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I J. .~ua0tum electrody9.?m.1.c9al~~1atio~s ~~th special em?hasie on som~
I " ., ~ • •

~o~k ~O~G b~ this g~oup which might lead to some frc~h problems.
~. . .',: ' . !',...'

A br1o~ int~oducttQn 00 the theorY of scattering will also be giver
.,:,." .'>., .\ •

f9r completeness.
, \

l ()'tV 'r H If
M

repre sent stile tem9or.r:l 8vo lution ~f the we'Ve function '+'
wave fur-ct ion i s consider·~ri stationarY if the on\y time dependence

~~ ~f t4G axponentlal type i.~.
If { :x. }t) ~ e ~t,'¥ '1-/ ( X )

In the presence of int0raction with ~n external field. which ean tE
inclu.,dLed in !i.. sta.t~Gni:lry SGlution~ may ox! st 1n wnic'hc'a,se the

particle 1.s s2.1d to bE beuDo to thE external field and the :eorres:-·

p@ndlng 'wave fnnctiop 'If ')1., rE~pr2scnt s the bound stat@.jFQr~'XamplE

we haVe the hydrogen atom, tho c:Julombfleld V(.h ,) betnginc1uded

in H. N0w, th,.:; couation of motior. n--~Cl not havest~tl-:mary solu-

tions 2.nd l.Jh:·::'D the; intrr:1.ction is such thp..t we -do not get bound stc

H and}I1
o

sYste"!TI froJl t = - w t.:) t :::r C:'" is studied assuming Ho to be time

independent and that H' v J'li shad at t::: + 0-,) and t :::- oq, This

leads to the study of transitions from elgen states of Ho' the freE

partic10 H~'lL:.-eonian~ Th·, inclusion of r.elativity into the wav€



phenomenon-- (dJ.," to the pre senee 0 f the 'se a) and nee e s si tated the

formulat.ion 0 f the qucLDtml theorY 0 f fL~lds dealing 1N"ith the t<"}mpo,

ral evolution 0 f systems 0 f a eh~~nging number S 0 f particles. Tho

field of quantum electrodynamics.

In this lecture, we shall confine ourselves to the treatmen'

of the sing1.e 9article scattering by the old-fashioned pprturbatioJ

to the time- independent H:"~;iltoni an Ho' the eigenfunction 0 f Ho
._ -') -.(f"t

being qJ •.., (')() ~ .. where En is the eigenvalue 0 f Ho'

Time dependence other than the exponential occurs when

~ () '(F { -{ I __ tf (t) '4.J I t: 1

;)t

For 2.r:.y physLc al proce 5S, H (t) is such thc~t H -+ 110 as t -+ +- 00.

\dth H' -+ ;] as t -+ + or more generally-
H' -= 0 for t < To
II' :: H' (t) for rp < t < T...()
I{ , for +- > T.v

and we let T,) -+ - 00 uLd T -+ + 00. 1\~}0. .:= ,r (;i1 if H' does not vary

with time in th8 interv81 rp~ < t < T, it is still time dependent

since it is zero outside this interv~l.
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form ~:L comnleto orthonormal set, ,,\re., ,
, , "'i) /~::( ,_, -, ( 1-::;, t

~-. F,; (1.; -"-r "'\ '.,' '.

\1 C',)
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'I

~ (" 't.
<::.. /";1,

, i,(r )

",.::,:"",
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(, \ (-i)

f q,,-, \ y )) ~I (R-;y', d \,

( 1i '_"'J (f·1C):)

(2) C c.n be put in the vector matrix form

[ cI ??.l f I J --. "/ (H 'oj C ( t- )
I I, I C ( _-, + \ c _.;TE '

--,",
where efc-; is a ("CLULiiL- IYJatrix with typical elements C-;t[J

and fH' ~ and

.--";")

L oi ~' I, !

?H:-

where [H ,"! (t)]

the coefficients

\--' -I •.
I H i arc matrlc('s wlth olemr,:;nts 1:1' and
L '0 _~ mn

r.;t R
"'nvnm

.p,- r (':').:..\~ u,
r . ! ,7L f-f ((') J

He have
-'){ (I-'
.j \-

has typiccll cl:::1YjcntsI'nm(t). Tr1" calculation of

,I t) is the main problem in a quantuEl mechanical

b It , represtJnting th\'; rLrnplj_tude for the; particl
"

n. By: 3:JlutiJn of (.:.)) is meant that
--)

find h, (/) for t > to. Tt.:::rating i.tJ'8 getgiven 1-:) ft" I

r ,.' / .'L-cl«(
_._,

i Ihie .-.')
...

, (c J
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-l-

elements of b (to) :hro z;~ro except a specific bi (t ) ==- 1-o -
-l-

b (t) CiS /-J( L (t) ':Ie have
-::r '

L '" _ "Z ~_A" \ s to') Ie\. ( \~)
/' ">1- i /

Denoting a typical clement of
i l. t' /A' I ~ \

D{ ! ---.'I I~

with S :::: e r, YL U (t, to)

t :: 'T' -l- t- O')

t -= T --+ - 00o C)

-f '11"
" r-

(-L) /,. JC.Pi·i1 I (,,17'),_/
L;. 1-l

(n)
S
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fir c:t order tt~rm in the CX;)Q1l2ion
.. I

, \

<.:.':/!~~!( "
/'

" (
[ r 1; f I , ...I) -\ \1

(~ _ .. -+ }..:
{(_ _ ,_ .x.':, .

t i.

c.i) L --I ~ r4 t

I

.. ! -::i

--'f' . c(
. ( . I.

-+ -+

Pi and Pf arc the initi::)l and final

Ass,lming [I I f-r) can be written r'..s H'\"

-i~t
J

\- () J c
-L

momenta of the particle.
-+ + (e" t- '(x) t:? - U LJ, . . ,:,J,.rhs n ? I

v- :J '-"-' ...J Tc.vq'" ~•.. ,1

1.t trcl-ess away an energy 't 4

h- L''r
/. ',-I )(

I( I( (I'~"J r 5' \ ~J .I 6r ') cr( (-:1[-1 ( ~"-:( (~O)r. c - ... ./ --{ \ / I
l' I J ..

the spaco integration is ?crformed first an0 then the time

I. _....,
/-1 I -',, l..))

(which irr:plies ,~n al'sor~)tion 0':' four :c1omentum ~ wi th '-y~ as the +-.,'f

energy component). \IJ.- '1::" CUl:"S iu.::ring the fi r st order electro dyna-

mic interaction of a photon and an electron.

would have I-} 1(:;; ! ._Co .-l l c-\...' )1 IL tn' cr;.se of absorption,

(Y "ll) 7) S ( /?1 -f;i~- ~)
C t't - E f. \ -- t:q;). Thi s



first to integrate OV'2r the? intcrmE,diate variabl,? '/( between to

and f(~ and let only to -l- - co. To evaluate the integral, we
+t-'l

€_ I wher~ £ is a a~ infinite simal

positive quant,ity 8Mcan br; mc,de to go to zero. K''''f~!)ing t as non-

zero and int0grating we get
17 '~ (, If -- f ') 7 ...;
(A ,. I e ~'11.' L -. *

~ -:>6 --<- ( f[ - E ~ \.,..E-)
\

~2..and the second integration over gives the 0 function

6 ( v - B. ) . :,vnile f shoulrl be on the energy shell, m needJ.'Jf '1

not. If'. L,ct m should include st (lees both off and on the '3nergy

As o~f~r~, setting
.: ~ - ( P-:r ' '),~

_. - I ('(.)' )( I
_. ~.-

(~)
se.ti sfy the corr8ct energy-momentum relCi.tion.



integrqtion 1:81S
--) -',
I~ +- ~L)J

the:nnrgy (=, - F ..l- 1=
- L - - ~- , -q.

I () I

The intermediatE state is th?t ~f a single electron with mom8rtu~

Pi and photOE '''Jith 4-:nomentun ql'

-+Pi + CI1 Ftnd 2D,-::;rgy r:4-'1 - Lf( T (ct I -=f E(' (/If ~ • TVlllS cn8rgy

is not conserved in the intprmedinte state ewn t~ough m~mcntu~ is.

::lhoton ql' D· nnd ql arE' gi I; r so thCi,t for a required D q2 is-l . f'

fixed. '1"-ltlS 2: does not i~'Jly any sum oVr~r ql or q2' But the
ill

relative scrpJ..:;;nceof c,bsor::ltion of ql and emission of q2 is not

specified so that emission of q0 can occur at
'-'

at 42~_ and th2 correspon0ing inter~ediate state
-')

Electron of mom:-'ntul"1 ,h,- - c/, with energy
< l/ ).

and photons q1 and q2 ., i.:,.

will have 3 particle

f L? ;;.--_:> =- F
F..... -7? -'">/> I

will have a

.Lr Cf-J/I

t-; t-00

to -)-00

t 7.L.

.I-/f
l l; t fd '1,:£f~j 7' e --{

'Iv{ ')'1, 1C f

tc t:o
'! e -I- L (E [ - t: ')1 ,,) (7') - 7,j
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K Y1 '''VV b '8 'Zf 'f1 Htrrvv

l.

;, I ~rtl

-to

In Z t \s \ ,-->
we get for a tyDlca1

-j~

J
" r~\3-,(

.. 'l,

-t:>0

term
+~

i I I j- A\(q I

-v(i

tf cJ "I"
tv

'I'L1.( 'Yy' (-- '-. )

-t ~ +.:.;i.J
-CCo -) .- ,-,)

1< ( ~ I I)

~''h'-t -"')+ o!J

t ,"-.)--'::,()
'-'

-'1

/(F l' • ( I ( JH (It) K "II i 7J - ;) . \ , H (.~)



\Nhnre l,~) etc r'?fer to 3')C~c,,,-time (::::9) .:Joints 0-/~), '7,) etc.

NOlN 1-<v('2,l) in (:::3) sc:·ttsfies the homog,?nROUS equation

H (~) i« f2 ! I) = 0

t:1 ) t ( If 'de

I<I{) (2 i 1)

is ordeN' 1 1< (2,1) ::::0 1. '3 only for

defire k·:J(:'"' ..l) ,Luch that
r- '7 t
'- ~- land

t~<~I
1<

·f (1'('



with the usual DJtation /- - 'il" PI'

ThG ill?trix r (~'Yf-j) is e.ttached

interaction term (I I Ls d()f:i.nec' Ja::;

shall see 'Jresefltly this c1<?finiti'Jn of K facilitates" the re-

moval of the ~ using tho result,

in (33) is over both

ku C~ ,I)

?ositive energy solution ~f th~ Dirac equation, there is ~lso a

rrcJKative eEergy solutio''":-. i\ f.:ec'" .;larti "lesolution 1.('{2)
at t~C'L be oht8.in80 frJm t~>.::':la.VG functi'Jn ~y.;{i) at -t1 from

'II., (~!) _ (V (r~ f) LV (i) _1.3:x't' j I,a .'-'<;. , - q I

tive energy soluti_on -::ince 1<1) is a sum over both over positive

and negative energies. 1,~s riae~ not 'aad to any complication



kr- (~IIJ

(1) anly positive e:ergy states ar~ lroDag~ted forw~rrl in ti~e
and

(2) I<F satisfies the inhomog;::;ns-ausequation. According b the

Dirac po~ition f0rma1isffi, in the ,resence of a ?~rturbati0n, one

of the negative energy elsctrons (-G; p) from th..0 'sea' can

jump into Et Docd.tiv' en~rgy st;:lte (+-1::/) p'::>/) and the 'hole'

-)- t;.

at t{ a ?air is created and ~t

t,:!. (L:l- > t,) the inctdent electron

and theDosi tron are annihi l?~tec~ and



I~

i-pagated 'backward' in time to L(

The nesativE sign in k. F

The summatio'l.i)~'3comes an -i.rt:'grati.Oi',)V8T F sire0

take continuous v21ues

1. ~.<::... 1:::)

-")

b can,E
)

J
r

J
F <0~ b

I

J---_r"LA':)if
, .., _-., -G~ ).J( 3

( j}) U (r)) ~ c-J f
fr<' i ct, <.T,



-
an d l"j ~I ""::.~ E p

d~~
U;;-.-f I) OJ

(39)lEe CO' -(1',)( ""L
, , '- f' l~I) 3

-/-c0 t/>o

EJ:> >()

- { I:' P te



''r-

fi8lc'l, tho !Jertu~bp(~ k:c:n':-~ k ; C 2..) I) s::>ti_sfies the eoua-

tion

(;u :iJ '" - eA- tN) k: PJ I) =' ~ 6c2 J I ) (43)

1< ~ ,o;,n 100 ,'x~"ndc' in tor'"," 0 f K F ' the unper-

turbed kernal as (

\,< A C':t I \J' \-< ,- (~ \) -, I' eJ 1-< F [2-./3)/K(3) I<. F (~I \) d (3)\ f .J ;. 1- j ,

+ ij.e). J h r (2 J1))(( 4) KF(fa)A'C3) I<F(3, I) de %1~"I

Using thi8~ in (41») t:'lO ·zc~rot.l1 orc'!?r term v,nishps since y-,. ~
are orthogonal. F.Jr the 1st order Tift'. hav(;

(-l) \ if)";L) e J{. (2-) 1',.; cO JC I)

D,:fining thc~ mor:;rmtum tr8.1:.~.,fo'rm of ~ ()Ll as



11 ( r}(~)AC~;) lA, ( 1°, ~
1

wi th \'J f- -- ~ ~ = CV .
The first Jrc1cr tr'-'[t~it:;:L()n fr)m f); ro bf is D05si81e only

ilThen cy h,l'~ ro ttm( C:)EFJOn 'pt Le }t/(}) must 1)e th8 transform

of a function :)f 3-)PcC;:' ~.J'lly '~s L"', t1D C:.::'t"8 of the coulomb poten-

{l.r~
~ 1/.4--1 \, ,

ll-'\I :::



1ntngration amount~
~ ~

turn yJ -t q'
or negativGIrf ~s n~w split the time int(,gr2t~.or from -00 to +08 into iyo

~ --->,

parts t c:: 0 to w'::'1,ri.th +E ( r +Ct)
r- ..•• ~

-E(~+'t)
+

___I 1~+. \''1\,

£rTev l- £C f)+Er,/J-- £[r-t-;~ )
where r.::. r+ rr e.D(l y imp'. i\; s

Or

Considgr th€ sC2tt~rtng of n

~
sation e\
state

~

€I.-

tr0ident on ~ fr'p J~ ctron It r~st, the fi~al
___I

co'.s1 ·;tirg ,of 2 -photO'l C} Z. ( &12 ~)2) and polQrization

and electron of 4-mornnntum \Ii. r k ) f 2-)I '..L v ('].. L-



and Dropagptes as ----.---r I +- ~ \ - fY''v

b0comes an pL:ctr~)n of YJ.or!t?ntuP1~ J-- 6ofiscrvation requires.

r' +A\ ~.f2. +;Y2

)

! iey,>')LA Il--l- :::-/ A11 e 2. " "2 e \ ~G Q - .
\ \r ~ l;_ I + L Ct"2.· X-

A.2 f{ -.::C4/i e··) . /- e) \~ e
Since the oh~ton polarization is ,e~)cnrticular to direction of

absorbs Cv \
e;<1its ~ 4 and

.2 0
~I :::: ::·0

_ ?" I~2 . 'f-
'-Y z- :::: LA~ e r

r<)... VI ~ ::.. vYl ItA '2.-I''}! \ = ty1/;i I

r" ri I ~ YfV '2-

Thus taking the ini tis,l photon to ')0 i.neident along the? x axi s.

1;18 have

-= yY\ (~
~ (till

:::. E 2- '6 c - 0'')(f '2 CA0~ t"6 '1r ~m (\r q I

()) \ ( t)' t - '0 ~L )

(j\)).. ( '( t - 'Or). (~» () - '(J r0V'vt9 )



~ C B): (A)

lA~

rllonL: Z ( A) ",' -', or along

CB) .¢I::: Dt)

(8; e 2- -=- OJ (jJt: - '0~ rf,VIJ)

Th8 initial photon can b lo1arir?~
d _ y
y::- \ - :) '2..

~'\2-
!

I

In order to calcu12t;e the di ffpl'?nti (':.1cros,,-s<;ction we have to

compute \ V1z.. ( 'R +~) LA \ \ ).,.



1X.z.- ;i2- _ I ._' ¢I, 'L11 == lA 2 fl' 2-

. f'J-+~ \,-rn

r,t< ',1',= -i+1il
- !P \t rl -- r IIf J I . [il I

1)~ jJ- (;l:) II 7) I

+2e"t,"U,

1\ \In V\ IJ

l\-

C ) " '&-l"l \ 4- Cy! ':"- f{v

-+- :2 r" "}, -\,1\ '- = ).-t, or \ ""

;(2 d I it / (:)¥,r (N\)

c-v ---

Now since th~:rc [T'e four ;),)ssi'Jle sets of Dolariz,tion com~ina-
, ~ I

tions for the photJm" i. (e'. AAI AD' 1\ 'B and BB' we have to

sum over these. T.J.J substitut;:, the a)'Jr')priate v2tlues fol" PI t 12.-
in 1A~C R +s) V r and find the square in e"1ch case. \4e have

1>01 (';) S {I h-()Y,

A A!
Ho\-r'x e2a~
l(01-\;VJ~ + 4-

SA I

(~1_~~)2
()J I vh.

L W 1- vJ 2.-) 2.

VJlvJ;V '"

(CN \ - I;)3-) c:.. + 4 C\S) ~ e
- W1C")'2



These four" (Jar be n~r(~ g2nera1.ly INTi tt(?n as

\ M I 2- ((jJ 1- W ~ ) 2. + 4- ( e \~C!- L) ~
WI Wz..

The differential cross-s.-'ction may no"r be found, l.e.

x [ d·:?nsi ty 0 f final state sl

dcr::._~\\ _ .__ ",[41\Ql.) L {1A'l- (~-\-S)VlI \)-

$ E I ~ E i..6l W I V ~) 2. 'X Lc~II) - ~ E 2- W ; d Jl Wz-

,It- yY\ W \

ldSnSi~Y of final statRs for a twoJ
partLclr:! ~ystcm

0\vt1 eJ ~ r .-0:L>. +- ~ _;L + 4 ( e I-£' ,JCL]

WI uJ'2-

PhY5j.C!l1..1y lNt' nTc intereo.';Ttso ir the: transi tion ner uni t

time into a sm211 energy ir-curr:ql DE in the neigh1lourhoocl of,..f' ,~=-.-/-.



when lk \
.-J ---4

~O\ r + (A, ~J

I

1.s bet'tJe'c·n r

db _ f /L(Jf r.l

~' and b'- and

s' (Aryl (~ E 2.. 'vi th the

b ~t~~·
\

In'.>',"! \..', ,,'Il/i r{'

E=- t :+-E~

~\E is just the
~ ---"-->

~ 1 cln d b \+(\r \
....•

(sinc() rz. L.s

(]lIlT)' r 1
2 cq~I

and can be CJx~ut0d

I

dE

1) Other .9..'~. d .')ro~e S sJ}S

Two ~hot~n ~air annihil~tion

, I

d:.ff;:;l' f'r::JYn (-:omu1 j(\ eff"'ct only ir the; time order-

(2) :eremstr;j~11u_W;

The e-- '.n '::h8 ::'_,-ld of ;:1 nUCl(?ll:' 2:ni' S
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" "r "', ~.~/~.J -:' "". (,.j ,'-/.~
..:-- "

I
I

i

/
/ pc

y((~) I . ,

" " It> I~;f
"

A Photo~ of energy> om cen csat€ aDair ir the fiGld of a

nucleus jr ~
VCQ/ I



LECfUR..£ !!J- l-.'
THE FORMALISM OF QUANTUl1 FIELD THSORY

while in a sLngle particl8 forma',ism ,,{e d('a~ with tl1e '\lT8Vefunc-

tion \.f , the fLeld theory 1,jG heve tj deal i"ritll -1:"'0 t,vnes of

(l)quanti ties, t,m fielrl o)E?rat~rl and t'1p statG vector L\{..,.~1" bears a corre ~pond('nc8 .dFl the- ng1.e:arti.cle V.rave fun~-

tion ~ in that both are st::t" v .3ctJCs (.{hi 1,-, thp fic1.d oneraty,.-

'tV also is simi 1.2r ·t,) the ·'··.TQvn f'lnct:JL in that 'Joth :Jbey equa-

absenc (~ 0 f in+-.eract ion vJ8 know ,I-X
-3 r .-J '-(I /,-y eX) t )~(~Tfj -:; \ ~ C r ;t)Q; et j ~

-.)



LV can be eX'Jr8ssed as 3. Itn,:,arc;Y':l-)in8.tirm ')f ~ige!'fur:ct~ons

1r as

CI ( \.t) is a comolex numher, Since L¥ r ::::
1Lr ·e - 1- ~- J. wl1ere-V r is ei th"'r a 'lector or

a spinor (c:.e:)8rdlGg or tJ1e tYansformation )ro-oerties) I:>lhich

CS'Uh
'-(4)

or Cs its"lf

sigenvd,lues of rand 'f ars conr:ect'2d t) it. If
discrete then the state can be

/represented as a row vector C
as vIe have ~ valu::'s.

2" c r~ ( £ rl i ~ ;i)
\ YI ' 11 ,t,

is th~ configurQti)~ r8]resentatiJn ')f a state

cor!.es'Jondinf!, to an aggref;-'lL; of O)articl(~s )'" 'J7- l I 1.



r 1'\ ;.• ~~
, ')

stat2s ard i:; just th:,; EinalJi~.l, Jf C1- (r j

partIe 10 cas") beys the 3ehorEng c, cc';ation in

of inteY8cti'Jn ,.Tl1("nn ~.s fi::c'':i I,nt 1t

vTart ~

cribec~ in

C031:)arlr'g ';'1 :-1') t'l"

e-i pI'(1) \,rhilc;

Cs C ~'?)

mamen tum \'?
b I:: r

If 1.' shoJ.ld Jbey \:;~~:::Scrrodi'1<sr,r sauation, thpn H wi.l~
~ ~~

hav? to con.:3ist cd O""Tat'.Jr8 'IJl1:.ct ('~)nnect, the ±'["'Y\A') - )1

in other ~nrds, i~ s~oula ~.; d8f~n~d in terms of creation ar~
ann i hi 1at io n :)r.J ('::' at 0 r s. T~'1I; Sr. :)) era t:) r s Q~ an c a A:

define0 usu~lly by
., II\.

.a,{, P yl,; \ ,_ '('IIA (x I



and also by

(lit CV\ (nil)Y\-~- t\,t--')--jJn~tl Cy\+1 (y\\(l'2----0~Tr)

r---
)
' I '1\ - C I-7 ~ I A \" _ \ \. h I -

r'l,.
i +- t"]l"--"lCYf~ l,.y
'- LJ J ' ',- ,--)~.j. _.1-

- -)

I

C y,\-\-I C \<2 \ - ." K',,,,-+\ J::. Vn\Q+1 (V, C If: I .
L. )O~)";'(1 '. L-,

R K ··.t i) .

where k \ _- c.tc. in0icate~ th3 indivir1ual m,)l!l°r.to )f partic18S

f - <2CL~ operate s on b:)th (''vi and. <p V\ and ch.owges C v\ to ('{\ +i

and ;:h ,"'. to C::r: \.-, + I~ -fl Taking th,; Jarti cu1ar C8se 1.rh'5fl
.Y

I

\)1 ~R+\

_Vl+ (

l'< ,.) ~ ) g ? y'< ~

(1) V\+\

~- ~I'.i-- '--1( -, '.....'\) Cl ,"LL. . t;r. ):J '-
o



the' c:)nC8?t of cr8ati.on and annihi !.ation o:)srators through the
intrJduced

c :>ncept 0 f the1.::, int8rac t iJD and not lin an ad hoc manner. 1;18

tion )f tht::' stat0 -IJcct')r in mOElCmtumreJrssentati:)n, 1. e.
1

l ~~5C-t) ~ H(-t)Cs(-t)
ot

\10 +



e - 1: Hllt C T C-t )

UT Ct '2.) t I ) CT e-C)

In any collision ?roc~ss ~e ar~ tnt?reste~ in thp matrix 81em~r

C+ _ (' -'- t) fYDl7" . 11\.0 ~ll).,tG\" cd t I ~u -t (J -t:z. (A ~
t . l")..., I 0 f t r e.ns 1t lO n/\ -t., _~ _. 0() ar..d -t 2.. -7' + 00

The genera:" fin2,1 st::1te C (-t}...) is

T..Jdng CI ( -t \ ) such that

'"-1nd C () \,;re 1'1("'/(3
u. T. ,tt \ .:: \ '

where £ 0 is the en·:rgy of t~1':; initi.a1 system.



lve n)\.<T define t'12 V;'l.CUll1TI ,~tc'.t.., ')
(0

, )c... ( 0 J -:=·1
>::: j ••

o

~ I ' - - ~l'\,)

-\ -
particle CeSS consider 8 sy~~~r;TY: of l'r;rmions .. :\fow (l; r \ t >
14il1 giv0 a £ Z j Dlue; or:'"',a~nticl;~ of momGn:um _r" 0t t i~
i tself has 2. ';articlC' of mOrYJ,C'ntumr then (1 r )1\. > :::. 0
according t:) the ")·-..::.li princiJ:, ", In such E'c c;:,se we; CPf' define

the annihil.ation operator a~ RS

CLtp Cl f1

Ii):: 0

(,Lp Q~ Ii> = 0

} i.>
a f I ~.>: 0 co th::1t

CLr a; I ,i) ~I ~>
(ltr a r I -C /

i)

On the oth~r han0 if
momen turn r thon



\

(..--\'ct- ~.\") -\-
J .A. _ +0\)Ct

r j

(J2/' ( a r (1 r --\'"(,(t; CivJ \ ,L>~--~,~>
\i'; has 3'J:lrtic"Lc :) f mom:n1-.u'lJ r

1,1<31,Duld 21so lik0 (j:i i > :::
sinnc <-- >:::. ~

o 0

0< (l ~ ~1 ,/ -" '\

N)\v the matrix e1:;IT!?nt C-~;, is

C
~ ,{.Hol~. -,Cl-Iot,

fi < i \e .<- USe t 2- t, J ~ \~>
(23 )

< ~\ VI (t2) tl)\t)

<~\S\i)

w~ shall n~w id0rtt;y H lD t0r~s Jf the crention and annihila-

, only a few narti-

cl<::s in f;~
~ ~. ~ __- ; 0/ 2 comnri S8
(, '-' '-..\are crsFltsr' Sy' that ~ 0 ~

irt0~qction Hamiltnnian will involve orly

E:k·= E 0<--
.•••••. ) \ /) __ '""2.~ ...,.- , ) __ -.J

r
t:: /?>

two fermiJrs and a ~h0ton. w~ sha~l heoc~ ~Jnfine ourselv0s



to the subaggr(::g(~te to<.-~
\etp IL(~' + >-J,X] c,(3:t: '/ DC 7\ ,+ iq (25)

} ~< ~ li,(~ 'A. (- +2 ~{.) xJ- (J.)X 'JO(~ ") l \-5 ~'(,:
.{ L l .-l

(
=\

)

H (J6 ~ -0< )::; [ W [\~Q, t ~""c h-on of Z!'J j I"

where d ~'J( irn'.Jli.'s intC:';l'C1tion :rvsr ~)v:>ae"! 'Joint X and all

t!10 total momentum of r 0< ~ nocd no': 0:-; (-,r;~.la".~') t\lat of ~ ('J"

in H- f r'lJ ~ 0< ~ sin.e J ',pc,er i rt'''';?J'ati..:J.'l '3rsn.rl?S ':10m8n,·

turn e,)f'ser1Jc~ti')n. Also in tLs '-C>'T' ~OUDct';.')r 'ire X~ omit tho

H (
\



S. l '2
1L "ii~--£0<' 1 orly 11':0 :J, .1l,i ~)rinctDl- is n-::>t'riolatpr1 1. 0.

ferrnions in 1 0 ~ ~h:)ul..c1 not ')(:l r;onta'Ll} r1 in 1 ; '1 - L 0( '1
momentum states,

boz thent ~ >
~tR

if<~1 i.s a

rO~/I vC5ctor? K 00< '( I~ iK\o() 1'Jher(~R is a matrix

with com)on~nts rp ::·0 that transi.tions can ocr::ur"'Bex
only if \0<) exists at t. H..: no,,,, so:, th?t tf w0. 'lttach the

annihilati::m o}erator t~) th) ",T8Vro function ald thl:; cl"'~'ation

+ .
LV f a k 'tk

2- ~T(0~o(J ~"'~
J?:><

amuli tud,~s are proportional to v;:



Thus if \VI) r~::')rcscnts str'tl'! of n bosoi1s

+CL fi \ V<> ::= 'V \'\ + \ I h -\- \ >
~\n-I)

If we now a~low for ncgativr -nprgy states and ?ostulat~ that
the annihilation of a npg~tiv~ G~~rgy narticlc is cquivalpnt to

~-d~ >( L + +i \:1.)<,

-+ R ~ Iz V k B (30 )

'"Ii Ywhich is also valid for bosons CXC2~t th8t v~ Rnd



3~
f

in the ~ime int .:rval T~-T. \1e- "Tr; tntere stGd in the ampli tude

~5 (f ~ t. ; T) 7:) as To ~ --- c--o and T,...,.. ~ Do
At T~ WG have all

,o...i II· T;.
its ,?xistpnce beir-Ig)i (0-..

Till some timf:; oint (,: it rpmains the same \IIi th 8_111D1itude

0..•..t r: t' (7:,- T;) and in ti ~ in fiL i tC's~Lr;1alint orval
(...

r and I +,(j
LJ / v / ' if change ~J to {n! I}

(!Y!/ "~ f)/

"2

'.i
en:r~y ne: n~ be ~ nse_rvc~ {n1/}
reetllzable. [ .} 5u.. V/V:.<S Ll.'- .••.. t1 ~

I l't d '1~ <..... (,wi than am') 1 U e 0 - . E ( - -)-
"f../ ( tv> , r.. "L - L I

behlsen L... ano T -L /, 2~nd so on •.&.. 7... I -

is not physically

and chqnges to rn~\
Thus for rr3al i sing !/3 } at ~e the nm-:J1itude is('

V ( 7:h (,t
, 7).s ) ~

D-i. '-i<' (T- VII) /J, ('/r ~/17) r;y-i[.n, (G;,-T:n_l)
,-" . <;; I... ,.. C. n -I

'V

- - -- {' ( Eh~I (GL- 0)R.c (m,:. i") e- i f/~, d [h - -- d ~



(E-. -E)(E--
L k (.

7? s (Ill, .- ; )

) --- (~ - ~~ )
, I

{·f 1
T~ + C'~

(Ek - ~i.)
(' 0/...:- '-) in the' numeratoro C -1.::-f ,

In evaluRtion thp matrix el,"mpnt when li.t is defined in

terms .)f fieh~ 01)8ratoT2, 'v2 refrai.n from T-l8rforming tPA

just enough to
C: k· by I:{

/



qU2ntiti.es; and bccaus8 of th:ir scalar nature theY can then be
rearranged so that ifF, g(::;t whRt is kno\lTD as a Feynman sequence of We

functi:)ns. Tl1is, with the ":)Jro)r"'-it~ sif,n factor +1 obtained from

If ttlP i_niti::l c:tat"" C')!"'"ic;ts J:' em slectr,n of mom0ntum

it ~.(:'.Ii..> -= q f-t)/"', ) --, ()

momentum lit then If > ~4;
I-I J (/).=J ; (/) 'f (d rP (f.' )

anc1 tli:' fi.nal stat,~,
.l

(( 1;) I > and every'" ()

/..../:! (i) ;~.[1dis US'.;0 t,:) inlicP.te that we ignore

discus sion. 1,LC:::·1?11 al ~;o, for the nr (~sent, ignore the photon

or ffit,SOn o~x~ratJr<jJ(i.)and c·)rcern ourselvGs 11lith the bilinert



/-1 (]I)

(f! [n)
-~

Since th,c initic", \~l('<:tr(Jn :Jf mom"'ntum I-=>, has to be annihi-

12.ted there should 'J'~ an (~; in co 1m,> brrlckpt {K]
/

an 0" to 'Jccur to th," 1(' ft of
I I

(;(p/T >0
c))/ or

the l' ft

b,
i:)

/

of
V13 n:::)1,[ move a;., to

I

or an (}t; /'-- (the f::>rm'?T by a..3 :-'J.~nption. '2.nd tlrJe
t'"" /

0. 1- O. 'I' -:::() ). 'l~1US we have
PI F, 0 .

b- an (J'c.. ",
, I



vIe recogni zc
( 6')

in ( ) \.[.:; n,:?xt m')V02

/~ f ""Up /
I 0

(JJ
c ',.ntatnir,< ;m a J I ltJhich is s' ,i~·t"'d thr)u.gh p'~11 th0 int,:::-rvening

f
brr,c !{ct s t::l th~' l/; ft ,dhj.ch ;12Jlin '.G ;3.d,s t'J C1 numGri c c~l f'lctor

\
+ 1 2nd we h::ive

or
[11] --' [j +t] 6p" (j) Li - 11--- [kf 0 [H] -. iJ1',(j)O;:' (t;;;,

L
('\11] - - - I _. (, J') ] }

I' L Up It I...

(k) ]

1,.,r 1.11 gi V" the p OJ sit i \T" 'j :1r t '] f the F,..'YnmC'm k ern 01 K + (J / k.. )

of a
fj

trn
'-!- canlv

hr'd a
-i.t;;,:

J

6,1,,/ to the 1ef't

in a oracvc:t [rn] 'Ali th

ln J .' . [k"',] [bp/ k) 01'1(k)] [It. -I]-{Op;; (Ill) r(rnl]a/ >0
("~ ')



-/.
} I

:)f C P ;::;0 tltc::t
f

-J...

Q I '>/0P I

b t (rn) we
jJ'

(J i (m) 6 (k ) 6 + (11']) -" 0
pI( ,bf 1'1 I,

. / + / f/ (m ') 6 (j(J b ( rn) -- - 0 I' o/) >b ,..,f ), I I (- f 0P /1 r-' r

We now shi ft th:: ~air f \ /; (f.) b i ('n))
/ />1 pi

extreme right ',lithout ary ch2ng., in-;ign rC''1d identi.fy

This c:)m':J 1e t s s t h 8 ')I' 8 SCI' l:J t ion for p 1 1 Ul (' 0D..,I' 8.tors.

r '7. _ l(v- (k') U //cJ\-j! IIV (rn) v- (,n) 7 --- r/]~ ""J f / f l _ - ll/ f I .J L
/

It is to "l:lc n'Jter< t~1r:t th,') ~ositron operators OCC1lr In the order

b (k) b ~ (m) so that ~fthcy
pI P -

'.vi th th,,"m "J' "1.)-!1(1 ',,,'v h~ld 7/;, / (k)
;'

c;o.rricd t,-:ir wave functic
, (\ ( 17 1/ (X _ )(, \
i..!. I'VI r? '~l!~

/) I .~.



the negative E'n,~rgy Jart)f K+

a 1- F/ (; f + ;; t j,' + hI"' aJ~0)p p' P (Jf P j
b f ah.r2YS occur s to the 18 ft 0 f

~/---~ 7-
I-I ('1) :J /' Ia

- J' blfP..pi ~ r
where the _r~8tion operator

Q'(. or b , llnlik;~ tn-:: 'Jrd:rLng o')t?ined from tf ri'

ord'2r )re scri beo by <f >tr



-I--

50 th2.t ~_n tl'rL-:: ':::288 hp
l
, S!18'lld -;J'0

For sl-;ctron--nd ]Jsi tron sca';t--:ring

" ">
-/



an Vh t'J thE' L;ft of
t·· .'

(f I en]

t /'Y1 < t k cO!i-l:Jaintng b
f

1
1 to th~: lC ft 0 f [k ]

en] -- [K+,j ~ k -IJ - - [Yf'l +I][rn-I.] ---[J] [rnJ [kJ (~3)

A. t
/ -':...,,,, \

(---- f if' .
./ ' )

{t:J I

(~ )

I 71-
o pf u~I (rn)//-,-,p'

= - U [( E: ; P " (X1n - )( k )
- pi _ pI

and 'V18 car-. straight;:;1,1.vEi'{ ir.~cnti fy

~u. (,{ e i.pl,(X~- XI<)
- p' . - ,bf

vIi tb. the negQti VQ "n" rgy Jart 0 f the F2yn:nan kor ne 1.•



It is well-known thnt the CJDCepts ~f virtual states in

nonrela ti vi st ic WP'v·o.m;::cl1::lnic"', F·.J nman formulation, and fi e Id

theory are if.,. princi)lc: the; s~:unc though t~le ('!etai l.,d structure

J f the t .~ttnte' is d i ffoTdlt -tn th,,,; thr'o de seri Dtions.

1. In n)[:rc::l2tivistic H::Wu 'Y]C'chanic", 1N~.~ ,Clxclud8 npgativG

energy st8 ..t:·.:;2·~-in oth"or "r:::>rds "re do not snvis ge the creatlon

and nnnihilotion of »:1irs. L--:the t-'rnporal ;:'\T")lution of the

sys tern, th. numb'r J f f:;rmi Jj"I': :='..n(lanti fcrmions ~re as sum!?d to

b~ sc~qrat~ly co~s~rv~d. I~ calc~lRting the matrix elements

we ~crforrn s~atin~ integration first and the temporal evolution

of th ..:; states in mJmcnturiJ r('')rcs~)ntc,tion is sturli'3d. It is

therr::forp ~)ossiole to spc:::1."Jf thG statt'; .Jf a system at a uarti-

cular t im::: t.

2. In thE P.jn~i!'T fOI'm.1.1i.sm ore includ',:, -)articl~s in th!?

negative energy stat':-s1:mt th.e sequenc(> of ev,"nts in 8. prrtur-

bation ex;)ansion is not t ""l·;ore.lly :)rr'l,;r~:d. ~V.:,: usually tay-e the

fJur-diriJ·:,n:ionnl transfor:-'] and, in this C,1SS', l"T? can spen}{ of

the initial and final states h04ng con~ccterl by a Foynman

sequence of interme~iate stptes.

3. In fi Gld the OTY, ''It" envi s :.g0 the:,; cr'3 ation and 2nr-ihi latior

of pn.rtic1·?s ~rd 2nti·),:1't;icl,~s. If, in th'? calr'ulation :)f ffic"triJ

e1 rm -'nts the s')atial int 'gration is ucrforme(1 fir st, th.? si tl1atic

is the S8rrle 85 in (1) C?XC<?Jt th,;ot \.1l8ean havo a multi-:lici+-·Y of

particles. If hOlIl;-=>,VGrJ1.;10 'fish to inti?grate sp~ce 2nd time

together, we h2.ve fir s t to rs '3.rr angA the Ol)rr ator s suit Roly and



P I to :nomr;ntum
/

t....IL.. is given by

(1)
Y-' (X,)
P'f

\-\Therc) theA refer tJ intc'r~n(~di;lte virtual st2tes wi th energy
. (

Ep,
(



position of the F ynman nro ~~~t0r
••( T> +h,

- ::J 1;:'--'I ;.{ /~ I- /.::' ~.=---
'" \L P r Z I .- 1-: - - '- (1 - c:.p +t

7+m ~3)
E -t E....!-t; \--.]

P 7, I (d-1

+P is th(?I" ,2.. /->, ->\2 .
( {~ , I - (F+ q,l ";'- in .l.

" f";)-+';; / c
.)

four VGctor 1\[1.th'r''';~Y --f- t-F + '7
c

,fo:urth COlli)One .•t -- L (=>+'6 ..

If W'3 US·) thisOl\JJCtgat:n- it is mor.:: conv~ni'''nt to think

J2rt ie lc~ to be + -q;. P+crs-
It i3 virtual in the sense

--7
'.vi th mom "ntum p -+ et
energy of t:.1e system b" fJrc it,., creation. In."l simi 18.r wr'v,

- Ep+t cJrr;~s,»)rJ'l~. t, :1 ncr-;,·tiv(") "r:"rgy 'vit.tuRl'

partiel,?'. Th-.:.s'c two ,i:,:,ts 2.1' tc1\:Gf: t-::Jg--ther in the FeynmRD

;--:n '~l"-r(~v 10 to t!'w virtual
t.. I.y.



In 2. fi'1.d rrlJrlrr;"t.i'-' Jict~lre for C1 giv-n order i.n the

s,-;quenc2 of "S'rturbeti'Jns1 th nth1 orc12r term h2.<=;n! rliRgrams,

time Rxi s wi th r - s ')i C J.; to ~'1'~ ')r-'-,rio'""-s (in -::1(', Fi:L,rnman sens e)

one is r"Ji")v~r,t sinc,~ the: inL:'",r?,ti,on ov:;r interval th - t n-,

21"- I
that we cr'.n have: d iClgr'1IDs. I'(. nO,·T remains to be

shown thRt the 1'1 diA.gra:rls of fiGld -t:hGory are equivalent to

the 2. y\ -I such diagrams (n I ~ 2 n -I for all n
~~> .



~, / -?)(1-'" l C<.J 9 and
U I I) b,

~2 ((A) 2-
4 )) 7) "'" ~

F.:ynm2D ;;2th, tho firl2.1

are ~mittAd in this order along the
''1rctrJn h?v i ng 'rt-Jmsntum /:, (L~ -Z), 2. ,,J 11.-

I-I 'fll I-I·[JI /--{r L

f i'lnd l ref,:r t-J fin?l 'lnrl initi<::,1 st?tss r8'iDectivel

(Cf-f 1-/ - t
J VY1 -' el-c.



1-(, ,
{h l

where if-; C'.nd 0
resY,)8ctively.

/vJ n( __3
l.Je now l?vqluat,~ I I] for ~'~ch of tiE diagrams.

;;l.
The othpr half is just rn eXRct c'Junt~rD~rt with Rll positive

j -I
D is tho croption o12rator of tho n1ectron with

f'1
I: (oJr~. The )hot'JD firold o]crat:ors pre all

L- , /. \ + (1 \C 2. -'/ ,.-''-'( ,-/,J 2....



11 <

I \

V--jC> spree: v8riablosX,"-X

l'?~-'ds ul ti'1nt"ly to an .3

~
L

C" IIh1 {/fl1
il1dfce~

wherG th,::; b -:;



')
_ I / '( -i- ..l.-) (' I -I.... '. \

. " • I I I i I
:. ,I (t, j \ db) [: dIe U/L "'-.....!--\_, I. ,

I

U.
b
! '1.

lA. Cl J (J. P
I



1'1 -, ,.,
-"> (Ll.

the num2rator 1,':1enc;.rran[',rort i.s - <' 1 Is:. (d. d + X bbt) b IbtP, ~
i 2.-

lent ~ to thA ( i )

-1- -+
LA P

L
[ (py4).) t-WlJ[ (p~) + mJ ~11(14)

~ -+- 00 - W i - E PJ- i- ~.•.) (m -+ W - EP,T ~ )"'-



M F
. '"3 2-

)

M'] ,( -
r=

y1 ') i.:',

:x'~"s"'ior- (8) is the S"':n8 as (14)

since > LA.Lt + =Kp,I1J + ml
~ I:> iYJ 'S f 2- ~"}.- ,

(16)

+- M3 "*
, '.U,

- fV1 F
, , "3 I 1.

M .
J u(



_\ lAL -L=
<: b'..J! i h <,

(I cr\)

(20)





I f(R- d.~. h

and C.•({)is thc, lJrobabilitv ')f finrHng

P·(,~) , ~111here 1 L. is tho chr-rg-' d2nsi ty ~t!1 / ch?,rgc
---;;-

simult2.ncously (t two »oints sr],'-'r~:.tcr1 hy distance ~

l"~Ln 0, sin;-'_~ r;l'ctr::>f1 1,1on':? Ls ')r,~scof1t) it 1"ill giV8 informa-

',rh,C're ~\ ...' (~')
I .., l;.. .. \... /L.

I '

componrnts If ~ r-.-. "y f- '-
.)1' 'cv.:: lin ,~,,...turh'~d e1..rctrons in t;1-}iC; 'Sp':.,l

1f - the 1·1"',VD function is

st ,-,tion;:>:ry c;t. ..,tcs 1) 0 f

';. t , --~ .. rh ~
\ i: I \I ~:~: '. (Ll),.y ,

I i '.-\.. ( 1; ).. c "V, ,
I :'.1 '-I.

e I"\..



and
"( ,-7':- _~ et' (-+~ i/ (5 ), (f) (r-1.-) ,J9.,"?"-1. ) ..-

i ) ,
L / q/ Vv

sYQtem. 'rhO'~ Cel'",l

-x-
tho usu::'.l 0-'1; a <t: NCi;

-=- \- Nq)

Thus in . 0 (f ) "'-f r( h ~) .r (h,)

Tho only combin2tion thpt crn contribut0 is
*"0'6 q b

¥
(' - tvy. I

,.-:;( ,.A -'t ' C/ (, ) (7 )

-;)'¥ /'

~
( (-Nee I)'{ -c,( C(' '.. CI --

D 0



57

G ( i).
l.~.in the on0 slactron

e2 I ;-
.,_ '} _Cj; I

e~ 6 ( ~)
G-I (C;;) is a a-function.

cr' ~ L Nand N+ ~() r( -= (
'- "i - (/ C;) - 9/

f ~G~~( 12) ~o (1;) ¢+¥~('I;) 15 (-r,) dy--
7/ e;;, -1- (

~I)
,,,hich hE:: ~l,tri.buti)S to ch:o.rg·'C fluctun,tion L.e. ,~lnct:ron pe.irs

J

•..
G- ( S; )

-l N_9/ ~

C.
VC1

( (<9)( ~))

)fr cfq ~(-rL) ¢~({;)J [<;6' //(1;) it, (y,Y-relY
I/o ~ Yo:J

(10) ,I ')',



v- (11)

L
C7

1/

'[~ 11"'1

l-Jc now de fi~e the soqu,,-:nt co- r:; 12,t ion OvY'r2"tor ) r.::r: for n,
. I')

6.)

n spo.cetimc 9oi..nts

(..J'f 11 = 2 I m ~ I



.!<f- -"'- rv Aj~C{ C' C~ ()' .•.--.7; .--I

Cl 't" . 7 I
,.-

~
,

/ 0 (/

the single DarticL:: t:) '" in the: s" ate lc) ? iil0 haV(3 N ~ IC$o
c:md NC(; - 0 -J.-' r I- cz- () then for 1.2- " ~- J.or , /' I

fied FeynrnPJ1 k;rn:Jl ,Ko (.2:)

is gi V'3n "by

(I) (R -1~

1 r 2. )":tl: ~ . .
'l,.

~ )



~~ tJ-r and for the?-Gl

IV +1, - 0 So the- .

-'¥--
'0 (:2):l (I){/f-y" f/ Irq;

()

¢ (I)
-7,

'Jositiv·? -::norgy elJctron 1rle have pll N-9;'::
N ::. 0

t 'fJ



(i) stclrting vrith ¢~() at (1) and going tn sp8ce-time

'Joint (2) rmd

(ii) starting \.,rith tptto o.t (2) and going to (1).

Sinc e -t...'l- > i I (i) rG]re sent s the electron going forward in

f( + ( X;x)



{< -t- ( X,'X ) to t'1,3 th(3 IFeynm,qn I kerne 1

~.7 (I) ~.1.2.

-f: <: i f

= ~q ¥ (3) I(~ h,)..) 1(+-(2/1) (Dy OJ + rPr;(L.-) tt~i1) K-r V;3J¢ (
IJo UO (0 ~

+ ¢1,-V (I) K t- (I) 3) K~ h, 2-) ~Ci .(2) -f- (j), YIj I(~(I ;LJ !(t~I ~) cP 6
0° ((.; bo to

+~r.~p-) /{-r- (2/3) /(-f (3,1) ~ (t)+- ~/-¥(3J !\-t-0;1) /( +- ~2J (A (
VI) 'to I~ to

T ~ ~ ~(J) I:+- (3
1

L) ch 6-,) (I. ~( I) (p (;)
- % -C( -7 P'r~ f~

+- ~ {J.: (~) V-t (-;;1) (P-v (/> (~ii'(3» ~ (3)
U iJ !/' '" f 0

(z ~)



each pair of Qotnts whcr the pprticlc ~ is at t~e third. This
(~

1>,0"'(3) 1<:/3,:<.) 1:'/2,,) 1;.f (1) + ~ ~~)1{+-«")/(-I-(1/3) ¢. Cn
b o. 0 (0

+ cj;,'l~(I) !(t (I,') I( t (3,2) 4>f,G) t cPt (,) K .•(1,2) ((+~,,) ~ ~3 )

74-+1 (:l-) I(T(21~) 1<.1-(3;/) ~ (,) + 1',.., ~(3) K (3,/) ¥. (IJl) 4t(2.)
~ ., ?{? 1e 1- l>

-t ~~(3) I{T (311-) K~(2 ,,) 1>q (I) + ¢..-¥ (2) K -..(2,/) I(-t (l,l)¢c/3)
~ I , 'ft 6'

-+- <A.#+(I) k .•. (I) 3) I( ..,..(3
12) cA (I) + ep-'J#-(I) K-r (1)2) /( +(2/3) ¢~(3)

1, 7, 6' I

+ ~ -¥ (2) /(t (2) 3)!(+0,') ¢_ (I) +- ~ ~h) K+ (3,1) /(,~ (IJ 2) ~ (~)
0/ i, ,!, 'll

..f ep.{'r-- (J) ~ -t (3, 2.) ~ (2.) 4"-~) c/:> (,)
%<> '(" 'Z' . ? ,

-+- ePct!3) k.j. (3,2) 1>9'(2) Tc :¥-(I) <f (i)
.1 ~t roo



+ vaCG.<u.m

Thus vle have the six di;-',gr?liS corr-:,;s')ondlrg t:J those in (b)

for the h,O 01 ('C + rons Q f t'nl.Jrgy CZ Q rtnd 6 I and in adr1i tion. we

also hav,:; the t('rt~s corres)ond; ng t'J the cxist,?nc'3 of the narti-



1--~~(I.{) ¢r *(3)
~6 1,'

t 11()1+- (3) 4t, ~ 0)

;; r:P~,~(4 J

-[- ~6'

/

( (/ I :i.)

/\ T- ( "-/ I /) CPr, (2) cf~.0

J{ i- (3 I /) cpc (2-j 1;;
"& I (JO

(24)

If we require the final stats t~ be antisymmetrtc, we find that

the k'Jrne 1 !<;-(4, 3; ?, 1) :L S ,,1SJ anti symmetric (1. e. )

of, 1< I.. (2, 1)
1

(when t l.. < 't., ) and the 'au1i -nrinci nIp..



1ilh· r0 Qr
-l'"ctro:. i:.:.~c1

b t
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X /r WOU Id read

-f- !).
'/ ~I

the operators

f~nnion operators corr"sponJing to the sam<}space-time point it

is not n~ct.:ssary the.t thd ordt:ring should btJ pr"7scri bed by "'fi

L ~ [f.tl
<6> d--

where the creation operator of the posi tron

to the left of ,:::ithel' (1,1;

(27)

bq -1 always occurs
o

The bracket [ k 1



(a) > ~
I .P~) f (I) ['2-][ 1-]'J-~ .--

'---
<(;> 0< wk ey-~ it ) -t. ,

T118 i.nit:La' system c::msists of [\n l'llectron of momentum g c> and

hence one ~0 the ~rnck?ts hrs to c~ntain the anrihilation opera-
/, Aq

~o
A+
Q ~ I

U b

be annihi18cPc. C::.t2c l,l,ter time
./\ 1-

which haa to c;)ntaln r;n 0 qo ,)
e lectr~n 0 f momentum. Q(/0

-tL ) by
./\

ar a 1. I

sy '~t8m is an(2.) sine e the fin~,l

/'\. l--=:;- Ql
L... ex b

'[;' ()



and

Z /, A
l'/, L 1 1\

b (2 '? (J.- (: ) ~ (I )\ (I )./ c: °r'l 1<>eel ~
: & (> '5

The sec:)ncJ V ~Ll C ,-,~ ; ~l,--.. l'd·n ;.t ~~~Tl r ,
<- ,)

1/ t- ( Xl; x) L
A /\ 1- tv {I >t- Q E' ( >d c:c (x.)

b'1''1 I
Ii

-L
/, -t- foY 1..1 <.'t- ~6 I

( ~ ') a_'ll (X)-
~1'

we rec:)gnise K-r r X', X ) t:J be the Feynman kernel and
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in the rolativistic for~

~_ \-=).A ~_ ex2
2) ){ ,fA.

cor.:pon0nts 0 f F>~2J

(E) and magnetic CM) field strengths by
".-=-) /' /'2.-lLr.-

f-=- I ()
J ,,:

1--;, 3 ( cyclically I
\ !

/ -- 7 "
,.-1.- (L.. --__ !_fr C \" '-- ; ( )~ ..•.

if we tr 'at the potential,~ d,:=;fined by

(] /~,;) (-y;,

"- ..2\ Y/,,\cJ ;>( LJ

is obviously Lnvariant under th'3 g:-iUf,8 transforT:lations

A LA l Y() ---0 A I' ~ '/( ) -f-- q!It)l\) .
F' jv' (J 1'l;0-

where 11 (J1) is a sc alar fu.nctio.c. !, restriction is 'ut on tili s

,TfV' r ..sultiniS
-.L/, ..C' ,'j ;./( ~.~\



Ttlis is dOne by i"1posing the Lor.,:ntz condition

d Ap (x) -=:- U""\
~'- --o Xj-A

and choo sing the gaug'2 fUDcti.::m !\(X) such that 0 /l.())() -==- G
IIf v,TG start fr')'-:"l the l..?gran~ an

momentum function conjugatp to

(~) and compute the cano~ical
(' (\1'-+ j-A- ',)A.j we get

'0IT (v. \ ~-
,M '/ - d-Aa~(~)__ - (

'7'( <'.
which means thp.t the momentuD conjuge,te to

F4f-t( )~)
/I (x)
tt '-t' vani she s

cally. (F44 ;;; 0). T1TJ? \1e c :".nnot have the usual cOY:l"'1utation reI a'-

tion for the fourth component of the: field and its momentum

conjugate. Fc'rmit thereforc;, modifieo the Losrangian to

l I F c. \ C"'\jj, (y\ "~A ()- - T .A.A, V J }A., y -=-- ") I '/-' ' '( " () I t/ )(, [;'l)
'-1' I ;L)\ _~-- If:l...u-/ ' / \ " F: 0 X)/,- () x: .....)for which 1)A ('),'.--_, " p, tt '-..J l , ~1'-, \. \) .i 114-(}() I 0 f+ }J ( ~ -X i./

Th(~r ...:for8 1.4ecan \vri te out the canomical commutation relations

which hold only for equal tiT1'0:s / '-.I' -'" I)
~.9\.0 =- "IJ ,

nents of the field (For the pr'~38nt we shall neglect the Lor~ntz

condition for a reason to bG rr.entioned later). Th'~e are

Also

[ A ).A()() ) 7Tf::.. (>1.1 )]

L Ii It ( 2-() / If If (),( i ) ]

which c an be combined into

[ CJf+;v.(/I)
d)io J



fi61d.~

!+ /vI. c ){,) I---
!~_ Y.

/j (h ir: fJ.-.. -)

whGr.? k is tho r'tor:1('ntuT"ThL(~hgiv'~sJ fro ..·. t"1'):?qllation of "'"lotior
.-- ) 7 ';

f,. :- /-1.-_. h(~=-(J 1,rhich hLlS b/o solution;; I.) -:.._+
kn --

,--
\: -;:-;'t TllU:: 'rJe L,'y '"rri tG~ Ie. •

\ """r : fil; A ( -h·- ') ')
". -- (_ ,0 '1r L,- 0V ~.-"-

A ('- Irz..'yt) i.3 a horrd tian ;ln~ !+ l..\ (x') (=- i A(/l1)J
:; f A --)

that A rLC It ) andLA--L/"-)
. ¥ -j

and L A / (fL) • A1so
-) y

every fL four r:mtually

is an antiherY:1itian operator, it follo,-,!'"
v .
-rr 17'"/\

are hcriYIiti an conjugates 0 f 1+ r'-. l h '

since Af" (r) is a vector, there are for

independent polarisation ~irections possible described by the
( \)

[) -( \- iL_?, / r - I

•most general solution of thr., equation of motion (5) 1,[(,; must sum

cJ\ ,.-\(
~

Q~"f'-

tion from

c~n ~ b0 thoug~t of as the t~nsor effecting the transi-
~ . '/ (\ '>~ --J) \ '·r __\

C.z... (h rand (j,_ (!" .. to



(

Since W and (J' a.re positive, there is no way of clubbing the

first two terms so that for a solution we must have
r /I (' (..) (' L )} ( ;,.1) ( h - I'.) 7 - /~-.~ C '>-.) - ') , (.-)( (r\(l -;-)( a :(/ ( IU Q)
L. lA. r L J Ct.. 1'- / j -. _ G (Q_ J J -\.. h. ./.-1

-) -)

But the third and fourth terms can be combin8d if we set f<..,::-~ ~ (

(
' I .

>-. /\)
Q is obtained by substituting (lOb) in (ob)

v-rhich givss
'r r -) ----:,

-t Uf"J}d()( _)(1) -

Y (-

L ).;. >,/ )/' I' )
C (. n,-



.
- cl.;Ai'! [-~, -- j!LrD-

(~ 1(1 C )

Tv obt~lin d.n intOI'lJrctlt:on for a Clnda* '.'Ie) have first tc

1-(

the ant icommutator. 11 ""r2 now introduc e the herr:J.iti an operator s ~

CU(/\) -:: (/ (1\) ,,:'f<- (\1) • /\ -:. 1,2-. ")
~ _ ...._' A. '-, l.l. / I I j

,-~
\)1 (,J

1)[Lr )
j

C (-, )

I
~I-

~i 0J

(
'" ( ~,'J -X (~) \ \ =- I) 2..)5

')- ('. - (A j)- l 'lU/ /'- -
. V / '2 '- I I" \J (.,.~ 110 )'

\ ,~ t L;) -t /,c;r: L(, L •.....
( V It.J/ L . '-~- "'\..

,;e see th2.t p an(:; q satisfy the usual

A ~l1

commutation relations . cJ . I /. ] \ J( j-y oJJ. \ \
'. h ((\) (,"( (\ 1 ~, -=: -- l J (,\ ."" I. Jr· 1 }
L r l,._ ) i., L / ,I ., (L,j j'

j C ,I J r')- .' L. ' I).), (' hi.l, \-. '--,. ,LJ ~ _L ~ I ...2- \ ti : + It' ")/ j) -.. " 1./ '-f- W .i/ 'J
T I 9_ <:::;:','"l' /\ '. I - ! . , J

rL (j ~

given by 3 ((A)(~-)
r~" h"

L-- L / L- ~ ','L.'
..• ::;-. T-") \ /\..-: i

r _

/ /) \(,Iq...)



of given I<.. (mo":'lontum c;.nd p:)lqri.c::-.tion), de have

J --l r~-* IV\ ) ::. [N, ((~ J 1)/'.) =- u"* 1-1 ! "h>
, '- S c (+ V\) W ~ ~ I~ > -) (ry /\ t 4

~ L) - "'" ) UJQ+ ('It\.) -1' 0"( ~ -:- i.r

TilUS a'~ In> is an eigenvector of T{ with ci.gC'nvalue (n + ~)

for A

sDecifica:'ly. ..!L.. (\
TIll /1-<,t- (

--r.,! \- I
IL / -,

vector,'rom (15) we see thqt

<h-+I
lL-, ) I,. ".C\ ' I 1'> / ~\_ ! /' --X Ii \ I ) ,r-:--

- -" v \ I (J, / \·r _' I lo\. -f I :::.~h+J
I

("01
Tnus ':/8 Cem interpret 2, . I ann a*(4)

(,\.\and a* . , and 2,(4)



r'" A ( \ -1 I - I ",:, 71___ ,Lr - )! J; I (, i / ) J -"f _ '{ "
-, /l.(;.,(,

( J(i(l_- insts rt of being zero ,as required ~yIe--
I'0~ t 1:": ,::hy "l2 n,-'g',c0ter11 at th',; TJeginninr;,

re lations (1\')).

[ A ( J,{ ) p' _ ( )11 ) I_J-A / . ! 2.": - -'

(/7)



d A 1)(/I )

a x lJ
ffiOffiGntuffilanguage

[ Q. (j) ( ILl ) -f (' (). 14-) ( [)) ] I \j/ ) (j

r J: (1)( rc») --t- l' G~ !4 )( ri )J I f->
L

as C2.n be seen i;y using the eX'JFlnsion for A 7'/( Yt)

NO"l .:my physical state vector con-
I

j\fJ >
( '''V -,-", (/

(if) '). --h'

(4)
[l 1s



i~ ~ constant to b~

..--/' Cb- L I d) J-, ') -, /"- - Ii. /- . '.'

leaves on1y the transverse photons in a ~hysicRlly realisalle

st ate. We also see thr'.t the condL t i::ln (v) 1:ihich give s h( 1)-;:,.~4)

m2.kes the _ene!. gy (' '" Ii. ) '\?
.., ..J. "",C''\) (& J) - }/I,( 't, (f\))) L<J

L~ -: ~ ~ ~ ...~..
positive definite since th,] (mergies of the 10ngitudinRl and scalar

f\ i ,~ ! I I ru j -,
" ;\" ) J 'f-'.-/, r' 'L_ .J;

'~ I. \ -f-() D (V( ._-)i,' --+- G
-- ( --- .

"f)t7

insteRd of b~ing zero as we shoa16 ~xpect fro~ (1). ~his is

because the stat2 vector 14-(2) (~·c....~:~tion 4) cc:.nnot be norrnalizec'

and hence (1) ccnnot b? C'atic:fic;0 "lith a. finitl'} c. 'T'l'lUS from C),

we obtain inste2d of (7) ar ind2f~nito 2x~ress~on of the for~ 0 X 00



gave one such procedure. T~1- .,~hot')n is tit given "', srcli1l1 mass,.jA.

sO that it oboys the 0quntion of motion

l c::1 - jAl- )

Introduce a scalar field :sex) 2.EO a new 'Fctor field Uj)f~enned

- ,() I, \
~ LA, ,'I .,

/ J'

-\ ('(~ ,~(){) -=- 0

U,--) ('rt) and R (v) 2S the
Ie

\-,1th mas s r\..
[ ~ (){ ) / G ( )1' ,I] ~

-" J--
L.... "L

/i ( / - /vlhere .L-J H -).() is

""-1 ,--~ \ L It (')1 \ A ()( /) 7
C') -}<. -"!i f 0, /' J/ :J
, /_, <J })/

the singulq:o function for a massive

just as D (x' - x) is for th,,:: pbot.::m.

[ U ( x ) - () ()( I I -=-- - _! [A ("A )r I t~ )-j r P /
'- ")

-+ ~ *-- Ll ( )1 " :;( ~r- ()),i ...v.
frof,} \.,rhich it fo llows thp,t

c Up-- (.'/.-) ) Uv ()11) ]

--(' (Jj.A Ii



1..' --) ---

I_It /'. 1'--.., I ) :
__~ ''I-::': - .

S;J0Y{ t;) '/' int('rch~1nq ~--'l
!.

just as \'1:.'.S th.? c Else for Iti.- lX)
I

-' ", I,. J<~ -v

does not contain longitudinal Darticl'';;s (*j 1..(;. U()"rt?)lt):::O

,- (~)(-/~)) ):J.. L )

V
(A,) -1

, / 'l -'), (i

w
fA

lA (~J ( h'.> )

* Tncr':~ i:.> no ,Jri:22. facie re8son for this require:ncnt ",ut inve
gations (by C:)' "t,,;r ,--.:.{.d '3'·'lir;f2.Dte) h~ IT'.:: showr: th2.t eVeL .1 f they
exist, they c8nnot interact \vi th th8 :::JiI'd"; field) in the limi t
Y- -+ 0, cU'Jd honc (, c F'.n be dro ):9cd from. tho ').3 ginning.



-Tlkro fore the non-exi stencp 0 f I (U
,_I

r LU
IT) (I-() 7" j $" " '>' I j' i I,~_ . \}' C " ""~~' .- (j
! '... I l _' __ j.L '

'. -:T: / t., : -r Ir,-;."-
C'.._: :.~... / 1 f ._~ .,~ /

-t

I k. I =

(n.

_.--,
[ i /;" ;

I 1'- :

B~t the diffcrsncc is that
S h ''-.Ct '••, bE.

ccn~bE normalized

j
l ~- -1 '').. LA. -s- C -' (

~I'/-/~- .
-" ()_. --- ..••• {':; 1 i I \

W 1\) I 'tA'.' :

ThFre forc;, th,:} '",xpect c,t lon v':',lue o~' t!'}(:;COIn"ut:::ltorr. c.J~/?/~.)) P y(yJ)_7 tak>.m 1x;"Gl,ve,,:,!;such a state vector

vanishes identically in the limit fA -4 0 so th,"Lt the contradic-

tion mention~d earlier'is r8moved.

'.' (0) "'I,dC... CL .•.
(.;.) ,. h 1 ' t8 ;,,!DlC,-. eo. 0

'\j .
t' >



fourth component Q. f the fiold':B haves li{2 the other three so that
(4) (4)

a and a* arc annihilation and cre~tion operators, respec-

ti vely, 0 f the sc alar Dhoton, i. e.

-7( ([1 ) ; - '- /' ( i1 ) , > .\'"'+1< A ~l- (I (j .' I It\.;; -=:. "- h I CL . i 1-\-t ( -::: \j 1\ ( ~ )

instec,d of equation (1Gb) of L 'c1fure 1. But this would make A~?()
if

also hermitian which is in conflict with the classical reality

F <"'VfVl~ }'\u):
! I' I

for the norm of 2. state vector and the cxpect:-:.tion value of an

If the norr: is to ~s always rs~15 '7



A .~ /« ) ft)-K / 'I:'>1f;. \. (

/17 ! \.//'J (4a)
/ J ( /'

\

"'-i't /_.

r /'t
, H ~L 11-

<yi
I I

I

\ i
j i

If.J '>
. "

('.

Y ALl-. (1,\
L

sc 8.lar photon.

"

v' /I I;-.J

(equation 2a of last lectll:c8)

r
- r '< \ A';:;""a. . J -' ( IK'') '-1-
'-

t f th f'· ~1r1') o.r ~ 0 . 8 .l t; _' ,

:fz)(C ~ By taking

/ y!
I /

-, H~: (-) .d I.~ (1-"1.) \ \/1
._-~.~---) /

..........o.L(
A ,,1 (-_.) ". !

C,' '( 1/ . ( ), j 0a x -:;:j-



I ~,u) ""
I If-J ./- ( ! I ()

"

I cp (Y\)
WI-v (1...
!0 bviously for1:ri ::w

'-V\.

L--(()
;1,.: 'i

orthogonal

9-1.>

d (10)
''lA

J
()

Tn." last step follows b,V" taking tho binomic2l eX:::lansion for

lo.. +b)'Y\ and setting a -:: 1, b -::-l.

(10) gives the important r~sult thnt none of the norms is negative

(in spite of introducing the indefinits'metric) ~nd in fact onlY

I :t:,(o)"
'T /' h:~s a Dor1 di ffercnt from 0. '.rI-tU5

(.5) c.:.n be 1ATritten as
-(1'\)

r "') _I III>. '"
C / I~_ 'j ~(f/)/<L--.

'" ;h, .::f=· \..1

I 'cP h;> "1,nd
-1-. f (.. /

corresponds to the ladz of UIllql,lsnr'ss in th(-3 choise of the g8.uge

function, ~ (/f.) l:lhiC"~l('''in -" s':;er '}-T co' JuJ,~in'S tile cXDcctation

It I /:<). I r 1'0 r s i ''1 ') 1 i c i t Y \Aif; 8.~ sum,")
/,-"



that there 2TG no trilDSV?r se ':Jhotons prE. s,-c;nt, the!"'

1
.__1_-

1---
\ I G) I, \o .<- v.-)

_.-
f '/',- \ 1"

f ! 1 "'\
./ 'f, l-.c- / \ ~. ('1)' +p/( oj<..... ',IL .J - 't -' \'!.,

J

( I) .."';-"/.,"-- / ( j /,
L l. 1'2../

C ' t't " .......,.,UOS 1 UGlng.1!D

'A I~t')( )'-' ,I '. ./

(J 'J[ ~"\...
(. ~ ..

/ -----,--- <::.----;:.~ ,--

~ V 7tP- \)~, {u.3
the arbitr;:;rLnEss i::1 thE? choice of th" g;:mge fnnction //(){j
j) (~'!)

CJ A (lfJ



\ , }

(',rbitrr:triness it: c") ::nd hence ;"Tith the nonuniqueness of the

state v8ct::H8 I (fi-; '>
-'- /)-'/

Finally let us c~lculet~ the 2xp~ot~tion value of the

\jJ ) VI ,u I, II ~ -<:: ( (() ) -' . -J<. (lA)) .,-.(VI)< r . (:~I r /' -=- L...-' ¢--r-? / -+ L c, (p~ ) I cV.1 \
(:.~~ - I"- I! 'h. t a f L/

X '1;; _._·-nl' 6.J C~h>( ft'» I cPit! 0 I);>
'0 -+ () (\ ) ( It))

~ ( l, (~) -+-1V\ (? )) -- 2 W (i/,,-r1 -+.VlJ;) ---c 1 h, )-+ 7t) W VI {1.. I tc / _.-/~ IL IL. ~

the last follo1Jling 'by ~g?_in using the orthogonali ty and normalisa-

1;h saw that the difficulty in quantisj.ng the electrom~gnetic

field aroSe only when we wanted to include the L0rontz condition

o
I

/

[
. ,y/">o -X /fl' ( 2~) . cP ( I-J) J

I -/ ~



equations of :~\otior:

5 {O,'f - \
\ U Aj/

\
/ a I

( dX~·~
which re obviously inv~riant under the combin~d g~uge-transforma-

with all other commutator- vanishing.

(2a) is an extension of the usu2.1 ph~.se g;:mge trcmsfor'1'1ation for

any COm91E:xfield to a C'o-or~'in;:.te dependent gauge fun~ti0n

Now the question aris~s whether we c~n set u~ field operators

which are themselves gaug,?-invC'Lri;:mt quantities. In th8 case of

the electromagnetic field this is well-kno"m and is in fact the

where the intogral is ovpr the sp~ce-like oath P ~nding at the

point x. T.t1~, see that unlike the conventional fi.:-,ld varia1;le

9 (>1») p (~PJ depends in addition t'J the field point, x, ::1.1<;0

on the path P. q;- 00es not depend on the g1.uge c;electod for the

electromagnetic pot?ntip.l A f' lut::mly on p.

Now if the uath is mov~d through an infinitesimal area

0- 'Jl at 2. point Z, to ." now p;::th 'J I, whi Ie the end point

remains fixed, it f0110ws fror th~ relativistiC:eneralis~tton



ep (){) P)
q;*t~){)-v)
~ / I .

~-
O f .J.t..~\stnes the path dependence r

points PI and P2 diTfer by a finite area, then to ensure a

unique result, ille must h8.ve the following b."o conditions •. First,

if we choose a surface bounded by PI and P2 and gradually mOVethe

p~th from PI to P2' the result must not depend on the order in which

two elements CJ{ and V 'L of this surface are crossed. secondly,

the result must not depend on which surface, bounded bv PI and P2
i.Netnke in the four-di::'lcnsional spClce. If ue have t""o such sur Paces

S .t= --.cAT ~ over them will 1-)e,
J jJ-. U ]..A ))

using G •..us s' theorG:D.

Ll C F/--, 7) Jv" .
~.
() /.f'. i i

:- '--'"

and consistency requires that

r-=. _ 0 F /' V
'- (\. !- )-A,)) - 2) vt. ).

This condition is automaticallY

(}

s?tisfied if FA))



where the p2th ~I is obtained from P by giving it an extension o~

j!:agni tude c{ XI' in the y.- - direction~ .i. '(;\.the n~w path D I pas "'2S

through the S2...~C ,""nd'Joint _~ . TrLUsthG derivqtive has a double
-~

role of acting on the coordinatJt, ~ , and also of changing the

TilUS the di fferenti r:.tion 0 f ~ carre sponds to the usual gauge-

}nother point t8 bs noted regqrding the differentiation of

eb is that the operation is not COY'1r.1ut.il.tiVe when' an electro-magne-

For, if 'ile denote the Doints (-x..A,\yJ
(-X!" +d )1/-A J X)J +d -X;;JC d1jA + d.. )I f-l ) X)! -'I. eX j-'_. ) )( ,,-' + r-{>(y) and

by f, B, C and D, then

a y d j-_ ~ ( X~/ P) d:u p_. ( :x +d -)(1A. ?--f- A- /3 ) - Q»1rx,P)
, } ...-' .

~__ d )-(?_'__ ) 1¢ (A -t -!Ix/-, +J Y~J I PtA~D)
dy r d -" 2/--· - _#? ()Ii +- d.. ',{ ~ }+ f\- IS2- - ff ex+J 7(11l,-t~q

. -' L - ¢J["lfl10)

indic:~t()S that th,.; new Dath goes to A a-s before
,1



- ~l -
ther alon,§; the lim: s .~B, BD,. For ~IrJ -.tY f(-X )-p) the

first torm in the num0rator in thA final ex~ression is
~ rX+(~)f -+.-d ~v ?+/''tCD I

-l- - -'}J- '.J I . j the other terms being the

I
d ';(/u, d )(7J

....f-:/ x'f< -{- c/ Y( JJ ; l'-t A 'gO

- ct.,(x -(- (I Yj-A+d-x?J ) 'Pi-fleD}
c e §f ( )(>p) F-- j" 1J

oper~tion is commutative only when
.

so that the differential

Fp.. -y --=- (j

The ~hysical meaning 0 f the above formulation 0 f path depen-

dent gauge-independent fi -:oldVElriaba")le ~ can be under stood as
)

follo\.{s. Th~ 'Cl.th dependmce is intimately connected with the

arbitrariness in the choice of the phase factors in the operators

for chargod fields;. we cp.n choose the phase f2.ctors arbi trarily at

one point which we have taken to be at infinity. Once this has



'rith the electromagnetic field., c:s shown e::,.rli~r. In general,

field is not qU.'1rti zed, bro OpcI"?tor s n.t the same SD?ce- time,

but defined ~y diff8rcnt paths differ just by a phase factor.

formulation 0 f ~?lectro dyncLmic s ~'nd gen(lra 1 o-elati 'lij, ty. In the

latter theory the choice of tr1l. co-ordinate ,syste:rl is the ar"l)i trary
\

factor instecld of tho :)h::<.se. Once the system h~s been specified

at one point, '0 must obtain it at R neighbouring point by Darallel

displacement if we do not wish to add extr~ terms to the equations

of the motion. T1--]'~rr' ,..••.il1 be no gr2.vi t~ltion21 fheld sO long as

the coordinate systcns obtqinRd qt a Doint by parallel displacementtisl...
fro!' refernncc point do not c1GTFnd on thE Dath. A Je.th~ (1i fference

however, will introduce ;'l. di frerence behlGen the field variables

for two neighbouring paths with thJ S::11-:18 ('nd-point, which can be

expressed in trrms of the Eicr:'j2r'n tensor rnpresenting a gravitCl.-

tional field. Foy' ;,uch 2. si tu':.tion the space is said to be curved.
cr.:t (---AiL

So by analogy we can tp_IJ\: ~ t '; .••[wse I I or t '~32.uge" curvRture \<Then

there is a dSTJendenc0 of phase on the path. f~ ~rssent only the

charge g::mge see::1S to have such R. cur\-~'tur(' (T;'-lc:r~; is an ar',i trari-

nes s in pr.lC.:tse(-~ssociated 1Aritl1 Othf:T CGns;r -".,tion 12,~"s like tho se



,;",T,cj :101:.[ I,VlSD tc qL') n'~; ze the p"t h- deprmdent fl elrl. S operp.tor s,. -*f; , (1) " and tbs eh::ctroni'..gnGtlc; field varietble whlch 1,Je hewe

chosen to he F/--<·)). No,;: sin>; T,-S hcwG qn interacting system, l.>1e. /

of the sol.utions of tho? sqiJ.:'tions of ':lotion for c:[: Rnd F- r- V



d' ff t t· . t- :.t YL,l 8r,'?n spe.c G- lmc DOln, s, t ~ Juv) b(lJ vtJ./lf r< • d d'I' '.....onf'3l er a mo l-
/

cC 1/ -'1 )
,-,

((I() --i- A ft(x,,) 0 ()( - XI')
(I--- ., " y

wh,,:,re u is a .Dour dim2n:::ior'11 6.,.fimction i;:..c::.:..~.,

i_I ( f;-- ) J. / (-) --(-. ,A ,A ()( \) [( r (-r )

IB ! ( :><. ) ~s J{) --f- )\ c.f' ( Cs (z)

S' I:.) ( i-) S - (
- )

completely bv the equation of motion together with R bound~ry

condi tion whic ~1 we sh~ll ta}\:s to '02 £; B -+ Q 8.3 t -+ - (Y. If

c~nt2.ins no timl deriv:ltiv'·:;s of field quantities the modified

/-( / (/- )

equation of motion for it, viz., /

d r:/( (-) -= (' L__ H!((-)) LS; ( () J
d t-



(~

c 1--/ S
I

T) the fir ~t!::Jrder in /\ UL' so lution f')r S (>;, ':l'":: 1Jrri tten ("s
S (t- j -

cOrlpqring Hi th (2«) ':is h'':',''I~

6 I B (-:/ ~.) .=. -~ - [(-1 (x f ,: ,Js ( j ~~JfJ (-X J -- )(! J

',;C zet th0 ,~yr.lmetricalform
" , ~ ?{(( y.J : "I)' /) i Dhl L) - ():z It- (J{ ))J (0)

./ 1---' /~ -L .j

L0t us ~JPly this m~thod
(5.eb~
- ..J -_.

L

which in terms of the convpntioDal path-independent gnuge-depen-
~

dent oper;:~tors 1,<Jillbe
L = - ?-, -c: ee->l-.:· , [~ Cd-. C. ~ ~\f! _ - ( Q A ep ;\. --1-- "'"' . I 'J fl' I l'x j..;. J'

( () J{ (, \ I -.-J - (;. ).p 'L- /" \ ("'.'\ () < A C (lOb)
--- ''ry) z.. q.:;)<- cp - - I' (J //J- l-\), - ())/ ).A r

, I , <...t....J --'1-...J
(lOa) h~s no ]ntn. d0?endr:nc"-' lnCG t ~nr' ¢ aDpo,,-',ralways
multiplied in it. ~~ n~tG th~t there is no so~arRte int~raction
tore in it; the int2raction Rrises from the dopond2nce of qb

ron rAil . Ttl:-:, l;c.u.::.tion'"0 f :ilotion generated by varying wi th
respect to the field v~rinbles are
.Cd p- 2- - TV',L) d5 ':-'.~ ) /'3 jAr'.. ...



· /. t P1 • ,:0. '''-.1n ~e rm SOL

"' [..-,, ',')('j )0\, .--_._---
"cJ -,-,< I)

(Sinc<:; the 2,dded tt'rm c::mt;'ins only r and II- ,~A. it affect s only

~+ C'the equations for Cf" 2nd.) /J 'LJ ).

are unch:~ng(;d b~:fore the.; tt""'c corr,,;sponding to :>l.. IC::iruedi<1tely
I

afterlJJQA..(~ , the ch?nges D (p in ,the 'I<:>riables clue to the extra

term in the
'}) (-

cf' (

(~ ))
)~



:1'_,lti:Jlying (123.) on both sides by

r:..ndusing ?cier{c;) rule that

r- as -¥-.(-x '.p,
L. ."

.- /' U , -r[ cE- ( )( F) )\- ()(" )) j

r ~'* I ('1;7 ..___Cb ('J( J r) ) I -- 6 .....' .) --

all other commutp:.tors te ing z:=;ro.

~nd ch2rged sC'llar fields v!hich involve only g2uge-inde~Gndent
oul-

quantities ~nd with ~ rotontials (these l~st a9pe~rinf only

procedure 0 f /l.ow in th,:.- conv,::nti-:m'11 L' ,~)r:'l1g:2fl Ii ,?ld theory using
'h,.(-,;;.}r;i rl w/J

the canonicnl comr;lutc"',ion ~ts or th:-'t of Lehmann, Sy::nnzik ,'1nd

field pDerntors obeying froe fio10 0qup,tions~ is used the matrix.J



(wi th di ffer,~nt iJll OP':T;~tor s op8r~lti.ng on thc:n), o. g., the l[lc"ltrix
;"81 til-3nt for h!o "'):rticlts;oinJ, CJ ver to t,N'O other particles h2:'J'.8

!/--/
! \ ('.

where p an (1, q s.te thl? rnoF1cnta of the; incoming particles, 3--l
cmd ./) those of tl1·.~ ou~goint~ p2.rticl-:?s and K is ~. nroduct of



{J

connecting the electric charge and the magnetic m~no~ole (if it
-t::KJ-

exists). D-L~':~c'vas led to conc1uc'e 'chat the quantisation of~ elec-

tric charge vrould irrlmediately imr,llY the existence 0 f the magnetic
..

monopole the strength Jf I,;hich is rlso quantised. V~ ~,hd,l:' descrt be

the consideration~ "rhich ler'l Dt':',c t~ the existence 0 f the magnetic
b'-'

pole and the!', give the deri v,tion cPt ~ari ')10 an,l Fc;r: ari 0 f the

and only the phase di fference at t..."lOnoint s has a meaning. If

Cf'hr.and 'f"h are two "'Javo fur-ctions, S ep 1v-- '{-;'~, d I is a num1')er

the SQuare of the modulus of 1,rhi Ch has a physical De,cwing, namely,

have a (:e fini t'2 ;Jhe ("(' at ")~1C h po in'\:' , mu,,,thave- a de fini te phase Y
R

difference bet een any tFO ;::,oinTs, l""lS the change in phase i~

':P'rv-.Y'J., round a c 10 S,2rJ. i;urve must vari. c;h. Tni s require s that the

change in Dhase i.n 'f-J'\A rO'lf1o. '1. c1.oSGd cur're is equal anci opposi te

(j) and hc;1c2 the same a:-. in
, "r'",



-+
of the 6-vector E

points at which it ,:ranishes 1JJi1.1 be along a line ,\rhich will 'Je
I

not have a me.aning. (IlL f';'-di'T!en'::ions, the; nodal line "l)ecomes a
Y\O dcJ

t\<JO- dimensiona l ~~~l sur fac e). If·,;::; nm" t a1<:ea I\T,}'J2 fun~ t ion



-4- -4-

vector (~, H) through th0 closed curve. Ir 3-di-cnsional spa~e

only the magnetic flux "Jill come into play and hence v.Ir' gGt for
(; -)

the phase change rou:,d th,? c:r~ 11 c 10 sed curve 21TCI. + :: j(J-i. dSj I A

large clo~ed curve canle trGatso by di,rision into a network of

of all the ch2.nges round th'J src'll closod curIes an'"' henc0 is e011'"'l
r -) j_?

to 2-rr ;::: n + G i H ' (}.(, t!:1c' -Lntsgration being taken o'ver the
J' .. J

surface and the Rum~ation ever all nodal lines that pass through
r-... •••~ "

it, the proper si gr being attached. 0 J (--j/', d 5:.J must ':le the

(:Iall wave functions and II~ust equal - -

magnetic flux crossing the surface. If ~ D does not vanish~ so~e,
t

nodal Ipne s mtlst have end point sins i de th(~ c 10 seci. area, s inc'? a

nodal line without such end points ;.,. st c:ro s s thr> surfac2 twice

surface, it follol'JS th'~:: thi~ ',';no Joir,ts of th(? nodal lines must '')8

the same for all wave functions. 'rr.t3Se end points are singular

Cj L ~,r G)-o -. i {I (~ =- bI ~ '.AlhGrr;
e

line that ends there, or



I (1). For' this )Ur)OSE, let. 11.3 introrlue,; 2 vpctor pot8ntial,l~,v, 1L.
l. 'Y\.

/ addition to thr; uc:ual on;- '.rf1(-'n thprc: arc. '~!agnGtic source" present

in addi tion to electr:c ooes. '''h,'' i:-.tI':)ductior of th,; second

\-=- d)v, (,~V)

"-.J

CJ )) F ,f." ;, ( I( )

-nagret ic charger) ~ r-

1...•. )-) (;; r,--
'\ 4·

- ;

~c/ It --/_. c. 6(J C" )
CI'\. )j , ' /./\ t (/e

I

",i th '\ r
(, , I A ,-; "f? + 0!Jr. J~ -~ f+ r-j U/,,- 1\) U r- --./ !.J)-'. - f'

:?c
as \ole11 as th,.:' ''1 iling tr8rsformations.

II A rI \ ._~,
.•. , , LA

'/'" • I

,-/ Ii - ;
~- f'; i-.- .. j'/ . ']A



"" -,,,~.,) , DOJ 1 ._, \ t..- ;'. /-' '-, '-i l .c . .! \ -

£(~)J)J -f )1P [-c ~_fF fA V d 0.J.L 1)
. . ~

-'

are pre sent. B•.lt tl.i S l'er:uire s that the change in <P

q = 31, - 82) we ~r

ex b r-ce S ~~ d. 0J.Jr V .

(I::)
by changi.:1g 07Fr to a volume integral over V <;·,dlosed by 0. djO

If '4 is aa /1-<-

:;0 that for the closen bJo-dimerslonal sur "ace
-I!-%Q

~ .I \1
() /" (il I J,/'

Since V 1.'.' ~.)~.;12tely J.rhitrary this can1e .so onl'l if?; is dUG
c_ /1/\
Lv /'.1 Li, V> ::...

to ono or more YJoint S(lllrCec; eCI,I:~h'Nittl C~~l,agr(tic chargeAmillltiPle

01 9..lT/ Ii c:+' t th (')) \. t d(l - 1(:' .. V /A.. lS an 0:;:JCT8 or? en 1-. is sa ,i8fie

if all the 8igsnvalu2:" of Cj V are ~nl~L~les of ~. This is tr~ e

if J-l represG~ts the current sf CDC or::or'" q11.a:1tizcd f'ields, ea'::~

of th,':>mcarrying 8, :>agf1otic c'1arg~ ,,,,hieh is a T'ultinlo of ca-,



Some consequence~ of the existence? of the n:-o,1.C :-~ono')ol'?
t>-'-

are the following.
, rv

t en so r , ()r F }f \) i s an axLa1 v Get') r \-111 i 1. n q. i s a ve c tor ..;y-
larly, in additi.on to thE:' oper8.i:ion of l'harge conju;sation, 0"

have th'e maenptic pole conjw;ation ;-.; ::i.l-1cJ -ln~ C' -= CH anri P,

had an intrinsic electric ~o!~ent, f-e (~ust as they can have a
f-iv-.

magnetic moment~) the interactior 'L,·.li)rc~~1gi0.nfor the electric

moment interaction in the non-rclati7istic can be written as
-) ~-)

)A- e (V ' c '). :'J,,; h~:.,rc
';') -") I(...J (j- f: - I

I

so that if P is ~ood such an interactior cannot exist. But

---)
,'r--.
'...)

p-f -)
-Epc

--)
() j

--1.-t /.- I

so that there can be no intrinsic electric moments for particke~
~0(;d-

if T 'rJ is ~o00liS gen-=>ralJ_y fot.nd to 'be trur,.



tion in matter. At ui,:o,-;' vclo~i. y t:h": ionizatLH' of a pol;> of
e.x

,,·trength d is S4-1iSpect'.Jdto be tho'l~,,'.nd;:, 0 f thj" ~~the mirimu

ionisation pro6uced by a particle of rh'rge e.

proton-nuclpon collisions orlvusing se,:,ondary Y -ray:" tho irradiated
, J

target being ~lacEd in a pulsed magneti~ field with sufficient

2em •



charge and baryonic charge, [iz., thet thny are both cons8rved to

a very high degre<:? of accuracy. lht the; t~'!o are also dissimilar

since the continuity EQuation

() do /( fJ. ;4
follows from combining tho erl'J.ations

" -")

dE
p-

-) .j. J
:::.-)
(-
\-~



(This (;,-.1'1 c;:.ls:J be seen v,?ry easily in t,_,rms of the electromagnetic
c

give s bee ause 0 f th'" anti syrnm~try 0 f f fA-li the continui ty equation
I

conservpd there will be marc ~ach partic10s. IL the unitary

sFn,;etry !nodel, ~ ..1'-:; is a strClnB>-'nE:'3Schanging current with

i sos~'rn 1/2 \\T~ich 5_s 8.PI'ro)C~,.Ct.t.~ly cC.:1served so th8.t Wp may



Th~ P -me S:>D Day be the rr -:: 1 ;).~.ttic 1·:.) the: u~) 1:'(; son, on.") 0 f the::

T = 0, G -::~l vector m~son3 and K* (~r~ass 880 K~) the T ~ 1/?,

dependent 6~tuge transforT'1ation
(.J 11 C ,,0

r:.J \ ,.Jj v 'JJ d A (x )
"f - C Y j-, fy? +h/\) 'Y + (@ r (fA I ~ V( ~ (it)

which contains an Gxtra tern. Dut if ':Ie st 2.rt from the TJ~ 0~~rt:;i an;

(. a +.,) '\.JJ .Y)./' ---:h . VI/' T
OIA)./' j

(~) ~nd for A JA ,,;hich is
-=I- d /I. (){ )

A f' --;) A ~ .- G' 7lj-\.

Thus the existence of the co-ordinate de~en0ent

L cf ( Y/'A.
d -{_h/') ( e r/ -w'''/../ - ~IC '1<', v' ,

such that J

/ E (~) + fleX)G> (-'I( \

dB
6)(j4't (7)



C f+ - Cd -- (.21- ~-l\-iJ. '\/-'-- 2- )( r (j';A LJ /

A{() + ~(O)
It) fA' flA

where Ar-' does not chan~e ':Jy the gauge -trar: ,-for -etion on AliA and

o ly A(()) does
~ \

(0) I A ( C) QJJ_ ii\ ( !) A (. I ,i

If ~ f./\ -t-- >. n r- /,J'r 'UJ(jJ' II)

fA v bein.~ cau,:e-invariar+ dcy?nds ')['l_y on A fanc1 does not dep~nd

cn A (C;)) T!1US (::) docs not ledd to tllC; (~r:l.uEltionof motion for A /.A.

. r l \.' , I (;) ,
but only for the gauge-independent lJart Ar- only. -!if/' . enters the

La :T'o.:lgictD (0) 'IJhich howe .';::;r OOI~S not lead to an equation for it.
\ ! )

T'18 C.)." t)..)nent S 0 f ft. f-J' for which (:-) >,i '18 S e q,ua t ions 0 f motion

have nothing to do with gaube-invariancc as they fail to undergo

a gauge-tran2formation. TrL~ !-')c"..l[;~-,)rinci;;le only causes the

alJpearance 0 f some scalar fie ld \.vi thout any nynamical mani fe ~ta-

tion which can be re'jo'red by a canonical Doint transforl1ation of

the field variable,

.\f/ f()i)
I

Consider the equation
_:-')-....) p
\/.[ I

is the total charge of the syst;~ and
--J

At large distance', ther~fore, E ~J



c..
polarizes the vafuum, which ~roduces a partial compsnsati0n of the

charge. Trlis is the ori3in of charge rc~normc,li.sation. }3ut it is

examples. Cvnsider the 1>::.:;r<:>,D2ian 1'_
uv/~ -~ IA \+Q-f-~7/LLJ

L '=- ~:;> __ I F J ~ (. () II It " I - O)J VI fA ) ~. ] ~~ __I.1';L.... r-...... v t

-+ 'J-l (Y Jr. d)~ +~ 0) 'V -t- 1/'Y ~Y A;0'. (13)

wlhioh is the usual L:r;ra.,::.;ial1 if (J.-).A. -:; E. f+h . T11r- action OUPIt

tor W =-=- Sc d.X Jl.. is di"'lensionle s s if i := 1. '1"h·, , dimension

of the 'La,.;rangi an density is I ~=r 1 ann that 0 f the coupling

const ant C2 is 1"3 -}\. I" +.;{; one-d iJTBnsional case whi cll \-18 shallL_

b d 1.-" f th d" " f 2. "t .e consi ering e . lS Q ,e l:11enS10ns o' L 1. A. 1 carrH~S

a length or mass. Th.cor;:; are on1y b'IO 'f ~r-1atrice s, V-, and Y QN'1ic~

are represent~d by 2 x 2 oatrtces. ~ t us calculate the Dolariza-

tioD 0 f the vacuum 0 f the F' 'r·.i field ~\f by an external electro-

magnetic field A r.-. The si ,:-plified U;.g~3.Dgian is

cl..

vacuu!i1 by the external field is

< d- r- ( )() > <iJ (-X ) Y~ 'tcX j >



I I \,..-r l.:X /v t'-

< d- j-1 ()()

r / I)
\.J) (x) 'X-

Under the gauge-transformation (u), the Green I s function transform./;
"'rv-./?

according to

G!(X_
j
)«()

invariance for
j

G(X)'X )
X /4-7'-. Th':: s;:)lutiJn of' (17) can be written as
G 0, ex) -x') c ( ( (j.J)(") -- '.·,C{ JJ () ) ( 20 )

A JA == o.



- 4'2 -

5 ()O ({ l~-e
o ~TT

( () ;;{ I::,
! - I __ (

/ '~:<J ~ /;

I

pYj-'"

For equal ti~es,
,F ~gt
\'''':;0

. ~ ~\/-EX'::"l-~ding th,,., eX90nential in a Taylor scrles lor "\.. /
-+ 11/ we

(
\ !~ (- . \Y (; I c-p f ,I ) - r-- ( }))

~ -7\ Y ( d j Cp(~t) - A c/)i() )

on taking a sym'etric limit, i.e. takine.; an a'?eragp: -f the values

of the lir:lits attainect from the left and fro" th~ righ;t.

H;.;. there fore have
{

Writins gquation ('21) sX~licitly,

(y~ J 0 +y t c {) y5()~) (I I /' (. )v -.f.t (/') ( J -\- } (It I J.

,/ -,,0'4 ""1 j
~ l &__(.:0- ( G rJ

and multin.lying it fron th·? left by'1~",-4'l;::;;;;<~rl,.re o"JtainII \.;.: .r {,

second order differential enuation

'\ \
-J-."' I(J JJ. f y.) _, (j I~ {X~j

I r () I \ I' , .' I 0
(2 )

Taking the trace reduco', thls to
;r 1 I

- \.J Lt T tr. /P ()I )

which Can be sol'led for 7ii. cr by the corresDonding Gr.~.:n'3 func-

tion D ( X J P. ( ), Sy,:"bolic ally
} --,., J' 'i'V

-/ CLJ = - j)O}!+
<-1 9( i (3') )



Now let us think of thG irea of self-consist0ncy of th?
it l!y

field and the curreGt Lndnced by/considering A ~ not as an

external field but as bGin0~ somhO'1 'Jrou.:/'t Lnto existencp propagat-
~ ~
/.ing in accordance ',fith i,'I[.X\>I,:;ll's 8f1ugti)ns. T'l'<·J. this finld

induces a current which in turr char;es the nature of th8 field.

L ,.""
<-? \-').1' u

-,h \ A A+. (/ 0 >,

,5j-A. A r
(=.2) we get the equat ion for A J-..A.

non-interacting vector )article of fini t,? r1ass 1'- ..-:

< -J..
Ii

oTht: Dot<:;ctial A has it.s SourcE' in the total charg' density};' +

<'J~ > It/here Jo is the ext"Y'r.al c~'1:=1rg,::clen"ity

() '( A 'j /" " ~J \- u J
'-'

)12 L--
I -/- ../

~ ,q,, "--- /',.
or /J L , - )

L '\ ~ -- (J
/ . . L ~J\ ) -r-r e! ct ItJ ,

Y( -'-



A 0

The total charge induced in the vacuum is ther2fore
I II

(~J (I II -jA(7l_-X I
\CA'X C~X <2. -0 I:J. r V.) , j ()/-139)

- S {j

which exactly canc)ls the insrr'ted charg'; q u. rrnus therp, is
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