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Abstra
tAim of this thesis is to show a bije
tion between the orbit spa
es of unimodularrows under the a
tion of the elementary linear group and the orbit spa
es of unimod-ular rows under the a
tion of the elementary symple
ti
 group. We also establisha relative version of it with respe
t to an ideal. We then generalise this result andshow that the orbit spa
e of unimodular rows of a proje
tive module under the a
-tion of the group of elementary transve
tions is in bije
tion with the orbit spa
e ofunimodular rows of a proje
tive module under the a
tion of the group of elementarysymple
ti
 transve
tions with respe
t to an alternating form.Let (Q, 〈, 〉) be a symple
ti
 module with hyperboli
 rank ≥ 1 (whi
h means thatthere is a summand H(R)). We use the above equalities to improve the inje
tivestability bound for K1Sp(R) and Sp(Q, 〈, 〉)/ETransSp(Q, 〈, 〉).
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Chapter 1Introdu
tionWe always work over a 
ommutative ring R with 1. I denotes an ideal of R. We usethe notation (P, 〈, 〉) to denote a symple
ti
 R-module where P is a �nitely generatedproje
tive R-module of even rank and 〈, 〉 : P × P −→ R is a non-degenerate (i.e,
P ∼= P ∗ by x −→ 〈x, 〉) alternating bilinear form. Also Q represents (R2 ⊥ P )with indu
ed form on (H(R) ⊥ P ) and Q[X] represents (R[X]2 ⊥ P [X]) withindu
ed form on (H(R[X]) ⊥ P [X]). Here H(R) denotes (R ⊕ R∗), with a uniquenon-degenerate bilinear form, namely 〈(a1, b1), (a2, b2)〉 = a1b2 − a2b1.Now we will make a 
hapter wise summary.Chapter 2In this 
hapter we re
all the de�nitions of �nitely presented module, extendedmodule, unimodular row, relative unimodular row with respe
t to an ideal, ele-mentary groups (linear, symple
ti
, orthogonal), relative elementary groups (linear,symple
ti
, orthogonal) with respe
t to an ideal and alternating matrix, 
ommuta-tor identities satis�ed by the (standard) elementary generators of the elementarygroups. Here we also �x some notations and state our assumptions. Then we statesome well known results and give a proof of a few of them.Chapter 3In 
hapter 3 we �rst state D. Quillen's famous Lo
al Global prin
iple whi
h saysthe following:Quillen's Lo
al-Global Prin
iple: ([24℄, Theorem 1)Let M be a �nitely presented module over R[X]. If Mm is extended Rm[X]-modulefor ea
h maximal ideal m of R, then M is extended from R. �We next state L.N. Vaserstein's �a
tion version� of Quillen's Lo
al Global prin-1




iple ([18℄, Chapter 3, Theorem 2.5) whi
h saysLet n ≥ 3 and v(X) ∈ Umn(R[X]). If v(X) ∈ v(0)GLn(Rm[X]), for all maximalideals m of R, then v(X) ∈ v(0)GLn(R[X]). �and also state R.A. Rao's similar result for the elementary linear group ([25℄, The-orem 2.3) whi
h saysLet v(X) ∈ Umn(R[X]), n ≥ 3. Suppose for all maximal ideals m in R, v(X) ∈

v(0)En(Rm[X]). Then v(X) ∈ v(0)En(R[X]). �The aim of this 
hapter is to prove a relative (w.r.t. an extended ideal) elemen-tary (linear and symple
ti
) a
tion version of L.N. Vaserstein and R.A. Rao's result,whi
h saysTheorem 1: (Lo
al Global Prin
iple w.r.t. an Extended Ideal:)(see Theorem 3.2.3 )Let n ≥ 3. Let I be an ideal of R and v(X) ∈ Umn(R[X], I[X]). If for all maximal(or even prime) ideals m of R, v(X)m ∈ v(0)mE(n, Im[X]), then
v(X) ∈ v(0) E(n,R[X], I[X]).

�This theorem plays a 
ru
ial role in the thesis. Also, we state and prove astronger version of the above theorem (see Theorem 3.3.5) in this 
hapter.Chapter 4L.N. Vaserstein showed in ([29℄, Lemma 5.5) thatFor any natural number n and any alternating matrix ϕ from GL2n(R),
e1 (E2n(R)) = e1 (E2n(R) ∩ Spϕ(R)),where Spϕ(R) denotes the isotropy group of ϕ, i.e.

Spϕ(R) = {α ∈ SL2n(R) | αt ϕ α = ϕ}.

�In this 
hapter we 
on
entrate on the spe
ial 
ase when ϕ = ψn, the standardalternating matrix. In this spe
ial 
ase the proof is mu
h easier to establish. In this
ase following L.N. Vaserstein's proof one observes that2



For any natural number n ≥ 2, e1E2n(R) = e1ESp2n(R). �The above lemma means that if v is the �rst row of an elementary matrix of evensize then it is also the �rst row of an elementary symple
ti
 matrix. This led us toquery whether the orbit spa
e of unimodular rows under the a
tion of the elementarysubgroup is in bije
tive 
orresponden
e with the orbit spa
e of unimodular rowsunder the a
tion of the elementary symple
ti
 group. In this 
hapter, we prove thatthis is so, and also establish the relative version. In parti
ular,Theorem 2(a): (see Theorem 4.1.1)Let R be a 
ommutative ring and let v ∈ Um2n(R), then
v E2n(R) = v ESp2n(R),for n ≥ 2. �Theorem 2(b): (see Theorem 4.2.2)Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R. Let v ∈Um2n(R, I), then

v E2n(R, I) = v ESp2n(R, I),for n ≥ 3. �Chapter 5In this 
hapter we de�ne the Elementary symple
ti
 group with respe
tto an alternating matrix following the lead of L.N. Vaserstein.In ([29℄, Lemma 5.4) L.N. Vaserstein obtained the following:Let n be a natural number and ϕ be an alternating matrix from GL2n(R). Let usassume
ϕ =

(
0 −c

ct ν

) and ϕ−1 =

(
0 d

−dt µ

)
,where c, d ∈ R2n−1. For any v from R2n−1 we have

α = α(ϕ, v) = I2n−1 + dtvν,

β = β(ϕ, v) = I2n−1 − µvtc.3



It 
an be easily 
he
ked that
(

1 0

αvt α

)
,

(
1 v

0 β

)

belong to E2n(R) ∩ Spϕ(R). �The above lemma emboldened us to set
Lϕ(v) =

(
1 0

αvt α

)
, Rϕ(v) =

(
1 v

0 β

)
,for v ∈ R2n−1. We say that the subgroup of Spϕ(R) generated by the elements

Lϕ(v), Rϕ(v), for v ∈ R2n−1 is the elementary symple
ti
 group ESpϕ(R) withrespe
t to the alternating matrix ϕ.Let I be an ideal of R. The relative elementary group ESpϕ(I) is a subgroup of
ESpϕ(R) generated as a group by the elements Lϕ(v), Rϕ(v), where v ∈ I2n−1.The relative elementary group ESpϕ(R, I) is the normal 
losure of ESpϕ(I) in
ESpϕ(R).We established dilation prin
iple, Lo
al Global prin
iple, a
tion version of Lo
alGlobal prin
iple for both ESpϕ⊗R[X](R[X]) and relative group ESpϕ⊗R[X](R[X], I[X]).Using a
tion version of Lo
al Global prin
iple we show the following:Theorem 3(a): (see Theorem 5.11.1)Let ϕ be an alternating matrix of Pfa�an 1. Then the natural map

Um2n(R)/ESpϕ(R) −→ Um2n(R)/E2n(R),is bije
tive for n ≥ 2. �Theorem 3(b): (see Theorem 5.11.2)Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R. Let ϕ be analternating matrix of Pfa�an 1 su
h that ϕ ≡ ψn (mod I). Then the natural map
Um2n(R, I)/ESpϕ(R, I) −→ Um2n(R, I)/E2n(R, I)is bije
tive for n ≥ 3. �We re
all the de�nition of transve
tions, elementary transve
tions of a �nitelygenerated R-module, symple
ti
 transve
tions, elementary symple
ti
 transve
tions4



of symple
ti
 module due to H. Bass and study these subgroups of automorphismsgenerated by them.LetM be a �nitely generated R-module. Let q ∈M and π ∈M∗ = Hom(M,R),with π(q) = 0. Let πq(p) := π(p)q. An automorphism of the form 1 + πq is 
alled atransve
tion of M , if either q ∈ Um(M) or π ∈ Um(M∗). Colle
tion of transve
-tions of M is denoted by Trans(M). This forms a subgroup of Aut(M).Let M be a �nitely generated R module. The automorphisms of N = (R ⊥ M)of the form
(a, p) 7→ (a, p+ ax),

(a, p) 7→ (a+ τ(p), p),where x ∈M and τ ∈M∗ are 
alled elementary transve
tions of N .Let I be an ideal of R. The group of relative transve
tions w.r.t. an ideal Iis generated by the transve
tions of the form 1 + πq, where either q ∈ Um(IM), π ∈

Um(M∗), or q ∈ Um(M), π ∈ Um(IM∗). The group of relative transve
tions isdenoted by Trans(M, IM).Let I be an ideal of R. The elementary transve
tions of N = (R ⊥ M) of theform
(a, p) 7→ (a, p+ ax),

(a, p) 7→ (a+ τ(p), p),where x ∈ IM and τ ∈ (IM)∗ are 
alled relative elementary transve
tionsw.r.t. an ideal I, and the group generated by them is denoted by ETrans(IN). Thenormal 
losure of ETrans(IN) in ETrans(N) is denoted by ETrans(N, IN).The group of isometries of (P, 〈, 〉) is denoted by Sp(P, 〈, 〉).In [7℄ Bass has de�ned a symple
ti
 transve
tion of a symple
ti
 module
(P, 〈, 〉) to be an automorphism of the form

σ(p) = p+ 〈u, p〉v + 〈v, p〉u+ α〈u, p〉u,where α ∈ R and u, v ∈ P are �xed elements with 〈u, v〉 = 0.
5



The symple
ti
 transve
tions of Q of the form
(a, b, p) 7→ (a, b− 〈p, q〉 + αa, p+ aq),

(a, b, p) 7→ (a + 〈p, q〉 − αb, b, p + bq),where a, b ∈ R and p, q ∈ P are 
alled elementary symple
ti
 transve
tions.The subgroup of Sp(P, 〈, 〉) generated by the symple
ti
 transve
tions is denotedby TransSp(P, 〈, 〉), whereas the subgroup of TransSp(Q, 〈, 〉) generated by elementarysymple
ti
 transve
tions is denoted by ETransSp(Q, 〈, 〉).The group of relative symple
ti
 transve
tions w.r.t. an ideal I is generated bythe symple
ti
 transve
ions of the form
σ(p) = p+ 〈u, p〉v + 〈v, p〉u+ α〈u, p〉u,where α ∈ I and u ∈ P , v ∈ IP are �xed elements with 〈u, v〉 = 0.The group generated by relative symple
ti
 transve
tions, as above, is denotedby TransSp(P, IP, 〈, 〉).The elementary symple
ti
 transve
tions of Q of the form
(a, b, p) 7→ (a, b− 〈p, q〉 + αa, p+ aq),

(a, b, p) 7→ (a + 〈p, q〉 − βb, b, p+ bq),where α, β ∈ I and q ∈ IP are 
alled relative elementary symple
ti
 transve
tionsw.r.t. an ideal I.The subgroup of ETransSp(Q, 〈, 〉) generated by relative elementary symple
ti
transve
tions is denoted by ETransSp(IQ, 〈, 〉). The relative group ETransSp(Q, IQ, 〈, 〉)is the normal 
losure of ETransSp(IQ, 〈, 〉) in the group ETransSp(Q, 〈, 〉).For both the groups we establish dilation prin
iple, Lo
al Global prin
iple anda
tion version of Lo
al Global prin
iple in absolute 
ase and relative 
ase.Using these prin
iples we get the main results of this 
hapter. They are thefollowing:Theorem 4(a): (see Theorem 5.10.3)Let (P, 〈, 〉ϕ) be a symple
ti
 R-module with P free R-module of rank 2n, n ≥ 1. Let
〈u, v〉 = uϕvt, where ϕ is an alternating matrix of Pfa�an 1. Then

ETransSp(Q, 〈, 〉ϕ) = ESpψ1⊥ϕ
(R).6



�Theorem 4(b): (see Theorem 5.10.4)Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R. Let (P, 〈, 〉ϕ) bea symple
ti
 R-module with P free R-module of rank 2n, n ≥ 2. Let 〈u, v〉 = uϕvt,where ϕ is an alternating matrix of Pfa�an 1 su
h that ϕ ≡ ψn (mod I). Then
ETransSp(Q, IQ, 〈, 〉ϕ) = ESpψ1⊥ϕ

(R, I).

�Using dilation prin
iple, Lo
al Global prin
iple and a
tion version of Lo
al Globalprin
iple we dedu
e the global version of Theorem 2(a) and Theorem 2(b).Theorem 5(a): (see Theorem 5.11.3)Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive module ofrank 2n, with n ≥ 1 and v = (a, b, p) ∈ Um(Q). Then
(a, b, p) ETrans(Q) = (a, b, p) ETransSp(Q, 〈, 〉).

�Theorem 5(b): (see Theorem 5.11.4)Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R. Let (P, 〈, 〉) bea symple
ti
 R-module with P �nitely generated proje
tive module of rank 2n, with
n ≥ 2. Let v = (a, b, p) ∈ Um(Q, IQ). Then

(a, b, p) ETrans(Q, IQ) = (a, b, p) ETransSp(Q, IQ, 〈, 〉).Here we also assume that of ea
h maximal ideal m of R, the alternating form 〈, 〉
orresponds to the alternating matrix ϕm, where ϕm ≡ ψn (mod I), over the lo
alring Rm. �Remark: All the theorems appeared in this 
hapter 
an also be proved for invertiblealternating matrix need not be of Pfa�an 1. The details are left to the reader.Chapter 6In this 
hapter we re
all W. van der Kallen's de�nition of Ex
ision ring in ([15℄,(3.19)).The Ex
ision ring (Z⊕ I): If I is an ideal in R, one 
an 
onstru
t the ring Z⊕ I7



with multipli
ation de�ned by (n⊕ i)(m⊕ j) = (nm⊕ nj +mi+ ij), for m,n ∈ Z,
i, j ∈ I.We also re
all W. van der Kallen's Ex
ision theorem in the linear 
ase.Ex
ision Theorem:([15℄, Theorem 3.21)Let n ≥ 3 and let I be an ideal in R. Then the natural maps

Umn(Z ⊕ I, 0 ⊕ I)

En(Z ⊕ I, 0 ⊕ I)
−→

Umn(R, I)

En(R, I)
,

Umn(Z ⊕ I, 0 ⊕ I)

En(Z ⊕ I, 0 ⊕ I)
−→

Umn(Z ⊕ I)

En(Z ⊕ I)
,are bije
tive. �The goal of this 
hapter is to establish a symple
ti
 analogue of W. van derKallen's Ex
ision theorem, whi
h appears next.Theorem 6: (see Theorem 6.3.2)Let R be a 
ommutative ring with R = 2R, ane let I be an ideal of R. Then thenatural maps

Φ :
Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ESp2n(Z[1/2] ⊕ I, 0 ⊕ I)
−→

Um2n(R, I)

ESp2n(R, I)
,

Ψ :
Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ESp2n(Z[1/2] ⊕ I, 0 ⊕ I)
−→

Um2n(Z[1/2] ⊕ I)

ESp2n(Z[1/2] ⊕ I)
,are bije
tive for n ≥ 3. �Here, using the above theorem we re
apture Theorem 2(b), whi
h says that

vE2n(R, I) = vESp2n(R, I), for an ideal I of R, when R = 2R.We also establish the following Ex
ision theorem for the group of elementarysymple
ti
 transve
tions for a free (proje
tive) module.De�nition: Let R be a 
ommutative ring with R = 2R, and let I be an ideal of
R. Let us 
onsider the ex
ision ring Z[1/2]⊕ I. The standard alternating matrix ofsize 2n over the ring Z[1/2] ⊕ I is de�ned indu
tively as

ψ̂n = ψ̂n−1 ⊥ ψ̂1,where
ψ̂1 =

(
(0, 0) (1, 0)

(−1, 0) (0, 0)

)
.8



Theorem 7: (see Theorem 6.6.3)Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R. Let us
onsider the ex
ision ring Z[1/2] ⊕ I. Let ((Z[1/2] ⊕ I)2n−2, 〈, 〉ϕ∗

) be a symple
ti

(Z[1/2]⊕ I)-module, where ϕ∗ be an alternating matrix over the ring Z[1/2]⊕ I and
ϕ∗ ≡ ψ̂n−1 (mod 0 ⊕ I). Then the natural maps

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) η
−→

Um2n(R, I)

ETransSp(R2n, I2n, 〈, 〉ϕ∗)
,

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) δ
−→

Um2n(Z[1/2] ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, 〈, 〉ϕ∗

) ,are bije
tive for n ≥ 3. �Chapter 7Here we re
all the de�nition of stable general linear group, stable spe
ial lineargroup, stable range and stable dimension.H. Bass, J. Milnor, J-P. Serre began the study of the stabilization for the lineargroup GLn(R)/En(R), for n ≥ 3. In ([6℄, Corollary 11.3), they showed that:Suppose that the maximal spe
trum of a 
ommutative ring R is a Noetherianspa
e of dimension ≤ d. Then the map
GLn(R)

En(R)
−→

GLn+1(R)

En+1(R)is an isomorphism of groups for all n ≥ d+ 3. �In ([4℄, �11) Bass 
onje
tured the following:Conje
ture due to Bass:Let R be a 
ommutative ring with 1 and Ja
obson-Krull dimension of R is d. Thenthe map
GLn(R)

En(R)
−→

GLn+1(R)

En+1(R)is an isomorphism for n ≥ d+ 2.In [34℄, L.N. Vaserstein proved the above 
onje
ture.After this in ([26℄), R.A. Rao and W. van der Kallen began the study of whetherthe stabilization bound above improves for spe
ial rings; and they 
ould show (see[26℄, Theorem 1) 9



Let A be a non-singular a�ne algebra of Krull dimension d ≥ 2 over a perfe
t
C1-�eld. Let σ ∈ SLd+1(A) and (1 ⊥ σ) ∈ Ed+2(A). Then σ is homotopi
 to identity,i.e, there exists a ρ(X) ∈ SLd+1(A[X]) su
h that ρ(1) = σ and ρ(0) = Id. �Then, as a 
onsequen
e they showed thatIf A is a non-singular a�ne algebra of Krull dimension d ≥ 2 over a perfe
t
C1-�eld, then the natural map

SLn(A)

En(A)
−→

SLn+1(A)

En+1(A)is inje
tive for n ≥ d+ 1. �L.N. Vaserstein in [35℄ 
onsidered the symple
ti
, orthogonal and the unitaryK1-fun
tors, and obtained stabilization theorems for them. In ([35℄, Theorem 3.3)he showed that:The natural map
ϕn,n+1 :

Sp2n(R)

ESp2n(R)
−→

Sp2n+2(R)

ESp2n+2(R)is an isomorphism for 2n ≥ 2d+ 4. Here d is the stable dimension of R. �R. Basu and R.A. Rao showed, in ([9℄, Theorem 1), the following:Let R be a non-singular a�ne algebra over a perfe
t C1-�eld of odd Krull dimen-sion d ≥ 2. Let σ ∈ Sp2n(R) and (I2 ⊥ σ) ∈ ESp2n+2(R). Then σ is homotopi
 toidentity, i.e, there exists ρ(X) ∈ Sp2n(R[X]) su
h that ρ(1) = σ and ρ(0) = Id. �And as a 
onsequen
e they showed (see [9℄, Theorem 2)If R is a non-singular a�ne algebra over a perfe
t C1-�eld of odd Krull dimension
d ≥ 2, then the natural map

ϕn,n+1 :
Sp2n(R)

ESp2n(R)
−→

Sp2n+2(R)

ESp2n+2(R)is an isomorphism for 2n ≥ d+ 1. �Using Theorem 2(b) we 
an reprove this result. Moreover we show the following:
10



Theorem 8: (see Theorem 7.1.15)Let R be a �nitely generated algebra of even Krull dimension d ≥ 4 over K, where
K = Z or F or F and 
har(K) 6= 2. (Here F is a �nite �eld and F is its algebrai

losure.) Let σ ∈ Spd(R) and (I2 ⊥ σ) ∈ ESpd+2(R). Then σ is (stably elementarysymple
ti
) homotopi
 to the identity. In fa
t, σ = ρ(1), and ρ(0) = Id, for some

ρ(X) ∈ Spd(R[X]) ∩ ESpd+2(R[X]).

�As a 
onsequen
e of the above result we show that:Theorem 9: (see Corollary 7.1.16)Let R be a �nitely generated non-singular algebra of even Krull dimension d ≥ 4over K, where K is either a �nite �eld or the algebrai
 
losure of a �nite �eldand 
har(K)6= 2. Let σ ∈ Spd(R) and (I2 ⊥ σ) ∈ ESpd+2(R). Then σ belongs to
ESpd(R). In parti
ular,

Sp2n(R)

ESp2n(R)
−→

Sp2n+2(R)

ESp2n+2(R)is inje
tive for 2n ≥ d. �We also show the following:Theorem 10: (see Theorem 7.2.7)Let R be a 
ommutative ring of dimension d. Let us assume R = 2R. Let (P 〈, 〉)be a symple
ti
 R-module with P �nitely generated proje
tive module of even rank
≥ max{2, d − 3}. Let Q = (R2 ⊥ P ), and Q̂ = (R2 ⊥ Q). Let σ ∈ Sp(Q, 〈, 〉), and
(I2 ⊥ σ) ∈ ETransSp(Q̂), 〈, 〉). Then σ is (stably elementary symple
ti
) homotopi
to the identity. In fa
t, σ = ρ(1), and ρ(0) = Id, for some

ρ(X) ∈ Sp(Q[X], 〈, 〉) ∩ ETransSp(Q̂[X], 〈, 〉).Here we assume that over the lo
al ring Rm, where m is a maximal ideal of
R, the alternating form 〈, 〉 
orresponds to the alternating matrix ϕm, where ϕm ≡

ψn (mod I). �The next theorem is a 
onsequen
e of the above theorem. This gives an improve-ment for Basu-Rao (see Theorem 7.1.8) estimate in the module 
ase over �nitely11



generated rings.Theorem 11: (see Corollary 7.2.9)Let R be a �nitely generated non-singular algebra of dimension d over K, where Kis either a �nite �eld or the algebrai
 
losure of a �nite �eld. Let us assume R = 2R.Let (P.〈, 〉) be a symple
ti
 R-module with P a �nitely generated proje
tive moduleof even rank ≥ max{2, d − 3}. Let Q = (R2 ⊥ P ), and Q̂ = (R2 ⊥ Q). Let σ ∈

Sp(Q, 〈, 〉) and (I2 ⊥ σ) ∈ ETransSp(Q̂, 〈, 〉). Then σ belongs to ETransSp(Q, 〈, 〉).Here we assume that over the lo
al ring Rm, where m is a maximal ideal of
R, the alternating form 〈, 〉 
orresponds to the alternating matrix ϕm, where ϕm ≡

ψn (mod I). �

12



Chapter 2PreliminariesIn this 
hapter we will re
all a few de�nitions, �x some notations, state few knownresults as well as state some preliminary results with their proofs, whi
h will be usedthroughout this thesis.2.1 De�nitions and NotationsDe�nition 2.1.1 An R-module M is said to be �nitely presented if there is anexa
t sequen
e
Rm −→ Rn −→M −→ 0,for suitable natural numbers n,m.De�nition 2.1.2 An R[X]-module M will be 
alled extended from R if it is iso-morphi
 to R[X] ⊗R N for some R-module N .De�nition 2.1.3 A row v = (v1, . . . , vn) ∈ Rn is said to be unimodular (of length

n) if there is a row ve
tor w = (w1, . . . , wn) from Rn su
h that
〈v, w〉 = v · wt = v1w1 + · · · + vnwn = 1.Umn(R) will denote the set of all unimodular rows v ∈ Rn.De�nition 2.1.4 Let I be an ideal of R. A row is said to be relative unimodularw.r.t. I if it is unimodular and 
ongruent to e1 = (1, 0, . . . , 0) modulo I.13



Umn(R, I) will denote the set of all relative unimodular rows w.r.t. I of length
n. If I = R, then Umn(R, I) is Umn(R).De�nition 2.1.5 Let P be a �nitely generated proje
tive R-module of rank n.An element v in P is said to be unimodular if for any maximal ideal m of R,we have vm ∈ Umn(Rm). The 
olle
tion of unimodular elements of P is denotedby Um(P ). Note that Um(P, IP ) denotes the 
olle
tion of elements from Um(P )su
h that vm ∈ Umn(Rm, Im). The set Um(P, IP ) is the 
olle
tion of all relativeunimodular elements w.r.t. an ideal I of R.De�nition 2.1.6 The set of all n×n invertible matri
es, whose entries 
ome froma ring R, is a group under matrix multipli
ation. This group is 
alled GeneralLinear group of size n. (This group is denoted by GLn(R).)Notation 2.1.7 The group GLn(R) of invertible matri
es a
ts on Rn in a naturalway: v −→ vσ, if v ∈ Rn, σ ∈ GLn(R). This map preserves Umn(R) (see Lemma2.2.2). So GLn(R) a
ts on Umn(R). Note that any subgroup G of GLn(R) also a
tson Umn(R). Let v, w ∈ Umn(R), we denote v ∼G w or v ∈ wG, if there is a g ∈ Gsu
h that v = wg.De�nition 2.1.8 Let R be a 
ommutative ring with 1. The set of all n × ninvertible matri
es, with determinant 1 is a group whi
h is 
alled Spe
ial Lineargroup. (This is a subgroup of GLn(R) and denoted by SLn(R).)De�nition 2.1.9 Let En(R) denote the subgroup of SLn(R) 
onsisting of all ele-mentary matri
es, i.e. those matri
es whi
h are a �nite produ
t of the (standard)elementary generators

Eij(λ) = In + eij(λ), 1 ≤ i 6= j ≤ n, λ ∈ R,where eij(λ) ∈ Mn(R) has at most one non-zero entry λ in its (i, j)-th position. Thegroup En(R) is 
alled Elementary Group.In the thesis, if α denotes an m× n matrix, then we let αt denote its transposematrix. This is of 
ourse an n × m matrix. However, we will mostly be workingwith square matri
es, or rows and 
olumns. Also in the sequel GLn(R, I) denotesthe kernel of the map GLn(R) −→ GLn(R/I) and SLn(R, I) denotes the kernel ofthe map SLn(R) −→ SLn(R/I). 14



De�nition 2.1.10 Let I be an ideal of R. The relative elementary group En(I)is the subgroup of En(R) generated as a group by the elements Eij(x), x ∈ I,
1 ≤ i 6= j ≤ n. The relative elementary group En(R, I) is the normal 
losure ofEn(I) in En(R).(Equivalently, En(R, I) denotes the smallest normal subgroup of En(R) 
ontain-ing the element E21(x), where x ∈ I. Also En(R, I) is generated as a group by theelements Eij(a)Eji(x)Eij(−a), with a ∈ R, x ∈ I, and 1 ≤ i 6= j ≤ n, provided
n ≥ 3 (see Lemma 2.2.29).)De�nition 2.1.11 E1

n(R, I) is the subgroup of En(R) generated by the elements
E1i(a), where a ∈ R, and Ei1(x), where x ∈ I, 2 ≤ i ≤ n.De�nition 2.1.12 Symple
ti
 Group Sp2n(R): The group of all invertible 2n×

2n matri
es
{α ∈ GL2n(R) | αtψnα = ψn},where ψn is the alternating matrix n∑

i=1

e2i−1,2i−
n∑
i=1

e2i,2i−1 (
orresponding to the stan-dard symple
ti
 form). By Sp2n(R, I) we denote the kernel of the map Sp2n(R) −→

Sp2n(R/I).Notation 2.1.13 Let σ denote the permutation of the natural numbers given by
σ(2i) = 2i− 1 and σ(2i− 1) = 2i.De�nition 2.1.14 We de�ne, for 1 ≤ i 6= j ≤ 2n, z ∈ R,

seij(z) =





12n + eij(z) if i = σ(j),
12n + eij(z) − (−1)i+jeσ(j)σ(i)(z) if i 6= σ(j) and i < j.It is easy to 
he
k that all these generators belong to Sp2n(R). We 
all themthe (standard) elementary symple
ti
 matri
es over R and the subgroup of Sp2n(R)generated by them is 
alled the Elementary Symple
ti
 group ESp2n(R).De�nition 2.1.15 Let I be an ideal of R. The relative elementary group

ESp2n(I) is a subgroup of ESp2n(R) generated as a group by the elements seij(x),
x ∈ I and 1 ≤ i 6= j ≤ 2n.The relative elementary group ESp2n(R, I) is the normal 
losure of ESp2n(I)in ESp2n(R). 15



(Equivalently, ESp2n(R, I) is the smallest normal subgroup of ESp2n(R) 
ontain-ing the element se21(x), where x ∈ I. Also ESp2n(R, I) is generated as a group bythe elements seij(a)seji(x)seij(−a), with a ∈ R, x ∈ I, 1 ≤ i 6= j ≤ 2n, provided
n ≥ 3 (see Lemma 2.2.29).)De�nition 2.1.16 ESp1

2n(R, I) is the subgroup of ESp2n(R) generated by the ele-ments se1i(a), where a ∈ R, and sei1(x), where x ∈ I, 2 ≤ i ≤ 2n.De�nition 2.1.17 Orthogonal Group O2n(R): The group of all invertible 2n×

2n matri
es
{α ∈ GL2n(R) | αtψ̃nα = ψ̃n},where ψ̃n is the symmetri
 matrix n∑

i=1

e2i−1,2i +
n∑
i=1

e2i,2i−1 (
orresponding to the stan-dard hyperboli
 form). By O2n(R, I) we denote the kernel of the map O2n(R) −→

O2n(R/I).De�nition 2.1.18 We de�ne for 1 ≤ i 6= j ≤ 2n, z ∈ R,
oeij(z) = 12n + eij(z) − eσ(j)σ(i)(z), if i 6= σ(j), and i < j.It is easy to 
he
k that all these matri
es belong to O2n(R). We 
all themthe (standard) elementary orthogonal matri
es over R and the subgroup of O2n(R)generated by them is 
alled the Elementary Orthogonal group EO2n(R).De�nition 2.1.19 Let I be an ideal of R. The relative elementary group

EO2n(I) is a subgroup of EO2n(R) generated as a group by the elements oeij(x),
x ∈ I and 1 ≤ i 6= j ≤ 2n. The relative elementary group EO2n(R, I) is thenormal 
losure of EO2n(I) in EO2n(R). (Equivalently, EO2n(R, I) is generated as agroup by oeij(a)oeji(x)oeij(−a), with a ∈ R, x ∈ I, i 6= j, provided n ≥ 3.)De�nition 2.1.20 EO1

2n(R, I) is the subgroup of EO2n(R) generated by the ele-ments oe1i(a), where a ∈ R, and oei1(x), where x ∈ I, 3 ≤ i ≤ 2n.Notation 2.1.21 We �x some notations.
• M(n,R) will denote the set of all n× n matri
es.
• G(n,R) will denote either the linear group GLn(R), the symple
ti
 group

Sp2m(R), or the orthogonal group O2m(R), for n = 2m.16



• Now onwards, E(n,R) will denote either of the elementary subgroups En(R),
ESp2m(R) or EO2m(R). The standard elementary generators of E(n,R) are denotedby geij(a), a ∈ R.

• Let I be an ideal in R. Let G(n,R, I) denote the relative linear groups
GLn(R, I), SLn(R, I), the relative symple
ti
 group Sp2m(R, I), or the relative or-thogonal group O2m(R, I).

• E(n, I) is a subgroup of E(n,R) generated as a group by the elements geij(x),where x ∈ I, and 1 ≤ i 6= j ≤ n.
• E(n,R, I) denotes the 
orresponding relative elementary subgroups En(R, I),

ESp2m(R, I), EO2m(R, I), respe
tively. These are the normal 
losures of the sub-groups E(n, I) in E(n,R), whi
h are also known to be generated by the elements
geij(a)geji(x)geij(−a), a ∈ R, x ∈ I, and 1 ≤ i 6= j ≤ n (see Lemma 2.2.29).

• E1(n,R, I) is a subgroup of E(n,R), generated by the elements ge1i(a), where
a ∈ R and gei1(x), where x ∈ I, 2 ≤ i ≤ n in the linear and symple
ti
 
ase, and
3 ≤ i ≤ n in the orthogonal 
ase.

• In the symple
ti
 
ase we set ṽ = vψm, where ψm is the standard symple
-ti
 form, and in the orthogonal 
ase we set ṽ = vψ̃m, where ψ̃m is the standardhyperboli
 form.
• Let α ∈ G(n,R) and β ∈ G(m,R), then by α ⊥ β we denote the matrix

(
α 0

0 β

)
∈ G(n+m,R).

• Let a, b be two elements of M(n,R). The symbol [a, b] represents the element
aba−1b−1 and known as 
ommutator of the elements a and b. Also we �x a notation
ab = aba−1.In this thesis we shall have theBlanket Assumption:1. n ≥ 3 in the linear 
ase and n = 2m with m ≥ 3 in the symple
ti
 
ase andin the orthogonal 
ase.Here we state few 
ommutator identities for the standard elementary generatorsof E(n,R).

17



• For En(R), when n ≥ 3:
[Eij(a), Ejk(b)] = Eik(ab) if i 6= k,

[Eij(a), Ekl(b)] = id if i 6= l, and j 6= k.

• For ESp2m(R), for m ≥ 3:
[seik(a), sekj(b)] = seij(ab) if i 6= j, σ(j),

[seik(a), sekσ(i)(b)] = seiσ(i)(2ab),

[se1j(a), se1l(b)] = id if l 6= σ(j),

[se1j(a), se1l(b)] = se12((−1)j+12ab) if l = σ(j), j 6= 2,

[sei1(a), sek1(b)] = id if k 6= σ(i),

[sei1(a), sek1(b)] = se21((−1)i2ab) if k = σ(i), i 6= 2.De�nition 2.1.22 A matrix from Mn(R) is said to be alternating if it has theform ν − νt, where ν ∈ Mn(R). It follows that its diagonal elements are zeros.2.2 Preliminary ResultsThe most useful property of the standard elementary generators of the 
lassi
allinear, symple
ti
 and orthogonal groups is the following linear property:Lemma 2.2.1 For all a, b ∈ R, geij(a+ b) = geij(a)geij(b).Proof: Follows by an easy veri�
ation. �Lemma 2.2.2 The natural a
tion of GLn(R) on Rn preserves Umn(R).Proof: Let v ∈ Umn(R) and let g ∈ GLn(R). We need to show vg is in Umn(R).Let w ∈ Rn be su
h that 〈v, w〉 = 1. Therefore 〈vg, w(g−1)t〉 = 1 and hen
e
vg ∈ Umn(R). �Lemma 2.2.3 Let α be in E(n,R). Then there exists α(X) ∈ E(n,R[X]) su
h that
α(1) = α, and α(0) = Id. 18



Proof: Let α =
∏r

k=1 geikjk(ak), where ak ∈ R. Let us de�ne
α(X) =

r∏

k=1

geikjk(akX).Clearly α(X) ∈ E(n,R[X]). Note that α(1) = α, and α(0) = Id. �Lemma 2.2.4 Let M be an R-module and let α(X), β(X) ∈ Aut(M [X]), with
α(0) = Id, β(0) = Id. Let a be a non-nilpotent element in R. Let α(X)a = β(X)ain Aut(Ma[X]). Then α(aNX) = β(aNX) in Aut(M [X]), for N ≫ 0.Proof: Using α(0) − β(0) = 0, we get α(X) − β(X) = Xγ(X), for some γ(X) ∈

Aut(M [X]). Also α(X)a− β(X)a = 0 in Aut(Ma[X]), i.e, (α(X)− β(X)
)
a

= 0, i.e,(
Xγ(X)

)
a

= 0. Hen
e aN(Xγ(X)
)

= 0, in Aut(M [X]), for some N ≫ 0. Therefore
α(aNX) − β(aNX) = aNXγ(aNX) = 0,in Aut(M [X]), for N ≫ 0. �Lemma 2.2.5 ([31℄, Lemma 1.3): Let v = (v1, . . . , vn) ∈ Umn(R) and let u =

(u1, . . . , un) ∈R
n be su
h that ∑n

i=1 viui = 1. Let ϕ : Rn → R be the map sending
ei 7→ vi where e1, . . . , en is the natural basis for Rn. Then, for w= (w1, . . . , wn)∈

ker(ϕ), w=
∑

i<j aij(vjei − viej), aij ∈ R.See ([14℄, Page 18, Lemma 4.6) or ([20℄, Proposition 5.1.1) for an alternativeproof. �Lemma 2.2.6 ([31℄, Corollary 1.2): Let n ≥ 3 and I be an ideal of R. Let v ∈ Rnand w ∈ In be su
h that 〈w, v〉 = 0. If wi = 0, for some 1 ≤ i ≤ n, then In + vTw ∈

En(R, I). �Lemma 2.2.7 (Suslin): (see [20℄, Corollary 5.1.3) Let n ≥ 3. Let v, w ∈ Rn besu
h that v ∈ Umn(R) and 〈w, v〉 = 0. Then In + vTw ∈ En(R). �Lemma 2.2.8 Let n ≥ 3 and I be an ideal of R. Let v ∈ Umn(R) and w ∈ In su
hthat 〈w, v〉 = 0. Then In + vtw ∈ En(R, I).19



Proof: Let v = (v1, . . . , vn) ∈ Rn, and w = (w1, . . . , wn) ∈ In. Let u ∈ Rn besu
h that ∑ viui = 1. Using Lemma 2.2.5 we get
w =

∑
wiei =

∑

i6=j

vj(wiuj − wjui)ei

=
∑

i<j

(wiuj − wjui)(vjei − viej)

=
∑

i<j

aij(vjei − viej),where aij ∈ I. Now
In + vtw = In +

∑

i<j

aijv
t(vjei − viej)

=
∏

i<j

(
In + aijv

t(vjei − viej)
)
.Ea
h term appeared in the above produ
t is in En(R, I) (see Lemma 2.2.6).Hen
e we established the 
laim. �Lemma 2.2.9 ([36℄, Lemma 8) Let R be an asso
iative ring with identity and let Ibe a two sided ideal in R. Then En(R, I) = [En(R),En(I)], for n ≥ 3. �Corollary 2.2.10 ([31℄, Corollary 1.4) For n ≥ 3, En(R, I) is a normal subgroupof GLn(R). �Lemma 2.2.11 ([29℄, Lemma 2.7(a)) Let R be an asso
iative ring with 1. Then

En(R) is generated by the matri
es of the form
(

1 v

0 I

) and ( 1 0

vt I

)
,where v ∈ R2n−1. �Remark 2.2.12 Note that if v = (v1, . . . , v2n−1) ∈ R2n−1, we have

(
1 v

0 I

)
=

2n∏

i=2

E1i(vi−1),20



(
1 0

vt I

)
=

2n∏

i=2

Ei1(vi−1),and hen
e En(R) is generated by the elements of the form E1i(a), Ei1(b), where
a, b ∈ R, and 2 ≤ i ≤ n.Lemma 2.2.13 ([29℄, Lemma 2.7(b)) Let R be an asso
iative ring with 1, I be anideal of R, and n ≥ 3 be a natural number. Then En(R, I

2) ⊆ En(I), where I2 is atwo sided ideal of R 
onsisting of sums of elements of the form ab where a, b ∈ I.Proof: Let β = Eij(z) ∈ En(I
2) and α = Ekl(z

′) ∈ En(R). We need to show
αβα−1 ∈ En(I). If (i, j) 6= (l, k), then the matrix αβα−1 splits in to produ
t ofelementary matri
es from En(I). If (i, j) = (l, k), we 
hoose r ≤ n di�erent from i, jand write z = a1b1 + · · ·+ asbs. Now we 
an write

β = Eij(z) =

s∏

t=1

[Eir(at), Erj(bt)],and
αβα−1 =

r∏

t=1

[αEir(at)α
−1, αEtj(bt)α

−1] ∈ En(I).Hen
e the lemma is proved. �Lemma 2.2.14 ([21℄, Lemma 2.5) (Whitehead's Lemma):
(
u 0

0 u−1

)
∈ E2(R),whenever u is a unit in R. Moreover

(
u 0

0 u−1

)
∈ E2(R, I),whenever u is unit in R and u ≡ 1 (mod I).
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Proof: To prove this lemma we need to 
onsider the following equation:
(
u 0

0 u−1

)
= E21(u

−1 − 1)E12(1)E21(u− 1)E12(−1)E12(1 − u−1),and hen
e the proof follows. �Lemma 2.2.15 Let (R,m) be a lo
al ring. Then for any v ∈ Umn(R), v ∈ e1En(R).Proof. Let v = (v1, . . . , vn) ∈ Umn(R). Sin
e R is a lo
al ring this for
esone of the vi to be unit in R. Therefore there exists E ∈ En(R) su
h that vE =

(0, . . . , 0, vi, 0, . . . , 0). Note that
(

0 1

−1 0

)
=

(
1 0

−1 0

)(
1 1

0 1

)(
1 0

−1 0

)
∈ E2(R),and hen
e there exists E ′ ∈ En(R) su
h that vEE ′ = (vi, 0, . . . , 0). Now

vEE ′



v−1
i 0 0

0 vi 0

0 0 In−2


 = (1, 0, . . . , 0),and hen
e using Lemma 2.2.14 we get, v ∈ e1En(R). �Lemma 2.2.16 Let (R,m) be a lo
al ring. Then for any v ∈ Um2n(R), v ∈

e1ESp2n(R).Proof: Let v = (v1, . . . , vn) ∈ Umn(R). Sin
e R is a lo
al ring this for
esone of the vi to be unit in R. Therefore there exists E ∈ ESp2n(R) su
h that
vE = (0, . . . , 0, vi, 0, . . . , 0). Namely we 
hoose

E = sei1(−v1v
−1
i ) . . . sei2n(−v1v

−1
2n )seiσ(i)(∗),for a suitable element ∗ ∈ R. Note that

(0, . . . , 0, vi, 0, . . . , 0)sei1(1)se1i(−1) = (vi, 0, . . . , 0).
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Now
vE sei1(1)se1i(−1)



v−1
i 0 0

0 vi 0

0 0 In−2


 = (1, 0, . . . , 0),and hen
e using Lemma 2.2.14 we get, v ∈ e1ESp2n(R). �Lemma 2.2.17 Let I be an ideal in R. Let v = (1 + x1, x2, . . . , x2n) ∈ Um2n(R, I).Let 1 + x1 be a unit in R. Then there exists

g ∈ ESp2n(R, I)
(
⊆ E2n(R, I)

)su
h that v = e1g.Proof: Sin
e 1 + x1 = u is a unit in the ring R, it is easy to show as in the proofof Lemma 2.2.16 that there exists g∗ ∈ ESp2n(R, I) su
h that vg∗ = (u, 0, . . . , 0).We have
(u, 0, . . . , 0) = e1



u 0 0

0 u−1 0

0 0 I2n−2


 ∈ e1ESp2n(R, I),by Lemma 2.2.14. Let us take

g = E21(u
−1 − 1)E12(1)E21(u− 1)E12(−1)E12(1 − u−1)(g∗)−1.Clearly g ∈ ESp2n(R, I) and v = e1g. �Corollary 2.2.18 Let (R,m) be a lo
al ring and I be a ideal of R. Let v ∈

Umn(R, I), then v ∈ e1En(R, I).Corollary 2.2.19 Let (R,m) be a lo
al ring and I be a ideal of R. Let v ∈

Um2n(R, I), then v ∈ e1ESp2n(R, I).Lemma 2.2.20 Let I be an ideal of R and let ε ∈ E(n,R/Ik, I/Ik), for somepositive integer k > 1. Then there exists ε0 ∈ E(n,R, I) (depending on k) su
h that
ε0 = ε. Here `bar' means redu
tion modulo Ik.23



Proof: Let ε =
∏r

k=1 geikjk(ak)gejkik(xk)geikjk(−ak), where ak ∈ R and xk ∈ I,for 1 ≤ k ≤ r (see Lemma 2.2.29). Let us set
ε0 =

r∏

k=1

geikjk(ak)gejkik(xk)geikjk(−ak) ∈ E(n,R, I).Clearly ε0 = ε. �Lemma 2.2.21 Let I be an ideal of R and v ∈ Um2n(R, I). Then there exists
εk ∈ ESp2n(R, I) su
h that vεk ∈ Um2n(R, I

k), for any positive integer k.Proof: Let v = (1 + i1, i2, . . . , i2n) and let
v = (1 + i1, i2, . . . , i2n) ∈ Um2n(R/I

k, I/Ik).Here `bar' means redu
tion modulo Ik. As i1 is nilpotent in R/Ik, 1 + i1 isa unit in R/Ik. By Lemma 2.2.17, there exists ε ∈ ESp2n(R/I
k, I/Ik) su
h that

vε = (1, 0, . . . , 0) in (R/Ik)2n. Using Lemma 2.2.20 we get a εk ∈ ESp2n(R, I) su
hthat εk = ε and vεk = (1, 0, . . . , 0) in (R/Ik)2n. So vεk = (1+x1, x2, . . . , x2n), where
x1, . . . , x2n ∈ Ik. �Lemma 2.2.22 ([16℄, Lemma 1.5) Let n ≥ 2, and I be an ideal of R. Let a ∈ I, v ∈

R2n, or a ∈ R, v ∈ I2n. Then I2n + avtṽ ∈ ESp2n(R, I). �Lemma 2.2.23 ([16℄, Lemma 1.10) Let n ≥ 2, and I be an ideal of R. Let v ∈ I2n,and w ∈ Um2n(R) be su
h that ṽwt = 0. Then I2n + vtw̃ + wtṽ ∈ ESp2n(R, I). �Lemma 2.2.24 ([16℄, Lemma 1.11) When n ≥ 2, ESp2n(R, I) is a normal subgroupof Sp2n(R). �The following Lemma is proved in a similar way as Lemma 2.2.13. We in
ludethe proof for 
ompleteness.Lemma 2.2.25 Let I be an ideal of R. Assume that R = 2R. Then ESp2n(R, I
2)is a subset of ESp2n(I), for n ≥ 3.
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Proof: Let z∗ =
∑
atbt with at, bt ∈ I. Let β = seij(z

∗) ∈ ESp2n(I
2) and

α = sekl(z) ∈ ESp2n(R), for some z ∈ R. It su�
es to show that αβα−1 ∈ ESp2n(I).If (i, j) 6= (l, k) and (i, j) 6= (σ(k), σ(l)), then the matrix αβα−1 splits into a produ
tof elementary matri
es from ESp2n(I).When (i, j) = (l, k) or (i, j) = (σ(k), σ(l)) we need to 
onsider the following two
ases:Case (1): In this 
ase i 6= σ(j). We 
an 
hoose r ≤ 2n di�erent from i, j, σ(i), σ(j).Now,
β = seij(z

∗) =
∏

t

[seir(at), serj(bt)]and hen
e
αβα−1 =

∏

t

[αseir(at)α
−1, αserj(bt)α

−1] ∈ ESp2n(I).Case (2): In this 
ase i = σ(j). We 
an 
hoose r ≤ 2n di�erent from i and σ(i).We have
β = seiσ(i)(z

∗) =
∏

t

[seir(at/2), serσ(i)(bt)],and hen
e
αβα−1 =

∏

t

[αseir(at/2)α−1, αserσ(i)(bt)α
−1] ∈ ESp2n(I).Therefore the 
laim is established. �Remark 2.2.26 The 
al
ulation in Case 1 in the above proof says that we need to
hoose an integer r, whi
h is di�erent from i, j, σ(i), σ(j), and hen
e these matri
esshould have size at least 5. But these matri
es are of even size. Therefore we needto assume n ≥ 3, where 2n is the size of the group ESp2n(R).Lemma 2.2.27 Let α(X) ∈ E(n,R[X]) and α(0) = Id. Then,

α(X) =

r∏

k=1

γk geikjk(Xhk(X)) γ−1
k ,where γk ∈ E(n,R). 25



Proof: Let α(X) =
∏r

k=1 geikjk(fk(X)), where fk(X) = fk(0) + Xhk(X), forsome hk(X) ∈ R[X]. Therefore we have
α(X) =

r∏

k=1

geikjk(fk(0))geikjk(Xhk(X))

=

r∏

k=1

γkgeikjk(Xhk(X))γ−1
k ,where γl =

∏l

k=1 geikjk(fl(0)). �Lemma 2.2.28 ([8℄, Corollary 3.9): If ε = ε1ε2 . . . εr, where ea
h εj is a (standard)elementary generator, then
εgepq(X

2rmY )ε−1 =

k∏

t=1

geptqt(X
mht(X, Y )),for ht(X, Y ) ∈ R[X, Y ]. �Following lemma is due to L.N. Vaserstein. However our proof imitates W. vander Kallen's proof in the linear 
ase (see [15℄, Lemma 2.2).Lemma 2.2.29 ([29℄, �2): Let n ≥ 3 in the linear 
ase and n ≥ 6 in the symple
ti

ase. Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R.Let E(n,R, I) be the smallest normal subgroup of E(n,R) 
ontaining the elements

ge21(x), x ∈ I. Then E(n,R, I) is generated by the elements geij(a)geji(x)geij(−a),where a ∈ R, x ∈ I, and 1 ≤ i 6= j ≤ n.Proof: Let G1 denote the smallest normal subgroup of E(n,R) 
ontaining theelements ge21(x), with x ∈ I and G2 denote the subgroup whi
h is generated by theelements geij(a)geji(x)geij(−a), with a ∈ R, x ∈ I, and 1 ≤ i 6= j ≤ n. Let us setthe following notation:
Sij = {geij(a)geji(x)geij(−a) : a ∈ R, x ∈ I, 1 ≤ i 6= j ≤ n}.Note that G2 = 〈Sij : i 6= j〉, subgroup of E(n,R) generated by all possible

Sij , i 6= j. Clearly S12 ⊆ G1. Let us 
onsider an element from S1j , j 6= 1, 2, of the
26



form ge1j(a)gej1(x)ge1j(−a). Now
ge1j(a)gej1(x)ge1j(−a) = ge1j(a)[gej2(1), ge21(x)]

= [ge1j(a)gej2(1),ge1j(a) ge21(x)]

= [α1, α2]

= α1α2α
−1
1 α−1

2 ,where α1 =ge1j(a) gej2(1) and α2 =ge1j(a) ge21(x). Clearly α2 ∈ G1, and hen
e
α1α2α

−1
1 ∈ G1, as G1 is a normal subgroup of E(n,R). Therefore S1j ⊆ G1, for

2 < j ≤ n.Let us now 
onsider an element geij(a)geji(x)gej(−a) ∈ Sij, and i, j 6= 1. Notethat
geij(a)geji(x)gej(−a) = geij(a)[gej1(∗), ge1i(1)]

= [geij(a)gej1(∗),
geij(a) ge1i(1)]

= [β1, β2] = β1β2β
−1
1 β−1

2 ,where ∗ is an element of the ideal I, β1 =geij(a) gej1(∗) and β2 =geij(a) ge1i(1).Clearly β1 ∈ G1 and hen
e β2β
−1
1 β−1

2 ∈ G1, as G1 is a normal subgroup of E(n,R).Therefore Sij ⊆ G1, for i, j 6= 1.Here we 
onsider an element of the form gei1(a)ge1i(x)gei1(−a) from Si1 for i ≥ 2.Now
gei1(a)ge1i(x)gei1(−a) = gei1(a)[ge1j(1), geji(∗)]

= [gei1(a)ge1j(1),gei1(a) geji(∗)]

= [γ1, γ2]

= γ1γ2γ
−1
1 γ−1

2 ,where ∗ is an element of the ideal I, γ1 =gei1(a) ge1j(1) and γ2 =gei1(a) geji(∗).Note that γ2 ∈ G1 and hen
e γ1γ2γ
−1
1 ∈ G1, as G1 is a normal subgroup of E(n,R).Therefore Si1 ⊆ G1, for i ≥ 2. All the above set in
lusions give us 〈Sij : i 6= j〉 ⊆ G1,i.e, G2 ⊆ G1.
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Note that ge21(x) ∈ G2. For showing the other in
lusion we need to show G2 isa normal subgroup of E(n,R), i.e, we need to show
hgeij(a)geji(x)geij(−a)h

−1 ∈ G2,for h ∈ E(n,R). It su�
es to show hgeij(a)geji(x)geij(−a)h
−1 ∈ G2, for standardelementary generator h of the group E(n,R). Exploiting 
ommutator identities weget this in
lusion and hen
e we have G1 = G2. �Lemma 2.2.30 (see [15℄, Lemma 2.2) Let n ≥ 3 in the linear 
ase and n ≥ 6 in thesymple
ti
 
ase. Let R be a 
ommutative ring with R = 2R, and let I be an ideal of

R. Then the following sequen
e is exa
t
1 −→ E(n,R, I) −→ E1(n,R, I) −→ E1(n,R/I, 0) −→ 1.Thus E(n,R, I) equals E1(n,R, I) ∩ G(n,R, I).Proof: Let f : E1(n,R, I) −→ E1(n,R/I, 0). Note that

ker(f) ⊆ E1(n,R, I) ∩ G(n,R, I).LetM =
∏
gej1(xj)ge1i(ai) ∈ E1(n,R, I)∩G(n,R, I). Note thatM ∈ G(n,R, I)implies

M̄ =
∏

gej1(0)ge1i(āi)

=
∏

ge1i(āi) = In,i.e, M ∈ ker(f). Therefore ker(f) = E1(n,R, I) ∩ G(n,R, I).Now we shall prove that ker(f) = E(n,R, I). Let
E =

r∏

k=1

gejk1(xk)ge1ik(ak) ∈ ker(f).Note that E 
an be written as gej11(x1)
∏r

k=2 γkgejk1(xk)γ
−1
k , where γl is equal to∏l−1

k=1 ge1ik(ak) ∈ E(n,R), and hen
e ker(f) ⊆ E(n,R, I). To establish the reversein
lusion we need to show E(n,R, I) ⊆ E1(n,R, I). It su�
es to show E1(n,R, I)
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ontains the set
Sij = {geij(a)geji(x)geij(−a) : a ∈ R, x ∈ I},for all i, j, with i 6= j. First we state the following identities

[gh, k] =
(
g[h, k]

)
[g, k], (2.1)

[g, hk] = [g, h]
(
h[g, k]

)
, (2.2)

g[h, k] = [gh, gk], (2.3)where gh denotes ghg−1 and [g, h] = ghg−1h−1. In the following 
omputation weshow that E1(n,R, I) 
ontains Sij, if it 
ontains Sik and Sjk. We write ∗ for someelement of I and of E1(n,R, I). Now
geij(a)geji(x) = geij(a)[gejk(1), geki(∗)]

= [geij(a)gejk(1),geij(a) geki(∗)]

= [geik(a)gejk(1), geki(∗)gekj(∗)]

= geik(a)[gejk(1), geki(∗)gekj(∗)][geik(a), geki(∗)gekj(∗)]

= geik(a)geji(∗)
(geik(a)geki(∗)[gejk(1), gekj(∗)]

)

[geik(a), geki(∗)]gekj(∗)geij(∗)

= (∗)geik(a)
(
geki(∗)geji(∗)[gejk(1), gekj(∗)]

)

[geik(a), geki(∗)](∗)

= (∗)[geik(a), geki(∗)](∗)[gejk(1), gekj(∗)](∗)

[geik(a), geki(∗)](∗),whi
h lies in the group generated by E1(n,R, I), Sik and Sjk. Similarly, if E1(n,R, I)
ontains Ski and Skj then it 
ontains Sji. Note that E1(n,R, I) 
ontains S12, S13and hen
e it 
ontains S23, S32, S21, S31, and so on. �Remark 2.2.31 In the above two lemmas (Lemma 2.2.29 and Lemma 2.2.30) werequire the assumption R = 2R when we prove the result for elementary symple
ti
group, i.e, E(n,R, I) = ESpn(R, I). We do not require this assumption for theelementary linear group.The following lemma is due to L.N. Vaserstein. We in
lude the proof for 
om-pleteness. 29



Lemma 2.2.32 ([29℄, Lemma 5.4) Let n ≥ 2 be a natural number and ϕ be analternating matrix from GL2n(R). Then for any v from R2n−1 there exists α, β in
E2n−1(R) su
h that

(
1 0

αvt α

)
,

(
1 v

0 β

)

belong to E2n(R) ∩ Spϕ(R), where Spϕ(R) denotes the isotropy group of ϕ, i.e,
Spϕ(R) = {α ∈ SL2n(R) | αtϕα = ϕ}.Proof: We write
ϕ =

(
0 −c

ct ν

)
, ϕ−1 =

(
0 d

−dt µ

)
,where c, d ∈ R2n−1. From the equality ϕϕ−1 = 1 we see that cdt = 1, νdt = 0,

cµ = 0 and dtc + µν = I2n−1. Let
α = α(ϕ, v) = I2n−1 + dtvν,

β = β(ϕ, v) = I2n−1 − µvtc.Noti
e that α ∈ E2n−1(R) sin
e vν · dt = 0 and d ∈ Um2n−1(R). Similarly
β ∈ E2n−1(R) sin
e c · µvt = 0 and c ∈ Um2n−1(R) (see Lemma 2.2.7). We have

Lϕ(v) :=

(
1 0

αvt α

)
=

(
1 0

0 α

)(
1 0

vt In−1

)
,

Rϕ(v) :=

(
1 v

0 β

)
=

(
1 0

0 β

)(
1 v

0 In−1

)
.Now (1 ⊥ α), (1 ⊥ β) ∈ En(R) and

(
1 0

vt In−1

)
,

(
1 v

0 In−1

)
∈ En(R)
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in view of Lemma 2.2.11. And hen
e Lϕ(v), Rϕ(v) ∈ En(R). The in
lusions
(

1 0

αvt α

)
,

(
1 v

0 β

)
∈ Spϕ(R)are veri�ed immediately. �Lemma 2.2.33 Let n ≥ 2 and ε ∈ E2n(R). Then there exists ρ ∈ E2n−1(R) su
hthat (1 ⊥ ρ)ε ∈ ESp2n(R).Proof: Let ε = εr . . . ε1, where ea
h εi is of the form

(
1 v

0 I

) and ( 1 0

vt I

)
,where v = (a1, . . . , a2n−1) ∈ R2n−1 (see Lemma 2.2.11). We prove the result usingindu
tion on r. If r = 0 there is nothing to prove. Let r ≥ 1. Let us assume theresult is true for r − 1, i.e, when ε = εr−1 . . . ε1, then there exists a δ ∈ E2n−1(R)su
h that (1 ⊥ δ)ε ∈ ESp2n(R). Now we prove the result when number of generatorof ε is r. Now,

Lψn
(v) :=

(
1 0

0 α

)(
1 0

vt I2n−1

)
=

2n∏

i=2

sei1(ai−1),

Rψn
(v) :=

(
1 0

0 β

)(
1 v

0 I2n−1

)
=

2n∏

i=2

se1i(ai−1).Note that α = α(ψn, v), β = β(ψn, v) ∈ E2n−1(R). Let us set γ equal to either αor β depending on the form of ε1. Now,
(

1 0

0 γ

)
ε1 ∈ ESp2n(R),and ea
h

βi =

(
1 0

0 γ

)
εi

(
1 0

0 γ−1

)

31



is of the form
(

1 v

0 I

) or ( 1 0

vt I

)
.Now we have

ε =

(
1 0

0 γ−1

)
βr . . . β2

(
1 0

0 γ

)
ε1.By indu
tion hypothesis (1 ⊥ δ)βr . . . β2 ∈ ESp2n(R), for some δ ∈ E2n−1(R).Hen
e (1 ⊥ ρ)ε ∈ ESp2n(R), where ρ = δ−1γ ∈ E2n−1(R). �Lemma 2.2.34 ([29℄, Lemma 5.5) For any natural number n ≥ 2 and any alter-nating matrix ϕ from GL2n(R), e1(E2n(R)) = e1(E2n(R) ∩ Spϕ(R)). �We will only use Lemma 2.2.34 in the spe
ial 
ase when ϕ = ψn. In this spe
ial
ase the proof is mu
h easier to establish. In this 
ase following L.N. Vaserstein'sproof one 
an show thatLemma 2.2.35 For any natural number n ≥ 2, e1E2n(R) = e1ESp2n(R).Proof: One way in
lusion is obvious. To show e1E2n(R) ⊆ e1ESp2n(R) let us
hoose v ∈ e1E2n(R) su
h that v = e1εr . . . ε1, where εr . . . ε1 ∈ E2n(R) and ea
h εiis of the form

(
1 vi

0 I2n−1

) or ( 1 0

vti I2n−1

)
,where vi ∈ R2n−1(see Lemma 2.2.11). By indu
tion on r we will show that v ∈

e1ESp2n(R). If r = 0 we have nothing to prove. Let r ≥ 1. Let us assume theresult is true for r−1, i.e, e1εr−1 . . . ε1 ∈ e1ESp2n(R). Now we prove the result when
v = e1εr . . . ε1. By Lemma 2.2.33, we get γ in E2n−1(R) su
h that

(
1 0

0 γ

)
ε1 ∈ ESp2n(R),and

v = e1βr . . . β2

(
1 0

0 γ

)
ε1,32



where ea
h
βi =

(
1 0

0 γ

)
εi

(
1 0

0 γ−1

)
.Note that ea
h βi is of the form

(
1 v

0 I2n−1

) or (1 0

v I2n−1

)
.By indu
tion hypothesis we have e1βr . . . β2 ∈ e1ESp2n(R) and hen
e v is in

e1ESp2n(R). �Lemma 2.2.36 Let n ≥ 2 and let I be an ideal of R. Let ε ∈ E1
2n(R, I). Thenthere exists a ρ su
h that ρt ∈ E1

2n−1(R, I) and (1 ⊥ ρ)ε ∈ ESp1
2n(R, I).Proof: Let ε = εr . . . ε1, where ea
h εi is of the form

(
1 v

0 I2n−1

) or ( 1 0

wt I2n−1

)
,where v = (a1, . . . , a2n−1) ∈ R2n−1, and w = (b1, . . . , b2n−1) ∈ I2n−1 (see Lemma2.2.11). We prove the result using indu
tion on r. If r = 0 there is nothing to prove.Let r ≥ 1. Let us assume the result is true for r − 1, i.e, when ε = εr−1 . . . ε1, thenthere exists a δ su
h that δt ∈ E1

2n−1(R, I) and (1 ⊥ δ)ε ∈ ESp1
2n(R, I). Now weprove the result when number of generators of ε is r. Let

α = α(ψn, w) = I2n−1 + (−e1)
tw

(
0 0

0 ψn−1

)

= E12(b3)E13(−b2) . . . E12n−1(−b2n−2),and
β = β(ψn, v) = I2n−1 −

(
0 0

0 ψtn−1

)
vt(−e1)

= E21(a3)E31(−a2) . . . E2n−11(−a2n−2).
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Note that αt, βt ∈ E1
2n−1(R, I). Also note that

(
1 0

0 α

)(
1 0

wt I

)
=

2n∏

i=2

sei1(bi−1) ∈ ESp1
2n(R, I),

(
1 0

0 β

)(
1 v

0 I

)
=

2n∏

i=2

se1i(ai−1) ∈ ESp1
2n(R, I).We 
an set γ to be α or β depending on the form of ε1 su
h that γt ∈ E1

2n−1(R, I)and
(

1 0

0 γ

)
ε1 ∈ ESp1

2n(R, I)Therefore we have,
ε =

(
1 0

0 γ−1

)
βr . . . β2

(
1 0

0 γ

)
ε1,where ea
h

βi =

(
1 0

0 γ

)
εi

(
1 0

0 γ−1

)
∈ E1

2n(R, I).By indu
tion hypothesis there exists δ su
h that δt ∈ E1
2n−1(R, I) and (1 ⊥

δ)βr . . . β2 ∈ ESp1
2n(R, I). Let us set ρ = δ−1γ. Clearly ρt ∈ E1

2n−1(R, I) and
(1 ⊥ ρ)ε ∈ ESp1

2n(R, I). �Lemma 2.2.37 Let n ≥ 2 and let I be an ideal of R. Let ε ∈ E2n(R, I), n ≥ 2.Then there exists ρ ∈ E2n−1(R, I) su
h that (1 ⊥ ρ)ε ∈ ESp2n(R, I).Proof: We have ε ∈ En(R, I) = E1
2n(R, I) ∩ GL2n(R, I) (see Lemma 2.2.30).Using Lemma 2.2.36 we get a ρ su
h that ρt ∈ E1

2n−1(R, I) and (1 ⊥ ρ)ε = α, where
α ∈ ESp1

2n(R, I). We have,
ε̄ = (1 ⊥ ρ̄)−1ᾱ

=




1 0 0

0 1 0

0 ∗1 I2n−2







1 ∗2 ∗3

0 1 0

0 ∗̃3 I2n−2




= I2n (mod I).34



Here `bar' means redu
tion modulo I. Comparing the entries we get, ∗1, ∗2, ∗3are zero modulo I. Hen
e ρ ∈ GL2n−1(R, I) and α ∈ Sp2n(R, I). We get, via Lemma2.2.30,
α ∈ ESp1

2n(R, I) ∩ Sp2n(R, I) = ESp2n(R, I),

ρt ∈ E1
2n−1(R, I) ∩ GL2n−1(R, I) = E2n−1(R, I).and hen
e ρ ∈ E2n−1(R, I). Therefore

(1 ⊥ ρ)ε = α ∈ ESp2n(R, I).

�We use this to prove the next Lemma, whi
h is a relative version of a spe
ial
ase of an (as yet) unpublished result of R.A. Rao and R.G. Swan.Corollary 2.2.38 (Rao-Swan): Let n ≥ 2 and ε ∈ E2n(R, I). Then
εtψnε = (1 ⊥ ε0)

tψn(1 ⊥ ε0),for some ε0 ∈ E2n−1(R, I).Proof: Note that ε−1 ∈ E2n(R, I). Using Lemma 2.2.37 we get ε0 ∈ E2n−1(R, I)su
h that (1 ⊥ ε0)ε
−1 ∈ ESp2n(R, I), and hen
e

ε−1t(1 ⊥ ε0)
t ψn (1 ⊥ ε0)ε

−1 = ψn.Therefore we have
εtψnε = εt {ε−1t(1 ⊥ ε0)

t} ψn {(1 ⊥ ε0)ε
−1} ε

= (1 ⊥ ε0)
tψn(1 ⊥ ε0).

�
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Chapter 3Quillen's Lo
al-Global Prin
ipleWe begin this 
hapter with D. Quillen's famous Lo
al-Global prin
iple (see Theorem3.1.2). Quillen proved it using his Splitting lemma (see Lemma 3.1.1) for invertibleelements in the �bre of X = 0. Before stating the Splitting Lemma, let us �x anotation.Let (1+XR[X])∗ denotes the group of invertible elements in the polynomial ring
R[X] whi
h are 
ongruent to 1 modulo X.3.1 Splitting Lemma and Related ResultsLemma 3.1.1 Quillen's Splitting Lemma: ([24℄, Lemma 1)Let A be an algebra over R, let f ∈ R, and let θ ∈ (1 + XAf [X])∗. Then thereexists an integer k ≥ 0 su
h that for any g1, g2 ∈ R, with g1 − g2 ∈ fkR, there exists
ψ(X) ∈ (1 +XA[X])∗ su
h that ψ(X)f = θ(g1X)θ(g2X)−1. �Theorem 3.1.2 Quillen's Lo
al-Global Prin
iple: ([24℄, Theorem 1)Let M be a �nitely presented module over R[X]. If Mm is extended Rm[X]-modulefor ea
h maximal ideal m of R, then M is extended from R. �In [31℄ A. Suslin stated and proved an analogue for the elementary matri
es ofthe above theorem of Quillen. Suslin's proof was inspired by the ideas in the proofof Quillen. To prove his Lo
al-Global result Suslin �rst proved a lemma, whi
h issimilar to the above Splitting lemma, for elementary matri
es. Here we state thelemma as well as Suslin's elementary matri
es analogue of Quillen's Lo
al-Globalprin
iple. 36



Lemma 3.1.3 Splitting Lemma for Elementary Matri
es: ([31℄, Lemma 3.4)Let α(X) ∈ GLn(R[X]), and let α(0) = Id, n ≥ 3. Let a ∈ R be non-nilpotent andalso assume α(X)a ∈ En(Ra[X]). Then there exists a natural number m su
h that
α(cX)α(dX)−1 ∈ En(R[X]) for c ≡ d (mod am). �Theorem 3.1.4 Lo
al-Global Prin
iple for ElementaryMatri
es: ([31℄, The-orem 3.1)Let α(X)is in GLn(R[X]), with α(0) = Id, n ≥ 3. Then α(X) lies in En(R[X])if and only if for ea
h maximal ideal m of R the 
anoni
al image of α(X) in
GLn(Rm[X]) lies in En(Rm[X]). �After Suslin, in [16℄ V.I. Kope�iko stated and proved an elementary symple
-ti
 matri
es analogue of Quillen's Lo
al-Global prin
iple. Here we state Kope�iko'sresult.Theorem 3.1.5 Lo
al-Global Prin
iple for Elementary Symple
ti
 Matri-
es: ([16℄, Theorem 3.6)Let α(X) ∈ Sp2n(R[X]), with α(0) = Id, n ≥ 2. Then α(X) ∈ ESp2n(R[X]) if andonly if for any maximal ideal m of R, the 
anoni
al image of α(X) in Sp2n(Rm[X])lies in ESp2n(Rm[X]). �Now we talk about the a
tion version of Quillen's Lo
al Global Prin
iple dueto L.N. Vaserstein.In a letter to H. Bass, L.N. Vaserstein gave a short proof of an �a
tion version�of Quillen's well known Lo
al Global Prin
iple (see Theorem 3.1.6),Theorem 3.1.6 (L.N. Vaserstein) ([18℄, Chapter 3, Theorem 2.5)Let n ≥ 3 and v(X) ∈ Umn(R[X]). If v(X) ∈ v(0)GLn(Rm[X]), for all maximalideals m of R, then v(X) ∈ v(0)GLnR([X]). �R.A. Rao proved similar result as above for the elementary linear group.Theorem 3.1.7 (R.A. Rao) ([25℄, Theorem 2.3)Let v(X) ∈ Umn(R[X]), n ≥ 3. Suppose for all maximal ideals m in R, v(X) ∈

v(0)En(Rm[X]). Then v(X) ∈ v(0)En(R[X]). �
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3.2 Lo
al Global Prin
ipleWe prove a relative (w.r.t. an extended ideal) elementary (linear, symple
ti
) a
tionversion of Theorem 3.1.7 below. We �rst state and prove the essential steps of L.N.Vaserstein's Lo
al Global prin
iple for a
tion on Umn(R[X]), and a few preliminarylemmas.Note that in this and the next se
tion we establish results for elemen-tary linear and elementary symple
ti
 groups, but not for elementaryorthogonal group (though the results are also true in this 
ase, as shownin [1℄).Lemma 3.2.1 Let n ≥ 3. Let I be an ideal of R and S be a multipli
atively 
losedset in R. Let α(X) ∈ E(n, IS[X]), with α(0) = Id. Then there exists α∗(X) ∈

E(n,R[X], I[X]) su
h that α∗(X) lo
alises to α(sX), for some s ∈ S, with α∗(0) =

Id.Proof: Sin
e there are only �nitely many denominators involved, there exists
t ∈ S su
h that α(X) ∈ E(n, It[X]). Let

α(X) =

r∏

k=1

geikjk(hk(X)),where hk(X) = hk(0) + Xf̃k(X). Given that α(0) = Id. Using Lemma 2.2.27 weget,
α(X) =

r∏

k=1

γk geikjk(Xfk(X)/ts) γ−1
k ,where γl =

∏l
k=1 geikjk(hk(0)) ∈ E(n, It) and fk(X) ∈ I[X].Case (A): Linear 
ase, i.e, when E(n, I[X]) = En(I[X]).Let vtik be the ik-th 
olumn of γk and wjk be the jk-th row of γ−1

k . Therefore,
α(X) =

r∏

k=1

(
In +Xfk(X)/tsvtikwjk

)
.
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Here vik , wjk ∈ Rn
t . Let us set vik = (1/ts)v∗ik , wjk = (1/ts)w∗

jk
, for some s ≥ 0,with v∗ik , w∗

jk
∈ Rn. We 
an write,

α(X) =

r∏

k=1

(
In +Xfk(X)/t3s(v∗ik)

tw∗
jk

)
.Let us take N = 3s and de�ne,

α∗(X) =
r∏

k=1

(
In +Xfk(t

NX)(v∗ik)
tw∗

jk
)
)
.Clearly α∗(X) ∈ En(R[X], I[X]), as fk(tNX) ∈ I[X] (see Lemma 2.2.8), andlo
alises to α(tNX).Case (B): Symple
ti
 
ase, i.e, when E(n, I[X]) = ESp2m(I[X]).Let σ be the permutation de�ned before De�nition 2.1.14. For any row ve
tor

v we de�ne ṽ = vψn. Let vtik and vtσ(jk) be the ik-th and σ(jk)-th 
olumns of γkrespe
tively. Then ṽik and ṽσ(jk) are the σ(ik)-th and jk-th rows of γ−1
k respe
tively.If ik = σ(jk) then,

γkseikjk(Xfk(X)/ts)γ−1
k = I2m + (Xfk(X)/ts)vtik ṽik ∈ ESp2m(It[X]).If ik 6= σ(jk) and ik < jk then, γkseikjk(Xfk(X)/ts)γ−1

k

= I2m + (Xfk(X)/ts)vtσ(jk)ṽik + (Xfk(X)/ts)vtik ṽσ(jk) ∈ ESp2m(It[X]).If v ∈ R2m
t , then v = (1/ts)v∗, for some s ≥ 0, with v∗ ∈ R2m. Let us de�ne,

ak =




I2m + (Xfk(X)/t3s)v∗tik ṽ

∗
ik
, if ik = σ(jk),

I2m, otherwise.
bk =





I2m + (Xfk(X)/t3s)v∗tσ(jk)ṽ
∗
ik

+

(Xfk(X)/t3s)v∗tik ṽ
∗
σ(jk), if ik 6= σ(jk), ik < jk,

I2m, otherwise.Note that α(X) =

r∏

k=1

akbk. Let us take N = 3s and de�ne,
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ãk =




I2m + (Xfk(t

NX))v∗tik ṽ
∗
ik
, if ik = σ(jk),

I2m, otherwise.
b̃k =





I2m + (Xfk(t
NX))v∗tσ(jk)ṽ

∗
ik

+

(Xfk(t
NX))v∗tik ṽ

∗
σ(jk), if ik 6= σ(jk), ik < jk,

I2m, otherwise.De�ne
α∗(X) =

r∏

k=1

ãk b̃k.It is easy to see α∗(X) ∈ ESp2m(R[X], I[X]), as fk(tNX) ∈ I[X] (see Lemma2.2.22 and Lemma 2.2.23). α∗(X) lo
alises to α(tNX). �The following argument of L.N. Vaserstein is standard (see [18℄, Chapter III, Propo-sition 2.3):Lemma 3.2.2 Let n ≥ 3. Let I be an ideal of R and S be a multipli
atively 
losedset in R. Let v(X) ∈ Umn(R[X]) and let v(X) ∈ v(0)E(n, IS[X]). Then there is an
s in S su
h that for any a in R,

v(X + asT ) ∈ v(X)E(n,R[X, T ], I[X, T ]).Proof: Let α(X) ∈ E(n, IS[X]) su
h that v(X)α(X) = v(0). Let
β(X, T ) = α(X + T )α(X)−1 ∈ E(n, IS[X, T ]).Then
v(X + T )β(X, T ) = v(X + T )α(X + T )α(X)−1

= v(0)α(X)−1

= v(X) in RS[X, T ]2n.Sin
e β(X, 0) = Id, we 
an �nd β∗(X, T ) ∈ E(n,R[X, T ], I[X, T ]) whi
h lo
alisesto β(X, sT ) for some s ∈ S with β∗(X, 0) = Id (see Lemma 3.2.1). Then in R[X, T ]nwe have,
v(X + sT )β∗(X, T ) − v(X) = Tw(X, T ),40



for some w(X, T ) whi
h lo
alises to 0. Thus for some s∗ ∈ S, and for all a ∈ R, weget,
v(X + ass∗T )β∗(X, as∗T ) − v(X) = Tas∗w(X, as∗T ) = 0.

�Now we prove our main theorem of this se
tion, whi
h plays a 
ru
ial role in thisthesis.Theorem 3.2.3 Lo
al Global Prin
iple w.r.t. an Extended Ideal: Let n ≥ 3.Let I be an ideal of R and v(X) ∈ Umn(R[X], I[X]). If for all maximal (or evenprime) ideals m of R, v(X)m ∈ v(0)mE(n, Im[X]), then
v(X) ∈ v(0) E(n,R[X], I[X]).Proof: By assumption v(X)m ∈ v(0)mE(n, Im[X]), for all maximal (or all prime)ideals m of R. Using Lemma 3.2.2 it follows that, for ea
h maximal ideal m of R,there exists sk ∈ R \ m su
h that for all a ∈ R,

v(X + askT ) ∈ v(X) E(n,R[X, T ], I[X, T ]). (3.1)Note that the ideal generated by sk′s is the whole ring R. Therefore there exists
sk1 , . . . , skr

su
h that a1sk1 + · · ·+ arskr
= 1 where ai ∈ R, for 1 ≤ i ≤ r.In equation (3.1) repla
ing X by a2sk2X + · · ·+ arskr

X and askT by a1sk1X weget,
v(X) = v(a1sk1X + a2sk2X + · · ·+ arskr

X)

∈ v(a2sk2X + · · · + arskr
X) E(n,R[X], I[X]).Again in equation (3.1) repla
ingX by a3sk3X+· · ·+arskr

X and askT by a2sk2Xwe get,
v(a2sk2X + · · · + arskr

X) ∈ v(a3sk3X + · · · + arskr
X) E(n,R[X], I[X]).
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Continuing in this way we get, v(arskr
X+0) ∈ v(0)E(n,R[X], I[X]). Combiningall these we get,

v(X) ∈ v(0) E(n,R[X], I[X]),and hen
e the result is proved. �Remark 3.2.4 The above Theorem is su�
ient to prove Theorem 4.2.2, our mainresult in the free 
ase. However to prove Theorem 5.11.4, a proje
tive moduleanalogue of Theorem 4.2.2, we need a stronger version of Theorem 3.2.3. Thisversion was independently observed earlier in [1℄ by using Suslin's theory of spe
ialforms being elementary. Here we use 
ommutator laws to prove those result. Westate and prove the theorems in the next se
tion.3.3 Lo
al Global Prin
iple: A Stronger VersionLemma 3.3.1 Let R be a 
ommutative ring with R = 2R, and let I be an ideal of
R. Let n ≥ 3 in the linear 
ase and n ≥ 6 in the symple
ti
 
ase. Let ε = ε1 . . . εrbe an element in E1(n,R, I), where ea
h εk is a (standard) elementary generator.Also geij(Xf(X)) is a standard elementary generator of E1(n,R[X], I[X]). Then

ε geij(Y
4r

Xf(Y 4r

X)) ε−1 =

s∏

t=1

geitjt(Y ht(X, Y )),where either it = 1 or jt = 1 and ht(X, Y ) ∈ R[X, Y ], when it = 1; ht(X, Y ) ∈

I[X, Y ] when jt = 1.Proof: Given that geij(Xf(X)) ∈ E1(n,R[X], I[X]). First assume i = 1 and
f(X) ∈ R[X]. We prove the result using indu
tion on r, the number of generatorsof ε. Let r = 1 and ε = gepq(a). Note that when p = 1, a ∈ R, and when q = 1, a ∈ I.Case (1): Let (p, q) = (1, j)). In this 
ase

ge1j(a) ge1j(Y
4Xf(Y 4X)) ge1j(−a) = ge1j(Y

4Xf(Y 4X)).Case (2): Let (p, q) = (1, k)), k 6= j. In this 
ase
ge1k(a) ge1j(Y

4Xf(Y 4X)) ge1k(−a) = ge1j(Y
4Xf(Y 4X)).42



Case (3): Let (p, q) = (k, 1)), k 6= j. In this 
ase
gek1(a) ge1j(Y

4Xf(Y 4X)) gek1(−a)

= gekj(∗Y
4Xf(Y 4X)) ge1j(Y

4Xf(Y 4X))

= [gek1(∗Y
2), ge1j(Y

2Xf(Y 4X))] ge1j(Y
4Xf(Y 4X)),where * is an element of I.Case (4): Let (p, q) = (j, 1)). Let us 
hoose k 6= 1, 2, j, σ(j). In this 
ase

gej1(a) ge1j(Y
4Xf(Y 4X)) gej1(−a)

= gej1(a) [ge1k(Y
2Xf(Y 4X)), gekj(Y

2)] gej1(−a)

= [gejk(Y
2X ∗ f(Y 4X)) ge1k(Y

2Xf(Y 4X)), gek1(−Y
2∗)

gekj(Y
2)]

= gejk(Y
2X ∗ f(Y 4X)) ge1k(Y

2Xf(Y 4X)) gek1(−Y
2∗) gekj(Y

2)

ge1k(−Y
2Xf(Y 4X)) gejk(−Y

2X ∗ f(Y 4X)) gekj(−Y
2)

gek1(Y
2∗)

= gejk(Y
2X ∗ f(Y 4X)) ge1k(Y

2Xf(Y 4X)) gek1(−Y
2∗) gekj(Y

2)

ge1k(−Y
2Xf(Y 4X)) [gej1(−Y ∗), ge1k(Y Xf(Y 4X))] gekj(−Y

2)

gek1(Y
2∗)

= gejk(Y
2X ∗ f(Y 4X)) ge1k(Y

2Y f(Y 4X)) gek1(−Y
2∗) gekj(Y

2)

ge1k(−Y
2Xf(Y 4X)) gekj(−Y

2) gekj(Y
2)

[gej1(−Y ∗), ge1k(Y Xf(Y 4X))] gekj(−Y
2) gek1(Y

2∗)

= [gej1(Y ∗), ge1k(Y Xf(Y 4X))] ge1k(Y
2Xf(Y 4X)) gek1(−Y

2∗)

ge1k(−Y
2Xf(Y 4X)) ge1j(Y

4Xf(Y 4X)) [gek1(−Y
3∗)

gej1(−Y ∗), ge1j(−Y
3Xf(Y 4X)) ge1k(Y Xf(Y 4X))] gek1(Y

2∗),where * is an element of I.Hen
e the result is true when r = 1. We show the 
ase j = 1 by 
arrying outsimilar 
al
ulations. Let us assume the result is true when the number of generators
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is r − 1, i.e,
ε2 . . . εr geij(Y

4r−1

Xf(Y 4r−1

(X)) ε−1
r . . . ε−1

2

=
∏s

t=1 geitjt(Y ht(X, Y )),where either it = 1 or jt = 1. Note that ht(X, Y ) ∈ R[X, Y ], when it = 1 and
ht(X, Y ) ∈ I[X, Y ], when jt = 1.Now we prove the result when the number of generators is r. We have

ε1 ε2 . . . εr geij(Y
4r

Xf(Y 4r

(X)) ε−1
r . . . ε−1

2 ε−1
1

= ε1

(∏s
t=1 geitjt(Y

4ht(X, Y ))
)
ε−1
1

=
∏s

t=1 ε1 geitjt(Y
4ht(X, Y )) ε−1

1 .We now repeat the 
al
ulation under Cases 1, 2, 3, 4 to 
on
lude that
εgeij(Y

4r

Xf(Y 4r

X))ε−1 =

s∏

t=1

geitjt(Y ht(X, Y )),where either it = 1 or jt = 1. Here ht(X, Y ) ∈ R[X, Y ], when it = 1 and ht(X, Y ) ∈

I[X, Y ], when jt = 1. �Theorem 3.3.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let n ≥ 3 in the linear 
ase and n ≥ 6 in the symple
ti
 
ase. Let a be anon-nilpotent element in R and α(X) be in E1(n,Ra[X], Ia[X]), with α(0) = Id.Then there exists α∗(X) ∈ E1(n,R[X], I[X]) su
h that α∗(X) lo
alises to α(bX),for some b ∈ (aN), N ≫ 0, with α∗(0) = Id.Proof: Let α(X) =
∏r

k=1 geikjk(fk(X)) is in E1(n,Ra[X], Ia[X]), and fk(X) =

fk(0) +Xgk(X). Using Lemma 2.2.27 we get
α(X) =

r∏

k=1

γk geikjk(Xgk(X)) γ−1
k ,where γl =

∏l
k=1 geikjk(fk(0)) ∈ E1(n,Ra, Ia). Using Lemma 3.3.1 we 
an say that

α(Y 4r

X) =
r∏

k=1

( s∏

t=1

geitjt(Y ht(X, Y ))/am)
)
,
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where either it = 1 or jt = 1. Note that ht(X, Y ) ∈ R[X, Y ], when it = 1 and
ht(X, Y ) ∈ I[X, Y ], when jt = 1, and m is a natural number. Let us 
hoose
N = m+N ′ and de�ne

α∗(X, Y ) =
r∏

k=1

( s∏

t=1

geitjt(a
N ′

Y ht(X, a
NY ))

)
.Clearly α∗(X, Y ) ∈ E1(n,R[X, Y ], I[X, Y ]) and

α((aNY )4r

X) = α∗(X, Y ).Substituting Y = 1, we get α(bX) = α∗(X), for b ∈ (aN ), N ≫ 0. Note that
α∗(X) ∈ E1(n,R[X], I[X]), with α∗(0) = Id. �Theorem 3.3.3 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let n ≥ 3 in the linear 
ase and n ≥ 6 in the symple
ti
 
ase. Let a bea non-nilpotent element in R and α(X) be in E(n,Ra[X], Ia[X]), with α(0) = Id.Then there exists α∗(X) ∈ E(n,R[X], I[X]) su
h that α∗(X) lo
alises to α(bX), forsome b ∈ (aN ), N ≫ 0, with α∗(0) = Id.Proof: Follows from the previous theorem and Lemma 2.2.30, whi
h says that
E(n,R, I) = E1(n,R, I) ∩ G(n,R, I). �Theorem 3.3.4 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let n ≥ 3 in the linear 
ase and n ≥ 6 in the symple
ti
 
ase. Let α(X) ∈

G(n,R[X], I[X]), with α(0) = Id. If α(X)m belongs to E(n,Rm[X], Im[X]), for allmaximal ideals m of R then, α(X) ∈ E(n,R[X], I[X]).Proof: One 
an suitably 
hoose an element am from R \ m su
h that α(X)am
∈

E(n,Ram
[X], Iam

[X]). Let us de�ne
β(X, Y ) = α(X + Y )am

α(Y )−1
am

.Clearly
β(X, Y ) ∈ E(n,Ram

[X, Y ], Iam
[X, Y ]),and β(0, Y ) = Id. Therefore β(bmX, Y ) ∈ E(n,R[X, Y ], I[X, Y ]), where bm ∈ (aN

m
),for some N ≫ 0 (see Theorem 3.3.3). The ideal generated by bm's is the whole ring45



R. Therefore we have c1bm1
+ · · · + ckbmk

= 1, where ci ∈ R, for 1 ≤ i ≤ k. Notethat β(cibmi
X, Y ) ∈ E(n,R[X, Y ], I[X, Y ]), for 1 ≤ i ≤ k. Hen
e
α(X) =

k∏

i=1

β(cibmi
X, Ti)β(ckbmk

, 0) ∈ E(n,R[X], I[X]),where Ti = ci+1bmi+1
X + · · ·+ ckbmk

X. �Theorem 3.3.5 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let n ≥ 3 in the linear 
ase and n ≥ 6 in the symple
ti
 
ase. Let v(X) ∈

Umn(R[X], I[X]). If for all maximal ideal m of R, v(X)m ∈ v(0)mE(n,Rm[X], Im[X]),then
v(X) ∈ v(0)E(n,R[X], I[X]).Proof: For ea
h maximal ideal m of R, we get α(m)(X) ∈ E(n,Rm[X], Im[X])su
h that

v(X)α(m)(X) = v(0).Let us de�ne
β(X, T ) = α(m)(X + T ) α(m)(X)−1.Clearly β(X, T ) ∈ E(n,Rm[X, T ], Im[X, T ]). Note that there are only �nitelymany denominators involved, and hen
e there exists am ∈ R \ m su
h that β(X, T )is in E(n,Ram

[X, T ], Iam
[X, T ]). Also β(X, 0) = Id. This implies β(X, bmT ) ∈E(n,R[X, T ], I[X, T ]) for suitable bm ∈ (aN

m
), N ≫ 0 (see Theorem 3.3.3). Now,

v(X + bmT ) β(X, bmT ) = v(X + bmT ) α(m)(X + bmT ) α(m)(X)−1

= v(0) α(m)(X)−1

= v(X).Note that the ideal generated by bm's is the whole ring R. Therefore c1bm1
+

· · · + ckbmk
= 1, where ci ∈ R, for 1 ≤ i ≤ k. In the above equation repla
ing bmT
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by c1bm1
X and X by c2bm2

X + · · · + ckbmk
X we get,

v(X) = v(bm1
X + bm2

X + · · · + bmk
X)

∈ v(bm2
X + · · · + bmk

X) E(n,R[X], I[X]).Again in the above equation repla
ing X by bm3
X+ · · ·+bmk

X and bmT by bm2
Xwe get,

v(bm2
X + · · · + bmk

X) ∈ v(bm3
X + · · · + bmk

X) E(n,R[X], I[X]).Continuing in this way we get
v(bmk

X + 0) ∈ v(0) E(n,R[X], I[X]).Combining all these we get
v(X) ∈ v(0) E(n,R[X], I[X]).

�
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Chapter 4Equality of OrbitsL.N. Vaserstein showed in [29℄ that if v is the �rst row of an elementary matrixof even size then it is also the �rst row of an elementary symple
ti
 matrix (seeLemma 2.2.34). This led us to query whether the orbit spa
e of unimodular rowsunder the a
tion of the elementary subgroup is in bije
tive 
orresponden
e withthe orbit spa
e of unimodular rows under the a
tion of the elementary symple
ti
group. In this 
hapter, we prove that this is so, and also establish the relativeversion, vE2n(R, I) = vESp2n(R, I), for an ideal I of R, when R = 2R.4.1 The absolute 
aseIn this se
tion we prove that the set of orbits of the a
tion of the elementary sym-ple
ti
 group on all unimodular rows is the same as the set of orbits of the a
tionof the elementary linear group on all unimodular rows.Theorem 4.1.1 Let R be a 
ommutative ring and let v ∈ Um2n(R), then vE2n(R) =

vESp2n(R), for n ≥ 2.Proof: Let v∗ij(X) = vEij(X). Let m be a maximal ideal of R. Using Lemma2.2.15 we get, vm = e1E, for some E ∈ E2n(Rm). Using Lemma 2.2.35 we get,
vm = e1E = e1Ẽ,where Ẽ ∈ ESp2n(Rm). Also
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v∗ij(X)m = vmEij(X)m = e1EEij(X)m = e1F̃ (X),where F̃ (X) ∈ ESp2n(Rm[X]) (see Lemma 2.2.35). Therefore,
v∗ij(X)m = vmEij(X)m

= e1EEij(X)m

= e1F̃ (X)

= e1ẼẼ
−1F̃ (X)

= vmẼ
−1F̃ (X)

∈ v∗ij(0)mESp2n(Rm[X]).Hen
e, v∗ij(X)m ∈ v∗ij(0)mESp2n(Rm[X]), for all maximal ideal m of R. By Theo-rem 3.2.3 (when I = R)(or see the main theorem in [8℄), v∗ij(X) ∈ v∗ij(0)ESp2n(R[X]);when
e also to v∗ij(λ), for any λ ∈ R. Hen
e the result follows. �Theorem 4.1.2 The natural map
Um2n(R)

ESp2n(R)
−→

Um2n(R)

E2n(R)is bije
tive for n ≥ 2.Proof: The proof follows from Theorem 4.1.1 �4.2 The Relative CaseIn this se
tion we prove a relative version (see Theorem 4.2.2), with respe
t to anideal I in R, of the above Theorem 4.1.1. Vaserstein's Lemma (Lemma 2.2.37)and Lo
al Global prin
iple w.r.t. an extended ideal (see Theorem 3.2.3) will playa 
ru
ial role in the proof of the relative version. Lo
al Global prin
iple w.r.t. anextended ideal will be used to prove the Lemma 4.2.1. Vaserstein's Lemma andLemma 4.2.1 will be employed to prove Theorem 4.2.2.Lemma 4.2.1 Let n ≥ 3. Let R be a 
ommutative ring with R = 2R, and let I be anideal of R. Let v ∈ Um2n(R, I
2). If ρ ∈ E2n−1(R, I), then v (1 ⊥ ρ) ∈ v ESp2n(R, I).49



Proof: Let ρ(X) ∈ E2n−1(R[X], I[X]), with ρ(1) = ρ and ρ(0) = Id (see Lemma2.2.3). Let v = (1 + a1, a2, . . . , a2n), with ai ∈ I2, for 1 ≤ i ≤ 2n. Let us assume
V (X) = v(1 ⊥ ρ(X)). Note that e1V (X) = 1 + a1. Let m be a maximal ideal of R.If I ⊂ m, then (1 + a1)m is unit in Rm. Using Lemma 2.2.17 we get g(m)(X) ∈

ESp2n(Rm[X], Im[X]2) su
h that V (X)m = e1g(m)(X).If I * m, then either (1 + a1)m is a unit or for some i0, 1 < i0 ≤ 2n, ai0 /∈ m. Ineither 
ase, sin
e Im = Rm, by Lemma 2.2.15 and Lemma 2.2.35 we have,
V (X)m ∈ e1E2n(Rm[X])

= e1ESp2n(Rm[X])

= e1ESp2n(Rm[X], Im[X]2).Therefore V (X)m ∈ e1ESp2n(Rm[X], Im[X]2), for ea
h maximal ideal m of R.Also, we will have g(m)0 from ESp2n(Rm, I
2
m
) su
h that V (0)mg(m)0 = e1. Therefore

V (X)m ∈ V (0)mg(m)0ESp2n(Rm[X], Im[X]2), for ea
h maximal ideal m of R. UsingLemma 2.2.25 we get, V (X)m ∈ V (0)mESp2n(Im[X]), for ea
h maximal ideal m of
R. Using Theorem 3.2.3, we get V (X) ∈ V (0)ESp2n(R[X], I[X]). Substituting X =

1 we get v(1 ⊥ ρ) ∈ vESp2n(R, I). �Theorem 4.2.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let v ∈ Um2n(R, I), then v E2n(R, I) = v ESp2n(R, I), for n ≥ 3.Proof: It su�
es to show the left hand side is 
ontained in the right hand side.The reverse in
lusion is obvious. Let ε ∈ E2n(R, I). Using Lemma 2.2.21 we get ε1from ESp2n(R, I) su
h that vεε1 ∈ Um2n(R, I
2). Using Lemma 2.2.37 we get ρ in

E2n−1(R, I) with εε1(1 ⊥ ρ) ∈ ESp2n(R, I). Now
vε = vεε1(1 ⊥ ρ) (1 ⊥ ρ)−1 ε−1

1 .We have vεε1(1 ⊥ ρ) is in Um2n(R, I
2). Hen
e by Lemma 4.2.1,

[vεε1(1 ⊥ ρ)] (1 ⊥ ρ)−1 ∈ v ESp2n(R, I)Let
vεε1(1 ⊥ ρ) (1 ⊥ ρ)−1 = vβ,50



where β is in ESp2n(R, I). Therefore vε = vβε−1
1 ∈ vESp2n(R, I). �Now we are in a position to give a proof of relative version of Theorem 4.1.2using the above lemmas.Theorem 4.2.3 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Then the natural map

Um2n(R, I)

ESp2n(R, I)
−→

Um2n(R, I)

E2n(R, I)is bije
tive for n ≥ 3.Proof: It is easy to show that the above map is surje
tive. To show the mapis inje
tive let us 
onsider v, w from Um2n(R, I) and g from E2n(R, I), su
h that
vg = w. We need to show w is in the ESp2n(R, I)-orbit of v. Using Theorem 4.2.2we get h from ESp2n(R, I), su
h that vg = vh and hen
e w = vh. �
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Chapter 5Equality of Orbits: A Global VersionSymple
ti
 transve
tions were de�ned by H. Bass in 1964 in [4℄, and L.N. Vasersteinde�ned 
ertain symple
ti
 transve
tions of a free module in 1974 in [29℄. In this
hapter we will relate these two obje
ts.Here we de�ne Elementary Symple
ti
 group with respe
t to an alternating ma-trix of Pfa�an 1, following the lead of L.N. Vaserstein. We then prove a Lo
al-Global prin
iple for this group. We also re
all the de�nition of the group of ele-mentary transve
tions and the group of elementary symple
ti
 transve
tions withrespe
t to an alternating form, due to H. Bass and prove Lo
al-Global prin
iplefor these groups. Our main theorem is that the Elementary Symple
ti
 group ofVaserstein and the group of elementary symple
ti
 transve
tions of Bass are thesame when we are dealing with the free 
ase. Thus, the group of elementary sym-ple
ti
 transve
tions of H. Bass may be regarded as the globalization of the L.N.Vaserstein's elementary symple
ti
 group.As a 
onsequen
e of the Lo
al Global prin
iples established, we generalise thetheorems of previous 
hapters and show that the orbit spa
e of unimodular rowsof a proje
tive module under the a
tion of the group of elementary transve
tions isin bije
tion with the orbit spa
e of unimodular rows of a proje
tive module underthe a
tion of the group of elementary symple
ti
 transve
tions with respe
t to analternating form.
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5.1 Elementary Symple
ti
 Group ESpϕ(R)De�nition 5.1.1 The group of all invertible 2n× 2n matri
es
{α ∈ GL2n(R) | αtϕα = ϕ},where ϕ is an alternating matrix of Pfa�an 1 is 
alled Symple
ti
 Group Spϕ(R)With Respe
t To An Invertible Alternating Matrix ϕ.De�nition 5.1.2 Let v ∈ R2n−1. Following Lemma 2.2.32 we 
an de�ne

Lϕ(v) =

(
1 0

αvt α

)
=

(
1 0

vt α

) and
Rϕ(v) =

(
1 v

0 β

)
.Here ϕ is an invertible alternating matrix of the form

ϕ =

(
0 −c

ct ν

)
, and ϕ−1 =

(
0 d

−dt µ

)
,where c, d ∈ R2n−1, and

α = α(ϕ, v) = I2n−1 + dtvν,

β = β(ϕ, v)‘ = I2n−1 − µvtc.By Lemma 2.2.32 it follows that all these matri
es belong to Spϕ(R). The sub-group of Spϕ(R) generated by Lϕ(v) and Rϕ(v), for v ∈ R2n−1 is 
alled the elemen-tary symple
ti
 group ESpϕ(R) with respe
t to the alternating matrix ϕof Pfa�an 1 . This de�nition is due to L.N. Vaserstein.De�nition 5.1.3 Let I be an ideal ofR. The relative elementary group ESpϕ(I)is a subgroup of ESpϕ(R) generated as a group by the elements L(v) and R(v), where
v ∈ I2n−1.The relative elementary group ESpϕ(R, I) is the normal 
losure of ESpϕ(I)in ESpϕ(R).De�nition 5.1.4 Let I be an ideal in R. The relative group ESp1

ϕ(R, I) is a53



subgroup of ESpϕ(R) generated by the elements of the form R(v) and L(w), where
v ∈ R2n−1 and w ∈ I2n−1.Lemma 5.1.5 For the standard alternating matrix ψn,

ESpψn
(R) = ESp2n(R),

ESpψn
(R, I) = ESp2n(R, I),

ESp1
ψn

(R, I) = ESp1
2n(R, I),for n ≥ 3.Proof: In the proof of Lemma 2.2.33 we have seen

Rψn
(v) =

(
1 0

0 β

)(
1 v

0 I

)
=

2n∏

i=2

se1i(ai−1), (5.1)
Lψn

(v) =

(
1 0

0 α

)(
1 0

vt I

)
=

2n∏

i=2

sei1(ai−1), (5.2)where v = (a1, . . . , a2n−1) ∈ R2n−1. Therefore we have
ESpψn

(R) ⊆ ESp2n(R).Note that se1i(a), sej1(b) ∈ ESpψn
(R). For i, j 6= 1,

seij(a) = [ sei1(∗), se1j(1) ]

= [ Lψn
(∗ei−1), Rψ1

(ej−1) ]

∈ ESpψn
(R),where * is an element of R, and hen
e ESp2n(R) ⊆ ESpψn

(R). Therefore the �rstequality is established.To show the se
ond equality let us �rst show ESpψn
(R, I) ⊆ ESp2n(R, I). It isenough to show that an element of the form Tψn

(v) Sψn
(w) Tψn

(v)−1 is in ESp2n(R, I),for v ∈ R2n−1 and w ∈ I2n−1. Here Tψn
and Sψn

are Lψn
or Rψn

. Using the de�nitionof ESp2n(R, I) and equations (5.1), (5.2) we get
Tψn

(v) Sψn
(w) Tψn

(v)−1 ∈ ESp2n(R, I),and hen
e ESpψn
(R, I) ⊆ ESp2n(R, I). 54



To show the other in
lusion we re
all the equivalent de�nition of the relativegroup whi
h says that ESp2n(R, I) is the smallest normal subgroup of ESp2n(R)
ontaining se21(x), where x ∈ I (see Lemma 2.2.29). We need to show
g se21(x) g

−1 ∈ ESpψn
(R, I),where g ∈ ESp2n(R) = ESpψn

(R). Hen
e g se21(x) g−1 ∈ ESpψn
(R, I) and

ESp2n(R, I) ⊆ ESpψn
(R, I).Therefore the se
ond equality is established.Generators of ESp1

ψn
(R, I) is of the form Rψn

(v), Lψn
(w), where v ∈ R2n−1 and

w ∈ I2n−1. By equations (5.1) and (5.2) we have Rψn
(v), Lψn

(w) are in ESp1
2n(R, I),hen
e ESp1

ψn
(R, I) ⊆ ESp1

2n(R, I). On the other hand generators of the group
ESp1

2n(R, I) are of the form se1i(a), sej1(x), where a ∈ R and x ∈ I. Using equa-tions (5.1) and (5.2) we get se1i(a) = Rψn
(aei−1), and sej1(x) = Lψn

(xej−1), hen
e
ESp1

2n(R, I) ⊆ ESp1
ψn

(R, I). Therefore the third equality is established. �Lemma 5.1.6 Let ϕ and ϕ∗ be two alternating matri
es of Pfa�an 1 su
h that
ϕ = (1 ⊥ ε)t ϕ∗ (1 ⊥ ε), for some ε ∈ E2n−1(R). Then we have

Spϕ(R) = (1 ⊥ ε)−1 Spϕ∗(R) (1 ⊥ ε),

ESpϕ(R) = (1 ⊥ ε)−1 ESpϕ∗(R) (1 ⊥ ε).Proof: First we will show (1 ⊥ ε)−1 Spϕ∗(R) (1 ⊥ ε) ⊆ Spϕ(R). Let ρ ∈ Spϕ∗(R)i.e, ρtϕ∗ρ = ϕ∗ (by de�nition of symple
ti
 group w.r.t. an alternating matrix). Now
(1 ⊥ ε)t ρt (1 ⊥ ε)−1t ϕ (1 ⊥ ε)−1 ρ(1 ⊥ ε)

= (1 ⊥ ε)t ρt (1 ⊥ ε)−1t {(1 ⊥ ε)t ϕ∗ (1 ⊥ ε)} (1 ⊥ ε)−1 ρ (1 ⊥ ε)

= (1 ⊥ ε)t ϕ∗ (1 ⊥ ε)

= ϕ,and hen
e (1 ⊥ ε)−1 Spϕ∗(R) (1 ⊥ ε) ⊆ Spϕ(R). Similarly we will be able to show
(1 ⊥ ε) Spϕ(R) (1 ⊥ ε)−1 ⊆ Spϕ∗(R). Therefore

Spϕ(R) = (1 ⊥ ε)−1Spϕ∗(R)(1 ⊥ ε).
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We also have
(1 ⊥ ε) Lϕ(v) (1 ⊥ ε)−1 = Lϕ∗(vεt), (5.3)
(1 ⊥ ε) Rϕ(v) (1 ⊥ ε)−1 = Rϕ∗(vε−1), (5.4)and hen
e ESpϕ(R) = (1 ⊥ ε)−1 ESpϕ∗(R) (1 ⊥ ε). �Lemma 5.1.7 Let ϕ and ϕ∗ be two alternating matri
es of Pfa�an 1 su
h that

ϕ = (1 ⊥ ε)t ϕ∗ (1 ⊥ ε), for some ε ∈ E2n−1(R, I). Then we have
ESpϕ(R, I) = (1 ⊥ ε)−1 ESpϕ∗(R, I) (1 ⊥ ε),

ESp1
ϕ(R, I) = (1 ⊥ ε)−1 ESp1

ϕ∗(R, I) (1 ⊥ ε).Proof: To prove the above equalities we use de�nitions of ESpϕ(R, I), ESp1
ϕ(R, I)and the equations (5.3), (5.4). �Lemma 5.1.8 Let (R,m) be a lo
al ring and I be an ideal of R. Let ϕ be analternating matrix of Pfa�an 1 over R, and ϕ ≡ ψn (mod I). Then ϕ is of theform

(1 ⊥ ε)t ψn (1 ⊥ ε),for some ε ∈ E2n−1(R, I).Proof: We will prove the result using indu
tion on n. When ϕ is of size 2 × 2,the result is true. Let us assume the result is true for alternating matrix of size
2(n− 1)× 2(n− 1), i.e, for an alternating matrix ϕ∗ of size 2(n− 1)× 2(n− 1), wehave η from E2n−3(R, I) su
h that

ϕ∗ = (1 ⊥ η)t ψn−1 (1 ⊥ η).We will prove the result for alternating matrix ϕ of size 2n× 2n. Let
ϕ =

(
0 a

−at α

)
≡ ψn (mod I),where a ∈ Um2n−1(R, I) and α is alternating matrix of size (2n−1)× (2n−1). Note
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that
α ≡

(
0 0

0 ψn−1

)
(mod I).As R is lo
al ring we have a = e1β, where β ∈ E2n−1(R, I) (see Corollary 2.2.18).Hen
e

(1 ⊥ βt)−1 ϕ (1 ⊥ β)−1 =

(
0 e1

−et1 γ

)
,where γ = (βt)−1 α β−1. Note that γ is an alternating matrix. Therefore γ 
anbe written as ( 0 b

−bt ϕ∗

). Note that γ = (β
t
)−1αβ

−1
≡
(

0 0
0 ψn−1

)
(mod I), and hen
e

b ∈ I2n−2 and ϕ∗ ≡ ψn−1 (mod I). Now



1 0 0

0 1 −bϕ∗−1

0 0 I2n−2


 (1 ⊥ βt)−1 ϕ (1 ⊥ β)−1




1 0 0

0 1 −bϕ∗−1

0 0 I2n−2




t

=




0 1 0

−1 0 0

0 0 ϕ∗


 .Let us 
all the matrix

((I3 ⊥ η)−1)t




1 0 0

0 1 −bϕ∗−1

0 0 I2n−2


 (1 ⊥ βt)−1 = ((1 ⊥ ε)−1)t.Note that ε ∈ E2n−1(R, I). Using indu
tion hypothesis we get

((1 ⊥ ε)−1)t ϕ (1 ⊥ ε)−1

= ((I3 ⊥ η)−1)t




0 1 0

−1 0 0

0 0 ϕ∗


 (I3 ⊥ η)−1

= ψn,and hen
e ϕ = (1 ⊥ ε)tψn(1 ⊥ ε). Therefore the result is established. �57



Remark 5.1.9 As a parti
ular 
ase of the previous lemma we get that when (R,m)is a lo
al ring and ϕ is an alternating matrix of Pfa�an 1 over R, then there exists
ε ∈ E2n−1(R) su
h that

ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε).Remark 5.1.10 The 
ondition that the alternating matri
es, in this thesis, are ofPfa�an one 
an be extended to all invertible alternating matri
es by observing thatan invertible alternating matrix over a lo
al ring whi
h is 
ongruent to u ψ1 ⊥ ψn−1

(mod I), where u = Pfa�an ϕ, is of the form Et(uψ1 ⊥ ψn−1)E, for some relativeelementary matrix E. Only slight modi�
ations in the proofs given below are needed,whi
h is an easy exer
ise.Remark 5.1.11 Let ϕ be an alternating matrix of Pfa�an 1, over R. Let us 
on-sider the lo
al ring Rm, where m be a maximal ideal of R. We will get ε(m) ∈

E2n−1(Rm) su
h that over Rm we have
ϕ = (1 ⊥ ε(m))t ψn (1 ⊥ ε(m))(see remark 5.1.9). Let a be the produ
t of denominators of all the entries of ε(m).Clearly a is not in m. Hen
e we get ε from E2n−1(Ra) su
h that

ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε).Also, when dealing with relative 
ase w.r.t. an ideal I of R, we willalways assume that the alternating matrix ϕ of Pfa�an 1 is 
ongruent to
ψn(mod I). Therefore over the lo
al ring Rm, we have

ϕ = (1 ⊥ ε(m))t ψn (1 ⊥ ε(m)),for some ε(m) ∈ E2n−1(Rm, Im) (see Lemma 5.1.8). Sin
e there are only �nitelymany denominators, we 
an �nd a not in m su
h that
ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε),where ε ∈ E2n−1(Ra, Ia). We will 
onstantly use this fa
t without evenreferring to it ! 58



Lemma 5.1.12 Let ϕ be an alternating matrix of Pfa�an 1 of the form (1 ⊥

ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(R, I). Then
ESpϕ(R, I) = ESp1

ϕ(R, I) ∩ Spϕ(R, I),for n ≥ 3.Proof:
ESpϕ(R, I) = (1 ⊥ ε)−1 ESpψn

(R, I) (1 ⊥ ε)

= (1 ⊥ ε)−1 ESp2n(R, I) (1 ⊥ ε)

= (1 ⊥ ε)−1
(
ESp1

2n(R, I) ∩ Sp2n(R, I)
)

(1 ⊥ ε)

= (1 ⊥ ε)−1
(
ESp1

ψn
(R, I) ∩ Spψn

(R, I)
)

(1 ⊥ ε)

=
(
(1 ⊥ ε)−1 ESp1

ψn
(R, I) (1 ⊥ ε)

)
∩

(
(1 ⊥ ε)−1 Spψn

(R, I)
)

(1 ⊥ ε)
)

= ESp1
ϕ(R, I) ∩ Spϕ(R, I).The third equality follows from Lemma 2.2.30. �5.2 Dilation Prin
iple for ESp

ϕ
(R)Lemma 5.2.1 Let n ≥ 2. Let ϕ be an alternating matrix of Pfa�an 1. Let a ∈ Rbe non-nilpotent and ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(Ra) overthe ring Ra. Let α(X) ∈ ESpϕ⊗Ra[X](Ra[X]), with α(0) = Id. Then there exists

α∗(X) ∈ ESpϕ⊗R[X](R[X]) su
h that α∗(X) lo
alises to α(bX), for some b ∈ (aN ),
N ≫ 0 and α∗(0) = Id.Proof: α(X) 
an be written as ∏s

t=1 Tϕ(gt(X)), where Tϕ is Lϕ or Rϕ, and
gt(X) ∈ (Ra[X])2n−1. Having ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), with some ε ∈ E2n−1(Ra),will allow us to write

α(X) =

s∏

t=1

(1 ⊥ ε)−1 Tψn
(ft(X)) (1 ⊥ ε)

= (1 ⊥ ε)−1 (
s∏

t=1

Tψn
(ft(X))) (1 ⊥ ε)

= (1 ⊥ ε)−1 η(X) (1 ⊥ ε),59



where ft(X) = gt(X) εt, if Tϕ = Lϕ, and ft(X) = gt(X) ε−1, if Tϕ = Rϕ, and
η(X) ∈ ESp2n(Ra[X]) (see Lemma 5.1.5 and Lemma 5.1.6). Note that η(0) = Id,as α(0) = Id. Therefore,

η(X) =
r∏

k=1

γk seikjk(Xhk(X)/as) γ−1
k ,where γk ∈ ESp2n(Ra) and hk(X) ∈ R[X] (see Lemma 2.2.27). Now,

η(Y 2r+1

X) =

r∏

k=1

γk seikjk(Y
2r+1

Xhk(Y
2r+1

X)/as) γ−1
k

=

l∏

t=1

septqt(Y
2ut(X, Y )/as)

=
l∏

t=1

[sept1(Y ), se1qt(Y ut(X, Y )/as)],where ut(X, Y ) ∈ R[X, Y ]. The se
ond equality above follows from Lemma 2.2.28.Let us take N = M2r+1 , where M = M ′ + s be a natural number. We de�ne
α∗(X, Y ) =

s∏

t=1

[Lϕ(a
MY ept−1(ε

t)−1), Rϕ(a
M ′

Y ut(X, a
MY )eqt−1ε)],where α∗(X, Y ) ∈ ESpϕ⊗R[X,Y ](R[X, Y ]), for N ≫ 0. Note that

α(aNXY 2r+1

) = α((aMY )2r+1

X)

= (1 ⊥ ε)−1 η((aMY )2r+1

X) (1 ⊥ ε)

= (1 ⊥ ε)−1

s∏

t=1

[sept1(a
MY ), se1qt(a

MY ut(X, a
MY )/as)]

(1 ⊥ ε)

=

s∏

t=1

[Lϕ(a
MY ept−1(ε

t)−1), Rϕ(a
M ′

Y ut(X, a
MY )eqt−1ε)].Substituting Y = 1 we get α∗(X) = α(bX), for b ∈ (aN ), N ≫ 0 (see Lemma2.2.4). Observe that α∗(X) ∈ ESpϕ⊗R[X](R[X]), and α∗(0) = Id. �Now we prove dilation prin
iple for ESpϕ⊗R[X](R[X], I[X]).Lemma 5.2.2 Let n ≥ 3. Let R be a 
ommutative ring with R = 2R, and let I60



be an ideal of R. Let ϕ be an alternating matrix of Pfa�an 1. Let a ∈ R be anon-nilpotent element, and ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(Ra, Ia)over the ring Ra. Let α(X) ∈ ESpϕ⊗Ra[X](Ra[X], Ia[X]), with α(0) = Id. Thenthere exists α∗(X) ∈ ESpϕ⊗R[X](R[X], I[X]) su
h that α∗(X) lo
alises to α(bX), forsome b ∈ (aN ), N ≫ 0, and α∗(0) = Id.Proof: We have α(X) = (1 ⊥ ε)−1 η(X) (1 ⊥ ε), where η(X) belongs to
ESp2n(Ra[X], Ia[X]) (see Lemma 5.1.5 and Lemma 5.1.7). Note that η(0) = Id, as
α(0) = Id. Using dilation prin
iple for ESp2n(R[X], I[X]) (see Theorem 3.3.3), weget an η∗(X) ∈ ESp2n(R[X], I[X]) su
h that η∗(X) lo
alises to η(b′X), for b′ ∈ (aN ),
N ≫ 0, with η∗(0) = Id, and η(b′X) ∈ ESp2n(R[X], I[X]). Let α∗(X) be an elementof ESpϕ⊗R[X](R[X], I[X]) su
h that

α∗(X)a = (1 ⊥ ε)−1 η∗(X)a (1 ⊥ ε)

= (1 ⊥ ε)−1 η(b′X) (1 ⊥ ε)

= α(b′X),over Ra. Using Lemma 2.2.4 we 
an say α∗(X) lo
alises to α(bX), for b ∈ (aN ),
N ≫ 0, and α∗(0) = Id. �5.3 Lo
al Global Prin
iple for ESpϕ(R)Lemma 5.3.1 Let ϕ be an alternating matrix of Pfa�an 1, of size at least 4, over
R. Let α(X) ∈ Spϕ⊗R[X](R[X]) and α(0) = Id. If for ea
h maximal ideal m of R,
α(X)m ∈ ESpϕ⊗Rm [X](Rm[X]), then α(X) ∈ ESpϕ⊗R[X](R[X]). �We now state and prove a relative version of Lemma 5.3.1. The above lemma isa parti
ular 
ase of Lemma 5.3.2 when I[X] = R[X].Lemma 5.3.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let ϕ be an alternating matrix of Pfa�an 1, of size at least 6, over R andlet ϕ ≡ ψn (mod I). Let α(X) ∈ Spϕ⊗R[X](R[X], I[X]), with α(0) = Id. If forea
h maximal ideal m of R, α(X)m ∈ ESpϕ⊗Rm [X](Rm[X], Im[X]), then α(X) ∈

ESpϕ⊗R[X](R[X], I[X]).Proof: For ea
h maximal ideal m of R one 
an suitably 
hoose an element amfrom R \ m su
h that α(X)am
∈ ESpϕ⊗Ram

[X](Ram
[X], Iam

[X]) and also ϕ = (1 ⊥61



ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(Ram
, Iam

). Let us de�ne
β(X, Y ) = α(X + Y )am

α(Y )−1
am

.It is 
lear that
β(X, Y ) ∈ ESpϕ⊗Ram

[X,Y ](Ram
[X, Y ], Iam

[X, Y ])and β(0, Y ) = Id. Therefore β(bmX, Y ) ∈ ESpϕ⊗R[X,Y ](R[X, Y ], I[X, Y ]), where
bm ∈ (aNm) for N ≫ 0 (see Lemma 5.2.2). The ideal generated by bm's is the wholering R. Hen
e we have c1bm1

+ · · · + ckbmk
= 1, where ci ∈ R, for 1 ≤ i ≤ k. Notethat β(cibmi

X, Y ) ∈ ESpϕ⊗R[X,Y ](R[X, Y ], I[X, Y ]), for 1 ≤ i ≤ k. Now,
α(X) =

k∏

i=1

β(bmi
X, Ti) β(bmk

, 0) ∈ ESpϕ⊗R[X](R[X], I[X]),where Ti = ci+1bmi+1
X + · · ·+ ckbmk

X. �Now we prove a a
tion version of above Lo
al Global prin
iple.Theorem 5.3.3 Let n ≥ 2 and v(X) ∈ Um2n(R[X]). Let ϕ be an alternat-ing matrix of Pfa�an 1 over R. If for ea
h maximal ideal m of R, v(X) ∈

v(0)ESpϕ⊗Rm [X](Rm[X]), then
v(X) ∈ v(0)ESpϕ⊗R[X](R[X]).

�We establish a relative version of Theorem 5.3.3 below. The above theorem 
anbe treated as a parti
ular 
ase of Theorem 5.3.4 when I[X] = R[X].Theorem 5.3.4 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let n ≥ 3 and v(X) ∈ Um2n(R[X], I[X]). Let ϕ be an alternating matrixof Pfa�an 1 over R, and let ϕ ≡ ψn (mod I). If for ea
h maximal ideal m of R,
v(X) ∈ v(0)ESpϕ⊗Rm [X](Rm[X], Im[X]), then

v(X) ∈ v(0)ESpϕ⊗R[X](R[X], I[X]).
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Proof: For ea
h maximal idealm ofR, we get α(m)(X) ∈ ESpϕ⊗Rm [X](Rm[X], Im[X])su
h that
v(X)α(m)(X) = v(0).Let us de�ne

β(X, T ) = α(m)(X + T ) α(m)(X)−1.Clearly β(X, T ) is in ESpϕ⊗Rm [X,T ](Rm[X, T ], Im[X, T ]). Sin
e there are only�nitely many denominators involved, there exists am ∈ R\m su
h that β(X, T ) is inESpϕ⊗Ram
[X,T ](Ram

[X, T ], Iam
[X, T ]). Also β(X, 0) = Id. This implies β(X, bmT ) ∈ESpϕ⊗R[X,T ](R[X, T ], I[X, T ]), for suitable bm ∈ (aN

m
), N ≫ 0 (see Lemma 5.2.2).Now,

v(X + bmT ) β(X, bmT ) = v(X + bmT ) α(m)(X + bmT ) α(m)(X)−1

= v(0) α(m)(X)−1

= v(X).Note that the ideal generated by bm's is the whole ring R. Therefore c1bm1
+

· · · + ckbmk
= 1, where ci ∈ R, for 1 ≤ i ≤ k. In the above equation repla
ing X by

c2bm2
X + · · ·+ ckbmk

X and bmT by c1bm1
X we get,

v(X) = v(bm1
X + bm2

X + · · ·+ bmk
X)

∈ v(bm2
X + · · ·+ bmk

X) ESpϕ⊗R[X](R[X], I[X]).Again in the above equation repla
ing X by bm3
X+ · · ·+bmk

X and bmT by bm2
Xwe get,

v(bm2
X + · · ·+ bmk

X) ∈ v(bm3
X + · · · + bmk

X) ESpϕ⊗R[X](R[X], I[X]).Continuing in this way we get
v(bmk

X + 0) ∈ v(0) ESpϕ⊗R[X](R[X], I[X]).
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Combining all these we get
v(X) ∈ v(0) ESpϕ⊗R[X](R[X], I[X]).

�5.4 Transve
tion GroupFollowing H.Bass one 
an de�ne transve
tions of a �nitely generated R-module asfollows:De�nition 5.4.1 Let M be a �nitely generated R-module. Let q ∈ M and π ∈

M∗ = Hom(M,R), with π(q) = 0. Let πq(p) := π(p)q. An automorphism of theform 1 + πq is 
alled a transve
tion of M , if either q ∈ Um(M) or π ∈ Um(M∗).Colle
tion of transve
tions of M is denoted by Trans(M). This forms a subgroup of
Aut(M).De�nition 5.4.2 Let M be a �nitely generated R module. The automorphisms of
N = (R ⊥M) of the form

(a, p) 7→ (a, p+ ax),

(a, p) 7→ (a+ τ(p), p),where x ∈ M and τ ∈ M∗ are 
alled elementary transve
tions of N . Let usdenote the �rst automorphism by Ex and the se
ond one by E∗
τ . It 
an be veri�edthat these are transve
ions of N . Let us 
onsider π(t, y) = t and q = (0, x) to get

Ex. Next we 
an 
onsider π(a, p) = τ(p), where τ ∈ M∗ and q = (1, 0) to get
E∗
τ . The subgroup of Trans(N) generated by elementary transve
tions is denotedby ETrans(N).De�nition 5.4.3 Let I be an ideal of R. The group of relative transve
tionsw.r.t. an ideal I is generated by the transve
tions of the form 1 + πq, where either

q ∈ Um(IM), π ∈ Um(M∗), or q ∈ Um(M), π ∈ Um(IM∗). The group of relativetransve
tions is denoted by Trans(M, IM).De�nition 5.4.4 Let I be an ideal of R. The elementary transve
tions of N =

(R ⊥ M) of the form Ex, E
∗
τ , where x ∈ IM and τ ∈ (IM)∗ are 
alled relative64



elementary transve
tions w.r.t. an ideal I, and the group generated by themis denoted by ETrans(IN). The normal 
losure of ETrans(IN) in ETrans(N) isdenoted by ETrans(N, IN).Lemma 5.4.5 Let M be a free R module of rank n ≥ 3, and N = (R ⊥M). Then
Trans(M) = En(R),

ETrans(N) = Trans(N) = En+1(R).Proof: Let M = Rn. Note that πq : Rn −→ R −→ Rn, and hen
e 1 + πq =

In + vtw, for some v, w ∈ Rn, with either v or w unimodular and 〈v, w〉 = 0.Therefore Trans(M) ⊆ En(R) (see Lemma 2.2.7).A standard elementary generator of the group En(R) 
an be expressed as In +

aetiej , where 1 ≤ i 6= j ≤ n, and a ∈ R. Hen
e En(R) ⊆ Trans(R), whi
h implies
Trans(R) = En(R).One 
an observe that when M = Rn, the matri
es 
orrespond to the elementarytransve
tions Ex and E∗

τ of N = (R ⊥M) are of the form
(

1 x

0 In

)
,

(
1 0

yt In

)
,respe
tively, where x, y ∈ Rn, and hen
e ETrans(N) ⊆ En+1(R). Note that En+1(R)is generated by the matri
es of the form( 1 x

0 In

)
,
(

1 0
yt In

) (see Lemma 2.2.11), andhen
e En+1(R) ⊆ ETrans(N). Therefore En+1(R) = ETrans(N). Also ETrans(N) ⊆

Trans(N) and hen
e
En+1(R) = ETrans(N) ⊆ Trans(N) = En+1(R).Therefore we have the se
ond equality. �Lemma 5.4.6 Let I be an ideal of R and M be a free R module of rank n ≥ 2, and

N = (R ⊥M). Then
ETrans(N, IN) = Trans(N, IN) = En+1(R, I).Proof: Note that when M is a free R module, an element of Trans(N, IN) lookslike In+1 + vtw, for some v, w ∈ Rn+1, with either v or w unimodular and belongs to65



In+1 (⊆ Rn+1). Also 〈v, w〉 = 0. Therefore Trans(N, IN) ⊆ En+1(R, I) (see Lemma2.2.8).For a free R-module M , the elements of ETrans(N, IN) are of the form
(

1 a

0 In

)(
1 0

xt In

)(
1 a

0 In

)−1

,

(
1 0

bt In

)(
1 y

0 In

)(
1 0

bt In

)−1

,where a, b ∈ M = Rn, and x, y ∈ In(⊆ Rn). Hen
e ETrans(N, IN) ⊆ En+1(R, I).By Lemma 2.2.11 and Lemma 2.2.29 we have En+1(R, I) ⊆ ETrans(N, IN), hen
e
ETrans(N, IN) = En+1(R, I). We have

En+1(R, I) = ETrans(N, IN) ⊆ Trans(N, IN) ⊆ En+1(R, I),and hen
e the result follows. �5.5 Dilation for Elementary Transve
tionsLemma 5.5.1 ([2℄, Proposition 3.1) Let M be a �nitely generated module of R and
a be non-nilpotent element of R su
h that Ma be free Ra-module of rank at least2. Let N = (R ⊥ M). Let α(X) ∈ ETrans(Na[X]), with α(0) = Id. Then thereexists α∗(X) ∈ ETrans(N [X]) su
h that α∗(X) lo
alises to α(bX) for some b ∈ (aN ),
N ≫ 0 and α∗(0) = Id. �Next we will establish a relative version of the above dilation prin
iple (Lemma5.5.1).Lemma 5.5.2 Let I be an ideal of R and let M be a �nitely generated module of R.Let a be non-nilpotent element of R su
h that Ma be free Ra-module of rank at least2. Let N = (R ⊥ M). Let α(X) ∈ ETrans(Na[X], INa[X]), with α(0) = Id. Thenthere exists α∗(X) ∈ ETrans(N [X], IN [X]) su
h that α∗(X) lo
alises to α(bX) forsome b ∈ (aN ), N ≫ 0 and α∗(0) = Id.Proof: Given that Ma is a free Ra-module. Using Lemma 5.4.6 we get that
ETrans(Na[X], INa[X]) = En+1(Ra[X], Ia[X]). Now we use dilation prin
iple for66



the group En+1(R[X], I[X]) (see Theorem 3.3.3) to get β∗(X) ∈ En+1(R[X], I[X])su
h that β∗(X)a = α(b′X), for some b′ ∈ (aN), N ≫ 0.Let us 
hoose α∗(X) from ETrans(N [X], IN [X]) su
h that α∗(X)a = β∗(X)a,over the ring Ra[X]. Using Lemma 2.2.4 we 
an say that α∗(X) lo
alises to α(bX)for some b ∈ (aN), N ≫ 0 and α∗(0) = Id. �5.6 Lo
al Global Prin
iple for Elementary Transve
tionsLemma 5.6.1 ([2℄, Proposition 3.6) Let M be a �nitely generated proje
tive R-module of rank n ≥ 2, and N = (R ⊥ M). Let α(X) ∈ Aut(N [X]), with α(0) =

Id. If for ea
h maximal ideal m of R, α(X)m is in ETrans(Nm[X]), then α(X) ∈

ETrans(N [X]). �We state and prove a relative version of above Lo
al Global prin
iple. Lo
alGlobal prin
iple in the absolute 
ase (Lemma 5.6.1) is a parti
ular 
ase of the Lo
alGlobal prin
iple in the relative 
ase (Lemma 5.6.2) when I[X] = R[X].Lemma 5.6.2 Let I be an ideal of R and let M be a �nitely generated proje
tive
R-module of rank n ≥ 2. Let N = (R ⊥ M). Let α(X) ∈ Aut(N [X]), with
α(0) = Id. If for ea
h maximal ideal m of R, α(X)m ∈ ETrans(Nm[X], INm[X]),then α(X) ∈ ETrans(N [X], IN [X]).Proof: One 
an suitably 
hoose an element am from R \ m su
h that α(X)am

∈

ETrans(Nam
[X], INam

[X]). Let us de�ne
β(X, Y ) = α(X + Y )am

α(Y )−1
am

.Clearly
β(X, Y ) ∈ ETrans(Nam

[X, Y ], INam
[X, Y ]),and β(0, Y ) = Id. Therefore β(bmX, Y ) ∈ ETrans(N [X, Y ], IN [X, Y ]), where bm ∈

(aN
m

), for some N ≫ 0 (see Lemma 5.5.2). The ideal generated by bm's is the wholering R. Therefore we have c1bm1
+ · · · + ckbmk

= 1, where ci ∈ R, for 1 ≤ i ≤ k.Note that β(cibmi
X, Y ) ∈ ETrans(N [X, Y ], IN [X, Y ]), for 1 ≤ i ≤ k. Hen
e

α(X) =

k∏

i=1

β(cibmi
X, Ti) β(ckbmk

, 0) ∈ ETrans(N [X], IN [X]),67



where Ti = ci+1bmi+1
X + · · ·+ ckbmk

X. �Now we prove a
tion version of above Lo
al Global prin
iple.Theorem 5.6.3 Let M be a �nitely generated proje
tive R-module of rank n ≥ 2,and N = (R ⊥ M). Let q(X) = (a(X), p(X)) ∈ Um(N [X]). If for ea
h maximalideal m of R, q(X) ∈ q(0)ETrans(Nm[X]), then
q(X) ∈ q(0) ETrans(N [X]).

�Here we establish a relative version of the above theorem. Theorem 5.6.3 is aparti
ular 
ase of Theorem 5.6.4 when I[X] = R[X].Theorem 5.6.4 Let I be an ideal of R and let M be a �nitely generated proje
-tive R-module of rank n ≥ 2. Let N = (R ⊥ M). If for ea
h maximal ideal
m of R, q(X) ∈ q(0)ETrans(Nm[X], INm[X]), where q(X) = (a(X), p(X)) is in
Um(N [X], IN [X]), then

q(X) ∈ q(0) ETrans(N [X], IN [X]).Proof: For ea
h maximal ideal m ofR, we get α(m)(X) ∈ ETrans(Nm[X], INm[X])su
h that
q(X) α(m)(X) = q(0).Let us de�ne

β(X, T ) = α(m)(X + T ) α(m)(X)−1.Clearly β(X, T ) is in ETrans(Nm[X, T ], INm[X, T ]). Sin
e there are only �nitelymany denominators involved, there exists am ∈ R \ m su
h that β(X, T ) is inETrans(Nam
[X, T ], INam

[X, T ]). Also β(X, 0) = Id. This implies β(X, bmT ) ∈ETrans(N [X, T ], IN [X, T ]) for suitable bm ∈ (aN
m

), N ≫ 0 (see Lemma 5.5.2). Now,
q(X + bmT ) β(X, bmT ) = q(X + bmT ) α(m)(X + bmT ) α(m)(X)−1

= q(0) α(m)(X)−1

= q(X).68



Note that the ideal generated by bm's is the whole ring R. Therefore c1bm1
+

· · · + ckbmk
= 1, where ci ∈ R, for 1 ≤ i ≤ k. In the above equation repla
ing X by

c2bm2
X + · · ·+ ckbmk

X and bmT by c1bm1
X we get,

q(X) = q(bm1
X + bm2

X + · · ·+ bmk
X)

∈ q(bm2
X + · · ·+ bmk

X) ETrans(N [X], IN [X]).Again in the above equation repla
ing X by bm3
X+ · · ·+bmk

X and bmT by bm2
Xwe get,

q(bm2
X + · · · + bmk

X) ∈ q(bm3
X + · · · + bmk

X) ETrans(N [X], IN [X]).Continuing in this way we get
q(bmk

X + 0) ∈ q(0) ETrans(N [X], IN [X]).Combining all these we get
q(X) ∈ q(0) ETrans(N [X], IN [X]).

�Proposition 5.6.5 Let M be a �nitely generated proje
tive R-module of rank atleast 2, and N = (R ⊥M). Then
Trans(N) = ETrans(N).Proof: Note that ETrans(N) ⊆ Trans(N). Let us 
onsider an element α ∈

Trans(N). There exists α(X) ∈ Trans(N [X]) su
h that α(1) = α and α(0) = Id.Let m be a maximal ideal of R. We have α(X)m ∈ Trans(Nm[X]) = ETrans(Nm[X])(see Lemma 5.4.5). This is true for all maximal ideal m of R and hen
e by Lemma5.6.1 we have α(X) is in ETrans(N [X]). Substituting X = 1 we get α ∈ ETrans(N),and hen
e Trans(N) ⊆ ETrans(N). �Similarly we 
an prove the following:Proposition 5.6.6 Let I be an ideal of R. Let M be a �nitely generated proje
tive
69



R-module of rank at least 2, and N = (R ⊥M). Then
Trans(N, IN) = ETrans(N, IN).Proof: Note that ETrans(N, IN) ⊆ Trans(N, IN). Let us 
onsider an ele-ment α ∈ Trans(N, IN). There exists α(X) ∈ Trans(N [X], IN [X]) su
h that

α(1) = α and α(0) = Id. Let m be a maximal ideal of R. We have α(X)m ∈

Trans(Nm[X], INm[X]) = ETrans(Nm[X], INm[X]) (see Lemma 5.4.6). This is truefor all maximal ideal m of R and hen
e by Lemma 5.6.2 we have α(X) is in
ETrans(N [X], IN [X]). Substituting X = 1 we get α ∈ ETrans(N, IN), and hen
e
Trans(N, IN) ⊆ ETrans(N, IN). �5.7 Symple
ti
 Modules and Symple
ti
 Transve
tionsDe�nition 5.7.1 A symple
ti
 R-module is a pair (P, 〈, 〉), where P is a �nitelygenerated proje
tive R-module of even rank and 〈, 〉 : P × P −→ R is a non-degenerate (i.e, P ∼= P ∗ by x −→ 〈x, 〉) alternating bilinear form.De�nition 5.7.2 Let (P1, 〈, 〉1) and (P2, 〈, 〉2) be two symple
ti
 R-modules. Theirorthogonal sum is the pair (P, 〈, 〉), where P = P1 ⊕ P2 and the inner produ
t isde�ned by 〈(p1, p2), (q1, q2)〉 = 〈p1, q1〉1 + 〈p2, q2〉2.There is a unique non-degenerate bilinear form 〈, 〉 on the R-module H(R) =

R⊕ R∗, namely 〈(a1, b1), (a2, b2)〉 = a1b2 − a2b1.Now onwards Q will denote (R2 ⊥ P ) with indu
ed form on (H(R) ⊥ P ),and Q[X] will denote (R[X]2 ⊥ P [X]) with indu
ed form on (H(R[X]) ⊥ P [X]).De�nition 5.7.3 An isometry of a symple
ti
 module (P, 〈, 〉) is an automorphismof P whi
h �xes the bilinear form. The group of isometries of (P, 〈, 〉) is denoted by
Sp(P, 〈, 〉).De�nition 5.7.4 In [7℄ Bass has de�ned a symple
ti
 transve
tion of a sym-ple
ti
 module P to be an automorphism of the form

σ(p) = p+ 〈u, p〉v + 〈v, p〉u+ α〈u, p〉u,where α ∈ R and u, v ∈ P are �xed elements with 〈u, v〉 = 0. It is easy to 
he
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that 〈σ(p), σ(q)〉 = 〈p, q〉 and σ has an inverse
τ(p) = p− 〈u, p〉v − 〈v, p〉u− α〈u, p〉u.The subgroup of Sp(P, 〈, 〉) generated by the symple
ti
 transve
tions is denotedby TransSp(P, 〈, 〉) (see [33℄, Page 35).De�nition 5.7.5 The symple
ti
 transve
tions of Q = (R2 ⊥ P ) of the form
(a, b, p) 7→ (a, b− 〈p, q〉 + αa, p+ aq),

(a, b, p) 7→ (a + 〈p, q〉 − βb, b, p+ bq),where α, β ∈ R and q ∈ P , are 
alled elementary symple
ti
 transve
tions.The elementary symple
ti
 transve
tions are symple
ti
 transve
tions on Q.Take (u, v) = ((0, 1, 0), (0, 0, q)) and (u, v) = ((−1, 0, 0), (0, 0, q)) respe
tively toget the above two transve
tions of Q.The subgroup of TransSp(Q, 〈, 〉) generated by elementary symple
ti
 transve
-tions is denoted by ETransSp(Q, 〈, 〉).De�nition 5.7.6 Let I be an ideal of R. The group of relative symple
ti
transve
tions w.r.t. an ideal I is generated by the symple
ti
 transve
ions ofthe form
σ(p) = p+ 〈u, p〉v + 〈v, p〉u+ α〈u, p〉u,where α ∈ I and u ∈ P , v ∈ IP are �xed elements with 〈u, v〉 = 0.The group generated by relative symple
ti
 transve
tions is denoted by

TransSp(P, IP, 〈, 〉).De�nition 5.7.7 The elementary symple
ti
 transve
tions of Q of the form
(a, b, p) 7→ (a, b− 〈p, q〉 + αa, p+ aq),

(a, b, p) 7→ (a + 〈p, q〉 − βb, b, p+ bq),where α, β ∈ I and q ∈ IP are 
alled relative elementary symple
ti
 transve
-tions w.r.t. an ideal I.The subgroup of ETransSp(Q, 〈, 〉) generated by relative elementary symple
ti
transve
tions is denoted by ETransSp(IQ, 〈, 〉). The normal 
losure of ETransSp(IQ, 〈, 〉)71



in ETransSp(Q, 〈, 〉) is denoted by ETransSp(Q, IQ, 〈, 〉) .De�nition 5.7.8 The subgroup of ETransSp(Q, 〈, 〉) generated by
(a, b, p) 7→ (a, b− 〈p, q̃〉 + αa, p+ aq̃),

(a, b, p) 7→ (a + 〈p, q〉 − αb, b, p + bq),with q̃ ∈ IP , is denoted by ETrans1
Sp(Q, IQ, 〈, 〉).Remark 5.7.9 Let P be a free R-module and 〈p, q〉 = pϕqt, where ϕ be an alter-nating matrix with Pfa�an 1.In this 
ase the symple
ti
 transve
tion

σ(p) = p+ 〈u, p〉v + 〈v, p〉u+ α〈u, p〉u
orresponds to the following matrix:
(I2n − vtuϕ− utvϕ)(I2n − αutuϕ);and the group generated by them is denoted by TransSp(P, 〈, 〉ϕ).Also in this 
ase ETransSp(Q, 〈, 〉ϕ) will be generated by the matri
es of the form

ρϕ(q, α) =




1 0 0

α 1 qϕ

qt 0 I2n


 ,

µϕ(q, β) =




1 −β −qϕ

0 1 0

0 qt I2n


 .Note that for q = (q1, . . . , q2n) ∈ R2n, and for the standard alternating matrix

ψn, we have
ρψ(q, α) = se21(α)

2n+2∏

i=3

sei1(qi−2), (5.5)
µψ(q, β) = se12(β)

2n+2∏

i=3

se1i((−1)iqσ(i−2)). (5.6)
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Lemma 5.7.10 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let P be a free R-module of rank 2n, n ≥ 2. Let ϕ = ψn, the standardalternating matrix, then
ETransSp(Q, 〈, 〉ψn

) = ESp2n+2(R),

ETransSp(Q, IQ, 〈, 〉ψn
) = ESp2n+2(R, I),

ETrans1
Sp(Q, IQ, 〈, 〉ψn

) = ESp1
2n+2(R, I).Proof: From equations (5.5) and (5.6) it follows that

ETransSp(Q, 〈, 〉ψn
) ⊆ ESp2n+2(R).Using the 
ommutator identities for the (standard) elementary generators ofthe group ESp2n+2(R) it follows that ESp2n+2(R) is generated by the elements

se1i(a), sej1(b), 1 < i 6= j ≤ 2n, a, b ∈ R, and hen
e ESp2n+2(R) ⊆ ETransSp(Q, 〈, 〉ψn
).Therefore the �rst equality holds.To show the se
ond equality let us �rst show ETransSp(Q, IQ, 〈, 〉ψn

) is a subsetof ESp2n+2(R, I). It is enough to show that an element of the form
tψn

(q1, α) sψn
(q2, β) tψn

(q1, α)−1is in ESp2n(R, I), for q1 ∈ R2n, q2 ∈ I2n, α ∈ R and β ∈ I. Here tψn
and sψn

are
ρψn

or µψn
. Using the de�nition of ESp2n(R, I) and equations (5.5), (5.6) we get

tψn
(q1, α) sψn

(q2, β) tψn
(q1, α)−1 ∈ ESp2n(R, I)and hen
e

ETransSp(Q, IQ, 〈, 〉ψn
) ⊆ ESp2n(R, I).To show the other in
lusion we re
all the equivalent de�nition of the relativegroup whi
h says that ESp2n(R, I) is the smallest normal subgroup of ESp2n(R)
ontaining se21(x), where x ∈ I (see Lemma 2.2.29). We need to show

g se21(x) g
−1 ∈ ETransSp(Q, IQ, 〈, 〉ψn

),
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where g ∈ ESp2n(R) = ETransSp(Q, 〈, 〉ψn
). Therefore g se21(x) g

−1 belongs to
ETransSp(Q, IQ, 〈, 〉ψn

) and
ESp2n(R, I) ⊆ ETransSp(Q, IQ, 〈, 〉ψn

),and hen
e the se
ond equality is established.Generators of ETrans1
Sp(Q, IQ, 〈, 〉ψn

) is of the form ρψn
(q1, α), µψn

(q2, β), where
q1 ∈ I2n−1, α ∈ I, q2 ∈ R2n−1 and β ∈ R. By equations (5.5) and (5.6) we have
ρψn

(q1, α), µψn
(q2, β) ∈ ESp1

2n(R, I), and hen
e
ETrans1

Sp(Q, IQ, 〈, 〉ψn
) ⊆ ESp1

2n(R, I).On the other hand generators of ESp1
2n(R, I) are of the form se1i(a), sej1(x),where a ∈ R and x ∈ I. Using equations (5.5) and (5.6) we get se1i(a), sej1(x) ∈

ETrans1
Sp(Q, IQ, 〈, 〉ψn

), and hen
e ESp1
2n(R, I) ⊆ ETrans1

Sp(Q, IQ, 〈, 〉ψn
). There-fore the third equality is established. �Lemma 5.7.11 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let P be a free R-module of rank 2n, n ≥ 2. Let ϕ = ψn, the standardalternating matrix, then

TransSp(Q, 〈, 〉ψ1⊥ψn
) = ETransSp(Q, 〈, 〉ψn

) = ESp2n+2(R),

TransSp(Q, IQ, 〈, 〉ψ1⊥ψn
) = ETransSp(Q, IQ, 〈, 〉ψn

) = ESp2n+2(R, I),Proof: Using Lemma 2.2.22 and Lemma 2.2.23 it follows that
TransSp(Q, 〈, 〉ψ1⊥ψn

) ⊆ ESp2n+2(R),

TransSp(Q, IQ, 〈, 〉ψ1⊥ψn
) ⊆ ESp2n+2(R, I).Also

ETransSp(Q, 〈, 〉ψn
) ⊆ TransSp(Q, 〈, 〉ψ1⊥ψn

),

ETransSp(Q, IQ, 〈, 〉ψn
) ⊆ TransSp(Q, IQ, 〈, 〉ψ1⊥ψn

).Therefore using previous lemma we have
ESp2n+2(R) = ETransSp(Q, 〈, 〉ψn

) ⊆ TransSp(Q, 〈, 〉ψ1⊥ψn
) ⊆ ESp2n+2(R),74



and hen
e the �rst sequen
e of equalities follow. The se
ond sequen
e of equalitiesfollow similarly. �Lemma 5.7.12 Let P be a free R-module of rank 2n. Let (P, 〈, 〉ϕ) and (P, 〈, 〉ϕ∗)be two symple
ti
 R-modules with ϕ = (1 ⊥ ε)t ϕ∗ (1 ⊥ ε), for some ε ∈ E2n−1(R).Then
TransSp(P, 〈, 〉ϕ) = (1 ⊥ ε)−1 TransSp(P, 〈, 〉ϕ∗) (1 ⊥ ε),

ETransSp(Q, 〈, 〉ϕ) = (I3 ⊥ ε)−1 ETransSp(Q, 〈, 〉ϕ∗) (I3 ⊥ ε)).Proof: In the free 
ase for symple
ti
 transve
tions we have
(I2n − vtuϕ− utvϕ)(I2n − αutuϕ)

= (1 ⊥ ε)−1 (I2n − ṽtũϕ∗ − ũtṽϕ∗) (I2n − αũtũϕ∗) (1 ⊥ ε),where ũ = u(1 ⊥ ε)t and ṽ = v(1 ⊥ ε)t. Hen
e the �rst equality follows.For elementary symple
ti
 transve
tions we have
(I2 ⊥ (1 ⊥ ε))−1ρϕ∗(q, α)(I2 ⊥ (1 ⊥ ε))

= (I3 ⊥ ε)−1ρϕ∗(q, α)(I3 ⊥ ε)

= ρϕ(q(1 ⊥ εt)−1, α),and
(I2 ⊥ (1 ⊥ ε))−1µϕ∗(q, β)(I2 ⊥ (1 ⊥ ε))

= (I3 ⊥ ε)−1µϕ∗(q, β)(I3 ⊥ ε)

= µϕ(q(1 ⊥ εt)−1, β),and hen
e the se
ond equality follows. �Lemma 5.7.13 Let I be an ideal of R and P be a free R-module of rank 2n. Let
(P, 〈, 〉ϕ) and (P, 〈, 〉ϕ∗) be two symple
ti
 R-modules with ϕ = (1 ⊥ ε)t ϕ∗ (1 ⊥ ε),for some ε ∈ E2n−1(R, I). Then

TransSp(P, IP, 〈, 〉ϕ) = (1 ⊥ ε)−1 TransSp(P, IP, 〈, 〉ϕ∗) (1 ⊥ ε),

ETransSp(Q, IQ, 〈, 〉ϕ) = (I3 ⊥ ε)−1 ETransSp(Q, IQ, 〈, 〉ϕ∗) (I3 ⊥ ε),

ETrans1
Sp(Q, IQ, 〈, 〉ϕ) = (I3 ⊥ ε)−1 ETrans1

Sp(Q, IQ, 〈, 〉ϕ∗) (I3 ⊥ ε).75



Proof: Using the three equations appear in the proof of Lemma 5.7.12, we getthese equalities. �Proposition 5.7.14 Let (P, 〈, 〉ϕ) be a symple
ti
 R-module with P free of rank 2n.Let ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(R). Then
TransSp(Q, 〈, 〉ψ1⊥ϕ) = ETransSp(Q, 〈, 〉ϕ) = ESpψ1⊥ϕ

(R).Proof: Using Lemma 5.1.5, Lemma 5.1.6, Lemma 5.7.10 and Lemma 5.7.12 weget,
TransSp(Q, 〈, 〉ψ1⊥ϕ) = (I3 ⊥ ε)−1 TransSp(Q, 〈, 〉ψ1⊥ψn

) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESp2+2n(R) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESpψ1⊥ψn
(R) (I3 ⊥ ε)

= ESpψ1⊥ϕ
(R),and

ETransSp(Q, 〈, 〉ϕ) = (I3 ⊥ ε)−1 ETransSp(Q, 〈, 〉ψn
) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESp2+2n(R) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESpψ1⊥ψn
(R) (I3 ⊥ ε))

= ESpψ1⊥ϕ
(R),and hen
e the sequen
e of equalities are established. �Now we state and prove a relative version of the above proposition.Proposition 5.7.15 Let R be a 
ommutative ring with R = 2R, and let I be anideal of R. Let (P, 〈, 〉ϕ) be a symple
ti
 R-module with P free of rank 2n, n ≥ 2.Let ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(R, I). Then

TransSp(Q, IQ, 〈, 〉ψ1⊥ϕ) = ETransSp(Q, IQ, 〈, 〉ϕ) = ESpψ1⊥ϕ
(R, I).Proof: Using Lemma 5.1.5, Lemma 5.1.7, Lemma 5.7.10 and Lemma 5.7.13 weget,
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TransSp(Q, IQ, 〈, 〉ψ1⊥ϕ) = (I3 ⊥ ε)−1 TransSp(Q, IQ, 〈, 〉ψ1⊥ψn
) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESp2+2n(R, I) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESpψ1⊥ψn
(R, I) (I3 ⊥ ε)

= ESpψ1⊥ϕ
(R, I),and

ETransSp(Q, IQ, 〈, 〉ϕ) = (I3 ⊥ ε)−1 ETransSp(Q, IQ, 〈, 〉ψn
) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESp2+2n(R, I) (I3 ⊥ ε)

= (I3 ⊥ ε)−1 ESpψ1⊥ψn
(R, I) (I3 ⊥ ε))

= ESpψ1⊥ϕ
(R, I),and hen
e the sequen
e of equalities are established. �Remark 5.7.16 In view of above two lemmas, for any symple
ti
 module (P, 〈, 〉ϕ)over a lo
al ring (R,m), we have

TransSp(Q, 〈, 〉ψ1⊥ϕ) = ETransSp(Q, 〈, 〉ϕ) = ESpψ1⊥ϕ
(R),

TransSp(Q, IQ, 〈, 〉ψ1⊥ϕ) = ETransSp(Q, IQ, 〈, 〉ϕ) = ESpψ1⊥ϕ
(R, I).Here I is an ideal of the ring R.5.8 Dilation for Elementary Symple
ti
 Transve
tionsProposition 5.8.1 Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generatedproje
tive R-module of rank 2n, n ≥ 1. Let a ∈ R be non-nilpotent and (Pa, 〈, 〉ϕ) bea symple
ti
 module with Pa be a free Ra-module. Also let ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε),for some ε ∈ E2n−1(Ra) over the ring Ra. Let α(X) ∈ ETransSp(Qa[X], 〈, 〉ϕ), with

α(0) = Id. Then there exists α∗(X) ∈ ETransSp(Q[X], 〈, 〉) su
h that α∗(X) lo
alisesto α(bX) for some b ∈ (aN), N ≫ 0, and α∗(0) = Id.Proof: Let α(X) =
∏s

l=1 tϕ(gl(X), αl(X)), where tϕ is either ρϕ or µϕ and gl(X) ∈

(Ra[X])2n, αl(X) ∈ Ra[X]). Having ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), with some ε ∈77



E2n−1(Ra), will allow us to write
α(X) =

s∏

l=1

(I3 ⊥ ε)−1tψn
(fl(X), αl(X))(I3 ⊥ ε)

= (I3 ⊥ ε)−1
( s∏

l=1

tψn
(fl(X), αl(X))

)
(I3 ⊥ ε)

= (I3 ⊥ ε)−1η(X)(I3 ⊥ ε),where fl(X) = gl(X)(1 ⊥ εt), and η(X) ∈ ESp2n+2(Ra[X]) (see Lemma 5.7.10 andLemma 5.7.12). Note that η(0) = Id, as α(0) = Id. Therefore,
η(X) =

r∏

k=1

γk seikjk(Xhk(X)) γ−1
k ,where fk(X) = f(0) +Xhk(X) and γk ∈ ESp2n+2(Ra) (see Lemma 2.2.27). Now,

η(Y 2r+1

X) =

r∏

k=1

γkseikjk(Y
2r+1

Xhk(Y
2r+1

X))γ−1
k

=

l∏

t=1

septqt(Y
2ut(X, Y )

=
l∏

t=1

[sept1(Y ), se1qt(Y ut(X, Y )],where ut(X, Y ) ∈ Ra[X, Y ]. The se
ond equality above follows from Lemma 2.2.28.Taking N = M2r+1 we get,
α(aNXY 2r+1

) = α((aMY )2r+1

X)

= (I3 ⊥ ε)−1η((aMY )2r+1

X)(I3 ⊥ ε)

= (I3 ⊥ ε)−1
s∏

t=1

[sept1(a
MY ), se1qt(a

MY ut(X, Y ))](I3 ⊥ ε).Note that
sept1(a

MY ) =




ρψn

(0, aMY ) if pt = 2,

ρψn
(aMY ept−2, 0) if pt ≥ 3,
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and
se1qt(a

MY ut(X, Y )) =




µψn

(0, aMY ut(X, Y )) if qt = 2,

µψn
(aMY ut(X, Y )eσ(qt−2), 0) if qt ≥ 3.Also

(I3 ⊥ ε)−1)ρψn
(0, aMY )(I3 ⊥ ε)

= ρϕ(0, a
MY ),

(I3 ⊥ ε)−1)ρψn
(aMY ept−2, 0)(I3 ⊥ ε)

= ρϕ(a
MY ept−2(1 ⊥ εt)−1), 0),and

(I3 ⊥ ε)−1)µψn
(0, aMY ut(X, Y ))(I3 ⊥ ε)

= µϕ(0, a
MY ut(X, Y )),

(I3 ⊥ ε)−1)µψn
(aMY ut(X, Y )eσ(qt−2), 0)(I3 ⊥ ε)

= µϕ(a
MY ut(X, Y )eσ(qt−2)(1 ⊥ εt)−1).Let us �x some notations here.

ρ(pt) =




ρϕ(0, a

MY ) if pt = 2,

ρϕ(a
MY ept−2(1 ⊥ εt)−1), 0) if pt ≥ 3,and

µ(qt) =




µϕ(0, a

MY ut(X, Y )) if qt = 2,

µϕ(a
MY ut(X, Y )eσ(qt−2)(1 ⊥ εt)−1), 0) if qt ≥ 3.Note that
α(aNXY 2r+1

) =

s∏

t=1

[ρ(pt), µ(qt)].
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Let α∗(X) ∈ ETransSp(Q[X], 〈, 〉) be su
h that
α∗(X)a =

s∏

t=1

[ρ(pt), µ(qt)].Using Lemma 2.2.4 we 
an 
laim that α∗(X) lo
alises to α(bX), for some b ∈

(aN ), N ≫ 0, and α∗(0) = Id. �Next we state and prove a relative version of Proposition 5.8.1. We 
an proveProposition 5.8.1 in the way we prove Proposition 5.8.2, without involving 
ommu-tator identities.Proposition 5.8.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive R-module of rank 2n, n ≥ 2. Let a ∈ R be non-nilpotent and (Pa, 〈, 〉ϕ) be a symple
ti
module with Pa be a free Ra-module. Also let ϕ = (1 ⊥ ε)t ψn (1 ⊥ ε), for some
ε ∈ E2n−1(Ra, Ia) over the ring Ra. Let α(X) ∈ ETransSp(Qa[X], IQa[X], 〈, 〉ϕ),with α(0) = Id. Then there exists α∗(X) ∈ ETransSp(Q[X], IQ[X], 〈, 〉) su
h that
α∗(X) lo
alises to α(bX), for some b ∈ (aN), N ≫ 0, and α∗(0) = Id.Proof: By Lemma 5.7.15 we have

ETransSp(Qa[X], IQa[X], 〈, 〉ϕ) = ESpψ1⊥ϕ
(Ra[X], Ia[X]),and using dilation prin
iple for ESpψ1⊥ϕ

(R[X], I[X]) (see Lemma 5.2.2) we get a
β(X) ∈ ESpψ1⊥ϕ

(R[X], I[X]) su
h that β(X)a = α(bX), for some b ∈ (aN ). Nowwe 
hoose a α∗(X) from ETransSp(Q[X], IQ[X], 〈, 〉) su
h that α∗(X)a = β(X)a.Using Lemma 2.2.4 we 
laim that α∗(X) lo
alises to α(bX), for some b ∈ (aN ),
N ≫ 0, and α∗(0) = Id. �5.9 Lo
al Global prin
iple for ETransSp(Q)Lemma 5.9.1 Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated pro-je
tive module of rank 2n, n ≥ 1. Let α(X) ∈ Sp(Q[X], 〈.〉), with α(0) = Id. Iffor ea
h maximal ideal m of R, α(X)m ∈ ETransSp(Qm[X], 〈, 〉ϕm

), then α(X) ∈

ETransSp(Q[X], 〈, 〉). �Next we state and prove a relative version of the above lemma. Lemma 5.9.1
an be treated as a parti
ular 
ase of Lemma 5.9.2, when I[X] = R[X].80



Lemma 5.9.2 Let R be a 
ommutative ring with R = 2R, and let I be an ideal of
R. Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive moduleof rank 2n, n ≥ 2. Let α(X) ∈ Sp(Q[X], 〈.〉), with α(0) = Id. If for ea
h maximalideal m of R, α(X)m ∈ ETransSp(Qm[X], IQm[X], 〈, 〉ϕm

), where ϕm ≡ ψn (mod I),then
α(X) ∈ ETransSp(Q[X], IQ[X], 〈, 〉).Proof: Let m be a maximal ideal of R. One 
an suitably 
hoose an element amfrom R \ m su
h that α(X)am

∈ ETransSp(Qam
[X], IQam

[X], 〈, 〉ϕam
), where ϕam

isthe alternating matrix with Pfa�an 1 
orresponding to the alternating form 〈, 〉ϕam
.Also ϕm = (1 ⊥ ε)t ψn (1 ⊥ ε), for some ε ∈ E2n−1(Ram

, Iam
). Let us de�ne

β(X, Y ) = α(X + Y )am
α(Y )−1

am

.Clearly
β(X, Y ) ∈ ETransSp(Qam

[X, Y ], IQam
[X, Y ], 〈, 〉ϕam

),and β(0, Y ) = Id. Therefore β(bmX, Y ) ∈ ETransSp(Q[X, Y ], IQ[X, Y ], 〈, 〉), where
bm ∈ (aN

m
) for N ≫ 0 (see Proposition 5.8.2). The ideal generated by bm's is thewhole ring R. Therefore we have c1bm1

+ · · ·+ckbmk
= 1, where ci ∈ R, for 1 ≤ i ≤ k.Note that β(cibmi

X, Y ) ∈ ETransSp(Q[X, Y ], IQ[X, Y ], 〈, 〉), for 1 ≤ i ≤ k. Now,
α(X) =

k∏

i=1

β(bmi
X, Ti) β(bmk

, 0) ∈ ETransSp(Q[X], IQ[X], 〈, 〉)where Ti = ci+1bmi+1
X + · · ·+ ckbmk

X. �Here we state and prove a
tion version of above Lo
al Global prin
iple.Theorem 5.9.3 Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generatedproje
tive module of rank 2n, n ≥ 1. Let q(X) = (a(X), b(X), p(X)) ∈ Um(Q[X]).If for ea
h maximal ideal m of R, q(X) ∈ q(0)ETransSp(Qm[X], 〈, 〉ϕm
), then

q(X) ∈ q(0) ETransSp(Q[X], 〈, 〉).
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Next we state and prove a relative version of the above theorem. Theorem 5.9.3
an be treated as a parti
ular 
ase of Theorem 5.9.4, when I[X] = R[X].Theorem 5.9.4 Let R be a 
ommutative ring with R = 2R, and let I be an ideal of
R. Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive moduleof rank 2n, n ≥ 2. Let q(X) = (a(X), b(X), p(X)) is in Um(Q[X], IQ[X]). If forea
h maximal ideal m of R, we have q(X) ∈ q(0)ETransSp(Qm[X], IQm[X], 〈, 〉ϕm

),where ϕm ≡ ψn (mod I), then
q(X) ∈ q(0) ETransSp(Q[X], IQ[X], 〈, 〉).Proof: For ea
h maximal ideal m of R, we will �nd an element α(m)(X) from

ETransSp(Qm[X], IQm[X], 〈, 〉ϕ⊗Rm [X]) su
h that
q(X) α(m)(X) = q(0).Let us de�ne

β(X, T ) = α(m)(X + T ) α(m)(X)−1.Clearly β(X, T ) is in ETransSp(Qm[X, T ], IQm[X, T ], 〈, 〉ϕm
). Sin
e there areonly �nitely many denominators, there exists am ∈ R \ m su
h that β(X, T ) is in

ETransSp(Qam
[X, T ], IQm[X, T ], 〈, 〉ϕam

). Also β(X, 0) = Id. This implies β(X, bmT )is in ETransSp(Q[X, T ], IQ[X, T ], 〈, 〉), for suitable bm ∈ (aN
m

) (see Proposition 5.8.2).Now,
q(X + bmT ) β(X, bmT ) = q(X + bmT ) α(m)(X + bmT ) α(m)(X)−1

= q(0) α(m)(X)−1

= q(X)Note that the ideal generated by bm's is the whole ring R. Therefore c1bm1
+

· · · + ckbmk
= 1, where ci ∈ R, for 1 ≤ i ≤ k. In the above equation repla
ing bmTby c1bm1

X and X by c2bm2
X + · · · + ckbmk

X we get,
q(X) = q(c1bm1

X + · · · + ckbmk
X)

∈ q(c2bm2
X + · · · + ckbmk

X) ETransSp(Q[X, T ], IQ[X, T ], 〈, 〉).82



In the above equation repla
ing bmT by c2bm2
X and X by c3bm3

X+ · · ·+ ckbmk
Xwe get

q(c2bm2
X + · · ·+ ckbmk

X)

∈ q(c3bm3
X + · · ·+ ckbmk

X) ETransSp(Q[X, T ], IQ[X, T ], 〈, 〉).Continuing in this way we get
q(X) ∈ q(0) ETransSp(Q[X], IQ[X], 〈, 〉).

�5.10 Equality of TransSp(Q, 〈, 〉) , ETransSp(Q, 〈, 〉) and ESp
ϕ
(R)In this se
tion we establish equality of the above mentioned groups.Theorem 5.10.1 Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generatedproje
tive module of rank 2n, n ≥ 1. Then

TransSp(Q, 〈, 〉) = ETransSp(Q, 〈, 〉).Proof: By de�nition ETransSp(Q, 〈, 〉) ⊆ TransSp(Q, 〈, 〉). We need to show
TransSp(Q, 〈, 〉) ⊆ ETransSp(Q, 〈, 〉). Let α ∈ TransSp(Q, 〈, 〉). There exists α(X)in TransSp(Q[X], 〈, 〉ϕ⊗R[X]) su
h that α(1) = α and α(0) = Id. For ea
h maximalideal m of R, one has

TransSp(Qm[X], 〈, 〉ψ1⊥ϕm
) = ETransSp(Qm[X], 〈, 〉ϕm

)(see Remark 5.7.16). Hen
e α(X)m ∈ ETransSp(Qm[X], 〈, 〉ϕm
), for ea
h maximalideal m of R. Using Lemma 5.9.1 we get α(X) is in ETransSp(Q[X], 〈, 〉) and hen
esubstituting X = 1 we get α ∈ ETransSp(Q, 〈, 〉). �Theorem 5.10.2 Let R be a 
ommutative ring with R = 2R, and let I be an ideal of

R. Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive moduleof rank 2n, n ≥ 2. Also assume for any maximal ideal m of R, the alternating form
〈, 〉 
orresponds to the alternating matrix ϕm, where ϕm ≡ ψn (mod I), over the ring83



Rm. Then
TransSp(Q, IQ, 〈, 〉) = ETransSp(Q, IQ, 〈, 〉).Proof: We have ETransSp(Q, IQ, 〈, 〉) ⊆ TransSp(Q, IQ, 〈, 〉). We need to show

TransSp(Q, IQ, 〈, 〉) ⊆ ETransSp(Q, IQ, 〈, 〉). Let α ∈ TransSp(Q, IQ, 〈, 〉). Thereexists α(X) in TransSp(Q[X], IQ[X]〈, 〉ϕ⊗R[X]) su
h that α(1) = α and α(0) = Id.For ea
h maximal ideal m of R, one has
TransSp(Qm[X], IQm[X], 〈, 〉ϕm

) = ETransSp(Qm[X], IQm[X], 〈, 〉ϕm
)(see Remark 5.7.16). Hen
e α(X)m ∈ ETransSp(Qm[X], IQm[X], 〈, 〉ϕ⊗Rm [X]), forea
h maximal ideal m of R. Therefore from Lemma 5.9.2 it follows that α(X) is in

ETransSp(Q[X], IQ[X], 〈, 〉) and hen
e substituting X = 1 we get the result. �We now 
ome to main theorems of this 
hapter.Theorem 5.10.3 Let (P, 〈, 〉ϕ) be a symple
ti
 R-module with P free of rank 2n,
n ≥ 1. Let 〈u, v〉 = uϕvt, where ϕ is an alternating matrix of Pfa�an 1. Then

ETransSp(Q, 〈, 〉ϕ) = ESpψ1⊥ϕ
(R).Proof: Let δ ∈ ETransSp(Q, 〈, 〉ϕ). There exists a

δ(X) ∈ ETransSp(Q[X], 〈, 〉ϕ)su
h that δ(1) = δ and δ(0) = Id. For any maximal ideal m in R,
δ(X)m ∈ ETransSp(Qm[X], 〈, 〉ϕm

) = ESpψ1⊥ϕ
(Rm[X])(see Remark 5.7.16). By Lemma 5.3.1 it follows that

δ(X) ∈ ESpψ1⊥ϕ
(R[X]),and hen
e δ ∈ ESpψ1⊥ϕ

(R).Let ω ∈ ESpψ1⊥ϕ
(R). There exists ω(X) ∈ ESpψ1⊥ϕ

(R[X]) su
h that ω(1) = ωand ω(0) = Id. For any maximal ideal m in R,
ω(X)m ∈ ESpψ1⊥ϕ

(Rm[X]) = ETransSp(Qm[X], 〈, 〉ϕm
)84



(see Remark 5.7.16). By Lemma 5.9.1 it follows that
ω(X) ∈ ETransSp(Q[X], 〈, 〉ϕ),and hen
e ω ∈ ETransSp(Q, 〈, 〉ϕ). �Arguing exa
tly in the similar way we establish a relative version of the abovetheorem. We state the relative version of Theorem 5.10.3 below.Theorem 5.10.4 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let (P, 〈, 〉ϕ) be a symple
ti
 R-module with P free R-module of rank 2n,

n ≥ 2. Let 〈u, v〉 = uϕvt, where ϕ is an alternating matrix of Pfa�an 1 su
h that
ϕ ≡ ψn (mod I). Then

ETransSp(Q, IQ, 〈, 〉ϕ) = ESpψ1⊥ϕ
(R, I).

�Remark 5.10.5 Let (P, 〈, 〉ϕ) be a symple
ti
 R-module with P free R-module ofrank 2n, n ≥ 1. Let 〈u, v〉 = uϕvt, where ϕ is an alternating matrix of Pfa�an 1.Then
TransSp(Q, 〈, 〉ψ1⊥ϕ) = ETransSp(Q, 〈, 〉ϕ) = ESpψ1⊥ϕ

(R).Moreover, let us assume R = 2R, and I be an ideal of R. Let P free R-moduleof rank 2n, n ≥ 2, and let ϕ ≡ ψn (mod I). Then
TransSp(Q, IQ, 〈, 〉ϕ) = ETransSp(Q, IQ, 〈, 〉ϕ) = ESpψ1⊥ϕ

(R, I).5.11 Equality of orbitsIn this se
tion we establish main result of the thesis regarding equality of orbits.Theorem 5.11.1 Let ϕ be an alternating matrix of Pfa�an 1. Then the naturalmap
Um2n(R)/ESpϕ(R) −→ Um2n(R)/E2n(R),is bije
tive for n ≥ 2. �85



Now we establish a relative version of the above theorem. Theorem 5.11.1 
anbe treated as a parti
ular 
ase of Theorem 5.11.2, when I = R.Theorem 5.11.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let ϕ be an alternating matrix of Pfa�an 1 su
h that ϕ ≡ ψn (mod I). Thenthe natural map
Um2n(R, I)/ESpϕ(R, I) −→ Um2n(R, I)/E2n(R, I)is bije
tive for n ≥ 3.Proof: It is easy to show that the map is surje
tive. To show inje
tivity the mapwe need to 
onsider v, w ∈ Um2n(R, I) and g ∈ E2n(R, I) su
h that vg = w. Wehave to show w is in the same ESpϕ(R, I)-orbit of v. Let g(X) be in E2n(R[X], I[X])su
h that g(1) = g, and g(0) = Id (see Lemma 2.2.3). Let us de�ne

V (X) = v g(X).For ea
h maximal ideal m of R we have ϕ = (1 ⊥ ε(m))t ψn(1 ⊥ ε(m)), for some
ε(m) ∈ E2n−1(Rm, Im), over the ring Rm. We de�ne

V (m)(X) = v gm(X) (1 ⊥ ε(m))−1.Note that V (m)(0) = v (1 ⊥ ε(m))−1. We have
V (m)(X) ∈ V (m)(0) E2n(Rm[X], Im[X]).Using Theorem 4.2.2 we 
an say
V (m)(X) ∈ V (m)(0) ESp2n(Rm[X], Im[X]).Therefore there exists h(X) ∈ ESp2n(Rm[X], Im[X]) su
h that

V (m)(X) h(X) = V (m)(0).This implies vgm(X)(1 ⊥ ε(m))−1h(X) = v(1 ⊥ ε(m))−1, whi
h means
Vm(X) = Vm(0) (1 ⊥ ε(m))−1 h(X)−1 (1 ⊥ ε(m)),86



i.e, Vm(X) ∈ Vm(0) ESpϕ(Rm[X], Im[X]) for ea
h maximal ideal m in R (see Lemma5.1.5 and Lemma 5.1.7). Using Theorem 5.3.4 we get an α(X) ∈ ESpϕ(R[X], I[X])su
h that V (X) = V (0)α(X). Substituting X = 1 we get vg = vα(1) where
α(1) ∈ ESpϕ(R, I). Hen
e w is in the same ESpϕ(R, I) orbit of v. �Theorem 5.11.3 Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generatedproje
tive module of rank 2n, n ≥ 1 and v = (a, b, p) ∈ Um(Q). Then

(a, b, p) ETrans(Q) = (a, b, p) ETransSp(Q, 〈, 〉).

�Here we state and prove a relative version of the above theorem. Theorem 5.11.3
an be treated as a parti
ular 
ase of Theorem 5.11.4, when I = R.Theorem 5.11.4 Let R be a 
ommutative ring with R = 2R, and let I be an ideal of
R. Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive moduleof rank 2n, n ≥ 2. Let v = (a, b, p) ∈ Um(Q, IQ). Then

(a, b, p) ETrans(Q, IQ) = (a, b, p) ETransSp(Q, IQ, 〈, 〉).Here we also assume that of ea
h maximal ideal m of R, the alternating form 〈, 〉
orresponds to the alternating matrix ϕm, where ϕm ≡ ψn (mod I), over the lo
alring Rm.Proof: Let α ∈ ETrans(Q, IQ). Let us 
hoose α(X) from ETrans(Q[X], IQ[X])su
h that α(1) = α and α(0) = Id. Let us de�ne V (X) = (a, b, p)α(X). Note that
V (0) = (a, b, p), and

V (X) ∈ V (0) ETrans(Q[X], IQ[X]).Let m be a maximal ideal of R. Over Rm, we have ϕm = (1 ⊥ ε(m))t ψn (1 ⊥

ε(m)), where ε(m) ∈ E2n(Rm, Im). Let us de�ne W (X) = V (X) (1 ⊥ ε(m))−1. Wehave
W (X) ∈ W (0) E2n+2(Rm[X], Im[X])

= W (0) ESp2n+2(Rm[X], Im[X])

= W (0) ETransSp(Qm[X], IQm[X]), 〈, 〉ψn
),87



and hen
e
V (X) ∈ V (0) (1 ⊥ ε(m))−1 ETransSp(Qm[X], IQm[X], 〈, 〉ψn

) (1 ⊥ ε(m))

= V (0) ETransSp(Qm[X], IQm[X], 〈, 〉ϕm
).This is true for all maximal ideal m of R, and hen
e by Theorem 5.9.4 we get

V (X) ∈ V (0) ETransSp(Q[X], I[X], 〈, 〉). Substituting X = 1 we get
(a, b, p) α ∈ (a, b, p) ETransSp(Q, IQ, 〈, 〉).Now we 
onsider β from ETransSp(Q, IQ, 〈, 〉). Let β(X) be an element of

ETransSp(Q[X], IQ[X], 〈, 〉) su
h that β(1) = β and β(0) = Id. We de�ne V (X) =

(a, b, p)β(X). Note that
V (X) ∈ V (0) ETransSp(Q[X], IQ[X], 〈, 〉).Let m be a maximal ideal of R. Over the lo
al ring Rm, we de�ne W (X) =

V (X) (1 ⊥ ε(m))−1. We have
W (X) ∈ W (0) (1 ⊥ ε(m)) ETransSp(Qm[X], IQm[X], 〈, 〉ϕm

) (1 ⊥ ε(m))−1

= W (0) ETransSp(Qm[X], IQm[X], 〈, 〉ψn
)

= W (0) ESp2n+2(Rm[X], Im[X])

= W (0) E2n+2(Rm[X], Im[X]),and hen
e
V (X) ∈ V (0) E2n+2(Rm[X], Im[X])

= V (0) ETrans(Qm[X], IQm[X]).This is true for all maximal ideal m of R, and hen
e by Theorem 5.6.4 we have
V (X) ∈ V (0)ETrans(Q[X], IQ[X]). Substituting X = 1, we get

(a, b, p) β ∈ (a, b, p) ETrans(Q, IQ).

�
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Chapter 6Ex
ision TheoremIn this 
hapter we �rst re
all the Ex
ision Theorem of W. van der Kallen (seeTheorem 6.1.1). We also re
all the de�nition of the Ex
ision ring in the linear 
aseand its properties. We shall then prove similar results (see Theorem 6.3.2), followingthe lead of van der Kallen in Theorem 6.1.1, for the relative elementary symple
ti
groups. We also prove Ex
ision theorem for the elementary symple
ti
 transve
tiongroup in the free 
ase.The Ex
ision theorem (Theorem 6.1.1) of van der Kallen enables one to transforma problem on unimodular rows from the relative 
ase (I 6= R) to the absolute 
ase.6.1 Ex
ision Ring and Ex
ision TheoremThe Ex
ision ring (Z ⊕ I): If I is an ideal in R, one 
an then 
onstru
t the ring
Z ⊕ I with multipli
ation de�ned by (n ⊕ i)(m ⊕ j) = (nm ⊕ nj + mi + ij), for
m,n ∈ Z, i, j ∈ I. The maximal spe
trum of the ring Z⊕ I is Noetherian, being theunion of �nitely many subspa
es of dimension ≤ dim(R). There is also a naturalhomomorphism ϕ : Z ⊕ I −→ R given by (m⊕ i) 7→ m+ i ∈ R.Theorem 6.1.1 (W. van der Kallen) ([15℄, Theorem 3.21)Let I be an ideal in R. Then the natural maps

Umn(Z ⊕ I, 0 ⊕ I)

En(Z ⊕ I, 0 ⊕ I)
−→

Umn(R, I)

En(R, I)
,

Umn(Z ⊕ I, 0 ⊕ I)

En(Z ⊕ I, 0 ⊕ I)
−→

Umn(Z ⊕ I)

En(Z ⊕ I)
,are bije
tive for n ≥ 3. �89



6.2 Dis
ussion on The Ex
ision TheoremThe 
riti
al input in W. van der Kallen's proof of Ex
ision theorem is that if v =

(1 + a1, a2, . . . , an) ∈ Umn(R, I), n ≥ 3, then he observed that
v Eij(t) = v E1j(ait) Eij(−a1t), for 2 ≤ i 6= j ≤ n,

v Ei1(t) = v Eij(t) Ej1(1) Eij(−t) Ej1(−1).Using these formulae he was able to transform a problem on elementary orbit toa problem on relative elementary orbit.We �rst tried this dire
t approa
h in the 
ase of elementary symple
ti
 orbits.One 
an make similar observations with seij(t), in very spe
ial 
ases (of the shortroots). First we will dis
uss it.Let v = (1+a1, a2, . . . , a2n) ∈ Um2n(R, I), n ≥ 2. Let i be an odd integer. Then,
v seii+1(t) = v se1i+1(ait+ a1ait) seii+1(−2a1t− a2

1t) se12(−a
2
i t).Proof:

vyse1i+1(ait+a1ait)

(1 + a1, a2 + a2
i t+ a1a

2
i t, . . . , ai+1 + ait+ 2a1ait+ a2

1ait, . . . , a2n)yseii+1(−2a1t−a21t)

(1 + a1, a2 + a2
i t+ a1a

2
i t, . . . , ai+1 + ait, . . . , a2n)yse12(−a2i t)

(1 + a1, a2, . . . , ai+1 + ait, . . . , a2n).

�Again let v = (1+a1, a2, . . . , a2n) ∈ Um2n(R, I), n ≥ 2. Let i be an even integer.Then,
v seii−1(t) = v se1i−1(ait+ a1ait) seii−1(−2a1t− a2

1t) se12(a
2
i t).
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Proof:
vyse1i−1(ait+a1ait)

(1 + a1, a2 − a2
i t− a1a

2
i t, . . . , ai−1 + ait+ 2a1ait+ a2

1ait, . . . , a2n)yseii−1(−2a1t−a21t)

(1 + a1, a2 − a2
i t− a1a

2
i t, . . . , ai−1 + ait, . . . , a2n)yse12(a2i t)

(1 + a1, a2, . . . , ai−1 + ait, . . . , a2n).

�However we were unable to get dire
t proofs as above in other 
ases (of the longroots).6.3 Symple
ti
 Analogue of The Ex
ision TheoremHere we will see again that the Lo
al Global prin
iple w.r.t. an extended ideal(Theorem 3.2.3) plays an important role in the proof of symple
ti
 analogue of theEx
ision Theorem. Theorem 3.2.3 along with Lemma 2.2.17, Lemma 2.2.21 andLemma 2.2.25 will be employed to prove the following lemma.Lemma 6.3.1 Let n ≥ 3. Let R be a 
ommutative ring with R = 2R, and let I bean ideal of R. Let v ∈ Um2n(R, I). Then for t ∈ R,
v seij(t) ∈ v ESp2n(R, I),when i 6= 1, j 6= 2.Proof: Using Lemma 2.2.21 we get ε0 from ESp2n(R, I) su
h that vε0 = (1 +

x1, x2, . . . , x2n), where x1, . . . , x2n ∈ I4. Let v∗ = vε0. For any maximal ideal m of Rthere exists E(m) ∈ ESp2n(Rm, I
4
m
) su
h that v∗

m
= e1E(m) by Lemma 2.2.17. (Notehere that when I4 * m, the relative group ESp2n(Rm, I

4
m
) = ESp2n(Rm). So one 
aneither appeal to L.N. Vaserstein's lemma, or infer it independently as in the proofof Lemma 2.2.17). Using Lemma 2.2.25 we get ESp2n(Rm, I

4
m
) ⊆ E(n, I2

m
). Let us

91



de�ne V (Y ) = v∗seij(tY ). Note that V (0) = v∗. We have,
v∗

m
seij(tY ) = e1 E(m) seij(tY )

= e1 seij(tY ) seij(−tY ) E(m) seij(tY )

= e1 seij(−tY ) E(m) seij(tY )

= v∗
m

E(m)−1 seij(−tY ) E(m) seij(tY ).Let us �x a notation E(m)−1 seij(−tY ) E(m) seij(tY ) = E. Note that E ∈

ESp2n(Rm[Y ], Im[Y ]2). By Lemma 2.2.25 we have ESp2n(Rm[Y ], Im[Y ]2) is a subsetof ESp2n(Im[Y ]). Therefore V (Y )m ∈ V (0)m ESp2n(Im[Y ]). By Theorem 3.2.3, thereexists E0(Y ) ∈ ESp2n(R[Y ], I[Y ]) su
h that V (Y ) = V (0)E0(Y ). Put Y = 1, to get
v∗seij(t) = v∗E0(1), where E0(1) ∈ ESp2n(R, I), i.e. vε0seij(t) = vε0E0(1). Hen
e
vseij(t) ∈ vESp2n(R, I). �Theorem 6.3.2 whi
h appears next, is a symple
ti
 analogue of W. van derKallen's Ex
ision theorem. We now prove the following theorem.Theorem 6.3.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Then the natural maps

Φ :
Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ESp2n(Z[1/2] ⊕ I, 0 ⊕ I)
−→

Um2n(R, I)

ESp2n(R, I)
,

Ψ :
Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ESp2n(Z[1/2] ⊕ I, 0 ⊕ I)
−→

Um2n(Z[1/2] ⊕ I)

ESp2n(Z[1/2] ⊕ I)
,are bije
tive for n ≥ 3.Proof: The map Φ is surje
tive be
ause of the same reason for whi
h the �rstmap in Theorem 6.1.1 is surje
tive; we sket
h the proof for 
ompleteness.We have to show that given [v] ∈ Um2n(R, I)/ESp2n(R, I), there exists a [w] ∈

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)/ESp2n(Z[1/2] ⊕ I, 0 ⊕ I) su
h that [w] maps to [v] bythe natural map. We 
an think of v as a ve
tor from (Z[1/2] ⊕ I)2n. Note that
v ≡ e1 (mod 0 ⊕ I). We will try to show v ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I). For this weneed to show there exists y ∈ (Z[1/2] ⊕ I)2n su
h that 〈v, y〉 = 1.(Note that (b1, b2, . . . , b2n) ∈ Um2n(R) and hen
e (b1, b

2
2, . . . , b

2
2n) is in Um2n(R).Be
ause if (b1, b

2
2, . . . , b

2
2n) /∈ Um2n(R), then ideal generated by

{b1, b
2
2, . . . , b

2
2n} ⊆ mR,92



for some maximal ideal of R. But b2i ∈ mR implies bi ∈ mR sin
e mR is prime ideal.Therefore {b1, b2, . . . , b2n} ⊆ mR, a 
ontradi
tion.)Let v = (1 + x1, x2, . . . , x2n) ∈ Um2n(R, I). Take
u = (1 + x1, x

2
2, . . . , x

2
2n) ∈ Um2n(R, I).Then ū = (1, 0, . . . , 0) ∈ (R/I)2n. Here `bar' means redu
tion modulo I. Now

u ∈ Um2n(R, I) implies there exists w = (w1, w2, . . . , w2n) ∈ R2n su
h that 〈u, w〉 =

1. Now 〈ū, w̄〉 = 1̄ implies 〈e1, w̄〉 = 1̄ and hen
e w̄1 = 1̄. So w1 = 1 + y1, where
y1 ∈ I, and 〈u, w〉 = 1 implies

(1 + x1)(1 + y1) + x2
2w2 + · · · + x2

2nw2n = 1.Let us take y = (1+y1, x2w2, . . . , x2nw2n). This y ∈ (Z[1/2]⊕I)2n and 〈v, y〉 = 1.Therefore v ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I).To show Ψ is surje
tive we need to show for any v ∈ Um2n(Z[1/2]⊕I), there exists
g ∈ ESp2n(Z[1/2]⊕I) su
h that vg ∈ Um2n(Z[1/2]⊕I, 0⊕I). From the surje
tivityof the se
ond map in Theorem 6.1.1 it follows that, for any v ∈ Um2n(Z[1/2] ⊕ I),there exists ǵ ∈ E2n(Z[1/2] ⊕ I) su
h that

vǵ ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I).Now from Theorem 4.1.1 it follows that, there exists g ∈ ESp2n(Z[1/2]⊕I), su
hthat vg = vǵ. Hen
e Ψ is surje
tive.To show Ψ is inje
tive we need to 
onsider v, w ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I) and
g ∈ ESp2n(Z[1/2]⊕I) su
h that vg = w. We have to show w is in the ESp2n(Z[1/2]⊕

I, 0 ⊕ I)-orbit of v. Let
g =

r∏

k=1

seikjk(ak ⊕ xk)

=
r∏

k=1

seikjk(0 ⊕ xk)seikjk(ak ⊕ 0)

= sei1j1(0 ⊕ x1)

r∏

k=2

γkseikjk(0 ⊕ xk)γ
−1
k

( r∏

k=1

seikjk(ak ⊕ 0)
)

= g1g2,

93



where γl =
∏l−1

k=1 seikjk(ak ⊕ 0) and hen
e γl ∈ ESp2n(Z[1/2] ⊕ 0). Note that here
g1 = sei1j1(0 ⊕ x1)

r∏

k=2

γk seikjk(0 ⊕ xk) γ
−1
k ,

g2 =

r∏

k=1

seikjk(ak ⊕ 0).Clearly g1 ∈ ESp2n(Z[1/2] ⊕ I, 0 ⊕ I) and g2 ∈ ESp2n(Z[1/2]). We also have
vg = w. Here `bar' means modulo the ideal 0⊕ I. Therefore we have v̄ḡ1ḡ2 = w̄, i.e,
e1g2 = e1 = e1g2. Hen
e we have

g2 =




1 0 0

∗ 1 ∗

∗ 0 α


 =




1 0 0

∗ 1 ∗

∗ 0 I2n−2







1 0 0

0 1 0

0 0 α


 ,where α is in Sp2n−2(Z[1/2]) = ESp2n−2(Z[1/2]). To see that v and w are in thesame ESp2n(Z[1/2]⊕ I, 0⊕ I) orbit we use Lemma 6.3.1, repla
ing R by Z[1/2]⊕ I.To see the map Φ is inje
tive we now 
onsider the following 
ommutative diagramof the orbit spa
es and the natural maps between them:

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ESp2n(Z[1/2] ⊕ I, 0 ⊕ I)

Ψ
−−−→

Um2n(Z[1/2] ⊕ I)

ESp2n(Z[1/2] ⊕ I)yΨ2

yΨ1

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

E2n(Z[1/2] ⊕ I, 0 ⊕ I)

Ψ3−−−→
Um2n(Z[1/2] ⊕ I)

E2n(Z[1/2] ⊕ I)
.Clearly Ψ1 ◦ Ψ = Ψ3 ◦ Ψ2. Note that we have proved that Ψ is inje
tive. Theinje
tivity of Ψ1 follows from Theorem 4.1.1. Therefore we have Ψ1 ◦Ψ is inje
tive.This implies Ψ3 ◦ Ψ2 is inje
tive and hen
e Ψ2 is inje
tive.We now 
onsider another 
ommutative diagram:

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ESp2n(Z[1/2] ⊕ I, 0 ⊕ I)

Φ
−−−→

Um2n(R, I)

ESp2n(R, I)yΦ2

yΦ1

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

E2n(Z[1/2] ⊕ I, 0 ⊕ I)

Φ3−−−→
Um2n(R, I)

E2n(R, I)
.We have Φ1 ◦ Φ = Φ3 ◦ Φ2. Note that Φ2 = Ψ2 and hen
e Φ2 is inje
tive. Theinje
tivity of Φ3 follows from Theorem 6.1.1. Therefore Φ3 ◦ Φ2 is inje
tive. This94



implies Φ1 ◦ Φ is inje
tive and hen
e Φ is inje
tive. �6.4 Equality of Orbits and Ex
isionWe 
an re
apture Theorem 4.2.3 whi
h is a relative version of Theorem 4.1.2, as anappli
ation of symple
ti
 analogue of the Ex
ision Theorem. Here we establish our
laim.Theorem 6.4.1 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Then the natural map
Um2n(R, I)

ESp2n(R, I)
−→

Um2n(R, I)

E2n(R, I)is bije
tive for n ≥ 3.Proof: Consider the following 
ommutative diagram:
Um2n(Z[1/2] ⊕ I)

ESp2n(Z[1/2] ⊕ I)

Ω1−−−→
Um2n(R, I)

ESp2n(R, I)yΩ3

yΩ2

Um2n(Z[1/2] ⊕ I)

E2n(Z[1/2] ⊕ I)

Ω4−−−→
Um2n(R, I)

E2n(R, I)
.The bije
tivity of Ω1 and Ω3 follows from Theorem 6.3.2 and Theorem 4.1.2respe
tively. Further, the bije
tivity of Ω4 is immediate from Theorem 6.1.1. Thesethree bije
tions together implies that the map Ω2 is bije
tive. �6.5 Suresh linear relation property for a group GLet G be a fun
tor from 
ommutative rings R (in whi
h 2 is invertible) to groups.A group G(R) is said to satisfy Suresh linear relation property if it has a set ofgenerators xα(b), for α in some indexing set, b ∈ R and

xα(a + b) = xα(a/2) xα(b) xα(a/2),for all a, b ∈ R.In [27℄, Amit Roy generalized Ei
hler's 
onstru
tion in [11℄ (over �elds) by de�n-ing orthogonal transformations of a quadrati
 module with a hyperboli
 summand.95



In ([28℄, Lemma 1.2, Lemma 1.3) V. Suresh showed that the Ei
hler orthogonaltransformations de�ned by A. Roy satis�ed this linear property.Here we show that generators of the elementary symple
ti
 group ETransSp(Q, 〈, 〉ϕ),where Q = R2 ⊥ P , also satis�es similar linear relations as above when P is a free
R module of rank 2n. Let v1, v2 ∈ R2n and α1, α2 ∈ R. Then

ρϕ(v1/2, α1/2) ρϕ(v2, α2) ρϕ(v1/2, α1/2)

=




1 0 0

α1/2 1 (v1/2)ϕ

vt1/2 0 I2n







1 0 0

α2 1 v2ϕ

vt2 0 I2n







1 0 0

α1/2 1 (v1/2)ϕ

vt1/2 0 I2n




=




1 0 0

α1/2 + α2 + (v1/2)ϕvt2 1 (v1/2)ϕ+ v2ϕ

vt1/2 + vt2 0 I2n







1 0 0

α1/2 1 (v1/2)ϕ

vt1/2 0 I2n




=




1 0 0

α1/2 + α2 + α1/2 1 (v1/2)ϕ+ v2ϕ+ (v1/2)ϕ

vt1/2 + vt2 + vt1/2 0 I2n




=




1 0 0

α1 + α2 1 v1ϕ+ v2ϕ

vt1 + vt2 0 I2n




= ρϕ(v1 + v2, α1 + α2),and
µϕ(v1/2, α1/2) µϕ(v2, α2) µϕ(v1/2, α1/2)

=




1 −α1/2 (v1/2)ϕ

0 1 0

0 vt1/2 I2n







1 −α2 v2ϕ

0 1 0

0 vt2 I2n







1 −α1/2 (v1/2)ϕ

0 1 0

0 vt1/2 I2n




=




1 −α1/2 − α2 + (v1/2)ϕvt2 (v1/2)ϕ+ v2ϕ

0 1 0

0 vt1/2 + v2 I2n







1 −α1/2 (v1/2)ϕ

0 1 0

0 vt1/2 I2n




=




1 −α1/2 − α2 − α1/2 (v1/2)ϕ+ v2ϕ+ (v1/2)ϕ

0 1 0

0 vt1/2 + v2 + vt1/2 I2n




= µϕ(v1 + v2, α1 + α2). 96



6.6 Ex
ision Theorem for Symple
ti
 Transve
tion GroupNow we are ready to prove Ex
ision theorem for elementary symple
ti
 transve
tiongroup. Before that we state a preliminary lemma whi
h will be required in the proof.Lemma 6.6.1 Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R.Let v ∈ Um2n(R, I). Let α ∈ ETransSp(R
2n, 〈, 〉ϕ) su
h that e1α = e1. Here ϕ is thealternating matrix 
orresponding to the alternating form 〈, 〉 and ϕ ≡ ψn−1 (mod I).Then

vα ∈ v ETransSp(R
2n, I2n, 〈, 〉ϕ),for n ≥ 3.Proof: Let us 
hoose α(X) from ETransSp(R[X]2n, 〈, 〉ϕ), with α(1) = α, and

α(0) = Id (see Lemma 2.2.3). Let us set V (X) = vα(X). Note that V (0) = v, andhen
e V (X) ∈ V (0) ETransSp(R[X]2n, 〈, 〉ϕ). Let m be a maximal ideal of R. Overthe lo
al ring Rm, we have
V (X) ∈ V (0) ETransSp(Rm[X], 〈, 〉ϕm

),and ϕm = (1 ⊥ ε(m))t ψn−1 (1 ⊥ ε(m)), for some ε(m) ∈ E2n−3(Rm, Im) (see Lemma5.1.8). Note that by Lemma 5.7.12 we have
ETransSp(Rm[X]2n, 〈, 〉ϕm

)

= (I3 ⊥ ε(m))−1 ETransSp(Rm[X]2n, 〈, 〉ψn−1
) (I3 ⊥ ε(m)),and hen
e

V (X) ∈ V (0) (I3 ⊥ ε(m))−1 ETransSp(Rm[X]2n, 〈, 〉ψn−1
) (I3 ⊥ ε(m))

= V (0) (1 ⊥ ε(m)))−1 ESp2n(Rm[X]) (1 ⊥ ε(m)))(see Lemma 5.7.10). Let us set β(X) = (I3 ⊥ ε(m)) α(X)m (I3 ⊥ ε(m))−1 and de�ne
W (X) = V (X) (I3 ⊥ ε(m))−1. Note that W (0)m β(X) = W (X)m, where β(X) isin ESp2n(Rm[X]) and e1β(X) = e1. By Lemma 6.3.1 we get that W (0)m β(X) ∈

97



W (0)m ESp2n(Rm[X], Im[X]), hen
e W (X)m ∈ W (0)m ESp2n(Rm[X], Im[X]), i.e,
v αm(X) (I3 ⊥ ε(m))−1 ∈ v (I3 ⊥ ε(m))−1 ESp2n(Rm[X], Im[X]),and hen
e
v αm(X) ∈ v (I3 ⊥ ε(m))−1 ESp2n(Rm[X], Im[X]) (I3 ⊥ ε(m)),i.e, V (X)m ∈ V (0)mETransSp(Rm[X]2n, Im[X]2n, 〈, 〉ϕm

). This is true for all maximalideal m of R. Using Theorem 5.9.4 we get
V (X) ∈ V (0) ETransSp(R[X]2n, I[X]2n, 〈, 〉ϕ).Substituting X = 1 we get vα ∈ v ETransSp(R

2n, I2n, 〈, 〉ϕ). �De�nition 6.6.2 Let R be a 
ommutative ring with R = 2R, and let I be an idealof R. Let us 
onsider the ex
ision ring Z[1/2]⊕ I. The standard alternating matrixof size 2n over the ring Z[1/2] ⊕ I is de�ned indu
tively as
ψ̂n = ψ̂n−1 ⊥ ψ̂1,where

ψ̂1 =

(
(0, 0) (1, 0)

(−1, 0) (0, 0)

)
.Theorem 6.6.3 Ex
ision Theorem for the Group of Elementary Symple
-ti
 Transve
tions:Let R be a 
ommutative ring with R = 2R, and let I be an ideal of R. Let us
onsider the ex
ision ring Z[1/2] ⊕ I. Let ((Z[1/2] ⊕ I)2n−2, 〈, 〉ϕ∗

) be a symple
ti

(Z[1/2]⊕ I)-module, where ϕ∗ be an alternating matrix over the ring Z[1/2]⊕ I and
ϕ∗ ≡ ψ̂n−1 (mod 0 ⊕ I). Then the natural maps

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) η
−→

Um2n(R, I)

ETransSp(R2n, I2n, 〈, 〉ϕ∗)
,

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) δ
−→

Um2n(Z[1/2] ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, 〈, 〉ϕ∗

) ,are bije
tive for n ≥ 3. 98



Proof: Clearly η is surje
tive (follows from the surje
tivity of the �rst map inTheorem 6.3.2). To show δ is su
je
tive we need to show for v ∈ Um2n(Z[1/2] ⊕ I)there exists a g ∈ ETransSp

(
(Z[1/2] ⊕ I)2n, 〈, 〉ϕ∗

) su
h that vg ∈ Um2n(Z[1/2] ⊕

I, 0⊕I). From the Ex
ision theorem in the linear 
ase (see Theorem 6.1.1) it followsthat there exists g∗ ∈ E2n(Z[1/2] ⊕ I) su
h that vg∗ ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I).By Theorem 5.10.3 and Theorem 5.11.1 we have v E2n(R) = v ESpcψ1⊥ϕ∗
(R) =

v ETransSp(R
2n, 〈, 〉ϕ∗) and hen
e there exists a g ∈ ETransSp

(
(Z[1/2] ⊕ I)2n, 〈, 〉ϕ∗

)su
h that vg = vg∗ ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I).To show δ is inje
tive we need to 
onsider v, w ∈ Um2n(Z[1/2] ⊕ I, 0 ⊕ I) and
g ∈ ETransSp

(
(Z[1/2] ⊕ I)2n, 〈, 〉ϕ∗

) su
h that vg = w. We have to show w is in the
ETransSp

(
(Z[1/2] ⊕ I)2n, 0 ⊕ I)2n, 〈, 〉ϕ∗

)-orbit of v. Let
g =

r∏

k=1

tϕ∗(ak ⊕ xk, αk ⊕ βk)

=
r∏

k=1

tϕ∗(0 ⊕ xk/2, 0 ⊕ βk/2) tϕ∗(ak ⊕ 0, αk ⊕ 0) tϕ∗(0 ⊕ xk/2, 0 ⊕ βk/2)

= tϕ∗(0 ⊕ xk/2, 0 ⊕ xk/2)
r∏

k=2

γk tϕ∗(0 ⊕ xk/2, 0 ⊕ xk/2) γ−1
k

( r∏

k=1

tϕ∗(ak ⊕ 0, αk ⊕ 0)
)

= g1 g2,where tϕ∗ is ρϕ∗ or µϕ∗ , and γl =
∏l−1

k=1 tϕ∗(ak ⊕ 0, αk ⊕ 0). Therefore γl is in
ETransSp

(
(Z[1/2] ⊕ 0)2n, 〈, 〉ϕ∗

). Note that here
g1 = tϕ∗(0 ⊕ xk/2, 0 ⊕ βk/2)

r∏

k=2

γk tϕ∗(0 ⊕ xk/2, 0 ⊕ βk/2) γ−1
k ,

g2 =

r∏

k=1

tϕ∗(ak ⊕ 0, αk ⊕ 0).Clearly g1 is in the relative group ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) and
g2 is in ETransSp

(
(Z[1/2])2n, 〈, 〉ϕ∗

). We also have vg = w. Here `bar' means modulothe ideal (0 ⊕ I). Therefore we have v̄ ḡ1 ḡ2 = w̄, i.e, e1g2 = e1 = e1 g2, andhen
e v g1 g2 ∈ v ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) (see Lemma 6.6.1), i.e,
w ∈ v ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

).99



To see the map η is inje
tive we now 
onsider the following 
ommutative diagramsof the orbit spa
es and the natural maps between them:
Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) δ
−−−→

Um2n(Z[1/2] ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, 〈, 〉ϕ∗

)
yδ2

yδ1
Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

E2n(Z[1/2] ⊕ I, 0 ⊕ I)

δ3−−−→
Um2n(Z[1/2] ⊕ I)

E2n(Z[1/2] ⊕ I)
.Clearly δ1 ◦ δ = δ3 ◦ δ2. Note that we have proved that δ is inje
tive. Theinje
tivity of δ1 follows from Theorem 5.10.3 and Theorem 5.11.1. Therefore wehave δ1 ◦ δ is inje
tive. This implies δ3 ◦ δ2 is inje
tive and hen
e δ2 is inje
tive.We now 
onsider another 
ommutative diagram:

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

ETransSp

(
(Z[1/2] ⊕ I)2n, (0 ⊕ I)2n, 〈, 〉ϕ∗

) η
−−−→

Um2n(R, I)

ETransSp(R2n, I2n, 〈, 〉ϕ∗))yη2
yη1

Um2n(Z[1/2] ⊕ I, 0 ⊕ I)

E2n(Z[1/2] ⊕ I, 0 ⊕ I)

η3
−−−→

Um2n(R, I)

E2n(R, I)
.We have η1 ◦ η = η3 ◦ η2. Note that η2 = δ2 and hen
e η2 is inje
tive. Theinje
tivity of η3 follows from W.van der Kallen's Ex
ision theorem (see Theorem6.1.1). Therefore η3 ◦ η2 is inje
tive. This implies η1 ◦ η is inje
tive and hen
e η isinje
tive. �
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Chapter 7Inje
tive Stability
7.1 De
rease in inje
tive stability for K1Sp(R)In this 
hapter �rst we would like to re
all the de�nition ofK1(R). Given α ∈ Mn(R)and β ∈ Mm(R), then

α ⊥ β =

(
α 0

0 β

)
∈ Mn+m(R).Using the above de�nition one has a natural in
lusion

GLn(R) ⊂ GLn+1(R) ⊂ . . .de�ned by α ∈ GLn(R) goes to (1 ⊥ α) ∈ GLn+1(R). Stable linear group GL(R) isde�ned as ⋃n GLn(R). In an obvious and unique way a group stru
ture is de�nedon GL(R) whi
h 
oin
ides with the group stru
tures on GLn(R) when restri
ted to
GLn(R), for all n. We also re
all de�nitions of the subgroups

E(R) =
⋃

n

En(R),

SL(R) =
⋃

n

SLn(R),of GL(R).By Lemma 2.2.9 we have E(R) = [E(R),E(R)] = [GL(R),GL(R)]. In parti
ular,
E(R) is a normal subgroup of GL(R). 101



De�nition 7.1.1
K1(R) =

GL(R)

E(R)
,

SK1(R) =
SL(R)

E(R)
.H. Bass, J. Milnor, J-P. Serre began the study of the stabilization for the lineargroup GLn(R)/En(R), for n ≥ 3, where R is a 
ommutative ring with identity. In[6℄, they showed the following:Corollary 7.1.2 ([6℄, Corollary 11.3) Suppose that the maximal spe
trum of a 
om-mutative ring R is Noetherian spa
e of dimension ≤ d. Then the map

GLn(R)

En(R)
−→ K1(R)is an isomorphism of groups for all n ≥ d+ 3. �Bass-Milnor-Serre also showed that K1(R) = GL3(R)/E3(R), when d = 1. Sothe natural question of improving the stability bound arises. In ([4℄, �11) Bass
onje
tured the following:The dimension of the maximal spe
trum under the Zariski topology is 
alled theJa
obson-Krull dimension.Conje
ture of Bass:Let R be a 
ommutative ring with 1 and Ja
obson-Krull dimension of R is d. Thenthe map

GLn(R)

En(R)
−→

GLn+1(R)

En+1(R)is an isomorphism for n ≥ d+ 2.In [34℄, L.N. Vaserstein proved the above 
onje
ture for an algebra A, whi
his �nite as a module over a 
ommutative ring R, and whose spe
trum of maximalideals is a Noetherian spa
e of dim d.In [26℄, R.A. Rao and W. van der Kallen began the study of whether the sta-bilization bound above improves in the 
ase of �nitely generated algebras A over a�eld k. Su
h rings A are 
alled a�ne algebras. Note that by Hilbert's Nullstellen-satz, for su
h rings the Krull dimension and the Ja
obson-Krull dimension (i.e. thedimension of the maximal ideal spe
trum under the Zariski topology) 
oin
ide.102



An a�ne algebra A will be 
alled non-singular if A℘ is a regular lo
al ring,for every prime ideal ℘ of A. The well-known Ja
obian 
riterion gives an e�e
tivemethod to determine whether a given ideal I = (f1, . . . , fr) of k[X1, . . . , Xn] givesrise to a non-singular algebra k[X1, . . . , Xn]/I.De�nition 7.1.3 C1-�eld:A �eld F is 
alled a C1 �eld if for any homogeneous polynomial f(x1, . . . , xn) in
F [x1, . . . , xn] of degree d (d is any positive integer), where n > d has a nontrivialzero in F n.Example of C1-�eld due to Tsen-Lang: If F is an algebrai
ally 
losed �eld and
E is a fun
tion �eld in one variable over F , then E is a C1-�eld.For more examples of C1-�eld one 
an see [12℄.R.A. Rao and W. van der Kallen showed the following:Theorem 7.1.4 ([26℄, Theorem 1)Let A be a non-singular a�ne algebra of Krull dimension d ≥ 2 over a perfe
t C1-�eld. Let σ ∈ SLd+1(A) and (1 ⊥ σ) ∈ Ed+2(A). Then σ is homotopi
 to identity,i.e, there exists a ρ(X) ∈ SLd+1(A[X]) su
h that ρ(1) = σ and ρ(0) = Id. �As a 
onsequen
e of the above result they showed the following:Theorem 7.1.5 ([26℄, Theorem 1)If A is a non-singular a�ne algebra of Krull dimension d ≥ 2 over a perfe
t C1-�eld,then the natural map

SLn(A)

En(A)
−→

SLn+1(A)

En+1(A)is inje
tive for n ≥ d+ 1. �Thus, the set of all non-singular a�ne algebras over a perfe
t C1-�eld, of Krulldimension d, be
ame an important sub
lass of the set of all 
ommutative rings ofJa
obson-Krull dimension d, over whi
h one 
ould seek improvement in K0 and K1results. (The famous theorems of Suslin in [30℄, [32℄ �rst showed that stabilizationresults of H. Bass for K0 improved over su
h rings. This is the key why one expe
tto hope for improvement for K1 for this 
lass of rings.)
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L.N. Vaserstein in [35℄ 
onsidered the symple
ti
, orthogonal and the unitaryK1-fun
tors, and obtained stabilization theorems for them. These results have beensharpened and extended to other groups in [3℄.We restri
t ourselves to the symple
ti
 
ase here.Theorem 7.1.6 ([35℄, Theorem 3.3)The natural map
ϕn,n+1 :

Sp2n(R)

ESp2n(R)
−→

Sp2n+2(R)

ESp2n+2(R)is an isomorphism for 2n ≥ 2d+ 4. Here d is the stable dimension of R. �R. Basu and R.A. Rao showed, in parti
ular, the following:Theorem 7.1.7 ([9℄, Theorem 1)Let R be a non-singular a�ne algebra over a perfe
t C1-�eld of odd Krull dimension
d ≥ 2. Let σ ∈ Sp2n(R) and (I2 ⊥ σ) ∈ ESp2n+2(R). Then σ is homotopi
 toidentity, i.e, there exists ρ(X) ∈ Sp2n(R[X]) su
h that ρ(1) = σ and ρ(0) = Id. �As a 
onsequen
e they showed thatTheorem 7.1.8 ([9℄, Theorem 2)If R is a non-singular a�ne algebra over a perfe
t C1-�eld of odd Krull dimension
d ≥ 2, then the natural map

ϕn,n+1 :
Sp2n(R)

ESp2n(R)
−→

Sp2n+2(R)

ESp2n+2(R)is an isomorphism for 2n ≥ d+ 1. �In this se
tion we are going to reprove this result. Moreover via our main resultwe show that there is a further de
rease in the inje
tive stabilization bound (for thesymple
ti
 K1) of a non-singular a�ne algebra over a �nite �eld of 
hara
teristi
not equal to 2 (or its algebrai
 
losure). We show that if the �eld is a �nite �eld of
hara
teristi
 not equal to 2 (or its algebrai
 
losure) then the bound improves to
2n ≥ d, provided d is even ≥ 4.We would like to re
all the surje
tive stability estimates �rst. We begin with ade�nition: 104



De�nition 7.1.9 Stable Range: Let R be a 
ommutative ring. The following
on
ept was introdu
ed by H. Bass:
(Rm) for every (a1, . . . , am) ∈ Umm(R), there are xi ∈ R, for 1 ≤ i ≤ m − 1,su
h that (a1+x1am, . . . , am−1+xm−1am) ∈ Umm−1(R). The 
ondition (Rm) implies

(Rm+1), for every m > 0. Moreover, for any n ≥ m, the 
ondition (Rm) implies
(Rn), with xi = 0, for i ≥ m. By stable range sr(R) of a ring R we mean the least
n su
h that (Rn) holds.De�nition 7.1.10 Stable Dimension: The stable dimension of a ring R is theinteger one less than the stable range. It is denoted by sdim(R). If R is a Noetherianring of Krull dimension d, then sdim(R) ≤ d+ 1.The following is well-known:Lemma 7.1.11 Let I be an ideal of R and sr(R) ≤ t. Let us assume t ≥ 2. Then
Umn(R, I) = e1En(R, I), for n ≥ t.Proof: Let v = (a1, . . . , an−1, an) ∈ Umn(R, I), then w = (a1, . . . , an−1, a

2
n) is in

Umn(R, I). Sin
e sr(R) ≤ t, there exists bi ∈ R su
h that
w∗ = (a1 + b1a

2
n, . . . , an−1 + bn−1a

2
n) ∈ Umn−1(R, I).There exists E1 ∈ En(R, I) su
h that vE1 = (w∗, an). Let us 
onsider (w∗, an) ∈

Umn(Z ⊕ I), with w∗ ∈ Umn−1(Z ⊕ I). Clearly there exists an elementary matrix
E2 ∈ En(Z ⊕ I) su
h that (w∗, an)E2 = e1. By W. van der Kallen's Ex
isiontheorem (see Theorem 6.1.1) we get an E3 ∈ En(R, I) su
h that (w∗, an)E3 = e1.Hen
e vE1E3 = e1, where E1E3 ∈ En(R, I). �Proposition 7.1.12 Let R be a Noetherian 
ommutative ring of odd Krull dimen-sion d ≥ 3. Assume R = 2R. Let σ ∈ Spd+1(R) and (I2 ⊥ σ) ∈ ESpd+3(R). Then σis (stably elementary symple
ti
) homotopi
 to the identity, i.e. there exists a ρ(X)in Spd+1(R[X]), su
h that σ = ρ(1), and ρ(0) = Id.Proof: Let α(X) ∈ ESpd+3(R[X]) be su
h that (I2 ⊥ σ) = α(1) and α(0) = Id(see Lemma 2.2.3). Let e1α(X) = v(X). Therefore

v(X) ∈ Umd+3(R[X], (X2 −X)).
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The Krull dimension of R[X] is d+ 1. Note that R[X] is Noetherian and hen
e
sdim(R[X]) ≤ d+ 2. This implies sr(R[X]) ≤ d+ 3. Therefore,

Umd+3(R[X], (X2 −X)) = e1Ed+3(R[X], (X2 −X))

= e1ESpd+3(R[X], (X2 −X)).(First equality follows form Lemma 7.1.11 and se
ond equality follows from Theorem4.2.3.) Let
ε(X) ∈ ESpd+3(R[X], (X2 −X))be su
h that v(X) = e1ε(X).Let us de�ne β(X) = α(X)ε(X)−1. Clearly e1β(X) = e1 and β(X) ∈ ESpd+3(R[X]).This implies β(X) is of the form




1 0 0

∗ 1 ∗

∗ 0 β∗(X)


 ,where β∗(X) ∈ Spd+1(R[X]). Now (I2 ⊥ σ) = α(1) = β(1) sin
e ε(1) = Id+3.Therefore β∗(1) = σ, β∗(0) = Id; and hen
e σ is (stably elementary symple
ti
)homotopi
 to the identity. �The next result is proven in the linear 
ase in ([37℄, Theorem 3.3), using H.Lindel's insight in [19℄, when R is a lo
alization of an a�ne algebra over a �eld Kat a non-singular point. This 
an be extended to any regular ring (R,m) 
ontaininga �eld, or if 
hara
teristi
 R/m /∈ m,2 using the deep approximation theorem ofD. Popes
u in [22℄. (Also see [23℄, Corollary 4.4.) The argument imitated in thesymple
ti
 
ase is outlined in [9℄ and asserts:Theorem 7.1.13 ([9℄, Theorem 3.8) Let (R,m) be a regular lo
al ring. Assumethat R 
ontains a �eld, or 
hara
teristi
 R/m /∈ m.2 Then

Sp2n(R[X]) = ESp2n(R[X]),for n ≥ 2. �Corollary 7.1.14 Let R be a non-singular a�ne algebra of odd Krull dimension106



d ≥ 5 over a �eld K. Also assume R = 2R. Then
Spd+1(R) ∩ ESpd+3(R) = ESpd+1(R).Proof: It su�
es to show that the left hand side is 
ontained in the righthand side. The reverse in
lusion is obvious. Let σ ∈ Spd+1(R) ∩ ESpd+3(R). ByProposition 7.1.12, σ is stably elementary symple
ti
 homotopi
 to the identity,i.e, there exists α(X) ∈ Spd+1(R[X]) su
h that α(1) = σ and α(0) = Id. Now

αm(X) ∈ Spd+1(Rm[X]), for all maximal ideals m in R. By Theorem 7.1.13 wehave Spd+1(Rm[X]) = ESpd+1(Rm[X]), for all maximal ideals m of R . Therefore
α(X)m ∈ ESpd+1(Rm[X]), for all maximal ideals m in R. Theorem 3.1.5 implies
α(X) ∈ ESpd+1(R[X]). We have σ = α(1) ∈ ESpd+1(R). �Theorem 7.1.15 Let R be a �nitely generated algebra of even Krull dimension
d ≥ 4 over K, where K = Z or F or F and 
har(K) 6= 2. (Here F is a �nite �eldand F is its algebrai
 
losure.) Let σ ∈ Spd(R) and (I2 ⊥ σ) ∈ ESpd+2(R). Then σis (stably elementary symple
ti
) homotopi
 to the identity. In fa
t, σ = ρ(1), and
ρ(0) = Id, for some

ρ(X) ∈ Spd(R[X]) ∩ ESpd+2(R[X]).Proof: Let α(X) ∈ ESpd+2(R[X]) be su
h that (I2 ⊥ σ) = α(1), and α(0) = Id.Let e1α(X) = v(X). Therefore
v(X) ∈ Umd+2(R[X], (X2 −X)).By ([29℄, Corollary 20.4),

Umd+2(R[X], (X2 −X)) = e1Ed+2(R[X], (X2 −X))

= e1ESpd+2(R[X], (X2 −X)).(The last equality follows from Theorem 4.2.2.) Let
ε(X) ∈ ESpd+2(R(X), (X2 −X))be su
h that v(X) = e1ε(X).Let us de�ne β(X) = α(X)ε(X)−1. Clearly e1β(X) = e1 and β(X) ∈ ESpd+2(R[X]).107



This implies β(X) is of the form



1 0 0

∗ 1 ∗

∗ 0 β∗(X)


 ,where β∗(X) ∈ Spd(R[X]). Now (I2 ⊥ σ) = α(1) = β(1) sin
e ε(1) = Id+2.Therefore β∗(1) = σ, β∗(0) = Id; and hen
e σ is (stably elementary symple
ti
)homotopi
 to identity. �Corollary 7.1.16 Let R be a �nitely generated non-singular algebra of even Krulldimension d ≥ 4 over K, where K is either a �nite �eld or the algebrai
 
losure ofa �nite �eld and 
har(K)6= 2. Let σ ∈ Spd(R) and (I2 ⊥ σ) ∈ ESpd+2(R). Then σbelongs to ESpd(R).Proof: From the proof of Theorem 7.1.15 it follows that σ = β∗(1) for some

β∗(X) ∈ Spd(R[X]), with β∗(0) = Id. We know Spd(Rm[X]) = ESpd(Rm[X]), for allmaximal ideals m of R (see Theorem 7.1.13). This implies β∗(X) ∈ ESpd(Rm[X]),for all maximal ideals m in R. By Theorem 3.1.5, β∗(X) ∈ ESpd(R[X]). Hen
e
σ = β∗(1) belongs to ESpd(R). �7.2 De
rease in inje
tive stability for Sp(Q, 〈, 〉)/ETransSp(Q, 〈, 〉)Final goal of this se
tion is to give an improvement for Basu-Rao (see Theorem7.1.8) estimate in the module 
ase over �nitely generated rings. For this purposewe state and prove a few preliminary results. While dealing with the results in therelative 
ase w.r.t. an ideal I of a ring R, we will always assume that over the lo
alring Rm, where m is a maximal ideal, the alternating form 〈, 〉 
orresponds to thealternating matrix ϕm, where ϕm ≡ ψn (mod I).Theorem 7.2.1 ([5℄, Theorem 3.4, Page 183) Let R be a 
ommutative ring of dim d.Let I be an ideal of R and P be a proje
tive module of rank ≥ d+1. Let Q̃ = R ⊥ P .Let v1, v2 ∈ Um(Q̃) and v1 ≡ v2 (mod IQ̃). Then there exists β ∈ ETrans(Q̃, IQ̃)su
h that v1β = v2. �Lemma 7.2.2 Let R be 
ommutative ring of dimension d, and let I be an ideal of
R. Let us assume R = 2R. Let (P, 〈, 〉) be a symple
ti
 R-module with P �nitelygenerated proje
tive module of even rank ≥ max{4, d − 1}, and let Q = R2 ⊥ P .108



Let v1, v2 ∈ Um(Q) and v1 ≡ v2 (mod IQ). Then there exists β ∈ ETransSp(Q, IQ)su
h that v1β = v2.Proof: Follows from Theorem 7.2.1 and Theorem 5.11.4. �Let us re
all the property Pr(R, I) introdu
ed in ([17℄). Let R be a 
ommutativering and I be an ideal of R. Let P be a proje
tive module of rank ≥ r and let
Q̃ = R ⊥ P . We say Pr(R, I) holds if ETrans(Q̃, IQ̃) a
ts transitively on the set ofunimodular elements (a, x) ∈ Um(Q̃) with the property (a, x) ≡ (1, 0) (mod IQ̃).We 
an similarly introdu
e Pr(R, I) for the group of elementary symple
ti
 transve
-tions ETransSp. In the next two lemmas `bar' will denote modulo the ideal nil(R).Lemma 7.2.3 ([17℄, Remark 2.3): Pr(R, I) implies Pr(R, I).Proof: Let (a, p) ∈ Um(Q̃) with the property (a, p) ≡ (1, 0) (mod IQ̃). We have
(a, p) ∈ Um(Q̃) and (a, p) ≡ (1, 0) (mod IQ̃). Given that Pr(R, I) holds and hen
ethere exists α ∈ ETrans(Q̃, IQ̃) su
h that (a, x)α = (1, 0). We know the map

ETrans(Q̃, IQ̃) −→ ETrans(Q̃, IQ̃)is surje
tive. Therefore there exists α0 ∈ ETrans(Q̃, IQ̃) su
h that α0 = α andwe have (a, p)α0 = (1, 0). Hen
e (a, p)α0 = (1, 0) (mod nil(R)). We may assume
(a, p) ≡ (1, 0) (mod nil(R)). Therefore we have (a, p) ≡ (1, 0) (mod nil(R) ∩ IQ̃).Let (a, p) = (1 + a′, p), where a′ ∈ nil(R) ∩ I and p ∈

(
nil(R)Q̃ ∩ IQ̃

). We de�ne
v(X) = (1 + a′X, pX). For any maximal ideal m of R, Pm will be a free Rm-module and v(X)m ∈ Umn(Rm[X], Im[X]), where n ≥ r + 1. Note that a′ ∈ nil(R)and hen
e 1 + a′X is a unit in R[X]. Therefore by Lemma 2.2.17 we get β(X) ∈

En(Rm[X], Im[X]) su
h that v(X)β(X) = (1, 0) = v(0). We have
En(Rm[X], Im[X]) = ETrans(Q̃m[X], IQ̃m[X])(see Lemma 5.4.6 ). Therefore

v(X) ∈ v(0) ETrans(Q̃m[X], IQ̃m[X]),and this is true for all maximal ideal m of R. Hen
e using Theorem 5.6.4 we 
laim
v(X) ∈ v(0) ETrans(Q̃[X], IQ̃[X]).109



Substituting X = 1 we get the result. �Lemma 7.2.4 Pr(R, I) for ETransSp implies Pr(R, I) for ETransSp.Proof: Follows from Lemma 7.2.3 and Theorem 5.11.4. �Theorem 7.2.5 ([17℄, Theorem 2.4): Let R be a �nitely generated ring of dimension
d ≥ 2, and I be an ideal of R. Let P be a proje
tive module of rank ≥ d, and
Q̃ = R ⊥ P . Let (a, x) ∈ Um(Q̃) with the property (a, x) ≡ (1, 0) (mod IQ̃). Thenthere exists α ∈ ETrans(Q̃, IQ̃) su
h that (a, x)α = (1, 0).Proof: Let m be a maximal ideal of R. Consider the free module Pm of Rm. Also
(am, xm) ∈ Umn(Rm, Im), where n ≥ d+1. By Corollary 2.2.18 we get β ∈ En(Rm, Im)su
h that (am, xm)β = (1, 0). Let us 
hoose β(X) from En(Rm[X], Im[X]) su
h that
β(1) = β and β(0) = Id (see Lemma 2.2.3). Let us de�ne v(X) = (am, xm)β(X).Note that v(1) = (1, 0) and v(0) = (a, x) and

v(X) ∈ v(0) En(Rm[X], Im[X]).We have En(Rm[X], Im[X]) = ETrans(Q̃m[X], IQ̃m[X]) (see Lemma 5.4.6). There-fore
v(X) ∈ v(0) ETrans(Q̃m[X], IQ̃m[X]),and this is true for all maximal ideal m of R. Hen
e using Theorem 5.6.4 we 
laim
v(X) ∈ v(0) ETrans(Q̃[X], IQ̃[X]).Substituting X = 1 we get the result. �Theorem 7.2.6 Let R be a �nitely generated ring of dimension d ≥ 2, and let I bean ideal of R. Let us assume R = 2R. Let (P, 〈, 〉) be a symple
ti
 R-module with P�nitely generated proje
tive module of even rank ≥ max{4, d−1}, and Q = R2 ⊥ P .Let (a, x) ∈ Um(Q) with the property (a, x) ≡ (1, 0) (mod IQ). Then there exists

α ∈ ETransSp(Q, IQ) su
h that (a, x)α = (1, 0).Proof: Follows from Theorem 7.2.5 and Theorem 5.11.4. �Theorem 7.2.7 Let R be a 
ommutative ring of dimension d. Let us assume R =

2R. Let (P 〈, 〉) be a symple
ti
 R-module with P �nitely generated proje
tive module110



of even rank ≥ max{2, d − 3}. Let Q = (R2 ⊥ P ), and let Q̂ = (R2 ⊥ Q). Let
σ ∈ Sp(Q, 〈, 〉) and (I2 ⊥ σ) ∈ ETransSp(Q̂), 〈, 〉). Then σ is (stably elementarysymple
ti
) homotopi
 to the identity. In fa
t, σ = ρ(1), and ρ(0) = Id, for some

ρ(X) ∈ Sp(Q[X], 〈, 〉) ∩ ETransSp(Q̂[X], 〈, 〉).Proof: Let us 
hoose α(X) from ETransSp(Q̂[X], 〈, 〉), su
h that α(1) = I2 ⊥

σ, and α(0) = Id. Let e1α(X) = v(X) ∈ Um(Q̂[X], (X2 − X)Q̂[X]). Also
e1 = (1, 0, 0) ∈ Um(Q̂[X], (X2 − X)Q̂[X]). Therefore by Lemma 7.2.2, we have
β(X) ∈ ETransSp(Q̂[X], (X2 − X)Q̂[X], 〈, 〉), su
h that v(X)β(X) = (1, 0, 0), i.e,
e1α(X)β(X) = e1. Let us 
all the produ
t α(X)β(X) = δ(X). Sin
e δ(X) ∈

ETransSp(Q̂[X], 〈, 〉), we have 〈e1δ(X), e2δ(X)〉 = 〈e1, e2〉 = 1, and hen
e e2 δ(X) =

(a(X), 1, q(X)) = u(X) (say). Note that δ(0) = Id, hen
e u(0) = (0, 1, 0). Also
δ(1) = Id, hen
e u(1) = (0, 1, 0), i.e, u(X) ≡ (0, 1, 0) (mod (X2 −X)). Let m be amaximal ideal of R and ϕm be the alternating matrix over Rm, whi
h 
orrespondsto the alternating bilinear form 〈, 〉. Let us 
hoose an element

γ(X) =




1 0 0

−a(X) 1 −q(X)

ϕ−1
m

t
q(X)t 0 I




= ρ(q(X)ϕ−1
m
,−a(X))from ETransSp(Q̂m[X], (X2−X)Q̂m[X], 〈, 〉), su
h that e1 γ(X) = e1 and u(X) γ(X) =

e2 = u(0). This is true for all maximal ideals m of R. By Theorem 5.9.4 thereis a γ̃(X) ∈ ETransSp(Q̂[X], (X2 − X)Q̂[X], 〈, 〉) su
h that e1 γ̃(X) = e1 and
u(X) γ̃(X) = e2. Let us 
all δ(X)γ̃(X) = η(X). Clearly η(X) ∈ ETransSp(Q̂[X], 〈, 〉),and e1 η(X) = e1; e2 η(X) = e2. Let η(X) = I2 ⊥ ρ(X), where ρ(X) = η(X)|Q[X].Note that ρ(X) ∈ Sp(Q[X], 〈, 〉), and

I2 ⊥ ρ(1) = η(1) = δ(1)γ̃(1)

= α(1)β(1)γ̃(1)

= α(1) = (I2 ⊥ σ),and ρ(0) = Id. �
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Theorem 7.2.8 ([9℄, Theorem 3.13) Let (R,m) be a regular lo
al ring. Assume that
R 
ontains a �eld, or 
hara
teristi
 of R \ m /∈ m

2. Then
Sp(R[X]2n+2, 〈, 〉ϕm

) = ETransSp(R[X]2n+2, 〈, 〉ϕm
),for n ≥ 1, where ϕm is the asso
iated matrix of the alternating bilinear form 〈, 〉. �The next 
orollary improves Basu-Rao (see Theorem 7.1.8 ) estimate in themodule 
ase over �nitely generated rings.Corollary 7.2.9 Let R be a �nitely generated non-singular algebra of dimension dover K, where K is either a �nite �eld or the algebrai
 
losure of a �nite �eld. Letus assume R = 2R. Let (P.〈, 〉) be a symple
ti
 R-module with P �nitely generatedproje
tive module of even rank ≥ max{2, d − 3}. Let Q = (R2 ⊥ P ), and Q̂ =

(R2 ⊥ Q). Let σ ∈ Sp(Q, 〈, 〉) and (I2 ⊥ σ) ∈ ETransSp(Q̂, 〈, 〉). Then σ belongs to
ETransSp(Q, 〈, 〉).Proof: From the proof of Theorem 7.2.7 it follows that σ = ρ(1) for some ρ(X) ∈

Sp(Q[X], 〈, 〉), with ρ(0) = Id. Using Theorem 7.2.8 we get that Sp(Rm[X]2n+2, 〈, 〉ϕm
)

= ETransSp(Rm[X]2n+2, 〈, 〉ϕm
), for all maximal ideals m of R. This implies ρ(X) ∈

ETransSp(Rm[X]2n+2, 〈, 〉ϕm
), for all maximal ideals m in R. By Lemma 5.9.1, ρ(X) ∈

ETransSp(R[X], 〈, 〉). Hen
e σ = ρ(1) belongs to ETransSp(R, 〈, 〉). �Remark 7.2.10 We believe that Corollary 7.2.9 should also hold for �nitely gener-ated rings of dimension ≥ 2 in view of results in [13℄.
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