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Semi-metric and metric spaces are obtained by imposing,

on the basic set \.Iredeal with, a 'distance function I having the

valent to a subset of itself, namely, just (i) and (iv;') taken
I

< d(z,y)
==

pair (x,y) of points of X , is indeed a semi-metric or metr~."

s pace in the sense 0 f the fo lloi"ing.



/ \ ' I)( 'f.) c" / is a semi-metric space

has the property

( V) J C 'if j\ - 0 -=-)' X=) )-

then (Xj cl) is a metric space.

metric spaces, we shall require the concepts and result that

follow, which find application in a wide variety of mathematical

members of S have the follmving "9roperties~

(ii ) ~ ~ y j '/::' 'f,

(iii) ~-=:: 'j) ') _. Z -:)

rr: hen, is called an equivalence relation, and if X ~y

Defining a Darti tion 0 f S
S whose set-union is S , 1,rehave th,

x t S , let j such t hat y = X

'A.} YES I S y... and S 'j

either identical or disjoint (in other words, if one point of' Sf>\.



" -3-
,-- :::; " S~, cbelongs t) ~y , t len ~ '/-. -==- j'j ) . 'robedistinct sets 'f. (: .),

constitute a partition of S . ':le call them the eauivalen~e.
classes (corresponding to this particular equivalence relatioD).
The elements of S belon,2;ing to the same pquivallO;Dce r:lass are

Conversely, given any partition of S
and j

theorem is proved.
Let nm.,r ('A) (L) be a semi-metric SDace. Let us wri te

r:l {'f.. '-II - C'"-\l~/- .•
,

Then,
Denote the set of equiva10nce classes by ~ , and the class corres,
ponding to an element )((the class S X above) by '}. 'rhGn we
remark that X -='~ '/ -:::.\/ .-:" .-I (" 'I \ _ /; C· v \1) fo'"i 2- J I - 1. / q. \." \) J \ ) - a 1\ 2. J J-

cl \'i1j'J,) ~ <t ('J--\) '12)+d ('/...1) 'Y,)~. J ("'I J'{2-)+"J(y
1j

'fl)+ J 02.):J\)-::J\\'f~

the subscripts 1 and 2. H~nc~, the following definition of cL

J (,'()'Y) .

lt., I) is a metric space.



C 'f- I ) j I) an d

as \ 'I \ -- 'f.- 1- \

2)

impo~tance? is the following: Let T b8 an ar)itrary set.
Consider the set X of all bounded real-valued (~r of all boun~0d
complex-valued) fUDr,tions y... on 1 if 'f.., 'j be any bm such

\Y-(t)-~(t)l·

Then ('f-..
l
d.) is a metric space.

then ~lL)-'jlt)=O for r;verv t, Le.? 'i-.-=. J

\ ~ ( c) - l (t) \ L \ i (l- ) ~ j (~)\ + \ z (\:) - ~ ( !:-) \

" L Su ~ \ ~ (\::) - ~ (t ) \ + )U \0 \ 2 (t) - j (l: ) I
tOi' ~\J e '( j t

> ~\A P \)( ( t) - :z ( \: ')) L /~v- r \ j lc )- j (t) (-+ ~\Ar \ Z (t) -?(~)).

( 'i- t ) (~t )

ConsidEr the set X of all mappings
\'

~t-==-~(t)t: ~t·T



where, to avoict the valu>? .c<) for cl, we assume that clC)(,'Ao)z..oO
and for all !Z E:- X· . L-Nots thRt, i.n

Ex.2, every ('~Ic I J t) is the real linG 11ith .the usuRl di.st'ln('e,

and the zero function ;J1RYs there.' the role of the present Xo ..:7

sup I 'I-- ( t) \ -< cO

tions ~ on T
'·s ih Ex. 2, ',"e may consider measurablr: func

such th2t 5 \ '''It) Id t L.. (Xl. If on the

s·?t X of such functions, we d(~fine a diste.nce function

cl('/-.)'j);::::' S{}(I:)-jU)\ Jr/ then (f.-Jd) is a semi-metric space,

"upper integral". SU'1pose, for any complex-v21ued function

)(.(t)) not necess2,rily measurable, 'hIe define

i •
cl t -:::

It foll011s at once fr.:::>mthe? definition that if \ ~(t)\ <:. \ y(c)\

for (almost) all t", th8n 5 \~(U,(tt <: 1\J(~J\dt
we shall refer to this property as the monotonicity-uroperty of S .



posse~ed by 5'
thpn S\~\ -::~\'!-I

Now consider the s~t )(

It is '<Iso c18;'r thr't if \ 1\\ is mensurq'jl ~~

all complex-va~ue0)functions ~

~ dJ. V::t, fo r "1--, 'j t X ,
Then (~)cl) is a semi-metric

sut~ th2t ~ \'f(t)\dc-

~ \~ (t) -~ ( t )\ J t .

Proof: Since the zero-functi0n is mG2suratle, S 0

~o-=- 0 and so d ( 'f-- 1"1-,') - O.) -
If 'J \ ) 'Al. be any two element s of X then,

corresponding to any ~ >0) there exist measurable functions

J \ y. I \ -+ ~. \ ~ 1.- \ > ~ \ 'f., \ + 't). I ( ""ie )

( Xc) cl t-) be 8,

(semi-) metric space for ev-cry t e T Consider the set 'f..
of all mapping s 'A from T to U Xt such that

Xl: ::::'x,Ct) E: XC) satisf.~'tng

.~ J t- (~t:; XV ~) ~ ~ < W

o 0
for som2 fixed )( . It is c18Gr that "A itself belongs to ~,



-7-

If 'Ne defino, for 'f I j f: 1 J l~,~) ~.db C"l) 'Je) ~ t )
then ('AI cl) is 2 semi-metric SC)2ce. (In general, it is not a

metric space ,,?ven if ev,-3ry (At: . et t- ') is. )
} ,

Proof: Since c.l t (XL Xl) =- 0 for :c;vcrv t,"nr'l the;

Al so, for 'f.. I '~I :t:- EX)
! (" 7- \ -- ( t (.~,;-',t:: \: \, c\t

~ \ f',I- /'- ) , Ie \ '- }

<. T ( d I (Y-, \. :,\."\ -J,' A t~ lit ,"J tJ'] d.t
) '.... t: - ~"-I - ..

by virtue 0 f the triCiLi2;le- ine quali ty for each A. t" and the mono-

tonicity-pr~perty of 5 J by (**) above, the last expression

c ~ ("'. ~J._)Jt-r.) (1.'1:;' \ 1::) •... ,

c\ ('~'" ') '\ t ((( t . Y)

4. C,mparison of two metric snaces: Congruences:

A mapping f:vom one metric space (x.) d) to another

is called a congruence if it is onto anrl r'listance-nre-

serving.. It fol101;[s thc;,t the mapping is a1 so one-one; if tlvO

(1,e.) X'::: ~J

~t folIow~, in particul2r, th2t the sclf-congrupnceso~



The following COhgrtl.cnc.? of an 1.rbi tr,ry m"tric S1):lCG

is 0 f s spec i.:~l interp st and imDortance. Let ('f I J) be any l'J1'2tr ic

space; let -r =_ ~ ,2nd, for every XE: y,.J CJo finG a mApping

-1X from 1- into the rsal number syst'.:;m'l,ccording to

ty, (1:) == J ltl~l - & (t) ~0)
where ~\ is 2, fixed? lelTIGnt of X !- is (a cont tnuous

, 0 J "
1- '~ , as we shall sae in cha9ter 3, and is) ~ourded

J) ( ~" I ~ ,') - ~V-.h \ ~ ~~) - l' 'j ( t ) 1 -=- <;\A ~ (J (jl, I l: ) - 1( :J; t) \
I' -:J -, ll'l " I c-

Since I cl (XJ 1:) - & l 'J1 t) \ <,,' d t'1--,')) by the tri-

angle in8Ci~ali ty and attains this value for t =- X (Of Y J , it
1\ ( t~ t \ f .follOlNS that 1- A 1).':1):: Q(Y,,'). This immediately impJtes thp.t

(F, D) is a metric spac~ (a fact which follows directly from the

defini tion of D also); and that 'A --7 f)( is a congruence mawing,

Thus, an arbi tr ,qry metric spar:e (x. ,4.) is congruent to a

3ubs8t of the set of 211 bounded rcp,l-valuPd functions deftned on

X , 'Hith the di stance funct i00 de fin8d in Ex.? 0 f §3.

This example can be refin9d to cover general topologicRl
, I

spaces, leading to a relation b~tween metric spaces and com,act



Let (y\.c1)
(

L 'A: d. C ~ i X 0) ~ i' 1
radi.us Y' r' )·Y. (Xo.·{'

,)" . .

S standing for 'open'.

Let L X Y1. ~ be a sC',qucnnJ 0 f 'Joint s in ~
, '"(
L Xn'.i if, given any op" D spheric ill

x~ b010ngs to it for all sufficiently

large n. This is obviously equivFtlent to th,? requirement that

Jeff" x.)-+ 0 2,S n -+ 00. It follO\-18 th8.t a.limit,!f it ,?Xlsts,

is unique; for, if X and Xl are 1)oth lirhits, th<=>D cL ( ''f..../ \/)

r: ') J 1\<.. cl.('<j'K,tJt-4'('("I)( --;088 n -+CX), so thpt (\l<','f.·)::-Oor X-:·Xf•

A subst?t Y of X is said to be open if it is th0 '

Y is ODen if+over Doint of

spheric al neigtlbourhood c... Y .
~Y'j \;;::, _..) .y <::: som!'? ,pen

J ('(0) 'J). 'Phen -yo > 0 )

X E: So ('j 1/) ) then

,..-- y'- .
\

LG'c '/' -- 1"-

Conversely, if every point of Y has an open sphprical

neighbourhood contained in Y
these

all/open spheros.

"Jthen /

-.
~ r \ is

S (" ,:r)C 0



We introduce the notion of closed sets as complementi1rv

to that 0 f open set s in the set- theoretic ~ser;so~ thus / a set l
is closed iff its cOrrlylement C 1::..'f - 1: is o-pen.

and Sc

Pr~)of: Let

J.. ('J "\ ..('
" ' , ) } - )

\J <: "Iv 'T' he n it ( ,(I Y) > 'l:

i s di s j 0 in t fr -~m Sc (X, {')

both, we have cL ( 'j, l:) ~
. ,

J
-{'

<.~ (~( '/.., ?) -I-- (\ (') It') <- -.{..\-('- .. ,

a contradiction. Hence every Doint of Y has an ODen spherical

and the empty set 0

contains no points) the 'I lJ ,. con~ition of TheoTem 1 cannot ~e

sati sfied, ard so f is ODen.



f':;" are two o1Jen sr""ts awl
L_ '\ ', ,.....- / t

-'
~\ / , and so, if{, /' () (, --'

J -J

{, /'0 r\ n tL ., I

f\ r\ ~
1\ 1 i \ ! '0 i s 0 08 n .

(
\ I \ f - L' t- ..:.... ~) 0 0 pen suo S'3t s 0 1. he real 1ine .

I'L. ) yt '

By set- complementation, we obtain the du,?l of the above theorem,

(i) Th '1 Y._ _. e "'..1'10 ~e s:>ace /', and the empty set ~

exists at least one such SRt, namely X itself) is closert. ~e

call this set the closure of l and denote it by



y c :c)

namely, as the set at of all I 'accumulation pointsf I of Z
and as the set ~'l of all "seouential limit·-points'l of l

X( X is an accumulation-~oint of l

It [01101"S at once that every point of l is an

accumulation-point 0 f l , i. e., 7: C u.. t
Theorem 5: b..z, == Z.i'f;" I[., ..-_.:_- ---

~and if, for some -y >0,

C\ 1-- / lc L)o ('k."~) , a closen c;r:;t,

X C:: (~ L So ( '1..., -{ ) ] , ',rh i c h

So ~ '\: -{,.') (l l -= ep ) ther..

that 'l C C L\ C·,,;"')]
is imno s si ble. H:2cce So ( '1... I ,( ) (I :+ '-j- et'--- T

l - 1:1. e. , 'l ( (\. , so that 1: .,,-- (.,

Conversely, let I

l "Chen'f tl:
I

Ct' being OpPD ~

there exi sts a sphere So ( ,j ,i' \ such that r (~ -t) C C E But\. ,
; I °0 \ .

..i "
,'..,

that /" ( (\ 7 r/'i-' C 1: so , ') 7.., This means thRtr:. ) .~ , , , ...\j- I•••••U
\

~- t that .-t. --~. ,-r
Iience the thf?orem.so I r...•.. ;:.X ,,- _/

\

A )oint X( l is Celled a s.8C]uenti al limit-point

if it is the limit of R sequence of points in ~

/ .J. 7-Theorem 6: /> A... :::. ,~

By theorem 5" it suffices to 3h01,.[ that ,.) Z -;:.c~ 1

rical neighbourhood of 'f- contains a po'int {-,y for some n, by

de fini tion 0 f limit, so that it fo 1101,r3 that X.E.'e-..t ,i.e. h 1:. Co i



sel(~ct one element from each of these sets; in othGr words, a

function f ca~ be definod on a collection of non-cmoty sets,

'L .)1::- :. t ~T)an index .s(~t ~ such that, for s3.ch l:: E T
-5 (\\ E:. 51:' (14hile th~, legitimacy of such an as sumot ion in our' '1,' t.

logical apparatus has been questioned in some quarters, the axiom

-So(f.-/~)n t is non-empty, and, oy the axiom of choice? \"'12 car nick

) V r' ( I \ 7a sequence ~ "A."\.~ of elenh?[1ts of 1\ such that X'h-E.)o\..~,~,)nr "

It is clf?2.r that X = lim X YI- Le., a sGquential limit-iJoint

oft Hence (:l t C If<, "t and the th80r0 ~l is prove d.

For historical reasons, a s:equencl? ~.", Y\ ~

of pdlints in ('1-.
1

r\) is said to be a Cauchy-seguenc~_ if GL (1.,;,X,,)

-+ 0 as m, n -+ x. While ev,O'ry sequenC";'.v-ith a limit is a

A (Y- \\, I 'J'l,) ~ cl ( 'I fV\ I X )

Defin1 t iO£: A m~tric space (~! ti) in ,,,hich eV0ry

Cauchy- sequcnc,? has a l1mi t is said to oe complet§..



"completed' I~ that is, embedded, in a certain sense, in a com-

plete metric space. For this purpos(J, "lAre rCJquire the follolArtnt;

'leX is said to be d8n~e in 'i.. if

l' is closed, and ~ :Jon ~ is a Cauchy-sequenc8

then ~ 'J.Y\ ~ has a limi t y' in X But,

'j f Y (1. e. )(Y J) is comnlete.

;Every metric space (f.- \ cl) c an be IcomDlnted '

of elements in Y
since Y =- ~ -:::. J-, 'i )

in the senee that there exi st s a congruence map 0 f (X) J.) onto a

dense subset of a complete metric~£ce.

Pr')of: We have seen (Chapter 1, ~. 3, :sx. 2) that the

set ';h of Fl.ll bounded real-\ralued functions f on a spt X
consti tute a metric spacp unner the distance function

. 1 I,
~ I,' \) \ J ( "') 0- 3 ( "')
XJ X

further-more, comolete:

) -LJ f }y.
If fYl- ~

rl,Cauchy-sequence in J

_ s"t
'f ( 1-.

for ev,,'.ry

m, n -+ CX) s') that, by the com01eteness of ths real. number,
system, ther,:; .Jxist~ a real number f(,,) for every "A su~h th20t

1(~) = lim f:\ ~~) 1~1(; now assert that
..c

as a function, J ,
n -+ CX)



is also bound,",d: on accour:t

N such th2t for m, n > T\T. ,
\ ~'V'!' ('~) -1V\\"')\z 1 for all

of (*) , th~re ('xi,sts an

suD I (- ( '(..) - f (X) \ <::. 1
X 1 ,VI \ VI I )

\ <:=- X . Setting n:= ~T

and lc~tting m -+ DO in thi s re lation, C' hRve, sincs lim f'<\ \ '/-,)
~ ("'> ) that

\ f (i \ \ <: \ f (~) - ~N ( '" \ \ + \{ N (~O) \ ~ 1+ (,\~\-, \ { N ( '{ ) ! <- 00.

N01/l, 'Are have seen thc:-:t (i., 1\ ) has a congruence-ma'Jp-

ing onto a subset F of the set of 2-11 bounded, /(continuous)/

real-valued functions \'Tith th,' same di stance function RS D above

(Chaptor 1, ~ 4). But (F, D) is a subspace of the metric s~ace

( ~ , D) above which is compl~te. By the lemma abov8, (FJ ~),

is also complete, -rhus~e have a comploto ~etric space
of which (F, D) is a dense subset congruent to the given metric

s p ac e ('i-. I cl )

'I'heorcm 8;

'V I '..f Ispaces and i .
,

\f -::. 'A, ~I:::. ( )

subsets 'Jf
-..., I
'/ - \1Rnd !:::::: f

re specti ve ly ")lu'h t r.Clt
o J~ ::: 0.. __

~e shall DroVe this by showing thRt every completion (in

particular, the compl~tton given in the pfoof of theorem 7) is

of all cauchy-sequepces ~''f-.\.,\
function according to

On ~ , define; a distance-



< d. ('iI" 'f.-a,,) + :::Z(::\J,'} 'IJ) -7 0 as p, q -+ cx_', so that

cl ( '1-. \_. 'I),) is a C::J.uchy-s e qu(,nc" 0 f rp al numbr:>rs and so h'1.S Cl

real limit. It is easy to VE::rify th2t ( ~ ,\)) is a semi-mr:tric

space. In 1.>Thatfollo\-.is, 1.>T~ sh8.11 t:1krJ it to he,ve "been converter}

Cauchy-sequcn('(3S in X
~ "''r ~ and Z Yr 1 being ·:quiv2lent if 11m d. (~\)\ JI') ~ 0))

P -+ Y"">

and shall continue to denote the derived metric space also by

(e,])).

one comDletion 0 f (X; d) . Let (1. )ell)
( "I et) , ~Tith (1; J. I) t (f I d.) 1!!here f

<; it; -, ((Y--. '
mapping" Given ~ 'l-f \ f ~ let L \) -= J . f')

th:n el' ( 1\) \ 1(~)-:: & (~\'1 ~((/')-7' ~

~' 1- r 1 is a Cauchy- s':;quencG in t:
C

aYld so hRS q lim! t 1: E: t: .
'! . / \- -rr: gi V8n by l ~!<) ----7 ~
---1:: , by Theorem 6,

-I ~
j t yv= lim 1 \\0 h ,,:f c:J.

) \'1 er .. "\'\ ~ f-...

( .., \.:-
i --J t E. (~
L"\) -0

(:- ) '\is sU0h thCl.t F L 'f..-'r~)) -

sincE: D ( \ ~\-1,'>jp~ ) ~

-::el' (I, \,J) }1J!here Wr _
J:L:nce, ('f,!») J-~

eVery completion of (~/J)

lim ~ ( 'f..bI :J b \
, )

t(j~)
(-1 )J I)

= It'm ol \ ( 1(- ) \J \)')

W = lim l0 r f 'f



('\. C, I 1> ), and 90' .8.13,1 t'tlO comyletions ar':> F q'-liv91ent. 'T'his Jrov? s

Theorem 8. (Note that ~ .is nO"Tthe s,,,t of all non-(30ui\T['~lent

Cauchy-sequences, tht~ membors of the S,,:,qU!?DCSSbeing elements of

1- ), and 'Me hqve inc ide nt :::lW sh.J"J!l th2t ( 't, \))
metric sIn,ce.

comp10te -- instead of mAking use of th~ fact that at least one

completion of ('f-... I cl) exists -- then 'Ne would have to considpr

Cauchy-sequenci3s of CFl.uchy-s~qll~~nC0Sof elements of X qnd

the real n~~ber system for the present situation.

Our discussions above indicate th~t questions of conV6I



Let f
another ('}.I, J..I) .

b(:) a maDping of a m?tric S')2ce (~, d) into

Tillesay thp.t f is continuous at a Doint 'foE X
if the ime'1.gesof points close to 'Ao are c'os·" to {( 'iu)

precisely, if, given any E: '7 0 there exists a 6 := 6 eE, )(..v) >0
such that A ('f..-,"-o) < 6-.==) c!-,I C ~. ('i), 1 (~G)J<E:. In ot,her

['.round f ("'-o}

~ve say that f is continuous if it is continuous at

every point of 1 f is conti nuou ~, th8C

for, let F' c. X! be

hi (( '\ - jt en A -:: i "')E- t- I

and ~o there exists an open spher~ round ~i contain'?d in F' ;>
by continui ty of ..c.

j

ir; F :)

Conv8rsely, if thl? inverse imnge of ,qny open srt is OP~D,

then -f is continuous. For, lot '/--..0 bg any Doint of X ,qnrl. let

us consider any open sph"r,? roune' f ("'-CJ
open, by as sumption, and since X 0 bC3long s to thi s inver se im"g'?,

there eyists an open sphere rouno Xo t· , i it' (con alneQ n u, 1.G., J
is continuous atX ()

Thus, the (global) continuity of ~. implies and is im-

plied by the inverse image of overy open set being open. Since



It 1" l'one. opo OglCP ..

fixed element of X

any E /~.
I

independent of ~o around ~___________ - 0

the given metric spa';8 l"vith itself, 8.nd 0efine 1) [(-x ,j) ) l~/~')]
~ ()~,,,I) I J l~ I j') ] j\()J ~1,IYJ.c(','i\)t('(\,,). Thrm

is a metric space, f'lnd the mHpping (~J'j)-7 cl('Z/)J)

"¥VI (A '" l
(x.~'! )D)

I

of (Y-."'X
1

uniformly so, because of the relation

\ etl'l'f~)- A ('i-o, Je.) \ sJ ('!f~U)-\-oJ. (j,jo)'



In the course of the ~roof of Theorem 7 in Ch2pter 9, ~e

have seen that ths set J of all bounded re<>.l-valued fun~tions
~ 'j) on a set ~ constitute R complete metric space under the dis-

]) (~ :i):.:. .:;\V~ \' f( il -~\'I,) I. ':Je shall nOVor show thi'l.t
(j v c' J

1\

of f1 ,. r'onsisting of all bounded ('ontinuous

, is closed, s') th::.t ( ~ ]) ) is itself a (,O!Tlpl~t0.

" 1-Y\ \ [; fto it. Let ) be a sequence in conv·2rgi.ng to

(in ;, ) in the SCfns·t!! that D (f'<\,f) -+ ') as n -+ 0::) • Given
J

( ~\~ I 1- )2ny <; /'0 , there Gxists N == N (E) such that D < t

Since f N

J. ( ~, 'i (\) <::: c5 == S ( 'f, 0; E)

'f such that

I f\,~('() - ~\~ (~(J) I < E
\ f ( 'l.) -. f ( 'f., J \<: 3 E-

if cL ('f-/~O) < S Sinc,; C' > 0 is arbitrary, it fo 110'''8"-

that f is continuous at 'At,) , i'lnd, sinc co XoE '! is arbit-

Y'Rry, that -f is continuous.

~'JI~saw in § 4 of Chp,pter 1, th;:l.t a metric spQce (\ d.)
is congruent to a certain subs~ace (F, D) of the m~tric space

('3\ \) of all bounded re21-valued functions on X itself



:> ,\ \')
'j.'

The elements of r~ were the functions i t~1 X~ y,~
J 'l., <. t') -::: (~C t , ):\ -- ~t( c X 0)) Y-. (J ~ X fi xe d, t f- 'f

We nO..,.l know the, t (::Vt~ry f 'f. is in f8.ct continuous, so thpt

The mapDing X -7 -(X of (Y-..) cl) onto (F~ D) is it-

A monoid is ~n algebraic system consisting of a basic

set 'A and 8. binary oDerf'..tion defin'3d on it. CA. binary ODPr2.-

tion on Y is 8 mqpping of "f X 'y\ into 'f , i.~?, an 2.ssocia-

of j\ , an elem(:mt 1 of 'I ). vIe shRll usuJ.lly c211 the



denote b r '\:< the rrl;>pping given by y --;J y.., 'j 2nd call it Is ft-

:',mlti plic ,-'.t:on by j..,; similar ly, F 'f...

are: \,.,rhenis '\ 'X one-ODI? 2r.-r: T1hr:;nis

AX is one-one iff '::''J -:-::.'j. J; ~> ') ~ J \ for all j •

A sufficient condition for this is that left-cancell,'=ction of ;<,

!J
\1'

two question posed above are thus link0d to oquations in one un-
known in the multiY)lic·~tive system. i-In the first case, Wi-) r3--

quire that the only 'solution of \ '/ ( ::: ,(j (i['l the unknown '\1 )
J J

"2 solv2.ble._7

solution for the equation X'j - l c;xists C;ivcn Ai l e- X ) ,-'

tnen it is unique ~ for }j "''I (= -L \ --'- J - J; .
I .- L. --/ -

11 group may bt:' defined as an associ ?tive monoid X jn

'f 1 t:- 'i- the enuC1tion')
I

'f. Then, ltie h2.ve:

'f y -::.i: and 'j X:::. 'f.

for all .\{:-'~ ~

-\
X



(in fC1,ct, the left- ,c~ndright-c<=>ncel12.tion la1Ns hold).

Proo f> (1.) Lc:t'l be an 2.rbi tr,3TY but fix8d elemGnt of

-_- ( c: (\ \ "j,.. :::: :\ ':.- 'f...!(J G - I ,

oquation O? '::: Ct

X Also the

for ':ny X.
I ( ('l.E -= }(\)e

= i (c e \ ) :: I (,- 'f.. , so that 'l, ~ I -c: 'Z for all A

E " <2. (since Ki=..' - 'I-. for :::11 X )- t

l<' ( since (:: 1, - K. for all X. )-

so that thern 2xists reD eL;m~nt E. such that X ~ - e " _. '(, for-

;·11 X Tb; sam,? ::trgum':ont sho",rs th~t E: is uni que.

The n, we h 2,V e '-I - E.'I -=- (\'1. 'l. \ I.: 1--('/...~j) -::: 'l. e -:-:.:=i_I- J j--.

If .;! b 1. t(. (? any (": emeDt wi th hi s nrODortv,
i

( "f" \1\
\

" 'III -' i \1 \i - * 'I - cr Hnnce t,h!"T"~-' d . a - \<1 ' I " ()
\/

invGrso for 'f

~j - f 2nd '--! 'i-. - 1:: have unique so lutiDns"
_.

u

mUlti:Jlying by ';, 1"T (; have ) - '/ simi larlv, right_~ulti-, - /

-\ I-plic2,ti')n by y.., in the relation 'j 'I, :: J '( give s j - y. - .
Conv'?:rsell, in '1n associative; :nanoid ltJith p:ropGrties

(1 ) and (2) q'oove, WI.' havlC>thnt >. ,{ - t hqs the solnti.onI
.-

~ t ?,n-d ',I t h~s th0 solution 'Z -i
Thus'} - 'I-- - '/ - '><~ -.I >



In the cqlcHh~tion of inv0rscs, ',r,.-, note t'-TODoints of
_ I - \-1 --I

import3Dce: (1) l'f.-- -=" itself ?nd (0) \~'J -= ') ¥. •

d 'f-f
to SJ giv2f1 by \J '" f \ (~')-::~1 ( J ({) ) If { be a m'lp1jing

of 5 into S If , thr:n ,111\') have t 'f-- ('J '\ n .::(f, 'Uj) 'f- { in thG S'3nse
J G T

th2t 8'tch mc~Y,)s X f ~'I into the same to'l·:;m,::nt {( a ( {U))) 0 f' S:+ .

X
(mRP?ings of X into itself) which thus constitute an Rssoci~tive

monoi d undc:r the comY)osi tion operation. In th,:: c as,:o 'Ilhere Xis

itself a monoid, this monoid contains all the left- and right-

multinlications. ~e find that if X is an 2ssoci~tiv0 monoid, then

f· "p" \ V
~' \"A'f\~l -=- \y., '" \i and

thus say that, in this cnsc, the
p , •

and the \ 'I /:1 likf'C thei r indics s rev,')r sed).

Let us examine when the mapping '} -~ ), f. J from a monoi d

int~ its monoid of t~ansformations, is on~-on0. We must h~vp that
Ifor 'K -:\: Y-...

1. G. , that the

L-A fami ly j
Sf is a separ:::ting felmil>.: if, for any :,:J::dr 01' distinct elem0nts

('o , ther0 0xists at lcast one membsr j~Jl such

f (\):4:= t (/;.1) :..7 A suf ficinnt condition for this is th'-t,

\I
1\ •



\I '\,\ ---? 1\ f<.

one-ono mn.p:Jing (The mapping's \'1.. of X into itsolf ar(.'1111 on":;-
one and onto), af:'d y., ) corre sponds to \,x 'A\ 'j • \ e is the

, -Ii denti ty m8,pping 2nd ( ).'I,)

().n,q, onto mC"YDing '\ 'f..- ' ~ s th~
, the inv'Jrse mWJping 0 f the ().n.~-

S811F?2S\/ -\\ In oth<~r worrls,
1....'1-- )

is itself R group, which is isomorphic to thp giver grouu

e:xists a mapping .1
serves -products (i.e.) 1)(\1...'1):: 4-(/) dJ(')) for all 'Ai}

in the domain-mJnoid of ~ ~hen 4) is c2lled a moruhism.
If 1:' is aD 'onto maDping, in addition, 1t{e c'l,llit a

homomorphisn. A one-one homomorphis~ is called aD isomorphism:

morphism; of two endomorphisms/an ondomor~hism; and of two homo-
morphisms, a homo~orphism.

un~8r the operation of the monoid (th~ '~roduct' of any two cle-
ments of the subs,?t should ag2.in be in the subset), 1,resee th;:lt

,)

the image of a monoid under n.moruhism to n.nother monoid is a



im2ge-set is itself ~ ~rouD).

Proof: If f be the morphism, thpn ei
--.::-.4;( e) plpysi-hl3

role of the identity '"lnr + ('(-i) is th~~ inv'?T'se of '~)('f-).

In what follo~s, we eX8.mine homomornhic im2ges in greqter

The structure of the homomorphic image of c monoid and
. ! X !

of a grQup: Let IX I X be tyro mono ids pnd let be the homo-

eP 0 f X • Consider thr; rr.:12tion 0[1 X,
I

([; ( ~,) __ qJ\! \, \
I \ - , J./ This is an equiv~lonce

i I \ I
'1-..-= X 'j:=:- y' ~ \'j ~'< y

- J - "/

This prouerty enables us to d.-dins, in ::>nun-ambiguous m"nnGr, q

pI:oduct between equiv':.lence classes (lccording to L'I-] [)i]::. ['\'1]

The mapp-ing ~J ('il --) [iJ is 8.1so one-one, and SO defines an iso-

morphi sm betwc-"n X I 2nd the set 0 f all equivalence c 128so S [:<1,:.'.

Thus, every homomornhicimage of a monoid is isomorphic to th~ s~t

need the concept ot an invariant or normal subgrouD: a subgroup

'1 of a grr.up X is said to be inv~.ri2ntif )«(:- 'X,'jE-1 ~>'fyyi":,,.,



Now, in the casa of a group, consid~r

the identity e
-·1

:: j or 'j - e

[e J
equivalence class containing

-\
'j 'j

LC::.J is a subgroup.

'I C 'I
~ I '.;

X I ( '/
I . ;' I 7 I

V'~. Xalso.:.. Abcin if '\ ~X-
I ~ (. f

then :', ".1 't,

re.] is called the 'Kernel' of the homo·"'orphism.
--', \. ~'l IL 'j \ ::=. l' :.::L '.: ,,:

~ A (respectively

_ --,
over, the kernel of the homomorphism) [t_j is an invariant SllO-

re lati Ve to L t. J
Conversely , given any invari ant subgroup 'I 0 f X , 1,re

can define an equivalence relation on X compatible 1"rith the

equivalence relation such that
'I

Fo r , ('I.- ,". ('\ i I '\ - .! 'f.. Y (,'I I )

.- ,
i'( , )
\

_I _ i - j
'i ' .' \ I. \. I !\ .' \
:,\\f...' . \"/J \,J j \.'\.":

1,('),,\-'(:.."1, and, sinc8
-I -\ \1

, I '\ ,,\ (1 ..r8 h"'.ve thCl.~t) 'f.- ~ \, ~') ''-,' ~ ; v u.

HeDce "rE, can dRfine a pro duc t on the

- \
j () ') ('I

I I
'I, ) ::: '\ '/

unambiguously a~cording to;..
is a homomorphis~ of y onto this set of equivalence cl~sses



~"nt' sub-barOUD, 0 f,' Y« __ (" , and, conversely, ev"'ry such 'quotient-

group' is a homomorDhic image of X

AND EJ\mm1OR.PHISMS OF ,0,B'SLIAN GHOU?S;
n·t~GB S..Q;[_.A-_ID:NQ

of an arbi tr C3ry set ,/, into a

{ ,.i '\j..! (-( \ - ,!" ( '( ,l, -L ( (,) ,\ '-r ! j, '- r . r \ '

In particulrrr, consider the mappings of a monoid X

~-1
'[( ,,: : \ ;( i '! " "I", I,.: )..-;\',\.- '(101' \ __

so that we c an as sert that 4; 't

.iin general, howGver, we cannot do so.



Relations between the oDerations }, ~md_.: Let '·1

be transform2ti)ns of th,.') monoid \,

\. \L 't

.,
V ( "! I
,t\ \ \ . J:'\l

,t· is an endomorphi sm, th" last expre s sion

t is an endomol'Jlhism.

On the other hand, !>Ii thout any r(: stric tions on f ' "t
.~.) we have

('y l- \ (C\)( \ \} -- "0/ ( (\/,,~) ~ ( ~ ( )1 '.)

L~ ~ 4) (-; \ J" [(''/- \ 4) en]

Let now Y be, an Ab0lian group; we shall find it
/

b 0 . g t I ,I· '\i. \a ov:;, n may.Jpln s: . nus "- "! -+ y .



f,. ,.\ ; "\, \ ( \ - I:" \ ',1 ') f t ft·\.q -+ r I ,'J 1 I+,\ h'+ Y' 'f... , . or r:=tns .orm,). lons
I· ,

·1 \ '-V
I

( 'f" +)

(,+ 'i \\J - A, ' "~ ( "'\ \- '\( ( :' ))
, ! I --.,.... \ " 1 I., ,

I ,. ,. , \ i I", \ f" ,,\ + \(L, '-i "\,. \ /" I,= (I.'l \,,\-x))·1' <\-\"1-\' ;\-:::::'\:1;' i) i \.\" "','\(,'
1\'

Thus, the set t
form an algE:braic syst~"m 11/ith bl/o binary operations + and X

-- a diploid. Inde8d we can assert something mor0, namely,
(r
\j:0,+J"'') is a ring l..rith unit •.

Proof: (1) (fj J+) is an Abelian group: ( S, + ) is

associative and commutative since (~ ~\) I J

\'vhich m,':>,psevery element of 'f
(1) -1- 8) ('-,of 'f

/ ~:)+ cL)\. -- ,
, , , )

(1, ' I. (_" +, rl,'i- ,,-- _/ --r
, , 'L-=-

,-
tJ:4) t. ,... if - is defined'-.J: ,

I.

~ ( \( "- then -1( c Rlso. " / (,:,

in thr; sense that l' -t(- (~ )

, i \
: - (v ,
, J

and is the 'negative' of ~

= (.- J.:') + qJ := e.

(2) x is associative, and

(:':) the two di stri buti Qn l;::L\\Tsho Id (where,x. di s-



" A'I
(

note the follo'\iing facts:

(l ( 1\ ~ \

( \ 0 I

Let (~, 1-, .) b0~ ~),ring wi th uni t;

2. ,-I) '{ ,:,t ( Y.., ~ , l.\ThC:r';e;

(left-multipli~8tion by
+'1: is
)(; ) . T'le

('i -4 1 \- '! ( 'I + 1. ) =- \f. \i +
\" "--J ' ;J

, \
\) -+ A ) ~j ::: '~,~

- ( 0" 'I, -+ ;1 :," ) ( J )

~ -' (I- i (t
j

, " 'I. - I'" ,',

'f...

i
I

, ( eI) '/.. Y --- '" .-
! ~'{ (~ -

I I

\
l:

",
x (/ ,\) (\ '-\)'t 'f.. u

Thus the mClpping '/._.:;(~ is a morphism of the given ring lDto the
I

ring of i3ndomorphism; of the Abcolian group ( '1,,; +) TtJe now

show that this mRpping is onp-one (though not nocessari1y onto).

Since the given ring has a unit ~ , if + = + I , theny., y,..



..' i
<I, (~\ .....:. ,,\ •

'/.

( 'f" -+- 1
\ ;.! 'j

The CRSO of R ring \vithout unit~ \'Ie shall nOid ~hO",Tth,'t

an arbitr2ry ring C2n be embedded in a ring with unit, whence it

In a monOid (using additivo notation), we can dcfi[l0

positivi? integral multiples of any cL-'mp;nt 1. recursivelY

according tol )l -:- 1. ) ("!' .. ~.\) ~~ =.. ;,'~ +- \: Tile may then r1e-

neutr8,1 element, in tho case ifThere the monoid is a group. In th,~

cese of an associative monoid, it ;.Ni11 follow th2t for 811 posi-
tive int(:"gc~rs m 8nd n, ?nd, it: th(? C8S0 of 2 group, for 8.11

~ I \/ )In the case 01 a ring \. I', -\.) oj )

ob'lIDUS1.'1 holds; furthermore, "Ne hc've, for all integer s m, n)

and any pair of cl,,,m0nts y...., ') ( y) \','\):).('1\')) -= \'1\.\\ (:<""3)'

~.*,'Now consider the s,t

~ E ~. Define the operations + Anrl'* 2.ccording to

C
' \,."\ ,I '\

I' "I"
l I

( \\\ -t- \; ~ -+ "j ).1.

( ':\ ~ !\. \,\. ~j + ~l X + x.y)1.,\\ U

/ '* I ,)\ -r
) is a ring, and th8.t

)

("" \.1 '\--\- ,i,.\ I
\. "-"



the mapping

subr i.ng 0 f

is an isomor~hism ~otwe cn \'I-. --;i ((....!, \(,')

~\ consisting of all, eL::ments

th8 ro le 0 f a uni t in *- , 1rJhorr:; e
1- Thus W", havG '3mbeddc-:;d (1,·4- ) ,)

Lo t ( 'f,i I + ·)
of thlCl ring ('{ +- .)

'J ' )

be the momomorphic image under

Let \<, be thf.' subs-,t 0 f x.. con c:i s t-

'¥ z.. 'f-,' !
I' t:: such that 4' ('i-~ -= E:J , the

I(.inci.d'ntally, 11.[8 note t112t ¢(81 - EJ'

ing of all elements

nGutral element of

WG' call K the Kernel of the homomor1)l1ism. Tile h;:>,v8:

K is a two-sided id()::'>,l of X •
By hro- sided ideel ')

, 'f of X \Ne mean a sU'Js"t of;:> ,
'f such thnt (i) ('/l +) is an Ab~'li?n group; and (ii) if'- E \

'( d ~ \/
A ~ \'\ !\.\

(J
, \ I

~(i)==-8--G =G,,;1)( 1- ~n-:;:'-y \ \-
I \/ \sub-group 0 f ~,l\ i +.1 •

r /. \{Also, if ),,~ I

J c- II', ) '-- \.
'...i

I
Simi 1,"1' ly, 6( A.i" \ - ('T (1 , - v



Nmv, 18t us de fino 'f.,::A iff
l)

we denote th8 'quiv'""lonce clp.ss containing *- by Llc J, as usual,

we find thE't 1,'" C pn un "!mbiguously de fin'} oper?lt ions + and •
I

over the s,~t 0 f l"( J ~ :::.ccording to

["1, J i -j J l )( ..l J]-\-. L

L~1 L d 1 - [ "") I\ll- 0

'·i -:=. "1
J - (J

\ \ \
\'"", _\- 11 J,\ (J /

(' '\ E k (" \_"\ (l "'l -'. j~ J - I \- I \ (! (~

\ \
'X -\- d -=::.,). + rd' And,

::: ~(~\'d\)+ (1-,1;) d(\~ since K

'j{ _ '( ( 1'\. , so the. t

ann. (K, +) is a grouD, so

'J. = I, d ~d i =;>). d - ), \ J I

1, ", t 0 i d d . de 1 d ""'0' ,. ''11
L. il'\s ~ w -s C 1 a an - d ~

\ I

1~ - ":('1 "
lb(i;'---7[X.]

of l 'f') +)·1 onto the above ring of equiv:-:.lence classes1 show-

ing that every homomorphic image of a ring is isomor~hic to a
\

certain ring of .:quivalencr classes which is the difference-ring,



The most s:,tisfc~~t'Jry",2.Y of d'3fining a modulr-; is to

consi der it as com'Jri sing ~n Fbe liap grou~) ('}.) -+) 1",rritte D addi-
1',- "

tively~ together with n. distinguished sub-rin'S '\0 of its
/,

, ! /-,\

'\ C 1 '~'X ! ( ,,'I~

ring in which the non-n'o:utr,..",l elcm':Dts form a grou,!) under multin-
n

lic,;.tion») we obtain 0.. vector-system (over i)\(j); in particulp,r,

if 80 is a field, 1.(;., n. commut<1tivfC) rlivic.:ion-ring.

If (1 sub-group ~ of \ is left invariant by (011 the

members of)
Y.. ,p

( /'/ '\0)'

( 1)('on ,"1..:" ',J)

rv t' ('J P )V'- 0 ' nQ n '" I, I' 0 ,

A sub-mo dule \. I, (K () \

'/... -:: 'LI -:::'; -< Y, =', ,.( , I f
"t ' G. - 'a 'or

Y p "I --'- .,( (... • .,j \ c 'I
- I -/ 0' j)For, ,'x'~'y·:.~ / x -

\}(: )'i'Z -', '-=. (' ''::: '< u y
~ module, ;:li th 'l: ILj. J

this module; is c,"\lled th·:; differr.::nce-monuh? of X rol!'ltive to the

sub-module Y.
Suppose ! '} !j~.) and ( \ A~ f) module s,'. I U \" "I.. )'') II ,q re two where;

Cl\ ~ is isomprh1c to &1 (in ':)8.rti cul::-~r, they mn.y b':? identic'll).f l,j

Then a mapping 4



\. '" jiJ::o) is mapped homomorphic?clly
c

Consider the "K8rncl" K = L ~
I"( \'Z. :.~:::; ':\J ( ...(,.~) -~ .-{ 0 ,.-\,( '1--) -::::

I" I

by (P onto 3. module
. ,

(+ ('I..) = ()'..~
'j I

"luG -== Q

SunpoS0

ell)y~'
I~; I :.J\u. •

·{v'i..C k. also, an (1 consequenihly K is 8 sub-module of X.
cen form the 'difference-module I of X rc;l'-'tive to K L-~o[1sist-

ing of the equivalenc2 classes corresponding to the relati~n givnn

by 'A.:::: f--:; ~- J E- K_7, 1tlhich is ag'lin 3. module over the same

(J<o <.J I>,J being the equivalence class C'/~ iJ E'1ch

homomorphic im:'.ge of 3. module is then seen to b(' isomorphic to

spaces is by means of the theory of groups with o~erators. We

start with a group t (written additi1rely) ;:-'nd a sCot f'L of

'opere.tors'. TiJeconsider m8.1)pings of 1'1. 'f..,,;( Ln ro X 1//8 00note

the imngc; 0 f the p3ir ((c<, y,)



) \ . \)
I )\,1. (---7 '\ Y., i
C 1.\ )

correspondence f)(' -+ \ i

for all 1\ _.__ .•...••. c<= S· in other vJOrds, if c<+~-I ~,
exist som;3 '{ such th'1t c<f., t.: ~ 7\ .

I

(C<+~)){ =

(C< f, 3 ) * ::::.
If the originc:ll grout) b0 Abelian, then the sct -'--'L of

operAtors enn be enlnrged into a ring by adjoining to it R null

operator ® i1nd th0 oper8.tors ~.- :;{\ :i, C __2 ~ 1 wheT':", for 811

'f,. f· \l
c< -+ '\rX
<x -~) 1\ -=- 0 JC'( c";Ll 'i-- ~ ~- ~ ®
a homomorphisn since ~,f.., -\- r '".:'-~d + A r
and so is an isomorphism. Thus, the s~t of

Fur t her, i tis

2nd } t), ~ :::--\« X \ P
oper2.tor ~ ...fL 0 f r>n

Vcctor-~ystcms: In this case, the fistinguished sub-
.r,)

ring U<'o has :c~nid.Bnti ty which He shr.ll dpnot2 by e
~X -:.rJ E:o u

that ~ 'f---::::

.-' eXu for C<o£ (KO ) . It 008S not, how0v?r, fa llo~",

~ for all 'I t X If '"IP consirl.er the set Y



of ·::;l.?ffi::-nts 'j 8ati sfytng the rt?l "\tion ~l;. A , i,;re get R sub-
. \ (!

module ( 'I r; ) such th?t ~ acts ::>8 th- if1entity on y) "J"- 0

L-If :J t !
defini tion,

then e 'J:: 4'-) E ( " ud) -:. (e. ~~)''j- -:::-..('0 d-- ; ~nri, by

e ".cts a~ thi.) icl8nti ty m".:JDin~ onY ~1NOi"', any

element )t 0 f ~ c o.n be r::;pre sent e d RS

i(~'j \ -* ( "< ~

\~
form the:: abo'Te modul."'; if ]'IT ==

, then it is cll?Rr th2t }T.=: 1 t. E: X \ c,,'? --:E:> 1> "~e.'-f-\ '/..r:I I' \ "-

so that N

on N. Hencf:; ~ is the 'dir2ct sum.: of two modules, Y 8.1"(1 N.

If ~-!e n01.! rGDl?ce \F by the differenc~-moduleX·-:::. XG N,

,.rhich will be isomorphic to 1 ' the id'2ntity element of (Ko
cdncides "i th tho id·':?nti ty mapping 01" y... and the usual propertie s

of vector-systems follow ( 'I--,:J ~ 'f ):

These '}roperties arf? enough to make the corr.,.~snondence c< -+ \,x:
(wher!? /\~ is the m?.'Jping X -+ C<'A ) nn isomorphism. F.)r,

c< == @ , the null-mapping'- or c< :f ®~,
eyi st s '"hd '-'8 hnve \ -=- e '(.=.ld 0<') X-1

CnS(3 c(

is inde:;d nn Abelip~n group together i",1th a certain division-ring

of endomorphi sms therGo f,



consider~d. 2bove are the so-callert 'left modules'; modules com-

prising an Abelian group ( X , + ) together with q distinguished

(K 0 fit s ring 0 f (~ndomor"Jhi sms 0< such that for :=tnyv (J

Sometimes it is useful to d'~;ll \,rith ibi-modules'. I.e., m00ules

wi th one ring 0 f Ie ft-mu 1ti plic ~tions 'l.nd ':noth'::'r rins of ri ght-

mul ti plic 2t ions.

Commut2nt of subs:,ts of (j( in q moduls ("'-, (X ()) :
, b I' ~De an A G Ian group pn~ l~

Let (.1< be a distinguished sub-ring of ()(o
a module, by de fini ti.on.

For any subs~t ~ of !)\ , we define the commutant A'

ex) S<,\ is thsn
I

~\ -::. ~ 0< ~ (R \ d f ~ 0 cI. f d t__U- P E 1\ U J(·o 1'
l

It ·follows that (J<~ is precisely the set of all endomorphi.'3m~ of

the module C 'f-, 6? lJ) , remember tng that c< is 2-D endomorphi sm

iff (1) rx (J\ r~d) rJ. 1. + d} for all XI·O EX, and

( 2 ) DZ ( './' () y.,) -= !0 ( c/'f-. ) for all X \:: '( ,\~() E S(v" 'r he s e

endomorphisms. aree~lled lin~ar operators or linear transforma-

tions, especially in connection with vector-systems.

It follows at once from the definition tha~ (1) LI\'C(R~

and (8) JI.. C B --) ;\, ~ D'. B0Lce, every member of A' is an

endomoruhism of the module; furthermore, as is easily verified,

A' is indeed a ring of endomor"Jhisms of the module.-_.



. ICR.o

IIcA

B 2 J~' \j lR. () , it is clear that ~ B -= B ~ ". .
1

In partieu.lar, (4) if J\ c::.. CXo , then l' C N'; B:.'
\

(1) aboVe, A.' c.. rR~ and so, applying (:) to ,A,' , we hR.ve
..A'e.. (A')". J"'gain, A.e·"" _~/ UJ) =,," (.I\II)f, by (?).

No"", it is almost at once obvious that (;\,)" -= (JI")'; rlenoting
I

this set by II"', 1,rehave:'(~) for all sets J\ c:... eRe f.'

IA cCKe
necnssary and su_ffi~,tient th.s.t

'I-Iehave cK ~ ::=> A' ~ A

are called Abeli 2.n s,~t s. U,c~Drding to what 1J.Je hfwe seen above,

(lJ II )~ is an Abelian set.
()

-? B -= J\. libelL'lD sets are obviously commutative; their most

important properties include the follo",ring two:



I f II. +. JA,I, the n II bei n:r cont ai nedin /1 t ~ the r e
I

exists an elempnt ~ belon~ing to A' but not to ~. We ~s-0rt

~ f b u 0<. a ' •.•!e must hRve 8i ther

"6(: 0\ urRo or (ii) ~ E:.I\ and

2nd in all these cases B '{ :::.

(i) ~ e B ~ AI. aod

'(;::: ~ E: J!', or (iii) B::: C; ,=

Y B so thRt B C B I • Sin~e

(2) If I, is Abelian, then there exists a maximal J\l)elian

sot contain~~.

If f\:::!\ I. by (1), the as c:ertion is tri vi ally true. Hence i,le

!need only consider the case" i=-" I • '(b be the c 1;:1.5S 0 f

f\ C B c:.. B' C !~' • ~ is not emnty,

namely, the ordering by inclusion. If L B) ) A E: i.\) be a

chain (linearly ordered subsGt of QE) then it hr-;s an (in fact, a

Ie ast) u~per bound, nnmely, U I:r:; '\ : )J l\} For d0noting thi s

set by B we have to show that Be B', i.e., if r E: B ~nd

t f B UCRo then ~ r;::: {~3. But P E: Br- ;ol,nd '6<;: b~lirKo

for some r, ~ E.. f\ , so that ~ ·e·. BA and '6: ( £'1\ \) (Ro' 1vohere

B'\ is the larger of tho two sets Il and B,I (re'TIomberiniS that
1\ "'r' v

theY are members of)a chain). But, since Bj.. is an Abelian sot,

13 t( ::: '( 13 , and so .3 c 3'. HC?nce, by Zorn I s axiom, . '":03 has



·~ c. ~Cl .:::::. 1;~ C t\ I an d i f B

and such th;::t B .-J Bo , then B -= Bo
Bo = B~ , since, otherwise, our construction in the proof of

Property (1) applies, ,::nd we car find i1 set Bo U >« 1 which is

also fbGlian. Hence P is dontatned in R mpximal ~belian set.

For instr::.nce, follo;tJing Von Neumann, ;,re

f I
-fae-tor if = " l! ;::md 1- (\ .fI. l = 0<..0

is a f2octor, obviously so is /. '.) There" exists a th80ry of dp.-

composition of rings into 'factors'.
f )' !O(~

Remnrk: By definition, CR~ ::: U~u rl ) ,~\ ~0 -::~o/ ~o{ (&Q ~tO\O)

the set of all lins2.r onerators which commu'e wi th (jvcry linp.Ftr

operator: this, by definition, is the center of the ring (R/<;) •

Semi-metrics and metrics on groups: right-invariRDce:

We may, for instance, require; th,::t the group product be conti-

nuous and/or th2t the inverse be continuous. Or we may replace

a given distance function by another, topologically equivalent

to it, but more closely connected in some manner to the group

tn all the r'liscussions thFlt follolN, we assume d to be

a right-invariaDt ~emi-metric, 1. '0)., for all "'A) ~ I -:z. E: X,
d ( 1-) L} ) = d (x "[ I ~ i ') ilJhatever be 1( ~ , J l" 7:.) d i~

c aD be made arbi tr ari ly smRll by making d ( 1f }- ) small enough:



in x 2nd y iff it is continuous for c~ch

"'he lonly if 1 ;J8rt is immediC1te, since '!'j jointly

~nd \( ~~ for ,:;:;ch fix/3d X d (~'jl '/-.e) ic sm2.1.1
j

if d (') i E' ) i <~ sm:.::.ll. Here '1e do not ne ed the right- inv2_ri ance

-) I i -I )By our hyp6thesis, this is sm"',ll if c,L ('I- 'f.- 6' d )"6 is sm.qll.

But the last expre s sion = & ( {IX') 'cf (j\)-I) ~y :right- inv~riance 1
~ J. l ~--I y,.'1 ~ '> t ~(~('3')- \ ) e)

- d. ( ;' '{' /, i ')t ,t Cd I'}') by right -invqriance.

the first member of the last eypresstonAgain, by our hypothesis,

is 8m2-II if cl(~'f.-~J e) is sm?~ll, Le., if 0 (if) '/.) is sm811

H,:;nc" it fo llo',rs th8t dl~I/) '" 'j) i c; e:m2l1

d \. 'J I :F) ;"trc smell, i.eo., 1-j- is jointl\T

Thoor:Jm~: If d is right-inv,<lrin.nt ano ,!,y is jointly

Proof: Lie i-I \.:--\\ ~ I ,,_i'1 0\ r:: elf 0 ~-\~) 1 by right
~ I -:: -' 0.. \. J... (J! '-) _ \. c )(] .J

invpriance . c~ «\~: C) :: eX (il~1 {If,) .~ie: sm?ll, 'Jy joint-

continui ty 0 f 'f 'j , if c,L( ~! 'f) is smAll.



Thp.orem 3: If d is right-invarjant an0 the inv~rs~

1s continuous, then 'f- 'J is jointly continuous in 'f and ,j •

'f.~ is continuous at y:::.- t , Le'., th,4.t Gll'f..~,,>() is smp..ll if

d (;I I e) is. But, by c-:mtinnity of inverse) d. ('f-J,~) is

SIT:211 if J( j-I }.-I, i:) is sm2ll, i,,:., (by right-invHri:=t[!~e) if
i \ 1\ . C-I I -Iis smqll, since d! d-' -.1.- . '1-. - '\ "~I --I-Iv. \1 '-f.- "'J\' '- J /.... " J _ "-'... ;j r {.....<J , l' . •

-ITh(;orpm 4: If ~'j , for r;v~'ry fixE'd:::J , and '6 are

continuous in K /

nuous in
_\ ._\'-I

Proo f.: For fixed ~I' , 'I f::.: (" ~ ) is continuous in
v (j 'J

(by continui ty of inverse), vlhich is contin'lous in )<,-1
~-! --IA '\

~

We can also prove Theo~em3 with the helD of Theorem 4.
In the pre ser.ce 0 f a right- inv 2ri ant d, Y Y i s continuou~ in y..,

for each fixe0 6' (in f'lct, uniformly for 2.11 J ) since

(~('f,j, 'f,ljj= cl( 'f.,! i.1
) 'Phen the 8.ssumptions of 'T'hr:;ore03 imnlv

(by Theorem 4) thQt, for fix()0 J ' Ad 'f. is continuous in 'f

or, \tfhnt is the s;Jme, 'f.j is continuous in 'j for fiXGn 'J,.

Since (-L(~~,}.'y{):: J.( Y~JI1,\jl) +J(Y--/ /'J..'j) -:;:. d\~',"')+(l(~'1~1-\,J
it follows thC1t it is smCill if et (i. /) and ~ (\) ':J i) arr) smnll,

I I '- ) )

Thus, under right-inv:'r~)ce of d, joint continuitv
-I

in 'f p,nd 'j is eaui"n.lent to continui ty of 'f' in X



8. group X We can m~k2 soms cp2ci~1 constructions using
I· . l _I \

fpct that ct l'F, d) -::::.. { (~ d " ~.) '~nd conscquDnt ly the +'uncti.on

two vsricbles, d, c~n be rcp13ced by 2 function of a singls

vp..ri2ble c:s folloV1S: define N ( -f. ') -= J. (I: e). 'T'h,:;n

d\'~I\l\:::: f\i\'f\J- )-=-Nl\i\~-\)' N has the follo1din,-,; prop""'rti,'?s derlved

(1) N ( ,,\ '> 0 l'1nc]. N ( e )= 0"-\ ::--

(2) N (~! \
::: N ( 'f )\~'~ I

(3) N ( Y-- '0 ) < N ( ~ ) + N ( ~f) .

Convprsely, given 8. (s~mi-) nor~'on 2 grouD, we cRn

i n t rod uc (' a di stan c ed," c; cor din g to (t ('/' I ) \::.. N ( '{ '1- \) ; cl i S

also right-invari8.nt,~.s "in immE':diatc conscnur::nce of the: c1,~fitlition.

'1 ,- i '\
1- 'i )

\. f .• -' ( \
.-1-. ,\ (~ j - • '11

I • '-) / .-. 1',

-1
~'" \.1

..J

\,
1- J t-. I..

on 1 d<?finedby '''~)
_\ Niff '!- ') ('.

relC'tion Sl.lC~l that, if f..'::: ') , then



th t f . 1 '1 X - S ,- i"( \'e 3,? 0 equlva. encc c asses - L L j

j. the mapping f Z ; L)( J -'> L J( i. J
X onto itself._7 life may now define

-( [' \ l )cL \ C-,,] J .~\j)::. C, (1-, d-
ambiguous -- and N ':3.ccording to N ([ '1\ J) ~ ( 1\) d h'J.s

the pro ?erty A ([ ,'( 'l J) [d 1 J);:: Gl (ex l, [61) In

genAr2,1, 'f is not (l group, but ( 1., '(1) is a mptric sp:lce.

d on 'f, x ~,

'\1

case where / is an inv:'Ti 2nt sub:;roup 0 f ~

(in particular, if X is Abelian), we know that ~ is a gr~up

and that the above construction defines a right-invariant mGtri~

d and an equiva18nt norm N on this group.

Let now H be an invariant sub-grouD of a grouD G
wi th 2. right-inv2ritmt semi-metric d and the eqt.:ivalent st'Jmi-

N Let Inorm ..

- N ( \\\\ (~) ::::(\\~ \"~1/
to \1

is a semi-norm. For,

[
-::::.(Y\f N(i,f-')ObvtouSlyJ

1:. c: H

Nee) == 0

(i i ) N (,!--I) ==

inf N (i-
ie H

? '/.-\ -;7-1 v I
) I" -t: "\ ~\ C:

inf N ('!-~!:t) -:: inf N li-IX)
lJ: H~E ~l
~-:-Il-,Ix) == N (y..,),

c.r\."'~~\, 1 E:.H 1 == H, H being an inVAriant

sub-group.

- in f J'\T

.zl\~~\-\

< N (i\:-J) -+ N ('v"J-\j 1:)

N ( 'i-- ~) -+ Nlj, j -W- \ j 1:. ')

inf
1E. H

--)

(~\r'), \-J j 1)



By the invarinncp of H)
-i -I

j \\! 'j 1:

-I fl
I\} \1 E 'I

)

are 'indeD8ndent' vqri:lbl::: s, so ~'r() Wand tt GiV(:::t) C. > 0

there eyi st vJ J ~) E H such th"',t ",I (7' \,J) ~ \\J ( 'f-) + (/:l ann

f'\J(jtA.-) ~ N ("J) + [/~.' since f> 0 is Firbitr<>.ry, it

then fo 110vJS that N ('f- ') ) ~ N (y..') + N ( ";/) . Hence our

for the case of an arlji trp:y

belongs to this s·-:;t ~ inf N ('(,..1-1
) =: 0

.z:. (: \1
~ the closure of H.

)(

~ ("~ etC~I~\:::O ~/ 'l-.E: ~. -t:f\-\ '.

(und0r the metric topology induced by

H is a sub-group, but "'8 do not kno;., wh(:;ther it is inv"lriant or

"--.
valently, if tho inverse 1.S continuous), thc;n, :+ (~ ~r:m be•.....

_I
approached by a seqw~nce i v\ f. H 1 'f,.. Iv-v '/-. E: H' C H

for every n, and by the continui ty of thc'product Finn.the f:::ct
)

v '1" .-1that His c10 sed, 'Ne ho.v(~ '" 1::... \ f h for 8.r"lJitrary

( GI H , N ).
Froo [: v,Te hr'vn to shO\'J that if N (



as n ~ 00 orovided that N has the same property. We 0an finrl
l - -1 ) -r- Ia sequence I X "1\ h ·S. such that N ( 1 n. X)\. < 2.. for all

I' '- \>-tl r ') _\'-1
p. Denoting 'f...."t\, ~ by Y r"ve have N (J 1+\ :,II: L <- 1 ,

-By the definitton of N, therE' exists LLp 0 H such that

N ( '\·1 '''J- -I U. \ <:--. N (-(j~ - \ ) , l-r- \ c 2- r). te t
\.G~+i r I') \ r+\ r /+ -

-I . ~\
7 . (i it· l~IJ (\/ vI l.\ \
t::. \.., -t \ -== . 'r -+ \ r I')' J r 0 r-.It,. \ ) .

Then, for (iJ '::: \' , we h?.vo

I- - j _ (\l U-/ ll, \. (
;t \; t \ ~+ I - \ G t of I ~ '"\I 'U ) ) .. - -

and
-~

N( l'(,t\ lr:1 ) .<'-

Hence, ('f..., l\j)

-I
'(j \1 '\- (C' O( \1\).,2- .

being a complete metric sp"'.ce, 1.1 t 1 convl':lrge s to
.- (

some element 1:: of X Let 'J be such that .:z.:= d ~ ( •
. -I -I ) _ h

Then N( '" \, I c:: ') r ,'as seen by letting q ~oo in.• \. r.! d I rot I -"-

the last rel?.tion above. Now,
-I

t p-H

where, by the invari ance of H, vJ P (; ~\
. -I

<: N (';j dr 4 \ ~vr )
__ N ( q 'i- l 1:..' i \ ( 7-~ 0
- ,,"-00\ r-t\)--

-I \

N (dJ~+I)



Hence i jr+
1

~ converges to 'j (r'J18.tiv~' to N). It fol.lovlS

that so does the; original sequence; 1~'Y\'~.

Semi-norms on vector- systems: SUiJpose wr; hp.ve P, vector-

Then N is cplled a snmi-norm; if, further, N("'-)= 0 ."> X -, ~

Suppose N is a semi-ndrm on a vector-system of one

of the above kinds. H = i 'f- \ \'.1('f..)-=-O 1 is a vector-su~-

~~
\ - ')

of N from N , e.pplies and H = \ N Ct) =: o ~ -. F has

the further pro Detty th3.t N (X'f-) - \ >( \ N (~) pnd thE:'

di fferon(>" system of G rel'ltive to H is it S8 1. f a vector-



G I H , according to what we hqve said

- IConsider the S,"lt ) 1- N l~)Z 1 f G(:;ometriC:-'Jlly~this( J. ?
,\

is 8.. symmetric ":md convey' set: for, N li) L 1 implies trFlt-:..

N ( - 'l, ) < 1 2nd N ( X ) < 1 N ( '\J ) < 1.j ,
0 < c< < 1 c<+ ~ ::: 1 implins th3.t l\T ( c< Y.... + ~ ) ) <.'

N ('f )


