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1'};;: cc ccyt of a grc)lJ_pii.-:1a~l abstraction of tht; algebraic

etc.). V,ThenWf; analJse tl:e prop::n';~~Le3c(" the operations of

addition and mul tiplicatioY' in t:-,(se ~"iJJn-'J'0Y systeJE[:;. 'iVe find

that they uniformly ;32.t=-sfy certc,in lo.'NS which are independent

of the nature of the 11umbey's;:,11d the :ncc,hod in which the operation

is performed. A little reflectior helps v_s to discern that

compl ex c oef f:Lc ienits) 3_lr3obet ave inthe SFJJueway with respect

to the uSl18.l notion Df ope:sation;] of addition and multiplication.
&

These observations lead us to consider a setAof elements whose

nature need not be specifically preassigned and introduce a

(which is the result of 'multi~)lyiIl;Z:! x and y

In general the order in vvhich x and yare

multiplied matters, i.e. the products xy and yx may be

Associative law; (xy/z = x(yz) for x, y, z, E G.

90i e of G callsc~ the identity, ,vhich is such that



G 4 Extste:;r.ce of c:m lnVerGe~ For eacfjl.±eIement

x ~ G there is a~ element x-I, c211ed the inverse of

-1 -1xx = x x = e
-1

x is a notation for such en elemeLt).

The set G is called a g:;:'.q_~l.:9.. wi.th reSDect nf to the

When the number of elcJJ'1ents of G is finite, the group'

,
are mUltiplied does matter in general. In the particular case

where it does not I::.atter, i.c., xy = yx , botbx representing

the sa..'1leelement of G ,the group is called corunuta..1.iv!:.or

abelian (after the Honvegian Elathem2,tician Abel).

of 'multiplicatioD'. If the additive terminology is used,

in G3 we demand the existence of lzero' and in G4 , the

'negativeJ
• Hereagain, it is only a matter of nomenclature.

2. The set of all rational numbers ( -ve, 0 , +ve) under



8 and 81.

81 we,
S , a uniQuemean a rule whlch assisns to every element x of

element )(1 1of S-'-. 1x is the image of x under T • This
1x =T(x) 1x =T(x).

If every elemei1t xl of 81 is the image of e,tleast

i.e'7 from S onto Sl
If evsry element xl of 51 13 the image of exactly

one element of S 7 th::;transfo:;"nl2.tionis said to be one-to-one.

We may take 81 to be S itself. Then we have transfor-

, i;produc~tl of T 1



P PI i 1 2 3 \= I2 \ '3 2 1/
The: prOQlJ.ct NX PI P') is ( 1 2 3 \

'- 2 1 -- j
) I

P1
D"-2 p-'-I .

group S3 . rrhe ju.stifjcatio;l for this ia as follows:



Cons icier an. equilateral tTj,(l:rl~;le Al A2 A3 with centre 0

(the: centLoic!.). Con~ider the set of six

c2,rriez A1 A2 A" iLto \ fj? II, , ii.~.7 -"3 , ~.\...•. -'
i 1 ') 3 )

Denote thiE-o ~cotat iOY1 by i
I }2 ") 1

A posi JCjY8 T'otEJior .. "t"':'...r'(y,{~h 2!~Oo a1)out 0 car::'ies

Al, ,A2, A3
iy~to .l\.'7 , 1\ -) A, Dr:mote this rotation by-"'-2 ' .

) ..L

(1 2 3
I i .
\3 1 2/

A positivE: ret8.tion througb 00 ( or 3600) about 0

Next constder a rotation through 1800 about 0 Al,

Note this notation by (1
,·1

Al?

3'\
2)'

I ',..L

\,3 ~) about

(~ 3 \
!

3/
rn'J..ne

1:''( •.t,- (c~
permut e the /:;ortex. of the

'r ..L ' - I -_('1
1

2 33) ...LJeGus wrl-ce
Q
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(~

2 3 \ /1 2 3\ ,1 2 3 \

l3 \
,

\I P2 P3 \1
==

1)
.- == j

3 1 2) 3 2 ;

(~2 ~) '1 2 7\,
f ,/ I

}?5 I== == t
~ )2 \ 2 1 )

P4

I PI 1) P3 P4 P5~2

I I PI P2 P3 P4 P 5
PI P1

1) I ;:J P3
D

~f) ~5 4-'- L

P .....P2 I PI '1' P5 P3L ~4
Left P?: P7

n p~ I P., 'P
fac- ) .J -'-4 ., -L ~J.

,/

tor. D p P5 P?: D I PIJ. 4 !$ ./ -"-2
P5 D P3 P I~

D P2 I-'-5 ":"1

To read from this t2~ble the product P2" P5 (for example)

look along tll.e row Ele-y-'kedD and down th.e column marked..L2

P5" Where tbBse intersect we find the product, namely P3•

Notice that the group axioms can be verified directly

consisting of n elemf,;nts give us the symmetric group Sn.



(",(, i. i iVY

about some axis or a A~t=(!yf: reflection in a plane. T:l8 follow-·



, H(i ) i f h, E II , h E H, trl en h/ I~'j't?- E. '!

2.•. ·1 1 - Itv
l

E: H then I;'\. (- U
I . IT

multiplication, but is not a subgroup of the additive group
of rationals.

the gIDoupx consistigg of the identity element alone and the
whole group G itself.

2. 2. C~clic groups: In any grouD ~, the integral powers
ma of an element a can be defined separately for positive~

""""- """- (-' \Ct :: c.... )

A
( (. y ) ~ -

y- ,.~
lGl--l,) t o..'Y'·l-- in general. The equality holds if and only



ma = e ; i f no pD sit i ve

power 0 f a equals e, than a is satd to be 0 f infini te order.

A group G is cyclic if every element of G is the power of

For any group G the pmvers 0 f an element a form
I

a group which is the oyclic subgroup generated bj a. Thus

2. 3. Homomor'Jhi sm and I somorDhi sm. Supp",se that there is

b = f ( a ) of another group H. The totality of elements

b = f (a) of the group H so obtained is denoted by f (G) .

life say we are considering a mapping of the group G into

the group N. If every element of H is an element in f (G)

not preserve the operation of the group. Consider, for example,
2 222the mapping f: x..-f, x . Since (x + y ) * x + y the

addi tion is !lot pre served by f.

for every x y
)



identity of G into the identity of Hand t'le inverse of an

element of G into the inverse in H of the 'corresponding ele-

into H, then we call it an isomorphism of G into H. ~he

groups G and f (G) are said to ')e isomJrphic •. They are

not different algebraically, for every algebraic theorem, esta-

blished for G is automatically applicable to f (G) and .also

Examples. (1) The group ~~ of permutations of three objects
rJ

1~1e:v1e 'J
(see Lecttlr-.e,r ) is h)momorphic to the group H consisting of

P2 ~ 1 , P3 ~ -1; P4 ~ -1, P5 ~ -1.

(2) In our discussion of t~e symmetric group ~3

in Lecture I, we have actually shown that ~2 is isomorphic

to the group of rotatioYl of an equiYat~r;t.al 'triangle.



(

22x 3.1. The concept of a v ect,Jr must already b8 familiar

are (xl, Y2 , z2)' The resultant force is denoted by

of the end point 0 f f 1 + f2 are the sum 0 f the corre sponding

cOJrdinates of fl and f2

ing by a real number (;:H sccllar). Thus k fl is a vector

having the same direction as fl if k is Dositive or the

opposite direction if k is negative and aving a length

equal to I k I times that of fl' We may write

k f1 == ( k xl' k Yl , k zl ). To make this valid for k := 0

we define k f1 ER to ')e the zero vector, namely, the si".gle

point the origin.



operations thomselves. Sc-,ts )f numbers, subject to the

operations XMEnXa.s described; bove will compl etely define

the fence or anyone ')f ')ther quantities :nenti)ned aOyve.

Consequently we may simply take 2 set ')f numbeBs as a 7ector.

Genera.lisation of this CJnc2"Jt and its study is th~

scope of t~1e Fleory of vector spaces. 1',[ebriefly ~;umUl) the

main result s needed for ')"Lr DUr'JOse s. The gerli'?rali S2.ti ')n

can,e made in bn directions. Firstly lie may ~JPsi.der

Yv -coordinates insteaciJ f 3x' Thus lie take an ordered

<:: ~'-"(
.)

'"to be a vector. ~ is cal10d an n-t'l--1ple. The n-t:Jti-ples
, I . ~..t.A)"(Ley \ ··~s L tl( SI-r.:\.cQ. 0-f

of real num1-)ers i,s -sai4----to-· fot'·mv--an n-dimensional geometry.

The operation ·:)f additL)D 2.no scalar multiplicati')n follo\<J

the same pattern as in t''le case of 3-t:t,.iples, Seconrily,

the number s used in de fini ng a vector need not ahvays be

field~ when t,ese two operations + and X defined in it

such that (i) under +, it is an abelian grouP? (ii) the

n')n-zero (zero of r ) elements form an abelian group under

x , and (iii) the t~o operati')ns distribute each other,

i.e. t a X ( b+ c) = a X b + a« X c for a , b , c

~ F ). Thus we may c')nsider the set of all n-ttiples

$ = . ( Xl , x2 , x3' . .• xn)



by Vn (F) , we define the vector operations of pdditi~n

and sca1.ar IJlultiplicati)n by el,:>ments of F, ',,~ich satisfy

1- V is 9-D abelian group ilnder cddi ti jn.

2. k ( 0( + ~ ) == k. 0( + lX B and (k + k ') c< :: k ~+\- k 'c<

3. (k, k ') c< == k ( k' c< ) and 1- c< :: c<,
for any k ? k in F and ('t, L) in V .

the interval ( 0 , ~ ) , under pointl,u<se addition and scalar

muultiplication. Th.8 sum h of functions f and g is



Any subset need pot be a subspace. It is easy to see from
the definition that a necessary and sufficient c~rldition for

o and x4 r constitute a subspace of \[4 (F) for any field F.
-'

If ~JL.,.··) ~t

then the vector S g,iven by
:5 - 1;:,5, --r k,2.{z...j-- ; .• +- h:c$c - - - (I)

{-F)

~ is said to be q. linear combination of f·I-oL.

( i = 1, 2, t). Consider the set L of all
,

linear combinations 0 f '1;1: 's .Thi s set is 0l;tained by giving
all possible values t8 the k's from F. in (1) above. Tae

set L is obviously a subspace of V(F). It is said to be

~. . . ,:';.t



If no such sca1,ars exist, t:"le set 1", )o~1- I •• ') ~t

is called linee..rly independent, i.e. wh'?D (~) imnlies every

ki is zero. Consider the v.=-ctors J'l -= ( 1, 2 , 1 ),

t2 -= (0, 1, 0), ~ 3 == (2, 0, 2) in 3-dimension?1 space.

T~hey are linearly dependont ')ec':'-lse
2. c;: I, -;:' s.~ - (')~: 1_'" - ~,]

Thi s merely means that tr-ey are copLmar. Linear depend",

the vectors t-z-. and t3

pendent.

The follo\<ling is an important Pleorem 0 f t~e theory

of vector spaces. Wemention it ~ithout pro~f.

in a basis of a finite-dim3Dsional vector space to be its

dimension.

Let ( 0(11 0(21 •• '. C<n) be a )asis of a vector space

over complex numb~rs. fhen every vector 0( of the space can

Ge expressed in the form 0( = Xl 0(1 + x2 0(2 + . . .+ xn C<n•

Since thi s expression is 'J.nio,ue (bec a"-lse 0 f linear inde?8ndence)
\

we say that the nw~bers (Xl' x2, . . Xm) are the coordi-

nates of the vector 0( with reference to the basis

( 0(1' 0(2' • • • , ~ ).



Example: '3?hevectors (1, 0, 0), (0, 1, 0) and (0, 0, 1)
form a basis for the 3-dimension~1 euc"l'idoal1SDace. Take any

It is usual to refer to a ma~~ing of a vector space into
itself as an operator on th~ space.

when T ( ~ + B) = T (~) + T t~) and T (k ~ ) = k T (~)
w~ere ~, R denote vectors of the space ..

it satisfies the follJvllng "conditions~
*(x, y) = (y , x) , where * denotes complex ~~njugate

(x , ky) = k (x , y ) • ,

(xl + x2' y) = (Xl, Y) + (X2 , y)

(x, x) ~ 0 and (x, x) = 01 ~ ~ only if x = O.
The length of a vector is the sq:lare root of (x, x).



Consider the set of ~?erators A" B, ... in a vector

space L. This set is 2. group IAThenwe take the nrod.uct of

Cx ::: A ( Bx ) for all x E L

The identity of the grcmp is the unit operator "hich leaves

all vectors in L unchanged.

Now let G 'Je any group. TJet it ;e mapped homomorphic ally

on a group of operator s D (G) in a vector S'0ace L . The

group D (8-). If g and h a~~'; 0lements of G we have

D (gh ) -= D (g ). D (t, ) . D (g -1) ::: [D (g) } -1

D (e) ::: E (the identity operator).



So we snell mean ahrays lin'?2r representations itlhsr.. we t2,lk
" r:t>2cL

of re:!resentations in this course. We h2.ve ~n- that cor-

.D, . ( «!'1 -::
, J

<;
- l ;

J

~l.1 f/Y l
I ::"J

o -+c-y ~.:t--j

-D i.j (';1h.) = ~ J) ()Ii ( j-) J~'\'j (h )
I-, ,

translation of magnitude ~ , aSSO~l?te t~G operator of

multi')lication hy the nUr.JIJ,jr oi k ~ for s:)me fixed 1-\:.



A be any non-s'ingul?T lin.e!'T onerator of L i~to itself.

Assign to ~ 'j-E G , the 09srn.tor DA (~) := AD (g) A-I.

The correspond,?nc'3 of '}-4- DI1 (g) is a renresentation of G.
,7 J. •.

-I
For 1-.','"('1,~"C,t, \ -:: A J) (',' g _ ) Ii -I - 1\ n le,). J) (" •.) A- '"" () ! '-) ,- (1'.J l-- '\ - n " ) I ' ~J

- I A - J- I\. 1}!' l \) A . A v (~'...).\
J)A ( ~ I) .D A l 1''),) ,

Any tT"8 re'Jresentations of tIle group vlhich are connected

by 2 relation ~f the tY92 DA (G) := An (G) A-I are called

problem of fin~ing 2ll represen.tations is reduced to the more
/

l·\'\\..

equi.alent reDresentatiJDS, Me have ~ ( n x n ) matrix

~ D~j (g)~corresponding to t11e operato!' D (g) with refer"?nce

to a given basis of L ) while the matrix corresponding to



while the matrix corresp~ndi~g to DA (g) is

D .. (g) by c'c simili'lritytransfor-
IJ

1 -1)is given by y ~ (A Dij(g)A y. T. Vi J-- \) 1
\1/

related by the matrix
?C -~--) 1-

A" I)' ,,)"1)
I-!I

t,} I:tl -"/
A

space of the ~atrices Dij (g) by new components in
accordance with y = A x t where A is a non~singular matrix.

A unitary representatioD,by which we mean a r~presentation
whose matrix is uni tary j is on'" S'lC':l rs_'rcsentation. The



( ~- l 1 - \ L) .l..., 'I' I ~-

I ' ..J YYL
c-
d

is the order of
l)1, y 3 satisfies

1) { "lL J '1 I - 'f ) "Z S
~ wher€ X2 c1enot=-scomplexJ - ~

con 'ugate .
2) .\.)( ':;l.L)l- ",q ~ \..,

~ for all c< E- Ct ) "J- j

3) ~L XI"i xl..)

, ( \.0 l ~ ')', } lJ- ~~J - -+- l )tv) i )

4) 1-7()Jl\ =?-O and \- ).:' t )L
,

0 only if x ::: 0\ ::. .
L

.For any element (fixed) a of G t we have
~ :9 (Gl) )L J ])("-)'11 I L (P(~)J)(~)?C ) 'D le;, ) J) (c, ) ~)y,,\ Ct

;,1?;- Cn ('d1)())(C))\r)· Hence LJ)(c,)}() :!)rC,-)'}S ~ \:Xj~) - - - T

whigh means the o)erators of ths re~r8sentation D(G) are
( 7
L .)

Vi which are orthonoTmal with



'1~ I'L'U ,_::' I v l

t f >- I ; ., - \ ~ 'I Ui., ,
.....·-i ,-

- :[ ) )1- •..~
\ (" I

1

L \ "".- t L lA"If'- :)) ) )

- 1T X ,Ti ~ jY;n, T

- (~fC y) +'~/,TI
Hence D' (z) is unitary with reference to the original

Isum over the grou9 of the Product of each matrix
by its adjoint and by diagonalising it and finding the inverse

....,."... I

square root, H:: LTl~\lT:Kyr It is shown that suc-1~ I 0 • .I ....

ces sive similarity transf'ormation 0 f the J)'R-. by the
lJ

matrix U which diagnollises H and by d 1/2 the sq.root



~f ~ia~~nal from ~f H ~ pr~0uces e renresentati~n which is uni-
tarity l. If certain ai~lti~nal restrictions are im~orert this_ .....

terms ~f 'simnlert representati~ns. The natural idea ~f simpli-
CLS Low a..d.;~"-)'\.5':U1'V

city here is that such a representati~n shouli have(as possible
c~nsider, for examnle, a three rtimensi~nal representation D ~f

( Q.\., fr.- fii- \•...

,
d. ~ \I [. f~I t. I I - - (I)I ) -I

\ -1- - - -'

\
\ 0 0 ~~ )\

f th..:l t.co ' '1 and ? wloll be')rm, e.~ •. e Dr~'lUC .Lor L - LJ_

CL1 ct-/.. + VI C'L U"., e--r f. J. Gl,I?l.- f ~f'L ~ e'(!-L_ \2- I 2_ )

C I Cl.1. -t- (tcL <:"1 er 1.- T et I Lr1.- CIe. z.. -t J1f?- + tl1- 2.-

- - - - - - - - - -
I IJ-/I-?-0 0 I

./



· / CL; R.r~ '\Now the matrlaes (- \ in the uDper left-hao0 CQrne~
\ c-: elL)

proviie us with a two iimonsi~nal representation, while these in
( '-i - \-() ~)

two lQwer ~i~ensional (viz., 2 an~ l-~i~~ reDresentati~ns.
N')1{ in a;eneral a renrGsentatLm may not ~e ~f the f')rm( I)

while an equivalent reDresentation ')~tainei frQm it by a simila-

In ~eneral, if we can find a hasis tn which ~ the matrices
'Simul---.])L~) Qf an n-iimensional reoresentation can be hroughtA

taneously to the form

---(IT)

1where J) (,-) are "Y\l X YY\., ma trices,
l.')"t-)'V\.. ') X ("vi - ""fV" ') matrices) A eCJ') is a ,'V\.. X ( Y\.. - YlA-) - rectanguln
matrix, aarl 0 ~cn')tes the l 1'\ - Y'./\. ') ){ 'YVv matrix whose elements
are all zero, then we say that the reoresentation J)i}) is re-
r'lucihle.

.,
J)-( d) are -m.--dimensionaland

l'Yv- 'YV\.) -rJ.irnensi~nalreDresentati~nsJ f')r the matrix Dro(luct



It may haDDen th~t we can further split

such that

f
...•

A1(7J) l ! ~~ ) /1 \f I'I-=' ( S) ( JJ(~! A r,j)
/ .•••., J .•••~

])'1 (J) - ')
i

\
- ----,- ( c ') -

\
--- .- - - - -

\
: \ j -

I -./ '/
I

1)Lf (5) i DU(5) )! \ 00 \
/ \ ,/

/

The orir;inal ronresont.'1ti'ln can :'e ;. ])/1

I,-------\ ~ 1..-;
exnressed in'terms of l~wer ~nes as: (1 I, Jj I

I ~----b,
sh~wn in the matrix asi'1e, 1,"here we\ ( 6 ! lY !

, ! ,

have hl~cks ~f matrices al~nr-; the \ .e---O
\

dia~~nal, zer~-ffiatrix hl~cks in the \

. ~ \.

renrosentations J) (9), J) (11) " . ) are irreducible repre-
K

-tV, W l>~ L 7\'1 ~ ::. Yl..-.. f:~

~iven in (I) a1;~ve? a gain. The efPect ~f the matrix ~n a vector

in the suhsnace ~f L spanoer'1 hy the first tw'J c'Jmnonents alone



, 0... ~ -e \ .' <...'

~

( \
i I . ex) \

f \ I( I

\
cot 1 \

(\ - t /".3 Ic. I -
) I. )1 \

! \\ 0 0 'j I X, \ :r X 3\ ) \\ U j

the su~space spanner'! hy the thirr'J c')rnD~tlent a18ne (which is com-

plementary t::J the ')ther s u'hspace) is not itl'l aria nt utlder the ~r81
....

]\I 'Tv! takin:; the ~etleral case, sU'J")ose the representation

can 'he written

I 1 \]) CS) A(G:)

(
I

-I-
. '7

\ .0 J)-(~)

the suhsDace of the first 'YvL.-c')mponents, 1"rhere J'Vl, is the dim-

etlsion of :v\}) is lef't itlvAriant, \<lhile the cOffiDlementary suh

spacebf 'l't - YVv dimensi ')ns is tl::Jt, for

( ~1~9~
A (?r) \ (

X \\ I\ I
\

--I ! -
"l.- I

\ 0 ]) (,) .. 0 /

while (~'(~) __ A C,) \ 10\
- ! l~)L I

\ 0 j) (;f) }
I

/



i s irrQ:1u c i hlQ •

It mL~ht hanpen that, in the a1j:)ve, all A (~l , that is,

all the rectan~ular matrices the ri1ht :)f the dia~~nal blocks,

o \
-, -~-'(j) )

oj

5.2. The~rem~ !!£.!_J)_be-Sl_1J.nitary reducihle representatiJ'n ~f

~g r:) uD_-.Q_1:.Q.-!h~sP£!ce__L-2nd-.1e t_~i-1?Q.~IL.1.QV ari ant sub S Da£.§

Then the suhsDace 1.-~ the2rth:)s:)qal comDlemenl of--1.L;i ~so in-

v8riant.

, 'I '"\ )and jCJ l.D 'J'I x, 'J- -=- 0

CD\:P X-} "j-) '-:" (])q) .])-1(,) x }
T1.~·f,,--e pc i .2:> (5) :J) -::. 0

which means '-<:.. is orth:)sonal to

-;
Then Ii (1'))( E: L{

But since n is unitary,

"(C,)l-\.l.' 1 1~
I
L,2.,

Hence L "- is invari.gr.t un:1er ]) L})



G. Als~ the reDresentatLm J) (~) itself can be wri tten

0("') ~ ~1lr,7')-- (} - _I) J-

t·lhereeach 1) t ( ~ )
-. "

+i)f(i}J

Am'!n:sthe
may he several which are equiv~lent t~ ~no another (for this, of
c~urse, they must have the sgme 1iwen9i~ns). Since equivalent

ct.; 15 are D~sitive inter:ers.

')
since we are stu~in~ finite

I'



;' !" c· c \
I ,. 1\ ,-)
! '. ,. ,,"-,..

+. . I '..,he ila::;~t1al rnatrlx, ~ > }

\ U 1<. /
~n the principal 1ia~~nal, a multinle ~f

the uni t mAtrix, Iflri tten i"" T

can he written in the f~rm

.D ( }) -:: X l A ( ? J, B \.r)~), C CJ) J x: - I

r - fl-r l-J-1X I' ):-0 i ,,1-) Y1-'. X
•.... ,,--)

[A(.'~ D~~)C(J)J, It is n~t haril t~ EBe that Y c~mmutes wi th all

the mat-rices ])1 l,}))

I.. /,We can c h ~') Se t"-..{) 'Yv\.
I



matrix anr: which c~rnmut8s 'lith 811 tl--:te Matrices ])(~})

~he c~n~orse of this is Als~ true ann we shall Drove it in the
f~ll~wi~~ £jr~ which is kn~w~ as a lemma 0f ~chu~.

§~ 8 ~_2.~,hur f lL1Qfgp.sLI: If._sL.r Q..QIQ.§'.Q12-t_E.t1 ') n__]J (Q.!_:.._ ,) .t 0! ._. _

Let L
1

..,. denote

,j) I, JO) he one of the ope-

\l\ir\'V
(\." .,)-,,\-- - ) -

. . .., \~ !\ (I, \ ')( -_ 'T' (, "\ 1.\ / -- . i.> -.', , ' - l :...
, ./.<). t J • ) ) r, " _-

I

1'hus THjJ X, is an eii!en vGct~r ~f' the onerat'Jr A and corres~

ponr1s to the eiryenvAlue \ In 'Jther w'Jr"ls, the vect~:lr/)"::)C
c'

is c')ntaine~ in (-I ill is an invAriant su'lJ·
-I

I



reDresentati~n t~ he irrdllci~le is th8t there sh~uld exist n~
m8trix ~thcr than a m8trix ~f the f~rm KL which c~mmutes with
all the mat~ices ~f the reDresontati~n.

It sh~uld ~e ~hscrve0 thgt Schur's LemmaZis true f~r b~th

.:D'l j)c._ 4en~te the mAtrices c~rrcsn~nrjinE t~ elements ~ cr'
'1!' 11.. 01' L

a n,-'I iii'" 'iJ Ci~
1 -"./rf7-~!f1

; s~ that the matrices f~r·
min~ a repreqentati~n ~f an 1helian sr~up commute. SUDpose the

oreprescntati~n~is unit3ry, ( we take G t~ re not necessarilj
finite). 'rhcn fr~m matrix thG~ry we kn~w thAt there exists a
unit:uy tT'anSf~rmRti~n l} such that all matrices 'tJJ)& 'U-I

r I
''-. k ,1 J,-

/< '" 1'1' - - 'J ,
L_ - )

!/

•.
sentgtir;r1 reduces tr

) Yt ~ne-rHmensi~nal representati~ns, k~

every m.nitary renrcsentati~n ~f aY} ahel-n.an~r~!l) can ~e transf'Jrmec



, '-
lhe f~11,wio~ nr"f sl,ws h~w 811 ~8trico~ e9n h8 sj~11tana,usly

I

" "'- ",-; 01'-' "Y'I"_'l" l' "'en Sl' '"'0 ' "Y'enrr:> se n -'-.,+-; ~)...,r'J - . l ./ .",;" I.. -.J i\';' " "-' j".., ., , • ..,

T' ,I'") !' (I,)
-" "~/ ./ '.' ,- .. .) \: ~}

\) - i -D i" )
!Let lJ - J) (C}).. rt -

I
\,

/ i\ I

/ \,At
I //0_.,..

/
. ,
!

! \j
AI

\

;\

\
I' ,

L

(
I

\ I \\

\ ~/ .,
"'\ -

\
\'-"

'\

\
\

/

\'" I ,,' (I \ ,_ .T/; ( (". h '\ D IL C,1.-) ,
J) ('1) J.; '- \! 0

I

N~w tho left sirlG:)f this eauati,o is iust the matrix D'(h)with Gael

r~w mu1tiplie"l ~y the c,rresn'")!J"ling )\YVI., ~f :r'/{}/whi1e the ri:;ht

sine is ]I( I,\} ,\"Jith each c,lu1'1rl 'l1ultiYJlied hy the oorresT)')oding A
Y

1"\.

- /.", (\ J .-" h\..I . th - 'Aof .il C '}) Thus .!'\j \....h.1 ~ ( II t. e /"''Yl-'- ~ In e -1..- 1Z'-.

awl j -J-t- rOvls:)f j) I (J) are ut1eq'JAL Thus }J [f, ....) has the form



\ ;
\ '. ,

1_--.--.-1 ,
whore "l;l")cks c::JrrosD:::mr} t'J eqLJ,8l "Ji.qcr")nal elements ')f l> (.})

- - IG als") havio~ the f')rm ab'Jve.

'"Chis will o'Jt Alter --:-:1(~1') 1;oc8use we are makin~ traosfar'Ilati'Jos

Thus h'Jth .J) (c,,) andy [ h)
II

7.1. Gr")up fuocti')n.~_!._ Definiti'Jn~ If t'J eAch element 'Jf a ~r,,)uD
I

a certain t' GAl ")r c')mnlex numher '/" (j-)
a

that/functi'Jt1 is 4e~it1n~ ")0 the ~r~up.

", \
Ii I

) :: 1 L



1..-
'y\., ~r~un flm~ti'lns ')0

An4 "+' (j-) "Y tho eXr:lressi ')n

The functi jns +()) ~n1 "II (1) "ire ::>rti1J~~na 1 when t heir scalar

prj0uct vanishos.

~ .

~L mutually jrth~~jnal functijns~ __ e • __ - • " _

I - i,).!, ' . ) 1'\ I '.~ I~
r

>~. I ~J. )' I.' \...L

r. ,

fr')')f: 1·,Je use Schur I s Lo"'-'na I J1]'.'tm prJ:f. Let B he any linear

~Der'8t')r actin:: in the SArne SDAce L.- AS the Jperat8rs ]'l(d-) ,

" ,.

)
!/...---

the 8r:leT'at~rs ])(j!

presontatijn.

·1'8r lot ])(h) 'Ie aoy Jporat::>r of the re-
i



'. - I \
~ )

.~. \." ( i\
(~

1\ -:\ ,,-i) '" I'). i; \;, . j) L 1\

') .,

L !

}1
" f rd 'J,

since for ~ fixed 1'\..) C'~ Tuns t~r::)lJ.lShall the elements of G.
J

I"" 11f,-I)
'J ----'\ f )

-.!) ( ~.. ) is un~f-"rv,. \ ..f - ~ v Cl. j



I) !C"") '1). \, l ')
--. ~ ry( Ij / \ (. I' I

01
1

,-(.,~1 " I
(

I'
!,- ~ /'t) -

([)
in ,- .•• r, ··tJ c~m"Jute

i ~. \~ - --.. J -1 --;")
- I' r.<,~ I; -I", .1 ...Y,,,,, },~/I' '.r /1):>1('Y'1'v _ •....J'. ~ L .' , ..,J

5~G .

"\ - :) ):' .;\ (I.; U L j (JI )

was arhi trartiy"ohc:>'San, we can +:ake

r /1-
\
...•
I( ()

- ~., -/ <'0 ~o l I.·, -
c'

(II) we have

(2)ii" =:;i i/)
" \;

which cC:>0Dletes the prJJf.

, . I
) (-:.)

t. . I - I

l )



", ~" \}
..!/ I, .~ J

I :'.

YVi }, r-

LJ C 1 /; I ,<

n Lj

(2) rhe ~aximum num~or ~f linearly in~eDen1Gnt ~r~up functi~ns ~n

r, .
•~ J..

" -:',I} 2, I _ _, "fl'\., ):.. I.J 2.) -. m...
ani exnress any qr~u~ functi~n in terms ~f these.

,.
-;-' " (.- '"\

Le t .'- \ 0- Ia w]--------- T''-(c:)
',J l

lent irrer'!lJ,cj,~hle !:.Q12E.2soTltati'Jns :if 8 "'r~UD G. ~he-222erat~rL

_~ '1 ( 1}12£!__i Y}.-!QS~_§'22OJ ~ ~.l-+ __ ,_tYt ~ 2 G 1.f j)~~i9J tn-!he _os DR cG L L. •

I f tho line~T' ~n8r(1t~r A 1·J'1ich transf')rms vect~rs :)f L '2... int~ LL



n -,__rie'1:Jte t:hr; ~imensi)ns of Ll ~ ani

ease. \) '.
"._~.._- ._-~.-

of Ll,:.."hy \, Le.,

+-. ,<'
I

~e show thgt M is inv~riant for a11 the o~erators

) I E. 1'\'1 .A Ii '-(=, ') "JL L

';f I ~ f''l I .t\ (,1 (tv l-t - E L 2- \.;1' 2- '. / (1- )

Since 1>"'(7)iS irreriuci"le, tlJis 'lleFlnS thAt M coincirjes lNithLI

or is null.

]\T')w ,JAA/""- IV) ~ 'Y1L ~ /'l.) anil so M can!1l()t he equal to l1'

ioe? Ii must "e the zer') ,)Dorator. 11::. O·

-I ,~~
~exists, thenZc)rnmutin~ relAti~n ~ive9

'-J:\"I({)) is erpivalont to J) (z)) contrary to

hyT)')thesis)0 ~hw "\ can he eXT)rcsser~ as a (Y11X !'II) - mAtrix

which is sin2:11.lAr FlOris') will tr;msf')r'11 vectors of L 2- into th~se
(f L; .

~fl ',~'_':-;:> ? such thqt t'1.e ima-::e SDace is 'Jf less0r iimensi')n. Hence



,..-t</" ,i\/ 4- 0 N
lC', ,

F8r /"ve must

1, )
Since __c'} is irrer'! uei '!le,

L1- this lleAnS every 'Jnerat8r :)f L'l. is taken t8

8.2 SeC'Jn1 Orth8R8nalitY-ihe:)re~
! '

The fuoeti8os,,-lJ,}"/) o:ener8terl by "the irrqucihle represeotati
,1

J) (0) are :)rth8tt:mal t'J functi'Jnsj'";:; ( "}')
~ . j .

)'-other o8n-equivqlent irrer1uei "hle renresentatL-m .1 (It) :

(
A '1-. \-D': , ( ct') 1),( ~,Fo ) };

!} J j - 'J of·

veet')rs of L2- iot')



.:D\ !, ) A

_.~ )])1 (h (j ') G J)-'\( ( h 'J-f i) 1)'- ~h ')
)'V\ -

'" (.- G1

- .Aj)'L(h)

C~nsequently hy Schur's Le~ma II, A vanishes. It follows that

.~.,\ 1'._')I· , ...•.-/ l.:>( \ (I

-1 "
'\

\ RL. ~ ':~ )
"""!'I'I- e \ I - 0I l I , (I

\
i""" . l' ...l./ I) ) I J --< r' -r:",( "-- l.,( , (:; / 1_'

\ '(1/\
~ ['(1 ,J

"-
" •

I
'\ 2 )crY ( T' Tl

)' ("I. ..j
J ./

, . , • j
fL l :.-_u"""1 d-- -:... L [:>:. J ,0<',-, -

J •

f')therwisei /3'J that \..

that the numher of n~n-eqllivalont irretju~l~l<l TepI"Csontati::ms 8f a

fini te gr'JuP s hr
) ulrl he f-; ni to. F~r, SUP'Iose ]) /'L is I,m arbit:r~ry



irrer'!ucihle reprosentati')l'} cH1~ "try varyin~ }A- we ')htaj,n all silch re
I
I

--;If-
I ,I

-'
11:~2;r::JUDfunc ti ::Jns

I

'rhe pr")')f Tf thls req 1iros the int!':ylucti::Jn ::Jf t W::Jffi?re c::Jncepts,

tha t, :)f character :)f a ~r:)uD ani ::Jf re~ular renresentati::Jns t::J whi

Let ]) (())
" /

tW::J~nequivalent irre~ucible

c resDectively::Jf a ~r::JUD/I
{\1)the trAcos.:)f the 'I1atrices ~DlI(~-)

i.e, the SU'I1')f their r'jia~:)nal elements:

"Te rlen8te h,V 'y (I;\'-'nrl
" !."

p Cy

) I /

X ((}) l' It:) 'f (j J .1)kj;;.(J);_!/ L- t l J-- I

-( = I k-=-I

(

the nU'Ilibers X (:1) and '( l\j) are caller'! the eharaeters' of the reDre-

-1) (c;)
../ 'I I

v



Equivalent representati~ns have i~entical characters. F~r, if C
he any matrix !«~~)

L.
. r- e

} f)
}'; ~~ i<. ,\

,. -), '--)
'. J .

)')~\ \
}; '/ 'I-- C " --

Y' . J .,(. ) 1

L .=DlL (CrY
J-

"'-
) /v(G) X(0)d' I ) /

-- - - (1)

~Similarly fr~m the sec~nd ~rth~nality the~re~, we have



.....
C(IlI 2nd (II) are the )rtf1)glnality rcl'lti )ES for charRcters.

have the same characters, i.e, X-(g)

Then by I (I} we have i )((g) "/--1 (g)
,o0t

If the representations were !equivalent, then

I:= K (g). for all 3-2 G.

:= m. - - - - - - (71, )

L: "/ (g) f~f (g) := 0
g

"

contrad icting (III X.. Hence they sh)uld be equivalent.

,
Regular representations and Burnsides Theorem.

9.1& Burnside~ Theaiem

c<D.. (g)lJ (C<:= 1,2, ..... ,q, i,j:= 1,2, .... nc<)



Q de~otes tho nu~b~r of ~uch rsoresenta-&'

To each of }€G, cJnsider the 00erator R(g) acting in the ve9-

f € L,

R(g) Y (h) = y(gh) = 0(h) l-;!('c';f-)

t(gh) is considered ~s a fUDcti)n)f h ~nd, in general, differs

from the fUDcti)n '~/(h), To see that the corresponden~e g4R(g)

is a homoruorphism of G on the group of operators over L, we

"R(g)
•..

, LR(g) '1' (h)J = RU~I) '// (gh) = 't(ggh)

= R(gg) "f (h),

,-
i~ucible rcpresentati)ns,R (g) dan bG written

R(g) = D 1(g) + .•.• +'iY(g)+, ..•• +B-{rg-)-I/)(l-)

wher<~ eRch De«g) is reducible. rrJ'lG s'J'~"ceL is correspondingly

L = Ll + L') +-, ••• +L , ""'..... +L
., Cl(, p

where Lo( is the subs pac e 'Jf L left invariant by De<,
0( e< c(

Now let ¢l' ¢2' .... ··' ¢ne< denote a basis in Le<' We shall



show that ...."'0h ~~,' _ i. Y1d \ e;m b, (-:X~:J"2r;"serl ir.t·'rms of the
, , , '... r "'J j '-; _J.. ••. J ' , ' " ,. ,

grouf fune t t :)DS Do( gc;nr;r a.t '?d by i17J'~ ("Ie i 1)lc repro sent il.tion D

." O~
J

0(
R( g), ¢J

B t L Dl no( 1'\ ,,,,bl ' \~~'u 'lW •• '+L ...;..t-,lJ •. 1J "('/,1' ==
I .. ''', )

Let /./ ==function in 10('

,",:,:z ,h C(
I J ! ",)r} .. ~" '1

\ ',~ '. • c(
2:: ,1., ¢,

of 'f w.r.t. tho b~sis
10( ~

f:)rrn D (g) ¢J ~ 1-

.D~
1;0( 'J\

I ~D --;-\
-, - ~ 7

...:/
! 11 - -- f ) 1 v' ••

7) ,x, ~T:" .1)_ c(

f ~ "
~ ..

Y1J..2 I ;") L

i

\
I
\

\
\
\

"'])'1 "1,~ X. I

I

I

(\ /
~J I

J
'CD:. j
, II" J

1\'>
_.1 I "

I

--n""
,J.'., ,

~ i

,,,

~~ -"Therefor,? == 2:
k:. I

Eut R(g) m:: (lj.) is,
, "j

dtp .- (gh)
I

D~ ,tr,,)~: (n)
J l"-.

by dHfiniti0~ ~f Reg),
c(

¢.; (gh).
J

Putting --h == ~ , ItJe obta.in

Thus ¢j e~n be eXDr(?ssed in terms ')f the groun functions generatorl

by the 1rroc1 licib}) ro:rr;esontati::m ~o(,



basis- functiJn of L cC',n b,? 8xpressed in terms of group func~icm

D~.' (g) generi.l,ted by some :trredlJcibl e rGDresentatLm, it follQi,I,TS
'0,}

that any group fUDctiJD can c8rt2intely h? exprf.;ssed in terms of

is complete.

It follows from this theorem- th~t the number of the functions

sian of L, which is !!2 ~ the order of the group G, since we have

already seen that the rrl::,.ximumhumber 0 f Ii n. indEmendent function~

i. e., the sum of the squares of the number of dimension of all in-

educible non-equivplent repre.<'cntpctions is equal to the order of



X1!i = X ',8S ~ Yli;:;in c(

or¥: = x ( '. r,-,~ + y l<':1S ~
x-z = Z

Instead 0 f a rot ation lik(=> thi s ~ lifC C!-i..nkeep the b:)dy (and so P)

fixed and change the axe's 0 f r:;f';r-encc suitably ) s,o' thAt. P" 'has
, the coornio1tcs

coordinates ( )(, ~! 'L ), wi th r:jfC~r8nc8 t:) the n;;w axes, '/

~. J. b tl1JdJ.'m;::g 1 V 0 n y 1e

important in ~athcmatic~, espocihlly in geometry. The single

transform~tt~:)n (1) can b~, rcgr::.rded ':'i ther as R change in coordinates



H ,I, ~ E '-/-,
• I I

longing to the eigenfu~cti~n 1·
The Hami It'JnLm f-Jr '~_r: "'ctYJ "...ritn ,\ c;lectror..s, considering the:;

0 'Y1
YI

,.,
0' -

'\ '1- --L_

H
v~ 2.- ,', '\- \ ~.\]. '•. -rL- / ! ,,~

2 (\-I*~
-.~ i. , '(' ( ,--- -_.- ,

-1\ - I.. , <'-J -:: I



1
"'.i, '-

2,,.......X
\.' L

0'-

'oX: .
(

X '_
~ i..-

'1- 'l --'1,- " --1 T --

L..
' ,-

l..... '-
-j ( X" - "'-, ) -! ( 'I\ 'IJ') -t- (Z,--Z'),

( j - , -,i JI,.. j

H (x i )~~)z '-') =- \4 ( XC) 'y: ) Z~)

,,-"-{:Y\
I o.J ) ,

1.rhere i\-') is 2. f',mcti')nof I tho



X JC--r)ch2.nges int'J (XCHS c( -Y _'L'~o(") feR) which is obviously

a di ffGrent functiJni'l,l for:n,

\.V ( '(, , '-I,' Z!')
~ I " '

chang8s into
\ ( '" -; \rJ \, 'X l) / { J L I~ ;.

"} (X "j 7 \
\../.... " I ,. ". I

! L. '- ',' '.; ""'L '

whero '+'2. h2.S :1 rliffcront functi)nal fJrm, in general) ff~Wl that

(' X " Z \
I~ I., ",J
' '--) '") ,

c, XC) "'J L' ) Z L) ',-: ~. .> ~ " • • .. in ...,

()( ,'..)..'
.. L, (J \.

'\ ..- I
.,(-- l/ - Z·

L



~, (~; () )
-- I" --~
-,T' \ 0'<-.'.,...... I~ L- • t \

Taking the product of 2 symm:tric transf0r~ptionjt0 be their
successive 8.Dl')lic~:tions,it is clec1T th8.t (i) such a pr0duct 1s also
a symmetry transformatiJn, (ii) the identity transform~tion is ~xx~

a symmetry tr~nsform~tion and (iii) the inverse of a symmetry trans-

mmetry transformations may not be 0bviJus. For certain systems,
some of the more subtle ones h~ve boen discovered recently (See

-')

~I::- (O,:.J-;,n., oj
, - J

-7
"(1_:: (- -:> [ )'- J., c, ! 0) ,

electrJn moving the field of

\
~ ~~) Q
I _ .. V- + ~ _.,

'2.-(\ 1;';:/-T1i

L.
E:

-) -> \\y-\.".



<"-''-:y/ \, / t

,/ "'~;':'~..::'~\-_' . J(
t.,1·

/ \;, \

~3

240) Co " _1200) abJut
\j o,.XI.S

1800 01 i I'
I '

1800
Om

0° (or 360°) 3.t))ut any axis (no rotation) .

( X) 'J I '7. ) C >< \/ _7. \,.) I J I

J... Y
'2.



L! -)d/ ,(,

L I I VS y i\\ x: .:.. X \ - 'I)< ';. - - VJX - + - .' .--, 1 L.

"-
~

-
~\

, 'i 'J \ ,j~ '/ ! "I

~
~ '~.3 - - ...•. -~ ,j - "2-

"-
t-; -;..:., - -'7

L.l
2 - - /•• __ 1

X-'(-Y
)

'C
/:x.e \.
I \

I . I
\ 1- ZV )

1\ - 'I
'I x-t..

- )A'-.' ..'f) '_.
y ........!... Lj t. _.y-

L.. .1

1 J-;'
\ ~ .J

-r, ' ( i\ )
-\.)'" '



1 X 1 matricos. 'I'he ffi2.tric::s ;,Tc r,)t 211 different. Then there

is the identity reprssent2.ti.Jn t ~'(licr ,'1ss·:::Jci",tes the 1 x 1

Repre-
sentati-,)n;

( <! 0 \
I - ,r;

I J - I 0 \ J , I I J::I -:: -- .> - -
\ - ~ \ 2- ::.. t 2- -r I <- ~ I '--
I i

\
j : , :J J~ J) I }' j 0 I - -' I\, V) ~:.

, j: j i \ -I ) - .-. - /0 - <- , '1.. <-L J '- ~ J- ~ 2..

\L..l
'./ I

If r were reducibl<-;, itw:::J'J.l('l h20ve to be reducible into tW:::J

find two vect:::Jrs in Q. SDP_ce ( ~L ¢2) j where ~l 2nd ~2 a form



vect:Jr ~ = Cl¢ll+- C2$2 lirhicl1 is in-' r:.ri·:mt unC::sr all tr."-lDsform2.tiJns

of the gr:J!~p.

Applying the transfJrm~tiJn K to ~1~2'we hRve

,I.- 'f'
I

1<4 -
J 2. cJnstant. Then

1< (- ; . \
\ '-, Y I -~ C ~ c' . -

L r- ..

'-P.··· -+ C 2- (J 1
I r ~

- "IIC
- !

Either
) - - c, 4 C'-

<.-~ (~ - c1 ()- -::.

The invariant vector musg be ¢1. or ~2' But an.y other representa-

tion, say A, shows th2.t this cannot be so. Hence no invariar-t vector

exists, And so r is irreducible.



Thus we can label and. describe an energy level (and its eigen-

f~Dctions)3imply by naming the rc~resentation associated with it.

This, 0 f course? does not tell us everything about eigen -fuhcti ons,

Harnilt::mian is inv2ric:mt under 5::,) the gr'Jup of permutationsof

the electron cOJrdinates. (X j • ') I ' :::: 1 1--'~ (X J~.I .~/ l' " z.:.. ) .J

( y.. 1 .J '1..•1 Z -.,)~, ()(' '). Z ,') \ ( -:-c . ! 'J, , Z,) -~ (X i: 'j /" Z.h ) wher e
,I.. , .\., J -' j . - ;J ~ • 1-'" -> ~. ) K

~ } t:z is some permutation of 1,2,3, SJ,is isomorphic to the
, trianr;le

group G we hRd for the equuJ\.ter.c:l land therefore any represen-

Jn8 of the ronresentations r ~4
.. - !



,;.t I'';
ing acc~ t() :)n8 irreducibl~ r"")L scnt~'t:)n)f G bel-:Jng to the

each of which is invnrL:mt uDclGrm :irr8du~i-jlJ rCDrcsent8.ti)n. If

thus n?ver happon-s that eigen-functi')llibel_::mgi1t,) the S'lm,; iner:lllcibl-~

-simply beC':1,llSCD) symnctry T)r)~'--'r"ty;::left. This conclusi ')n is h:nne



i-i !:

more eigenfunct iJns t'J hp,v0 the s~:~!J1e energy. The ef Fect 0 f 1-1f
rr....

can be taken to be/\s~)lit thC:::;8 1~'v91s. The degree of such splitting

is limited by the nu~ber )f irreducible aOIDDonents of the reDTesen-

Hi are cdl tnv('I.riant uno0r a grJu-p
\

, .
"v.\ <

of Ho tr2,DsL)rm ace"I. tJ the r,)")rp~~GnL"tLon
.: 'J

"mc'r;~ T"'·Jo are ixneduci ble c Jmponents

!-I,. cJ.n cause is into 1-',_r'



For an E: t 0, lot f/, be an .:::nr:rgy 1-;vcl. The eigenfuncti.;Jns
~ . (~)

of this l(~vt~l trar.sform acci tJ s"Jme/lh18cluciblc re:;JresentatLm D

D«+ DC/ etc. j l' for according tJ a rorluciblc rC9rGc~ntnti~n .~ -

and eigcm-
c<

D , etc.

.. .tl .~
so that the representation

I ~' ',,'\.~ \

D + .....• +D of the cJmposite
~c() :!- ) ti/)

D D •••.... D
j

\.1)
D

\·1 ,
D'"

Example.:
~

Consider a free hydrogen atJm ',ri th':,~lGctr.::m in

whern Y(Y) is the spherically symmetric p'Jtential due to the proton.

The p-eigenfuncti "Jns hp:.ve the f:'Hm

't-x.. <- f c,,-") ~ - I., ~
( ( -., ):: -j

/ j
.-

wherc' fcy ") is some functiJn 'J f T- .
..,.I ),,-, ) ( y

elec tric p"Jtent i al ~·o 0 ( ., '; "i-J' th tri ;;')nal symmetry, i. e. , given ri s e
',)'-.

to by three :-:tt')ffiSin an :2quil,·.t --;r,1 ~,~\..tI.·"-V &

HI), H iJ> )
II ." p are all invariant under the group of rotation6 ~>~,

u
" \-:> )
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be a in G a. I = L 2:., = a,

(iv) for e8ech eleoent a in G , there exists an element
-1 of G such that -1 -·1 Ia a. a = 2t a =

( Condition (it) ~ is knovv'Ylas the associative law for the

and -1 the inverse ofa ....- -- --..---...----- a - -

If vrhatever be a, b ir~ group r<
ct \..T



cont2uiniY'-f;a such that U-l ~_-~V ( i. e 0 whatever
-1x is in V ).

A topological ~roup .~ is c~lled a Lie Group, if

r) .• .,. - S In

c<
U 9 the ex.. th



-y . \
JZ . t

/ -'. )~. .

"'!f' .

\:0<',' q L\'1 L />',C ) ) d. - \J ," ) 'Y

, I
/.(, '( ,

\) , ")0) - );oC
) . ) ) -

, , () l\ l) ') - t 0(. ( 2)
) , . ..) --'

f~ as a Taylor 3 series which we give below

~r~tYt b
; ~ (3 )

to get
eX. th ."-.f:x

~ in terns of the coordinates of



G. cons ic<er
J

( ) S t ,_.,-1 t-l~V s, t = :..:

d. (~~(
A (~i /S t -+

01..

/L (::---(

calle d tbe .:l.~J:'_-~A;.C_~tllrc,.s_~_or~;:;~§:£,:tl?

/r (:~
/' \. ,

i_ i

1-d ( -r ~ ( ~ -' t ') ) 'v. ) _ ~ cA (/~ ) -1 d- ( \::) \.>- )) (cf. ( 1 )

Substi tut ing (3) ..
./

the equation (which is identie~lly fulfilled inthe first and

\ of -<' (j I Y. 'bsecond order) 9 we he.ve for the coefficient /) C v\.

cJ..

~ y ~ ~(:.. l)

sUTILm.edwi th re3pect to c-z

ete" tl:e rigt-.t hand ~ide vanishes when
./



.3 be the

(i) to SV8J-:Y pe,ir :s , '/

~ ,'1
(ii) [ C

~\ )
·(0.\"'1 \ -'-- A "(\ -('-' . L 'Lj

(iii) [~) j 1-+-l ,II) ~J ~ 0

(iv) [r~)lj)~1-t[C'?)~1)~J-t[C"-?)~111 :::0

for :my triple ~ 'I ~ (This property

is Imovm as the Jaoobi iccentity.) Then 9
a Lie Alp;ebr2 .•

cA -:::. \ ,
,j..

,/( (l;, y e ,-x.
I

g.

3r
oJ."

corstants ~ (l, y
eX. 1- .

C; A (1 tare
.) I~I )

9 (These obviously depend



0< ~
(a) A r~' /C l' 1->

"-
a cA er ..-1-.... C"

(b) -I'" /t y A' /C + ~ /t.,/''-. ~o & -r y~ . \ r ocr- (':.y
v \~

( .~ 7
I A:."'v \
) i ~, j

:;;
rj ,)Ol'lut8.nt3

br,,:c>:O"l; ope1'8tiOI~ for any
,.l·~" n I::>:;. '-.c ~ c·.... v·rL-·~~.-L-..
I:i..~ 2.1gebra .3tructure q for

,-

d '( ar0
C.,',,, \

;.). -J

C0[1:)18 tE;ly

A collect lOTI ( (,.0 (\:)

"/depending contiEul'Hsly on 0, renl ·x.'..raneter \.I

We shall S2.y that the cU:'CVG ( ./) ( L-.) ) has a
\'._.0\

S v \c~.\lt:) _ exir.lt. The
- :-l-v L,-:.Q

~{ composed of all t~ngents to
-'

If ~Sy



t /S(l:j. ttl)
, ,

~ -=- ~-+1
"Ii th thl:'," S2.~e noto,·cio:.;,;: [=:2 in previous parE:. let l' (t:)

cv c '-c ) ::. /'S l r-C) t lT) ( /> l "t ~- \ (t l.L ) ) - \

Introducin,]; tr'~ par:-F!eter J1./ (the posi tiv2 root of "t )

9 define

53 satisfies the cOlldi tions oJ:' a Lie algebra. Further the

in corr''J;Jponding coordinates. _.E1

same dir:1ensiol1j cOllve:r."~ely1 ev.:;ry r,ie algebra determines unique

L\~.
IrrouD..--'-- "..,r,.....,
1'\

~. "')
_' L?



-1x

A su:"rll1g of r; Lj_c 2..LgE:~Jl'8,q L:; a 2iIbfTOUP of
-...J

operation. An ide2l T of 9 2-.3 a :3 ~;:"T.lnb of SllCh tratu.._--~---
Wh8_T,2Ver D<: iy~ 9 p.y'tcl ~ ir~ J C~, 'so I is in J.-:: J

The J.~.tE: g alg~1?_r..~. of 8. simple (respectively semi-

simple) Lj-,=~ group is itsel.J:3::;.icl to be ~Jimple (semi-simple).

9 be a

cd b -,'- L-

,r.)sufficiEmt co:v'cUtio:n that g Lie 2.lgebra '-<I be ['8ni-simple
-'



cJ 08 c.,. Lie 2lzebn:. and A an elcmeLt
J

of <].
, ~~ i ~J'

in 9,
(x) lS a

vector ~3P2.C8 tmd8rlyj-,~_,~ .r:/',

We YlOW define the 92.sirn:.:~tF9..YIn.of 2, ceru.i-simp18 Lie algebra G
\ ;- It,..~ .

Jd\~lt~\fO)
Q l""" ',:,vl' ~,+o c..c•... ...}v •

j
o \..~, ,.

__r",
b,

L

e ,(1"
I



-, .

u \r

Let 9 be a Lie algebra cf dimension r. Consider the

A (X) defined in the

X
~( rX If theJ =Lemma in ,. 6. i.e. A (x) ~ L~

p 'O"e.'l·'2' -fcr +1--;,..., ~\T(.:>n+or :"',':CP 1.uY'!(lerly'l'nrr c1
••....•.• I '-JV•..•) ,__..J... uJ .•..'-' -,v V - "-''::-- ..,A.' -- _t........ P J 0

9 C'.\Y1..Lotbe'3,:cri ve6. at by the above method.



if we choo::)c A so th2"t ::.nc secular 0Ciua tion of A (X) has

the maximum number of distinct roots (i'lhich we can), the only

deger-oro..te root i2 p = 0 and if f is the mult iplic i ty of

~.
v linc8xly i::J.dependent

eigen vectors any two c)f YI}lich COmJllUtc: .
~:he r..1.1mber .t is cc:lle d rank of "jf.._ •.•.

•'-

718 shgll cho088 as b:.:,sis the .J" linearly indep endent

eigen vectors ( -,. v 1 HI ~T corresponding to the;-:) 't./ I , ... , 1'""- .. ,
)~

f
r-

degenera.te root = 0 .. ... together vii tl1 the ( r t )

corresponding to the (iistj.:'1ct roots c:;;(, r'

, E. I}, , C on be c::,tc.i:Led to be
I

[ H ~) \-\ f{ 1- 0

~Jd ~r is not a (~)ishing root



~2

Purther, [ f\) \ \ ~~ 0

r f\ ) Eo(J - 0([
l-- - d

x1-
) .j

semi-simple lie alge~)ra q .
in a /Q -dineEsi;ne-l vector

(i be vectors.p .(cJ, (2) denotes their scalar

:J? then
, (d 02

l()(~)

Theorem 2.-.-.,.,.. ~ ---,.-....-. . n be two roc·ts and\ -

60
0
and 900 • Further the rz..tio of the lengths of the tr.ro vectors

~ _forv 2;,
(';

3(' vu , ,.' 2 for 450
?

,y = Q
\

'1. All



class:s of vuctor diagy8,ms Ctndhence simple Lie eroups ~.

C ~JAJ
~ -t- rL e. l ~ and ':, -j" \~ l' ~ e K- ~ •
J- / ~

D 0
/v

are 2 x., l L .- \)
~L2J~-\) .

A~
(,.. C'"
~ '(, \ - ~v 'j

algebra is

T.110collection of J,(k.-t)

= 2 , we get the diagram A2•

and i-+ Z L :::- e \'L ~ ~} ~ = 1/ ' /
)

the algebra is (C 2 2.--t 1)

COYlSliHS of ~ -t- Q ~ S
2 tl... • C2hedic.ension of

B2 , consists of



F4
-l. ('1""C I+- C'...,+ P. + CLIo)2..- - ..•.--.:,- /

dimension is 52).

34 with 16 morc vecter's

v,.·'ctors + fi- e7

J:. Cb} + c-1/Vi-

4. E7 ~ Th8 diagram 1\7 and the vectors

~ ( -+ e \ -r- c 2. -+- e ~ --t- E'4 -= -e '.;- -+ --E' b + -f" f ± e8')

wheJr.i.'_"vet2.kc .f01.JT positive 2nd four negative signs

E8
\. (, -+ e\ ± P2 ± ('..::-= 0'4 :± ~s- -T -f\, :±: El ± Q.g)

with each sign occurring av even number of time~.

Realization3 of the groups A/~

])....t are the so-called .~1-..J},s_>l.~C?=L...r.;.l:Q..~.

G we can associate a linear oncrator 'T (a- )
n-dime:rlS lC~lE..l vector ·:::P2.C8 V such that togl • g2

in G the operator T lC)TC") corr csp onds and the asso-(~\. 0.2-

ciation d -~ilb) is fllrttlcr continuous. then I is a



...·-A "JJ oe

A r ~.\ ,,'. "
'- "3, I --+- 'l " -'I )

r--L r\l~),
'f
\ 1 ~ \ I
/ \ \. !) ._~

j its Lie

sente.tion of -=1 ':::'Yld vic;.;; vel's,:::»
'.'

Two reprcse:r..tations 'r .--?- ~\ \ ( k)
v;-

of a Lie Algebra are ~quivale~1Lthere is ffi1 operator U such
1 rthat U Al (- S ) U- = A2 (5 whatever be .$

-ible
A representation ~ ~ j~ C~) is reduc"" .~ if the opera-

tors A ( }; ) lCC':',V02" proper 81Ibspc,ce ofYinvari2.nt. If a
"

such that for each ~.J

( p
\ R

s -~)A 1,:£) is decorTDos2.ble

ler:.-vc 2. tV10 mutually orthogonal Aut-if the oper~tors A ( ~



If a representation A is decompos.:-ble t:Hm there is an

equivalent representation A1 ~;uch that for each ~ ? A1 ( 'S)
o )\ .
ex

(~o \)'
o

TIle c:ic:cnv-:lue A. of the ::~_simir form (cf.



a semi simple Lie algebre, g. Th.3 re~)r,. ,,"c.'Ylt2..tio~is completely

"""pe::l' f~_',"',d 'by r :""",,~,t,-!~..L~"',.es' ( . -/ C..A \J "'; ~ 1'1., __ _ b,.;i]~g dilL, ~1S ion, of -0):0,
I

-c
when ~?o-

cussed. 'in ~.7
\-\/

I

With not~o.tion as L"1

IF-,- (~
to

\~ ..
)(.;

represent~tion corre3ponding

of 9.
Let u be a s imul t ',Yleous e :l,gen vector of the matrices

t I

H H +' t \.J iA. - I'VI' \.\....1 ? • " , -), so J.Q8.. Ie - l

o -~Tector '~T1_!0~c> ~mY\ Y'18 t' ~I' (m m n \)/\... v " _ ~ '- cv . ~ Oll ',11 S ,.- c I?' ,...? )I..-

'TVu- \j e cA-Tf"Y" YV\. v", C.CI n -<:- J..... -\1,-.....
weigh'S of ,the cigen vector u.

A vector u of weir-ht m which is a',J

of "':lcctors of weights k k f m
""'k m m

rrhE:;OrC1Tl 4.
\

and \-1\,., \.c

\t = (~)

t:'C,V2 1.7ei1 11tS m and m + d.., respectively where
~

Eo( J I)8,nd LH ~) = d." [ (cf •. ~, \. 0/.-.



,
H l,

The orc:r.l 2. :1\;0 irreCc~lci blc rep:::.~csentat ions are equi vc:,lent,
'7""---- •.....""'.

if their.' htc::hest Y,eights arc equ2.l..

Thcor:m 3. For every simple Lie algebra of rank t(cf. S.?)
there an? )~ dor.-,in&Lt v;;~,i:~L~8 (c2.11ed fund,. m8nt;~1 dominant

W~ights.) ~~~th~'_t evcry_ dCJI!lln<::t.ntw,-- ight is [!t0n-negai; ive integra
lln8[~r COmClYi[~tlonof tnee 0

Theorem 4. Thers exist 'l fundamental irreducible repre-
scmtc.tlons Al, •. 0 1 Arfl -.-/hich have the fund:::r18ntQl weights

as their lliSl:0St w2iChtso




