are pumped up by 7, except those buffers whose tokens have already
been pumped up earlier in 4. Similarly, Y;? = {p € B | A[r,](p) > 0} \ Ui, "X\ Y).

e Suppose Y;! and Y2 have already been defined for all [ between p and j. Y, J+1 ={pe€
B | Alnj](p) > 0P\UZ X\ UL, (Y UY?). Similarly, Y2, = {p € B | Almj(p) >
0} \ Ulp;l X \ U (Yl U Y2) \ ]+1

Again use the exchange lemma repeatedly to get the sequence n,n, - -~ nnem,m, T Te.
We claim that 501’77;,77,] LT, e I8 a Y-neglecting weakly M, Q \ {p'}, w-enabled
X-pumping sequence. The sequence § is already a Y- neglectmg weakly M,Q \ {p'},w-
enabled (X; U---U X, ;)-pumping sequence, such that M 2%, M7 with M"(p) = M'(p)
for all p € (Q \ (YU szl X;)). Hence by Proposition m, it is sufficient to prove
that n’p@- . -né&ﬂ;&- e is a (Y U Xy U ... X,_)-neglecting weakly M’,Q \ {p'},w-
enabled X \ (X; U ...X,1)-pumping sequence. By definition, X \ (X; U ... X, ;) C
(U;-, Y UUj_, Y}). Therefore, it is sufficient to prove that 1n, - nlnem,m, - - w7 is a
(YUX1U... X, 1)-neglecting weakly M', Q\ {p'},w-enabled (U;_,Y;' UU;_, Y})-pumping
sequence. We will prove that each condition of Definition is satisfied.

1. This condition is satisfied since by definition, (Uj_, YU Ui, Y?) C {p € B |
Alnl(p) > 0,p<j<e}U{pe B|Am](p) >0,p<j<e}

2. We will prove that for each p € C, Aln;](p) = A[r;](p) = 0 for each j between p and

e. Neither Aln;](p) nor A[r;](p) can be greater than 0 since if it were so, 1; or 7; can
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be repeated arbitrarily many times to increase the number of tokens in p beyond 1,
violating our assumption that for any initial marking, p remains 1-bounded. Suppose
Aln;l(p) < 0. In order to maintain Aln;m;](p) = 0, we should have A[r,|(p) > 0. This

is not possible as already shown above. We argue similarly if A[m;](p) < 0.

. Suppose for some p € B, A[n;](p) < 0. Since n; is in Tj,4(p')* that can not decrease
tokens in Ben(p'), p has to be in Ind(p'). Since_7rj is in Then(p')* that can not increase
tokens in Ind(p'), we have An;m;](p) < 0. Since n,mn,m, - nemeneme is a (Y U X3 U

--UX,_1)-neglecting weakly M’, Q, w-enabled (X,U- - -UX,)-pumping sequence, either

€ (YUX;U---UX, ;) or there is some j/ < j — 1 such that An;7y](p) > 0. In
the latter case, A[n;](p) > 0 since mj € Then(p')* can not increase tokens in Ind(p).
Hence, either p € (7U XpU--- UXP:) or there is a j* < j — 1 such that A[n;/](p) > 0.

Suppose for some place p € B, A[m;](p) < 0. If Alp;m;](p) > 0, then Aln;](p) > 0 and
we are done since 7); occurs before_ﬂ. If Aln;m;](p) <0, since 1, pﬁpﬂ'p TN Te 18
a(YUXjU---UX, )neglecting weakly M’ Q),w-enabled (X, U --- U X,)-pumping
sequence, either p € (YUX; U---UX,_ ;) or thereis a j/ < j—1 such that Aln;7;/](p) >
0. Hence, either p € (YU X; U---U X, 1 UY]}') or there is a j' < j — 1 such that
Alnj(p) > 0 or Almy](p) > 0.

. This is trivial since in this case, ¢ = w.

. Suppose for some intermediate marking M" and some place p € Q\{p'}, M"(p) < 0. If
p € YUX U---UX,, then there is nothing else to prove. Otherwise, we have M'(p) > 0.
Suppose M" occurs when walking 7,1, - - - 1. from M’. Since n,n, - n1e € Tina(p')*
can not decrease tokens from Ben(p') and M'(p) > 0, p € Ind(p’). Suppose n; is
the last pumping portion occurring before M"” and n is the prefix of n;ﬂw ‘that

MM 15157 Mo T p 105515751

occurs before M" so that M’ M". Tet M’ M If
all intermediate vectors between M’ and M}" have non-negative number of tokens
in p, then by exchange lemma, M"(p) > 0, a contradiction. Hence, there is some
intermediate marking between M’ and M]" that has negative number of tokens in p.
Since 17, pnpﬂp MeTeNeTe 18 @ Y U Xy U -+ X, j-neglecting weakly M’,Q \ {p'}, w-
enabled (U5_,Y}' UU;_, Y})-pumping sequence, there is some p < j' < j such that
Alnjmi](p) > 0. Since p € Ind(p') and 7j € Then(p')* can not increase tokens in p, we
get Alny](p) > 0.

On the other hand, suppose M occurs after walking 77;,@' - 1mene from M’ (i.e., when
walking w7, - - - m.7e ). First suppose that p € Ind(p'). If all intermediate vectors occur-
ring when walking 77 pn,ﬂrp “MeTeNeTe from M’ have non-negative number of tokens
in p, then by exchange lemma, M" (p) > 0, a contradiction. Hence, there is some inter-
mediate marking that has negative number of tokens in p. Since 7, pnpﬂp LT T e
isaY UX;U--- X, 1-neglecting weakly M',Q\ {p'}, w-enabled (U;_, ViulUis -, Y Y?)-
pumping sequence, there is some p < j < e such that Aln;7;](p) > 0. Slnce p € Ind(p)
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and m; € Ty, (p/)* can not increase tokens in p, we get Afn;](p) > 0. Next suppose
that p € Ben(p'). Let m; be the last pumping portion occurring before M" and 7

. n;’nl..'T]éﬁﬂ;)EmT(;ﬂ—jﬂ'
be the prefix of m}, 741 occurring before M" so that M’ NS4

Since M'(p) + A, - - - nenem,m, - - - wimm](p) < 0 and 9410 9042 - 70 € Trna(p')”
can not decrease tokens from p € Ben(p'), M'(p) + Aln,m,m,m, - m;mm; 17 (p) < 0.

Therefore, there is an intermediate vector with negative number of tokens in p that
occurs while walking n,m,n,m, 0710 from M'. Since n,mm,m, -+ - MmN 18
a Y UX;U-- X, j-neglecting weakly M’,Q \ {p'},w-enabled (U;_,Y;' UUj_, Y7)-
pumping sequence, there is some p < j' < j such that A[n;ym;](p) > 0. Therefore,
either An;/](p) > 0 or Afmy](p) >0

If for some p € Ind(p'), Alm;](p) < 0, then either p € (X; U--- U X,_1) or there is a

j' < j — 1 such that A[n;](p) > 0 (it cannot be the case that there is some j' < j with
Almy)(p) > 0 since p € ]TE(]?/) and 7 € The, (p)" cannot increase tokens in Ind(p')). Hence,
T, MM is a (Ind(p') U U?;i X; U, Y} )-neglecting weakly M?, Q \ {p'}, w-enabled
(YU- - -UY?)-pumping sequence in Ty, (p')*, where M M M3. By definition, there
isa (Ind(p')U Uj.:i X; U5, V) )-neglecting weakly M?, Q\ {p'}, w-enabled (Y7 U---UY?)-
pumping sequence 7’ of length at most A;(K) (since at most K buffers benefit from p/).

As mentioned earlier, if p’ € (Y UX;U--- X,_1), then we can conclude the required result

by observing that 50;’ 0 is a (-neglecting weakly M, Q,w-enabled X-pumping sequence of
50.1/
the required length. Now, if p’ € (Q \ (Y U U;’j X;)) and M —% M", then M"(p') >

WA (K). Since n,n,---n.n. € Tima(p')* can not decrease tokens in p’ and 7’ can decrease
at most WA, (K) tokens from p/, (50/1)’77,’0@- niner’ is a (-neglecting weakly M, (), w-enabled
X-pumping sequence. The length of § is at most (p — 1)(W?2\(K)2%)P°»(™) The length of
o) is at most (WA1(K))9l. The length of Mpllp el is at most A(i). The length of 7’ is
at most A;(K). The result follows.

Case 3: Suppose that according to Definition o decomposes as

M 25 M M T M T
and there is some p € {1,..., e} and an intermediate vector M’ between M, and M, such that

for some buffer p’ € QN B, M'(p') > WA (K). Consider the sequence o101 - -+ 0,0,0, 0,0,
obtained by repeating o, and treating only its second occurrence as pumping portion. By
Lemma , 0101 0,00, 0,0, i3 a Y-neglecting weakly M, @, w-enabled X-pumping

sequence. Now, we are back in case 2. O

Lemma 6.28. \(0) < m(W2)PW(™) and for 1 < i < b, (i) < im(W?2\(K)29)re(m) 4
iA (K) + m (W22 )retum),

Proof. For A(0), we do not care if any buffer has negative number of tokens, so the problem
is an integer linear programming one where we have to simply check the existence of certain

combination of transitions satisfying some conditions. The result stated in the lemma can
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be obtained by substituting ¢ = 1 in Lemma The second result of the lemma is proved
by induction on ¢. The base case 7 = 1 is a direct consequence of Lemma and the bound
on A(0).

Induction step: By Lemma [6.27

i+ 1) < m(W2A(K)24)PWm L\ (7) + A (K)
< m(W2h (K)29)Pelv(m) 4 zm(W2 L () 24)poly(m)
+ M (K) 4+ m(W22)Pewm 1 (K
= (i + D)m(W2A (K)2¢)pelv(m) 4 (z +1
+ m(WQa)poly(m)

)
)1 (K)

]

Next, we will give a recurrence relation for bounding lengths of pumping sequences con-

sisting of transitions in T}, (p) for some place p.

Lemma 6.29. Let X,Y C B be subset of buffers with X being non-empty. Let C' C Q) C P
be a subset of places, M a vector, ¢ € N a number and p € B a buffer. Suppose there
is a (Ind(p) UY)-neglecting weakly M, Q, c-enabled X -pumping sequence o € Then(p)* that
decomposes as 010 - -- 0,0, as in Definition m Then, there is a (Ind(p) UY )-neglecting
weakly M, Q,w-enabled X -pumping sequence in Tpen(p)* of length at most e(W c22)Pow(K)

where poly() is a polynomial whose degree does not depend on m, K, W, e,a or c.

Proof We will prove the result by induction on e. If e = 1, we have just the sequence
M — i M = M, If any two intermediate vectors between M and M is same with respect
to @\ Y \ Ind(p), the subsequence between them can be removed without violating the
remaining sequence’s property. Repeating this as many times as needed, we can shorten o}
to be of length at most (¢2*)X. Let a (Q \ Y \ Ind(p))-loop be any subsequence of oy whose
effect on all places in (Q \ 'Y \ Ind(p)) is 0 such that no subsequence inside this loop satisfies
the same property. As is done in [86, Lemma 2.2], (Q \ Y \ Ind(p))-loops can be carefully
removed from o, without affecting its X- pumping property such that the total length of
shortened o and o, is at most (Wc2%)Polv(m) - Since the sequence we are looking neglects all
places in Ind(p), the system of inequalities to be solved while carefully removing loops above
can neglect rows corresponding to Ind(p). Hence there are at most K rows and hence we
can in fact get a sequence of length at most (W c2%)Pow(K),

For the induction step, suppose o decomposes as follows.

o1 o2

o o1 e+1
M 25 ML My T MY My — T M

Oe+1
? e+1

For1<p<e+1 let X,={p' € B|Alo,](p') > 0}. We observe that 0509+ 0,,,0c41 1 a
(Y UInd(p)U X;)-neglecting weakly M1,5, c-enabled (XyU---U X y1)-pumping sequence in
Tyen(p)*. By induction hypothesis, there is a (Y U Ind(p) U X;)-neglecting weakly M, Q, w-
enabled (X5 U --- U X1 )-pumping sequence § € Ty, (p)* of length at most e(W c29)Pow(K),
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As is done in the base case, o] and o, can be replaced by shorter 67 and d, respectively
such that 016, is a (Y U Ind(p))-neglecting weakly M, @, c-enabled X;-pumping sequence in

Then(p)* of length at most (Wc27)P°() . Since the change from ooy to 676, only involves
removal of (Q\Y \ Ind(p))-loops, we have M RN M? such that for all p € (Q\Y \ Ind(p)),
M?(p) = M;(p). By Proposition , 01010 is a (Y U Ind(p))-neglecting weakly M, Q, w-
enabled X-pumping sequence in T, (p)*. Its length is at most (e + 1)(WWc2%)Pew(K), O

Lemma 6.30. \;(0) < m(W24)relv(K),
Proof. By Lemma [6.29] putting ¢ = 1. ]

Lemma 6.31. For 0 <i < K, M\ (i + 1) < m(W?2\(4)2%)P°WE) 1 X, (4), where poly() is a

polynomial whose degree is a constant independent of m, K, W or a.

Proof. Let C C @@ C P be asubset of places such that |QNBen(p)NB| = i+1 for some buffer
p. Suppose 0 € Tpen(p)* is a (Ind(p) U Y)-neglecting weakly M, (), w-enabled X-pumping
sequence for some vector M and some subsets X,Y C B.

Case 1: oisa (Ind(p)UY )-neglecting weakly M, Q, WA (i)-enabled X-pumping sequence.
By Lemma [6.29] there is a (Ind(p) UY )-neglecting weakly M, Q, WA (i)-enabled X-pumping
sequence of length at most m(W?2\, (i)22)re(K),

Case 2: Suppose that according to Definition o decomposes as

M5 MES My — - 25 M2 M,
and there is some p € {2,...,e} and an intermediate vector M’ between M, ; and strictly

before M, (or between M and strictly before M) such that for some buffer p’ € @ N
Ben(p) N B, M'(p') > WAy (i). Let M’ be the first such marking. For 1 < p < e, let
X, ={p" € B|Alog,](p") > 0}.

17 2/

Suppose M, ; SUE V(SN M. The sequence oy01-+-0, 10,1 is a (Ind(p) UY)-
neglecting weakly M, Q, WA, (i)-enabled (X;U--- X,_)-pumping sequence. By Lemma [6.29]
there is a (Ind(p) UY )-neglecting weakly M, @), w-enabled (X; U--- X,_;)-pumping sequence
5 of length at most (p — 1)(W2A (i, X )29)P°wX) such that M — M), 7, M7 where for
all p € (Q\ U2 X, \ Tnd(p) \ Y), MY (") = M/(p").

The sequence aﬁ’@a;ﬂrl - 0cisa (Ind(p)UYUX U- - -UX,_;)-neglecting weakly M, @, w-
enabled (X,U---UX,)-pumping sequence. By definition, there is a (Ind(p)UY UX;U---U
X,_1)-neglecting weakly M', Q\{p'}, w-enabled (X,U- - -UX,)-pumping sequence ¢’ of length
at most A\;(p). By Proposition 600" is a Ind(p) UY -neglecting weakly M,Q \ {p'}, w-
enabled X-pumping sequence in Tye,(p)* of length at most m(W?2\;(i)29)PWU) 1\ (7). If
the buffer p’ belonged to Y U X; U---U X,_q, 50;’5’ is also a Ind(p) U Y-neglecting weakly
M, @Q,w-enabled X-pumping sequence in Ty, (p)*. Otherwise, M"(p') > WA;(i) and ¢ will
remove at most WA;(i) tokens from p'. Hence, again d0,'0" is a (Ind(p) U Y)-neglecting
weakly M, @, w-enabled X-pumping sequence in Ty, (p)*.
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Case 3: Suppose that according to Definition o decomposes as

M MM — IS M M,
and there is some p € {1,...,e} and an intermediate vector M’ between M/ and M, such

that for some buffer p’ € @ N Ben(p) N B, M'(p') > WAi(p). Consider the sequence

/
p

as pumping portion. It is routine to verify that ojo---0,0,0, 0.0 is a (Ind(p) UY)-

0\01---0,0,0,--- 0,0 obtained by repeating o, and treating only its second occurrence
neglecting weakly M, @, w-enabled X-pumping sequence in Ty, (p)*. Now, we are back in
case 2. O

Lemma 6.32. For 0 <i < K, M\ (i) < 2m(2mW22a)(i+1)poly(K)i“,

Proof. By induction on 7. The base case i = 0 is clear from Lemma [6.30}

Induction step: by Lemma [6.31

M 41) < mOV2X (02775 4 X ()
< 2m(W2, (7)2%)Pel ()
< 2m(W22m(2mW22“)(i+1)poly(K)i“2a>poly(K)
< 2m(2m W 22%)Potu (i) (9 Yy 290 i+ Dpoly(K)+
(

S 2m 2mw22a>(i+2)poly(K)i+2

[]

Theorem 6.33. With the benefit depth K as parameter, model checking 3 formulas is in
PARAPSPACE.

Proof. As mentioned earlier, disjunctions are resolved by non-deterministically choosing a
disjunct so that we are left with checking a conjunction of atomic 3 formulas. By Lemma|6.19]
it is enough to guess a subset X of buffers and check if there is a X-pumping sequence. By
Lemma [6.22] it is sufficient and necessary to verify the existence of a (-enabled weakly
My, P, w-enabled X-pumping sequence. If there is such a sequence, there is one of length at
most A(b) (where b is the number of buffers), by Definition Let | M| be the maximum
of the range of the initial marking M,. A non-deterministic Turing machine can check the
existence of such a sequence by guessing and verifying a sequence of length at most A\(b). By
combining the results of Lemma [6.28] and Lemma [6.32] and using m as an upper bound for b,
we conclude that the memory needed by such a machine is O(mlog|M,| + logm + log W +
(poly(m) + poly(K)X*1)(logm +log W +a)). An application of Savitch’s theorem then gives
us the required PARAPSPACE algorithm. O
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Chapter 7

Graph Structure and Vertex Cover for
Petri Nets

The ExPSPACE-hardness proof in [65] uses Petri nets that simulate deeply nested loops that
manipulate counters with high values. The minimum number of nodes needed to remove all
loops (called feedback vertex set number) is high for this structure. As a step towards studying
parameterized complexity with respect to feedback vertex set number as a parameter, we
obtain a weaker result in this chapter, by considering a stronger parameter called vertez
cover number. Vertex cover number is the minimum number of nodes needed to remove
all edges. We will show PARAPSPACE algorithms for coverability, boundedness and model
checking the logic of counting properties defined in section

The main idea behind these results is that if a Petri net has a small vertex cover, rest
of the net can be grouped into a small number of parts, each consisting of places sharing
similar properties. We can then reason about each part as a whole instead of reasoning about
individual places. This kind of reasoning can again be used for a finer analysis of Rackoft’s
recurrence relations [82]. Similar strategy has been used to design efficient algorithms for
graph problems that are hard with treewidth as parameter, or whose parameterized com-
plexity with respect to treewidth is not known [32].

One-counter automata are closely related to Petri nets. Precise complexity of reachability
and many other problems of this model have been recently obtained in [43] 39]. We have

adapted some of the techniques used in [43], 39], in particular the use of [60, Lemma 42].

7.1 Vertex Cover for Petri Nets

As is done in Chapter [4 we consider the flow graph G(N) of a Petri net A" and look at
the smallest vertex cover. Figure [7.I] shows an example of a Petri net with vertex cover
{p1,- -, pa}

Suppose VC' is a vertex cover for some graph G. If v;,vs ¢ VC are two vertices not
in VC that have the same set of neighbours (neighbours of a vertex v are vertices that

have an edge connecting them to v), v; and vy have similar properties. This fact is used to
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b1 P2

Vertex Cover

Figure 7.1: A Petri net with vertex cover {pi,...,ps}

obtain FPT algorithms for many hard problems, e.g., see [32]. The same phenomenon leads
to PARAPSPACE algorithms for Petri net coverability and boundedness. In the rest of this

section, we will define the formalisms needed to prove these results.

Definition 7.1. Let the places of a Petri net N be p1,pa, ..., pm. Suppose there is a vertex
cover VO consisting of places py, ..., px. We say that two transitions t; and ty have the same
VC'-neighbourhood if Pre(p;,t1) = Pre(p;,ta) and Post(p;,t1) = Post(p;,ta) for all i between
1 and k.

In Fig. [0} transitions ¢; and ¢; have the same VC-neighbourhood. Intuitively, two
transitions with the same V('-neighbourhood behave similarly as far as places in the vertex
cover are concerned. Since there can be 2k arcs between a transition and places in VC
and each arc can have weight between 0 and W, there can be at most (W + 1)?* different
V(C'-neighbourhoods of transitions.

Let p be a place not in the vertex cover VC. Suppose there are | < (W + 1)%* V(-
neighbourhoods of transitions. Place p can have one incoming arc from or one outgoing arc
to each transition of the net (it cannot have both an incoming and an outgoing arc since in
that case, p would have a self loop and would be in VC). If p’ is another place not in VC,
then no transition can have arcs to both p and p’, since otherwise, there would haven been
an edge between p and p’ in G(N) and one of the places p and p’ would have been in VC.
Hence, places not in V(' cannot interact with each other directly. Places not in VC' can only
interact with places in VC through transitions and there are at most [ V(C-neighbourhoods
of transitions. Suppose p and p’ have the following property: for every transition t that has
an arc to/from p with weight w, there is a transition ¢’ of the same VC-neighbourhood as
t that has an arc to/from p’ with weight w. Then, p and p’ interact with VC in the same
way in the following sense: whenever a transition involving p fires, an “equivalent” transition
can be fired that involves p’ instead of p, provided there are enough tokens in p’. In Fig. [7.1]
places p; and pg satisfy the property stated above. Transition ¢5 can be fired instead of ¢,

ts can be fired instead of t, etc.
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Definition 7.2. Suppose N is a Petri net with vertex cover VC and | VC-neighbourhoods
of transitions. Let p ¢ VC be a place not in the vertex cover. The VC-interface I[p] of p

[ and every w # 0 between —W and W, there is a transition t; of VC-neighbourhood j such
that w = —Pre(p,t;) + Post(p,t;) iff w € I[p](j). We denote VC-interfaces of places by I,
I’ etc.

In the above definition, since p ¢ VC', at most one among Pre(p,t;) and Post(p,t;) will
be non-zero.

The fact that transitions can be exchanged between two places of the same VC-interface
can be used to obtain better bounds on the length of firing sequences. For example, suppose
a firing sequence o is fired in the Petri net of Fig. with an initial marking that has no
tokens in p5 and pg. Let ¢ be the maximum number of tokens in any place in any intermediate
marking during the firing of 0. Since there are 6 places and each intermediate marking has
at most ¢ tokens in every place, the number of possible distinct intermediate markings is
(¢4 1)%. This is also an upper bound on the length of o (if two intermediate markings are
equal, then the subsequence between those two markings can be removed without affecting
the final marking reached). Now, suppose that in the final marking reached, ps and pg do
not have any tokens and we replace all occurrences of t5,t,t7 and tg in o by ty,1s,t3 and
t4 respectively. After this replacement, the final marking reached will be same as the one
reached after firing 0. Number of tokens in p5 will be at most 2¢ in any intermediate marking
and there will be no tokens at all in pg. Variation in the number of tokens in py, ps, p3 and py
do not change (since as far as these places are concerned, transitions ¢, tg, t7 and tg behave
in the same way as do t1,t,t3 and ¢, respectively). Hence, in any intermediate marking,
each of the places pi, po, p3 and py will still have at most ¢ tokens. When we exchange the
transitions as mentioned above, there might be some intermediate markings that are same,
so that we can get a shorter firing sequence achieving the same effect as the original one.
These duplicate markings signify the “redundancy” that was present in the original firing
sequence o, but was not apparent due to the distribution of tokens among places. After
removing such redundancies, the new upper bound on the length of the firing sequence is
(2¢+1).(c+1)%, which is asymptotically smaller than the previous bound (c¢+1)8. A careful
observation of the effect of this phenomenon on Rackoff’s induction strategy in [82] leads us

to the main results of this chapter.

Definition 7.3. Let p; and ps be two places of the same VC-interface. Let o be a firing
sequence. A sequence of transitions o' = ty...t, is said to be a sub-word of o if there
are positions iy < -+ < i, in o such that for each j between 1 and r, i;™ transition of o
is t;. Suppose o' is a sub-word of o made up of transitions that have an arc to/from p;.
Transferring o’ from p; to py means replacing every transition t of o' (which has an arc
to/from py with some weight w) with another transition t' of the same VC-neighbourhood as
t which has an arc to/from py with weight w. The sub-word ¢’ is said to be safe for transfer

from py if for every prefiz o” of o', the effect of a” on py (i.e., the change in the number of
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tokens in py as a result of firing all transitions in o”) is greater than or equal to 0.

Intuitively, if some sub-word ¢’ is safe for transfer from p;, it never removes more tokens
from p; than it has already added to p;. So if we transfer ¢’ from p; to po, the new transitions
will always add tokens to py before removing them from ps, so there is no chance of number
of tokens in ps becoming negative due to the transfer. However, the number of tokens in
p1 may become negative due to some old transitions remaining back in the “untransferred”
portion of the original firing sequence o. The following lemma says that if some intermediate
marking has very high number of tokens in some place, then a suitable sub-word can be
safely transfered without affecting the final marking reached or introducing negative number
of tokens in any place, but reducing the maximum number of tokens accumulated in any
intermediate marking. The proof is a simple consequence of [60, Lemma 42|, which is about
one-counter automata. An one-counter automaton is an automaton with a counter that can
store natural numbers. Apart from changing its state, the automaton can increment the
counter, test it for zero and decrement it when not zero. It is proven in [60, Lemma 42| that
if a one-counter automaton can reach from one of its configuration to another, it can do so

without increasing the intermediate values of the counter by large numbers.

Lemma 7.4 (Truncation lemma, [60]). Let p; and ps be places of the same VC-interface.
Let ¢ € N be any number and o be a firing sequence. Suppose during the firing of o, there are
intermediate markings My and My such that My(p) = ¢ and Ms(p1) < c. Suppose My is an
intermediate marking between My and M3 such that My(py) > ¢+ W?2+W?3 is the mazimum
number of tokens in py at any intermediate marking between M, and Ms. Then, there is a

sub-word o' of o that is safe for transfer from p; to py such that
1. The total effect of o' on py is 0.

2. After transferring o’ to py, the number of tokens in py at My is strictly less than the

number of tokens in p1 at My before the transfer.
3. No intermediate marking will have negative number of tokens in py after the transfer.

Proof. Let M] be the last intermediate marking before My, such that M| (p;) < ¢+ W? (see
Fig. . Let Mj be the first intermediate marking after My such that Mj(p;) < ¢+ W2
We will call the subsequence between M| and M, as ascent and the subsequence between
M, and M} as descent. During ascent, the number of tokens in p; increases by at least 3.
Since each transition can add at most W tokens to p;, there are at least W2 transitions
adding tokens to p; during ascent. There must be at least one number 1 < w; < W such
that among these W2 transitions, there are at least W transitions that add exactly w,; tokens
to pi. Similarly, there is a number 1 < wy < W such that at least W transitions remove
exactly wy tokens from p; during descent. The sub-word ¢’ we need consists of w, “adding”
transitions from ascent and w; “removing” transitions from descent. The total effect of o’
on p; is 0 and it is safe for transfer from p; to po by construction. Since the first part of

o’ removes wijwy > 0 tokens from p;, the number of tokens M;(p;) after transferring o’
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Figure 7.2: Ilustration for proof of Lemma [7.4

to pg is strictly less than the number of tokens before the transfer. Before transfer, every
intermediate marking between M| and M} had at least ¢ + W? tokens. Since the transfer of
o’ causes wiwy < W? fewer tokens, all intermediate markings between M| and M} will have
at least ¢ > 0 tokens in p; after transfer. Intermediate markings before M| and after M do

not change. O]

There can be at most (22V)! < 22WWHD™ yCiinterfaces of places that are not in the
vertex cover V(' if the number of places in the vertex cover is k. For each VC-interface I,
we designate one of the places having I as its V('-interface as special, and use p; to denote
it. We will call S = VCU{py | I is the VC-interface of a place not in VC'} the set of special
places. We will denote the set P\ S using I and call the places in I independent places.
We will use &’ for the cardinality of S and note that ¥ < k + 22WVWVHD™ If L and W are
parameters, then £’ is a function of the parameters only. Hence, in the rest of this chapter,

we will treat k' as the parameter.

7.2 PARAPSPACE Algorithm for the Coverability Problem

In this section, we will show that for a Petri net AV with a vertex cover of size & and maxi-
mum arc weight W, the coverability problem can be solved in space O(ef (k, W)poly(|N| +
log |[M,s])). Here, ef is some computable function exponential in k& and W while poly(|JN| +
log | M0, |) is some polynomial in the size of the net and the marking to be covered.

Recall vectors and Q-runs from section 5.4} For a transition ¢ and vectors M, M’ : P — Z,
we write M % M'"it M'(p) = M(p)— Pre(p,t)+ Post(p,t) for all p € P and M(q), M'(q¢) > 0
for all ¢ € ). The following is a refinement of Definition to Petri nets with vertex cover
VC.

Definition 7.5. Let Q C P be some subset of places such that I C Q. For a vector M :
P — Z, let lencov(Q, M, M,,,) be the length of the shortest Q-covering run from M. Define
lencov(Q, M, M.,,) to be 0 if there is no such run. Define £(i) = max{lencov(Q, M, Me.y,) |
ICQCP|Q\I|=i,M:P—Z}.
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Let R be the maximum of the range of M,,,, the marking to be covered. We will denote
R+W +W?2+ W3 by R'. Recall that m is the number of places in the given Petri net. The
following lemmas give an upper bound on ¢(k’), extending Lemma

Lemma 7.6. ((0) < mR.

Proof. £(0) is the length of the shortest I-covering run. Recall that all places in [ are
independent of each other, so if a transition has an arc to one of the places in I, it does not
have arcs to any other place in /. Since an I-covering run does not care about places in S,
it only has to worry about adding tokens to places in I. If a transition adds a token to some
place p in I, it does not remove tokens from any other place in I. Hence, this transition can
be repeated R times to add at least R tokens to the place p, which is all that is needed for
p. Arguing similarly for other places in I, a total of mR transitions are enough to add all

required tokens to all places in I, since there are less than m places in 1. O
Lemma 7.7. ((i + 1) < R™(WL(i) + R)"™ + £(3).

Proof. Suppose I € @ C P and |@Q \ I| = i+ 1. Suppose there is a sequence o that is
Q-covering from some vector M. Let p be any place in I of some VC-interface I. Let M
be the first intermediate vector such that M(p) > M., (p). We have M(p) < R+ W. We

distinguish two cases:

1. For all intermediate vectors M’ after M, M'(p) > M (p). This means the number of
tokens in p never goes below M (p) after the vector M. Let ¢’ be the sub-word of ¢ that
consists of all transition occurrences after M that has an arc to/from p. The sub-word
o' is safe for transfer from p to p;. We transfer ¢’ from p to p; and note that in the
final vector reached after the transfer, p still has M (p) tokens, which is enough to cover
Meop.

2. Let M’ be the last intermediate vector such that M'(p) < M(p). We invoke the
truncation lemma by setting ¢ = M(p) < R+ W, M; = M and M3 = M’. We can then
transfer the sub-word ¢’ identified by the truncation lemma to p; to reduce the number
of tokens in p in some intermediate vectors between M and M’. We repeat this process
until there are no more than R’ tokens in p in any intermediate vector between M
and M'. Let M" be the first intermediate vector after M’ such that M"(p) > Mo, (p).
Again, M"(p) < R+W. If no intermediate vector M after M" has MY (p) < M"(p), we
can transfer all transitions with an arc to/from p occurring after M"” to p;. Otherwise,
we can invoke truncation lemma again to ensure that p has at most R’ tokens in any

intermediate vector after M”.

Repeating the above case analysis for every independent place p € I, we get a firing sequence
7 that is Q-covering from M, such that in all intermediate vectors, every independent place
p has at most R’ tokens. If this sequence happens to be (W/(i) + R)-bounded for (), then
R™(W((i)+ R)"™! is an upper bound on its length (since all independent places have at most
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R’ tokens and the i + 1 places in @ \ I have at most (W /(i) + R) tokens in all intermediate
vectors) and we are done.

Otherwise, suppose there is some place ¢ € @ \ I and some intermediate vector M such
that M(q) > W(i) + R. Let M be the first such vector and call the prefix of 7 up to M as
7, and the rest of © as my. The length of 7 is at most R™(W (i) + R)"™!. The sequence
mo is a (@ \ {q})-covering sequence from M. By definition, there is such a sequence 7} of
length at most £(i). The sequence mm is a (@ \ {¢})-covering sequence from M. Since
M(q) > WE(i)+ R and 7}, removes at most W (i) tokens from g, m 7} is in fact a Q-covering
sequence from M. Tts length is bounded by R™(W (i) + R)™ + £(4). O

The following lemma gives an upper bound on £(7) using the recurrence relation obtained

above.
Lemma 7.8. (i) < (2mW RR/)™+D,

Proof. By induction on i. For i =0, £(0) < mR < (2mW RR')™"".
1= 1:

((1) < R™(W£(0) 4+ R) + £(0)
< R™(WmR+ R) + mR
< (WRR™mR + mR
< (mMWRR')*™ +mR
< 2(mWRR')*™
< (2mWRR')™?

i+ 1) < R™(WEG) + R)™H + £(4)
< R™(W (2mW RR')™HD' 4 RY*L 4 (2mW RR/)™(+D!
< (WRR/)m(iJrl)(2mWRR/)m(z‘+1)!(i+1) + (QmWRR’)m(i“)!
< (2mWRR)™HD 2mW RR)™HDHD 4 (2mW RR )™
< (QmWRR/)m(i—i-l)((i-‘rl)!—i-l) + (2mWRR/)m(Z+1)'
< 2(2mW RR' )™+ D(+DIHD)
(2mW RR' )™+ D+ D1+2)
< 2mWRR')m0+2)

IA
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The last step follows since

1>2=14>2

= i+ 1)l >2>0+1)

=G+ 1) >2(i+1)
=0@+D)0E+)+0E+D)>0E+)0E+ D) +2(6+1)
= 0+2)@+ 1) >0E+D(E+D+2)
= ([ +2!> @@+ 1)@ +1)!+2)

]

Theorem 7.9. With the vertex cover number k and maximum arc weight W as parameters,

the Petri net coverability problem can be solved in PARAPSPACE.

Proof. From the Lemma we get ((k') < (2mWRR)™¥+D' " To guess and verify a
covering sequence of length at most ¢(k’), a non-deterministic Turing machine needs to
maintain a counter and intermediate markings, which can be done using memory size
O(m(k" + 1)!(mlog |My| + logm + logW + log R + log R')). An application of Savitch’s
theorem then gives us the PARAPSPACE algorithm. O]

7.3 Model Checking Logic of Counting Properties

The PARAPSPACE algorithm of the previous section can be extended to the boundedness
problem. We however consider the more general problem of model checking the logic of Petri
net counting properties defined in section which can express boundedness, coverability

and some extensions. Following is the main theorem of this section.

Theorem 7.10. There is a PARAPSPACE algorithm that checks whether a given net with an
initial marking satisfies a given formula ¢, if the vertex cover number k and the maximum
arc weight W of the net are treated as parameters and the nesting depth D of EF modality

wn the formula s treated as a constant.

The details of model checking x formulas is given in Sub-section [7.3.1] Sub-section [7.3.2]
gives the details of a PARAPSPACE algorithm for model checking 8 formulas. The main ideas
and definitions used are same as the ones in the previous chapter, but are repeated here since
there are subtle differences due to partitioning the set of places into component places and

buffers in the last chapter.

7.3.1 Nested Coverability Properties

As in section [6.4.1] we consider x formulas of the form y A EF (k) A --- A EF(k,), with v
being a conjunction of 7 > ¢ formulas. The tree generated by such a formula with set of
nodes I and ratio(i) are as defined in the beginning of section [6.4.1] Recalling Definition
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let ¢'(M.,,) = max{lencov(P, M, M.y,) | M : P — Z}. The definition of bound function f
and guess function h are the same as in Definition [6.13]

To derive an upper bound for f(i) to use in a nondeterministic algorithm, let R =
max{ratio(t > ¢) | 7 > cis asubformulaof K}, R = R+ W + W? + W3 and W' =
max{W,2}. The following lemma uses the result from Lemma for the upper bound on

Lemma 7.11. Let Q(Z) = (2m(k’ + 1)|)7, Then, g/(f(D i 1)) < (QmW/R/)q(l) and also
U(f(D—1i)) < Hf:_gﬂ. (D = j + 1)2mWBR)HT1=D),

Proof. £'(f(D —1)) < (2mW'R')4™ is by Lemma[7.8] Next result is by induction on 4.
Base case: i = 2. Since f(D—2,p) < 3R'W/{'(f(D—1))and ¢'(f(D—2)) < (2mWr')1)
where ' = max{f(D — 2,p) |p € P} + W + W2 + W?, we get

C(f(D=2) < @mWEBRWL(f(D—1))+W +W?+Ww?3))W
< (3 % 2mW"™B RNV (2mW’ )72

Induction step: Since f(D —i—1,p) < (i + 2)R'W'0'(f(D — 7)), we have
C(f(D—i—1)) < mW (@ +2)RW'C(f(D —i))+ W + W2+ w3

D-1 a(1)
< <(i +2)2mWR [] (D —j+ 1)2mW’8R’)q(i+j+1D)>

j=D—i
D—-1 ) )
= (i +22mW R T ((D—j+ 1)2mWsR) D)
j=D—i
D-1
= JI ((D—j+2mweR)™e=?
j=D—i—1

O

Theorem 7.12. There is a PARAPSPACE algorithm that checks whether a given Pelri net
satisfies a given k formula, if the vertex cover number of the Petri net k and the maximum arc
weight W are treated as parameters and the nesting depth D of EF modality in the formula

18 treated as a constant.

Proof. First reduce ¢ to the form v A EF (k1) A --- A EF(k,), with 7 being a conjunction
of 7 > ¢ formulas by nondeterministically choosing disjuncts from subformulas of ¢. By
Lemma it is enough for a nondeterministic algorithm to guess sequences o,;, oj € I’
of lengths at most ¢'(f(|aj| — 1)) and verify that they satisfy the formula. Using bounds
given by Lemma and an argument similar to the one in the proof of Theorem it can
be shown that the space used is exponential in & and polynomial in the size of the net and

numeric constants in the formula. This gives the PARAPSPACE algorithm. O]
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The space requirement of the above algorithm will have terms like m?” and hence it will

not be PARAPSPACE if D is treated as a parameter instead of a constant.

7.3.2 Boundedness Properties

In order to check the truth of § formulas, we adapt the concept of disjointness sequence

introduced in [I8] to our notation, as done in the previous chapter.

Definition 7.13 ([18]). Let X C P be a non-empty subset of places. If 0 = t1---t, is a
sequence of transitions and p is a place, Alo](p) denotes the total effect of o on p: Alo](p) =
>oi_ Post(p,t;) — Pre(p,t;). A firing sequence o enabled at an initial marking My : P — N

is said to be a X-pumping sequence if o can be decomposed as 010,050, - - - 0,0, such that

1. For each p € P, Alo1](p) > 0 and for each p between 2 and e, Alo,|(p) < 0 implies
there is a j < p— 1 such that Aloj|(p) > 0 and

2. X CU i {p € P | Alo,](p) > 0}.

The subsequences oy, . ..,0. are called pumping portions of the pumping sequence. They are

underlined to distinguish them from non-pumping portions of the sequence.

As shown in Lemma in the previous chapter, checking N', My = {m,..., 7} =w is
equivalent to checking the existence of a X-pumping sequence for some X C P such that for
every j € {1,---,r}, there is a p; € X with L. (p;) > 1.

Lemma 7.14 ([18]). N, My = {n,...,7.} = w iff there exists a X-pumping sequence for
some X C P such that for every j € {1,--- ,r}, there is a p; € X with L. (p;) > 1.

Proof. Same as proof of Lemma [6.19 [

Model checking ( formulas thus reduces to detecting the presence of certain X-pumping
sequences. The following definition adapted from [18] is a generalization of Q-enabled se-

quences.

Definition 7.15 ([18]). Let I C Q@ C P be a subset of places that contains all independent
places, Y C P a possibly empty subset of places and X C P a non-empty subset of places. Let
M : P —Z and c € NU{w}. A sequence of transitions is said to be a Y-neglecting weakly
M, @, c-enabled X-pumping sequence if it can be decomposed as 01010503 -+ 0.0, such
that

1. For each 1 < p <'e, for each p € P, Alo,|(p) < 0 implies (there is a1 < j < p—1
such that Alo;](p) >0 orpeY).

2. X CU;_{p € P|Alo,(p)] > 03\ Y.

3. For any intermediate vector M’ and any place p € Q\ I, M'(Q) < c.
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4. For any intermediate vector M’ and any place p € Q, M'(p) < 0 implies (there is a o
occurring before M' such that Aloj](p) >0 orpeY).

Intuitively, a Y-neglecting weakly M, @), c-enabled X-pumping sequence maintains the
number of tokens between 0 and ¢ in all places in () while in other places, it can become
less than 0 or more than c. If a place p € @) has already been pumped up by some pumping
portion o;, p may have negative number of tokens in intermediate vectors that occur after
oj. The Ellowing lemma implies that for detecting the presence of pumping sequences, it is

enough to detect certain weakly enabled pumping sequences.

Lemma 7.16 ([18]). Let X C P be a non-empty subset of places and My : P — N be the
initial marking. Suppose that o = 0i010505 - - - 0.0, is a D-neglecting weakly My, P, w-enabled
X-pumping sequence. Then, there are ny,na, ..., n. € N such that o0, 509" - - - 0,0, is

a X -pumping sequence enabled at M.

Proof. We define n.,...,n; in that order as follows:
o n,=1.
e Suppose 1 < p < e and n,4q,...,n have already been defined. Define n, to be

(e=p)(lol =)W+, 1 (lo| = 1)Wn;.

We will prove that o’ = 010, 050, - - - 0.0, satisfies all conditions of Definition and
that it is enabled at M,. Condition 2 follows by the fact that o satisfies condition 2 of
Definition and that Y = (). Condition 1 of Definition follows by the fact that o
satisfies condition 1 of Definition and that Y = (). For proving that o’ is enabled at

My, we will prove the following claim by induction on p: for any intermediate marking M’

/
p

intermediate marking M” occurring while firing ¢’ from M, and any p’ € Uj-):l{p € P |
Alo;](p) > 0}, M"(p) = 0.

Base case p = 1: Since Y = () and o satisfies condition 4 of Definition for any
intermediate marking M’ occurring when firing ojo; from M, and any place p € P, M'(p) >
0. Since o satisfies condition 1 of Deﬁnitionand Y =0, Aloi](p) > 0 for any place p € P.
Hence, for any intermediate marking A" occurring when firing o70,™ from M, and any place
pe P, M(p) > 0. Since |o5---0| < (e = 1)(lo| = 1) and oy - 0,"| < ¥5_, (o] — L)n,,

009" - - - 0,0, can decrease at most (e — 1)(lo| — )W + >°°_,(Jo| — 1)Wn; tokens from
0101™1

any place. If My === M, and Aloi](p) > 0 for any place p, then M;(p) > (e — 1)(|o| —
DW + 375 5(|o| = 1)Wn;. Hence, the second part of the claim follows.

/ n / n
010171 0,0,"F

Induction step: Assume that My —————=== M,. Suppose for some place p’ and

occurring when firing 001" --- 00, from My and any p € P, M'(p) > 0; and for any

some intermediate marking M’ that occurs while firing 0';)_’_1% from M,, M'(p) < 0. By
induction hypothesis, p’ ¢ J/_;{p € P | Alo;](p) > 0}, which contradicts the fact that
o satisfies conditions 1 and 4 of Definition Also from condition 1 of Definition [7.15]
Alopil(p) > 0 for any p ¢ U_{p € P | Alo;](p) > 0}. Hence, for all p € P and any
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intermediate marking M’ that occurs while firing o7 , 0,1+ from M,, M'(p) > 0. Suppose

S Z;:p+2(’0| - 1)”]7

002" ot? -+ - 0,0, can decrease at most (e — p — 1)(|o| = W + 327, (|o] — 1)Wn;

p+2 <e. Since |0, 0| < (e—p—1)(lo|=1) and |0, 9"+2 - - 0.

o’ o Tp+1
tokens from any place. If M, SlaE - SN M,y and Alo,1](p) > 0 for any place p, then

Mpia(p) = (e —p— D)(lo] = W + 377 ., (lo] — 1)Wn;. Hence, second part of the claim
follows. O

As is done in section [7.2] we will bound the length of weakly enabled pumping sequences
by induction on |@|. The rest of this sub-section is more technical than section Here,
we try to give an intuitive explanation of the purpose of each lemma in the rest of this
section. If we want to check for unboundedness in a specific set of places, the “pumping
up” of tokens may happen in several stages, captured by Definition See [I8, Sub-
section 3.1] for examples of scenarios where several stages are needed. Lemma and
Lemma provide some basic tools to manipulate pumping sequences, such as repeating
certain portions and combining two sequences. In Lemma [7.2I] we show how loops can be
carefully removed (using linear algebraic techniques) separately from the different stages of a
pumping sequence. Lemma and Lemma give a recurrence relation for the length of
a shortest pumping sequence, using the tools we developed earlier for manipulating pumping
sequences. Lemma gives an upper bound for the recurrence relation. Lemma
shows how to use the truncation lemma so that the upper bound obtained in Lemma is

asymptotically smaller.

Lemma 7.17 ([18]). Suppose 0 = oj010% - -- 0.0, is a Y -neglecting weakly M, Q,w-enabled
X-pumping sequence. Then the sequence o’ = a’la’flﬁa?i gy 0,00°0, 15 also a Y -neglecting
weakly M, Q,w-enabled X -pumping sequence for any ni,n},...,n. € N (0, is same as Op,

except that o, is not considered a pumping portion while o, is considered a pumping portion).

Proof. We will prove that the new sequence satisfies all the conditions of Definition [7.15]
Conditions 1 and 2 are satisfied since the set of pumping portions of the new sequence is
equal to that of the old one and occurs in the same order. Condition 3 is trivially satisfied
since in this case, ¢ = w. Suppose for some intermediate vector M’ and some place p €
Q, M'(p) < 0. Let j be the maximum number such that o; occurs before M’. Suppose

/
7 _n1 ny 1 "
0'10'1 0'10'1 O'ZO'JU ag

L M and M - M. IfpEY orp € U§/:1{PI € P | Aloy](p)) > 0},
there is nothing else to prove. Otherwise, Alo;/|(p) = 0 for every j' between 1 and j. This

/ / .
019105050

implies that if M ———= M, and M, —— Mj, then Ms(p) < 0, contradicting the fact
that o satisfies condition 4 of Definition [7.15] O

Lemma 7.18. Suppose 0 = 0101---0,0. is a Y -neglecting weakly M,Q,w-enabled X, -
pumping sequence and § = 0101---9,0c is a Yi-neglecting weakly M;,Q,w-enabled X,-
pumping sequence. If Y1 =Y U{p € P | Alo,](p) > 0,1 < p < e}, M — My and for

allp € Q\ Y1, My(p) = Mi(p), then 06 = o101 -~ 0,0.0101 - 0.0 is a Y -neglecting weakly
M, Q,w-enabled (X, U X5)-pumping sequence.
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Proof. We will prove that the combined sequence satisfies all conditions of Definition [7.15]

1. This follows since ¢ and ¢ individually satisfy condition 1 of Definition and Y] =
YU{pe P|Alg)(p) >0,1<p<e}

2. This follows from the fact that X; and X5 individually satisfy condition 2 of Defini-
tion [.15

3. This is trivially satisfied since in this case, ¢ = w.

4. Suppose M’ is some intermediate vector that occurs while firing 6 from M, with
M'(p) < 0 for some p € Q. If p € Y; or there is some J,, occurring before M’ such that
A[d,](p) > 0, there is nothing more to prove. Othervge, the fact that p € @ \ Y7 and
MQE)) = M;(p) contradicts the fact that § is a Yi-neglecting weakly M;, @), w-enabled
Xo-pumping sequence, that should have satisfied condition 4 of Definition

]

Definition 7.19. Let ), X,Y C P be subsets of places such that I C Q) and X is non-empty.
Suppose 0 = 010y -+ 0,0 is a Y -neglecting weakly M, Q,w-enabled X -pumping sequence for
some M : P — Z. For some independent place p € I, if there is a j such that Alo;] > 0,

we do not care if p has negative number of tokens in some intermediate vector that occurs

after o, even if p ¢ Y. For each p € I\'Y, let j[p] be the minimum number such that

01910511 %4[p] ‘ ‘ .
Alojipl(p) > 0. If M W My, then the set of all intermediate vectors occurring

between M and M, (including M and M) is called the caring zone of p. If there is no o;
such that Alo;](p) > 0, then the caring zone of p is the set of all intermediate vectors.

Definition 7.20. Let U’ € N be some fized number. For j € N, Q,X,Y C P with I C @
and X non-empty and a function M : P — Z, \(Q, j, M, X,Y) is the length of the shortest
Y -neglecting weakly M, Q,w-enabled X -pumping sequence from M if there is a Y -neglecting
weakly M, Q,w-enabled X -pumping sequence from M in which every independent place p €
I\Y has at most U'+ jW tokens in all intermediate vectors belonging to the caring zone of p.
Let \(Q,j, M, X,Y) be 0 if there is no such sequence. Let l5(i,j) = max{\(Q,j, M, X,Y) |
ICQCP|Q\I=i,M:P—Z,X,Y CPX#0}.

Lemma 7.21. Let Q,X,Y C P be subsets of places such that I C Q) and X is non-
empty and let U € N. Let ¢ € N. Suppose there is a Y -neglecting weakly M, Q, c-
enabled X -pumping sequence o = o101 --- 0.0, for some M : P — 7 such that every place
p € I\Y has at most U’ tokens in all intermediate vectors belonging to the caring zone of p.
Then, there is a Y -neglecting weakly M, (), w-enabled X -pumping sequence of length at most

8ek! (2¢) ¥ (U'W)™ for some constant ¢

Proof. By induction on e.
Base case e = 1: In this case, 0 = 0}0;. All intermediate vectors occurring as a result of

firing o from M belong to the caring zone of each place p € I\ Y. If any two intermediate

128



vectors occurring when o7 is fired from M agree on all places in @\ Y, then the subsequence
between them can be removed. Hence, we can assume without loss of generality that |o}| <
umek

As in Rackoff’s proof of Lemma 4.5 in [82], remove @ \ Y-loops from o, carefully until
what remains behind is a sequence ¢/ of length at most (U™c* + 1)2. Let b € NIS\Y| be
the vector containing a 1 in each coordinate corresponding to a special place in S\ Y whose
number of tokens is increased by o, and 0 in all other coordinates. If m is a @ \ Y-loop, its
loop value is the vector in ZI®\Y! which contains in each coordinate the total effect of 7 on
the corresponding special place in S\ Y. Let L C Z*\Yl be the set of loop values that were
removed from ;. Let B be the matrix with [S'\ Y| rows, whose columns are the members of
L. For any sequence T, let ef(7) be the vector in Z*\Y! which contains in each coordinate
the total effect of m on the corresponding special place in S\ Y. By definition, ef(cy) > b.
The effect of o, can be split into the effect of o7 and the effect of @ \ Y-loops that were
removed from o;. If x(4) is the number of @) \ Y-loops removed from ¢; whose loop value is
equal to the i'" column of B, then we have Bx > b — ef (7).

A loop value is just the effect of at most ¢’ U™ transitions, and hence each entry of B is
of absolute value at most ¢’ U"W. The matrix B has therefore at most (2¢5U™W + 1)¥
columns. Each entry of b — ef(0?) is of absolute value at most W (c¥' U™ + 1)? + 1. Letting
dy = K and d = max{(2F'U™W + 1)¥', & U™W, W (& U™ + 1)2 + 1} < (2¢)3 (U'W)>”,
we can apply Lemma 4.4 of [82]. The result is that there is a vector y € N such that the
sum of entries of y is equal to I; < d((2¢)** (U'W)3"*)*" for some constant ¢. Let ¢ be a
constant such that I; < k(2¢)°**(U'W)<™’.

Now, we will put back I; @\ Y-loops back to ¢/, which was of length at most (¢ U™ 41)2.
Since the length of each Q\ Y-loop is at most ¢* U™, the total length of the newly constructed
pumping portion is at most (¢¥U"™ + 1)2 + K (2¢)¥* (U'W)¢™*. Together with oy, whose
length is at most ¢ U™, we get a Y-neglecting weakly M, @, w-enabled X-pumping sequence
of length at most 2(c¥ U™ 4 1) + k' (2c)¥* (U'W)<™" < 8k'(2c)¥* (U'W)<™".

Induction step: Suppose ¢ = 0101+ 0,,,0c41. Let X1 = {p € P | Aloi](p) > 0}.
The sequence ooy is a Y-neglecting weakly M, (@, c-enabled X;-pumping sequence. Let
M g M;. Asis done in the base case, we can replace 001 by another Y-neglecting weakly
M, Q,w-enabled X;-pumping sequence ¢’ of length at most 8k'(2¢)“** (U'W)¢™" ending at
some vector M, such that for all p € Q \ 'Y, My(p) = M;(p) (this is because we only remove
Q \ 'Y loops from {0y to obtain the shorter sequence o).

The sequence 00y - - 07,1041 18 a (Y U X )-neglecting weakly M, @), c-enabled (X\ X )-
pumping sequence. By induction hypothesis, there is another (Y U X)-neglecting weakly
M;, @, w-enabled (X \ X;)-pumping sequence ¢ of length at most 8k'e(2c)**(U'W)<™".
Lemma implies that o’'c” is a Y-neglecting weakly M, Q,w-enabled (X \ X;) U X;-
pumping sequence. The length of ¢’c” is at most 8k (e + 1)(2¢)** (U'W)<'™", O

Using the technical lemmas proved above, we will now obtain a recurrence relation for /.

Lemma 7.22. (5(0, ) < 8mk QW (U + jW))<™".
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Proof. By Lemma after setting ¢ = 1 and substituting U’ by U’ + jW. ]
Lemma 7.23. ly(i + 1,5) < 10mk (2W ey (i, j + 1) F* (U + jW)W )™

Proof. Let Q,X,Y C P be subsets of places such that I C @, |Q \ I| = i+ 1 and X
is non-empty. Let M : P — 7Z be some vector. Suppose there is a Y-neglecting weakly
M, @Q,w-enabled X-pumping sequence o such that every independent place p € I\ Y has at
most U’ + jW tokens in any intermediate vector belonging to the caring zone of p. We will
prove that there is a Y-neglecting weakly M, @), w-enabled X-pumping sequence of length at
most 10mk (2W 0y (i, 7 + 1))¥* (U + ;W)W )em™*

Case 1: The sequence o is a Y-neglecting weakly M, Q, Wts(i, j + 1)-enabled X-pumping
sequence. The required result is a consequence of Lemma after substituting U’ + jW
for U'.

Case 2: The sequence o decomposes into o = 010y - - - 0.0, such that for some 2 < p <ee,
olo10,-1 ’
BN My e, M, and there is some intermediate vector M’ between M; and M,

and a place ¢ € Q \'Y with M'(q) > Wt,(i,j+ 1). Let M’ be the earliest such intermediate
vector occurring outside of pumping portions. If there is some p > 1 such that {p € P |
Alo,|(p) > 0} C U?:{p € P | Aloy](p) > 0}, then o, can be considered as a non-pumping
portion and the resulting sequence will still be a Y-neglecting weakly M, (), w-enabled X-

pumping sequence Hence, without loss of generality, we can assume that e < m. Let
1/

M, 22 MY o, M,. Let X, = U?;i{p € P | Alojl(p) > 0}. The sequence o0y ---0,1 is a
Y-neglecting weakly M, Q, Ws(i, 7 + 1)-enabled X;-pumping sequence in which every place

p € Q\Y has at most U’'+ jW tokens in all intermediate vectors belonging to the caring zone
of p. By Lemma [7.21] there is a Y-neglecting weakly M, ), w-enabled X;-pumping sequence
&y of length at most 8(p — 1)K (2Wy(i, j + 1)“*° (U’ + jW)W)™. We can remove all
(Q\ Y\ Xi)-loops from ¢! to obtain 6" of length at most (Wa(i,j + 1))¥ (U" + jW)™. If
M 25 v 2 v 22 0, we will have M(p) = M/(p) for all p € (Q\ Y\ X)),

The sequence 02’2- -oloe is a (Y U X;)-neglecting weakly M’, Q,w-enabled (X \ X;)-
pumping sequence such that every independent place p € I\ (Y U X) has at most U’ + jIW
tokens in all intermediate vectors belonging to the caring zone of p. By definition, there is a
(Y U X )-neglecting weakly M’ Q\ {q},w-enabled (X \ X;)-pumping sequence d, of length at
most l2(i, 7). If ¢ € Xy, then d5 is also a (Y UX) )-neglecting weakly M’, @, w-enabled (X\ X )-
pumping sequence. Otherwise, M"(q) = M'(q) > W¥s(i,7) and d5 can decrease at most
Wis(i, j) tokens from ¢, so again dy is a (Y UX;)-neglecting weakly M’, @), w-enabled (X \ X7)-
pumping sequence. In either case, Lemma implies that 515;’52 is a Y-neglecting weakly
M, Q, w-enabled X-pumping sequence. Its length is at most 8ek/(2W 5 (i, 7 + 1))¥* (U +
FIWYWYE™ o (Why (i, § + 1) (U + W)™ 4 Ly(i, ).

Case 3: The sequence o decomposes into ¢ = o0, - - - 0,0, such that for some intermediate
vector M’ occurring while firing ¢} from M, there is some place ¢ € Q \ Y such that
M'(q) > Wtsy(i, §). Let M’ be the first such intermediate vector. Let M —— M’ ot M;.
Remove all Q \ Y-loops from ol to get 61’ of length at most (W /s (7,5 + 1))¥ (U + jW)™. In
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addition, M 2, M" such that M"(p) = M'(p) for all p € Q\Y. The sequence 07’0y --- 0. is a
Y -neglecting weakly M’  Q\{q}, w-enabled X-pumping sequence such that every independent
place p € I'\'Y has at most U'+jW tokens in any intermediate vector belonging to the caring
zone of p. By definition, there is a Y-neglecting weakly M’ @ \ {¢}, w-enabled X-pumping
sequence 0 of length at most ¢5(i, j). Since 0 can decrease at most W/s(4, j) tokens from ¢ and
M'(q) = M"(q) > Wy(i,j), 0 is also a Y-neglecting weakly M’ @, w-enabled X-pumping
sequence. Hence, 01§ is a Y-neglecting weakly M, Q,w-enabled X-pumping sequence.

Case 4: The sequence o decomposes into o = 00y - - - 0,0, such that for some 1 < p <e,

M % M, =, M5 and there is some intermediate vector M’ between M; and M, and

a place ¢ € Q \'Y with M’'(q) > W¥s(i,j + 1). For every independent place p € I'\Y, if
Alo,)(p) > W, transfer to p; the last transition in o, that adds tokens to p, where I is the
VC-interface of p. Repeat this until for every p 67\ Y with Alo,](p) > 0, no more than
W and no less than 1 tokens are added by the new pumping po_rtion after the transfers.
By Lemma ooy - -agap&- .- 0. (obtained by repeating o, once and treating only the
second occurrence as pumping portion) is a Y-neglecting weakly M, @), w-enabled X-pumping
sequence such that every independent place p € I\ Y has at most U’ + (j + 1)W tokens in
any intermediate vector belonging to the caring zone of p. Now, we are back to case 2 or

case 3 with (j + 1) replacing j. O
We will denote 'k by h.

Lemma 7.24. (5(i,5) < (10mk") T+ (W )P ) (U7 4 (§ +4) W )Pol=() where poly, (h?) and

poly,(h?) are polynomials in h',c k' and m.

Proof. By induction on i. £5(0, j) < 8mk’(2(U’—|—jW)W)Clm4. We will choose poly;, and polys,
such that 8mk/(2(U" + jW)W)<™" < 10mk/ (2W )Poln W (U7 4 jW )potua(D),

G0+ 1, §) < 10mk @Wis(i, j + D)) (U + jW)W)e™

1h
< 10mk’ [2W(1omk)<1+h WP (U 4 (5 + 1 4 i)W )Polsa(h)

/o4

(U + gw)yw)em
(10mk; )1+h (1+h)* (QW) (1+poly, (h*))h+c'm* (U/ (] 4+ 1)W)poly2(hi)h+c’m4

It is now enough to choose poly, and poly, such that poly,(h°) > ¢'m?, poly,(h**1) > (1 +
poly, (h))h + ¢'m?, poly,(h°) > ¢'m* and poly,(h™1) > poly,(h?)h + ¢'m*. These conditions
are met by poly,(h') = h'dm?* + (h + dm*)(h' — 1) and poly,(h') = h'dm?* + dm*(h' — 1),
assuming h > 2. O]

For the upper bound obtained in Lemma to be useful, we should have a pumping
sequence in which independent places have controlled number of tokens in intermediate
markings (i.e., U’ and j are bounded). The following lemma establishes this with the help

of truncation lemma.
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Lemma 7.25. Let Q, X,Y C P be subsets of places such that I C Q) and X is non-empty.
For some M : P — Z, suppose o is a Y -neglecting weakly M, Q,w-enabled X-pumping
sequence. Let U be the mazimum of the range of M and let U' = U +W +W?2 +W3. There
15 a Y -neglecting weakly M, Q,w-enabled X -pumping sequence in which every independent

place p € I'\'Y has at most U’ tokens in all intermediate vectors belonging to the caring zone

of p.

Proof. Suppose o is of the form o = 0{010505 - --0.0.. Ensure that for every independent
place p e I'\Y and 1 < p <ee, if Afo,](p) > 0, then Afo,|(p) > 2W. If this is not the case,
we can repeat o, 2 times. o o

By Lemma_ 0101010105090203 -+ - 0,0.0. is also a Y-neglecting weakly M, Q,w-
enabled X-pumping sequence. Consider some 1 < p < e and an independent place p € I\ Y

/

/
010101010, _4

such that Afo,|(p) = 0 and o, occurs within the caring zone of p. Let M
M, 2% My 2, M, =& M. Let ¢; = min{M'(p) | M’ occurs between M; and M} be
the minimum number of tokens in p among all intermediate vectors occurring between
M; and M;. Let M, be the first intermediate vector between M; and Ms such that
M;(p) = ¢ (see Fig.[7.3). Similarly, let co = min{M’(p) | M’ occurs between M, and Mg}

No. of tokens in p

Steps of firing sequence

Figure 7.3: Tlustration for proof of Lemma

be the minimum number of tokens in p among all intermediate vectors occurring be-
tween My and Mg. Let Mjs be the last intermediate vector occurring between M, and
Mg such that Ms(p) = co. Note that since Alo,|(p) = Alo,/(p) = 0, &1 = co. Let

ol 2 3 4

M, 25 My, 25 M, LN M, 2% My 2% M. Let 8, be the sub-word of 03202 consisting
of all the transition occurrences having an arc to/from p. Since My(p) = ¢; = ¢3 = M5(p)
is the minimum number of tokens in p among all intermediate vectors occurring between
M, and M;, A[6,](p) = 0 and 6, is safe for transfer. Transfer ¢, from p to p;, where [ is

the VC-interface of p. Perform similar transfers for all 1 < p < e and independent places
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p € I'\'Y such that Afo,](p) = 0 and o, occurs within the caring zone of p.
Consider some 1 < p < e and an independent place p € I'\'Y such that Afo,](p) > 0 and

/ /
010101010, _

g
o, occurs within the caring zone of p. Let M = LM, LN M5 = My. Let ¢ =
min{M’(p) | M" occurs between M; and M3} be the minimum number of tokens in p among

all intermediate vectors occurring between M; and M;s. Let M, be the first intermediate
2

vector between M; and Mj such that My(p) = ¢;. Let M, U—’IJ> M, e, Ms LN M,. Let 6,
be the sub-word of ag& consisting of all transition occurrences having an arc to/from p. Since
M;(p) = ¢ is the minimum number of tokens in p among all intermediate vectors between M
and My, ¢, is safe for transfer. Transfer 0, to p;. To ensure that after this transfer, number
of tokens in p is pumped up during the pumping portion under consideration, identify the
last transition in 0, that adds tokens to p and transfer it back to p. Since Afo,|(p) > 2W,
this last back transfer will not violate any property of the pumping sequence._Perform this
transfer and back transfer for all 1 < p < e and independent places p € I\ Y such that
Alo,](p) > 0 and o, occurs within the caring zone of p.

T\TOW, we have_a Y-neglecting weakly M, (Q),w-enabled X-pumping sequence with the

following properties:

1. For all 1 < p < e and independent places p € I \'Y such that Alo,|](p) = 0 and o,

occurs within the caring zone of p, no transition in o, has an arc to/from p.

2. For all 1 < p < e and independent places p € I\ Y such that Afo,|(p) > 0 and o,
occurs within the caring zone of p, there is only one transition in o, that has an arc

to/from p and this transition adds some tokens to p.

Consider an independent place p € I \'Y of some VC-interface I. Let M’ be the last
intermediate vector in the caring zone of p such that M’'(p) is the minimum number of
tokens in p among all intermediate vectors in the caring zone of p.

Case 1: M'(p) > M(p). In this case, the number of tokens in p does not come below
M(p) at all. Let §, be the sub-word of the pumping sequence consisting of all transitions
occurrences within the caring zone of p that have an arc to/from p, except the last such
transition. Transfer 9, to p,.

Case 2: M'(p) < M(p). Invoking truncation lemma with ¢ = M(p) + W, we identify
sub-words between M and M’ and transfer them to p; so that in any intermediate vector
within the caring zone of p, p has at most U + W + W2 + W3 tokens. Note that none of the
sub-words transferred will involve any transition in pumping portions due to the property
we have ensured above.

Due to the property we have ensured above, if for some place p € I\ Y, there is some
o; occurring within the caring zone of p with Afo;](p) > 0, it remains so after any of the
transfers above. For every independent place p 67\ Y, we identify and transfer sub-words
to pr based on one of the above two cases. Finally, we end up with a Y-neglecting weakly
M, Q),w-enabled X-pumping sequence such that every independent place p € I\ Y has at

most U’ tokens in all intermediate vectors belonging to the caring zone of p. O]
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We will now combine results of previous lemmas to give a PARAPSPACE upper bound for

model checking 3 formulas.

Theorem 7.26. With the vertex cover number k and mazximum arc weight W as parame-
ters, B formulas of the logic given in the beginning of this section can be model checked in
PARAPSPACE.

Proof. From Lemmal[7.14] model checking 3 formulas is equivalent to checking the presence of
X-pumping sequences for some X. The choice of X can be done non-deterministically in the
algorithm. From Lemma|7.16] checking the presence of X-pumping sequences is equivalent to
checking the presence of (-neglecting weakly My, P, w-enabled X-pumping sequences. Setting
U' = U+ W?+ W3 in Definition Lemma implies that if there is a (-neglecting
weakly My, P,w-enabled X-pumping sequence, there is one of length at most ¢5(k’, 1).

A non-deterministic Turing machine can test for the presence of a weakly enabled
pumping sequence by guessing and verifying a sequence of length at most (y(k',1). By
Lemma [7.24] the memory needed by such a Turing machine is O(mlog [My| + m + log W +
(14+E3)¥ log k' log m+poly, (F k") log W + poly, ('™ k™3F ) log(U'K'W)), or O(mlog | Mo|+
m + poly (¥ k"*¥") log(U'k'mW)) for some polynomial poly. An application of Savitch’s the-
orem now gives us the required PARAPSPACE algorithm. O

7.4 Open Problems

As mentioned in the beginning of this chapter, feedback vertex set is a set of vertices whose
removal from a graph removes all cycles. Every vertex cover is a feedback vertex set but the
converse is not true. The parameterized complexity of problems studied in this chapter with

the size of the minimum feedback vertex set is open.
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Chapter 8
Conclusion

Following is a list of parameterized complexity results obtained for problems with classical
exponential time algorithms (the problems are either PSPACE-complete, NP-complete or
exponential time-complete). The entries marked ? are open and for those marked as Not

Applicable, the parameter is not well defined for the problem.

Treewidth Treewidth and | Vertex cover num-
modality depth ber
Reachability, cov- | W[1]-hard Not Applicable ?
erability in  1-safe
nets
LTL model checking | W[1]-hard, even | Not Applicable Fpr with formula

on l-safe Petri nets

when formula size

size as additional

is constant parameter
CTL model checking | W[1]-hard, even | Not Applicable 7
on 1-safe Petri nets when formula size

is constant
LTL and CTL CNF | W][1]-hard W{1|-hard ?
satisfiability
Modal CNF satisfi- | W[1]-hard W|1]-hard ?
ability in transitive
models
Modal CNF satisfia- | Not FpPT unless | FpT ?
bility in general mod- | PTIME = PSPACE
els
Modal CNF satisfi- | FpT FpT Fpr
ability in FEuclidean
models

Following is a list of the parameterized complexity results for EXPSPACE-complete prob-

lems, obtained in this thesis.
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Benefit depth

Vertex cover number

Coverability PARAPSPACE PARAPSPACE
Boundedness PARAPSPACE PARAPSPACE
Model checking logic of | PARAPSPACE with nesting | PARAPSPACE with nesting

counting properties

tion

(sec-

depth of EF as constant

depth of EF as constant
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Appendix A

Brieft Introduction to Parameterized

Complexity

Let X be a finite alphabet in which instances I € ¥* of a problem are specified. A problem
is specified through its set II C ¥* of YES instances, with all other instances assumed to be
NoO instances. The complexity of a problem is stated in terms of the amount of resources—
space, time—needed by any algorithm solving it, measured as a function of the size |I| of
the problem instance. In parameterized complexity, introduced by Downey and Fellows [25],
the dependence of resources needed is also measured in terms of a parameter x(I) of the
input, which is usually less than the input size |I|. A parameterized problem is said to be
fixed parameter tractable (FpT) if it can be solved by an algorithm with running time
f(k(I))poly(]I]) where f is some computable function and poly is a polynomial. (Similarly,
a PARAPSPACE algorithm [35] is one that runs in space f(k(I))poly(|I]).)
For example, consider the following p-AUTOMATON-MODEL-CHECK problem:

p-AUTOMATON-MODEL-CHECK

Instance: A finite state automaton A and a MSO sentence ¢.
Parameter: The size |¢| of ¢.

Problem: Decide whether all strings accepted by A satisfy ¢.

This problem is FPT, by Biichi, Elgot, Trakhtenbrot theorem [IT].

There is a parameterized complexity class W[1], lowest in a hierarchy of intractable classes
called the W-hierarchy [25] (similar to the polynomial time hierarchy). A parameterized
problem complete for W[1] is to decide if there is an accepting computation of at most k
steps in a given non-deterministic Turing machine, where the parameter is & [25]. It is widely
believed that parameterized problems hard for W|[1]| are not FpT. To prove that a problem
is hard for a parameterized complexity class, we have to give a parameterized reduction
from a problem already known to be hard to our problem. A parameterized reduction from
(I, k) to (IT', &) is an algorithm A that maps problem instances in (resp. outside) II to
problem instances in (resp. outside) II". There must be computable functions f and g and

a polynomial p such that the algorithm A on input I terminates in time f(x(/))p(|/]) and
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K'(A(I)) < g(k(I)), where A(I) is the problem instance output by A. There are many other

classes in the intractability hierarchy, the ones used in this thesis are mentioned below.
Fpr C W[1] C W[2] C--- C AW[1| C AW[SAT| C AW|P] C XP

The class XP contains all problems that can be solved by algorithms with running time
O(|I1|7*=M)) for some function f. The inclusion between FPT and XP is known to be strict,
while strictness of other inclusions are not known.

From the Definition [I.1], it is clear that pathwidth is at least as large as treewidth and any
problem that is W|[1]-hard with pathwidth as parameter is also W|[1|-hard with treewidth as
parameter. An intuitive way to understand the role of treewidth on complexity of problems

is through its relation to grids. A grid is a graph of the form shown below.

A large grid has large treewidth. A graph of small treewidth can not have a large grid
embedded within it (formally, the graph can not have large grid minors; see [25, Section
7.1] for details). Recall that Np-complete problems can be reduced to coloring problems
on grids. A fundamental result by Courcelle [I5] shows that graphs of small treewidth are
easier to handle algorithmically: checking whether a graph satisfies a MSO sentence is FPT
if the graph’s treewidth and the MSO sentence’s length are parameters. In the context of
Chapter [ the state space of a concurrent system can be considered a graph. However,
due to the state explosion problem, the state space can be very large. Instead, we impose
treewidth restriction on a compact representation of the large state space — a 1-safe Petri
net. Note also that we are not model checking the state space itself but only the language

of words generated by the Petri net.
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