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't"
associated with it, J Uti} denoting

,
integers and for a given J the allowed values of m being

,
J, j - \) . , .)-J t I ) - J

\J x , J1]:: l J~ ,[J 1 ) J-i: J
IJ::~ J X'j ~-'J - 0

satisfied by the components -Jx

rJ-. -J J ::)l ~) ~ , 'I,) I

d (1)

.•...•._~
operator "}

The further development of the QU~~ttITlltheory of angular
momentum rests basically on two concepts (1) the addition of two

rotations of the
4l

If .J I
~. .I

and ,I are the angular momentum operators

two systems one easily verifies that the total angular momentum
~

J defined by



-) ~" -,- (2)1- I

I
J .•..

also satisfies similar COD.rlutEi.'cionrelatioL8hip~j and th8.t

7
1

"'J -:]:- jLckf.:IT. form a set of cOurL,JtiY:.goperators while- , z:-
-.1. .-,"_I, ,..,
) ,- I ,

\ t J '.i. i .• lor i oJ.L. ~

operators. It therefore follow:3 that we can either have st~J,ts8

!J \ -'-i... ) M( which 8,re eigen states of the first set of oper'J.tors

or equally well the eiger, 8tn tes l·j i ,! •.. Y"'t '( \ 4> -; IJ i iff, ,ilJ L rilL)
(j~~(JLG\. {- ,-1)(5 • '::> \ l" LO. ~i '. '" \;"'.: '1,- ! \ 7~

of the ~econd set of~sta.tes \ -,J ...J r,.) 2.nd' I J I 0> ,I lJl..h~'2../

describe the S21I18 system it should be possible to expre8s any

" ( I_/ C ) I )) ) : -n, I )~)2. ) ) J ) 2. J rn)
J

(2) vanish if ~\),t' I'()2 --\ y.,-), -

also not to \vri te -)'f'. within the C symbol as

( L J ')LJ ~ m I Yr,). )'l»whenever no confusion arises).



(3) vanish if J lies out8id8lJITJ2.J},.J\tj:-i))··.·,\JI·JJ~

(or if .J. J ~ J do not form a triangle) and also if

I"I j t- "'J.
(4)

( a)

I
. , J.L'\ ' \. /4

(c) ( (J \ ) "") . IYI\ lr\ ~·fl.)':':'l-- \) 1.2. J +- I) (( I) \ ' - t'r~ rn· ~ ""I )) _. -, - ~. ~.J I J . 1. r
i ".i I 'F \ . .

obtained using (a) and (c), A \ '."
.l

C ( J j 0 ~ "yYl )-m) :: (-)) j -lr, _I Y. (5 e)
p.) -t-)) L

which is obtained using (c) and noting that C (J (J ) oJ m 0)':: \

From (5 l,.) we have

(
) .) -J

( J,J.;! J (0):: (;-1) IT 1. C l jIJ.,} ..(1'.)

a...l1dsince J is an integer (half integer¥ c.annot obviously

have zero projection)
( (J J\t)~+J

I ) L j ~\0 () ) -=-l- i) ~

and therefore

((j,jz.J -00) = 0
unless J 1 T ) 2. T J

Wenote that the Clebsch-Gordon transformation describes,

gi ven J I ' J 2. the change of basis from m I in 4. to J In or

vice. versa. The state.) I J I J;. J Of'{) I form a complete ortho-

gonal set and arenormalised if. I ~ I tn \'; O\."#.,.cl \ J;. 'mJ- are



L C (J j J ~ J ~ 'n\ \ ~ J. )lj) C ( ) I j 2.•) \ m I ;rl.6-m))=- ~ IV ( 6 )
1I~, oJ

and

~ (( j I J 2- J ; m I Yn)"ry (( J I J ?J
J

lY\ ::: tfll t ~.l. -=- m' assures ''lh'';) .:::rn 11 in (6) while there is no

sumr~ation over hi in (7) since )'Y) ;;: h1Jtt 'r"'i- given h't
j

n,a..

Also since m - m J -r fn ! r. i implies ~ , I
\ 1.. ) ,11 I rn11 ~ 1- 111L-

The Clebsch-Gordon coefficients are the basic quantities

, '.Cf - J C(';).;{ J l-..j

states \ J }Y\ ';

operator R representing r.otc~tions has the general form
'lr~f.1-) e

e (8)



.....) .~

direction 1"1 ; and .1" is
is clear from (8) tfiat R

the angula.c :P.1Omer.turncpE:;ratC)r.It

a good quantum nm:fber under rotations. TIL;refore

I / '.,
j In I

I J ,0",' / refer te the original coordinate:
\by the symbol -.Dol I

"fr, )''i')

In other words, we caD consider the various states
\Jm) for a given J to be a set of l'2.jtl) quantities trans-

·1>1 ( )forming wider rotations accordlllg to the rule 9.
'In/m

In fact we define a set of l2 k..j. \) quanti ties (whether
states or operators) which transform under rotations according~,
to (9) as the components of spherical tensor T y of rank ~ •
The motivation for this notion arises invtew of the cOl1si-
derable simplification resulting in the evaluation of the
matrix elements <J i1'/1\ \ 0 \ J 'rn> of an operator 0 between

ok
angular momentum states, if D is a spherical tens or 0 CV •

In such a case we have a powerful result which asserts that
the \?-j'-r\) (2 1-1..tl) \,2) t!) elements are related to each other

l.rn.~ Q.y \.LQ1\) Lt
through Clebsch-Gordon coefficients andAit is enough to know
anyone of them to determine the rest. This is the Wigner-



(I'l/...l ';J m,Oev Jm{
where\; 11\ Ok \\ ) >
which is usually evaluated by calculati~g L.R.S. for a chosen

/
1Y\ , 'V ,m and dividing by the corresponding Clebsch-Gordon

coefficient. The theorem also tells us that the matrix elements
.-. \ I J I.., J. Ivanish when lYi + 'V ~ n, or if ., K ,

triangle.

(1) the angular momentum operators J+ I J- J
;0 0 t -I

J 1" - -to

1o

( l j I j

.-. SJJI ~j()tl)

\'
\) \ J 'v



4Y
L

(f~

(2) The spherical harmonics \1
I f rTl

.(t (i
---._--- ..•

'1-L
o

(4) The components v! I V~v

tions involving angular momentum states,to express a given
operator in terms of spherical tensor operators, for e.g .

.<J.r; I

L l (. ~ Q + I) 8 f ( k '-l) Y~ ( (~'rS {))
~={j

(
p(j • Q '),.\

- l'lT " L' ,A (k' <-. 1 L' \- I) V ( f:J I '¢ \ v (/\ /{."
- l-f-- L ()e : 'c il £ _ y;;. .-' j?j I,e,.." t!,.o 'fJt)

. ~=-(j ()l:: •.",.,

where i( ( R:11.) ar~ the spherical Bessel functions and
-/ -,.

is the angle between k lk I).lp.nd~~(~ .f.~L~J'
I... l( .

We shall consider examples of the use of these concepts

(15)
e



-:,.
The ITa gnetic dipole moment operator / ...J-...

~I
where Land

IS are the orbi tf~,l a!'Ldspin illlE,lllar momentui11

operators. If

of rank I...;,

-Y ." (I) andV . ~f ,;' l:..) -- - are spherical tensors
V

th~t a linear combination

Q. Tr~ ( i)
l j:

tens or of rank 1. To evaluate the expectation v8l ue of this

operator for a state of orbital angular momentum ( sDin~I .,

which states that

(j t
\ J IY'I) (J J I J m) / .\ II

~ -7
11 "-Th T Iv1 I rn J [\.1 "- \ • T !I J/

\

J ( J + I) (18)
Therefore

(Z 0 J 'n'\ I /;:> ,( S J rf\)

2- L,1 -
TJ.11~J!-"1 :.

"I -. l..
J-"-l~- -

) II. ( I 1; \ i) \.">

[ ~ (~. L+ ~5) + 7liL- } S)
( (\t I) - /) ( -)+ \ ) ",l( f

j t }i i)



The electric quadrupole moment operator Q of a distri-

C", 'y l V r: Y\ ,-l, "-" . ( tJ/'.)
t.

Et being the polar angle. Obviously Q is a spherical tensor

due to more than a single particle when the operator ~' for the~

q:: >
i') k

andjin virtue of

the Wigner-Eckart

~ ( k)

(17) j£

< J ,.)\ I (~ I j '%n / :: ( C J L J ~ hl ()) '( J l\ Q \I J >
I J ,.,..,) denote eigen states of total angular momentum

1\-' ./

The values ( j j \ t-l \ JJ ') and < J j \ Q \ J J /

I J I J 2.. J r-n)

k and projec-

tion CV and operates only on one of the sub-sys terns; say 1 •



by Wigner-Eckart theorem .• We canwrite the L.R.S. explicitly as, -
I- L-
~'''1, )i') ~

( ( , I J : " , '
,)I J' ,., ,.' ')' J !I J,4. _.~'ll')l_r): ~·I·

J, i
J j "', 'I 6 '(1/' I ). L) J ,,', L1

'/ 'I'" '

, I I ! J

J •. J 'J:I-) ')'. 1'Y)') c (),.J") ,
_ • 4..

L ((.J
)~ I

I

L •H. {;). and R. H. S. of (24) by C ( J L J ~ 11') 1/ hl')

over L~ mid using (6)
iJ I I I' \.,

\' I .J) I tl l' 'C,/ )1\ J J' J'
" " ~ ; l I I I 4. / - ( ( j, ,J J . hl

I 4. A'

J
"rn I )

We use the syIT~etry property ( 5 n ) on the first and the fourth

)( ( 0 J _ J ' 51', )I 2,.., .J \ m J i Jr,.l
v ~.....



J'+-).L-J
\:-I) (-;

I I
J, + )- I

I L-

;< ._( ~ (' j I / I . ) ,; \ (' \ 'II /] t\ J' f ,
.:. J I K} I / -' iI/\" I i I 0 J;;. J;;.'

K ' ,which expresses the reduced matrix elemen~ of C (I)

states of total angular Y.lomentumin terms of the reduced matrix
element 0t 0 h.(!) between states of the sub-system 1 • By a
similar procedure 'I'vecan show

The quantity I..) (J,J!..J .13 ~ J1l JL:-) referred to as
the recoupling coefficientx which by definition(25) is a product
of four Clebsch-Gordon coefficients

p~i,\::.,1'r/1 (I",l
~quantum numbers/which would be read as

J1L coupled with
coupling to form

J). J- coupling
~

)~3 and J1 J~3 couple to form$J-- which corresponds

In faot if we denote by \(J! lJ Jj,L j .. j Ii' / and \J1 P1.~) ]2;) m)
the total angular momentum st8,tes formed according to the two

-'1,,,-
schemes outlined above? the~ coupling coefficients can be
defined as the transformation coefficients connecting the two

LV(J')L)):
j2...3



~l}-(J ) \ \ ) ) \ =- / J () , )' , , I ') ,\ \; \. i:.• ..,l --.?) I 2. 2;./ ._" 1 •.• :'- J .:-' ) _.: ;., J ' . 1 \; i 1) _1/ L, ; .

\ .1, .. )

(() OJ ; I'll 0) ..: I and henc e the a'bsence of

its dependence on thp, projection quantum numbers is
+

h, within the symbol. From

(25) it is clear thE'.t if &YJ.yone of )J J./-j/l.

J l. .) :3 ..)2. ~ or ...\,) L 3 J do not form a triangle, the recoupling

'f l.Fe I, \4 j J.:,) J!~ J •..:» 1)" (J1)L J
JI2..

( f)

I.\ ( '~I ,....I','.'V\J \. (, '.,\

I ~)J ~••
Q-tt-t-c

:::l- I) hI ( (A. C' -f .·1 . t- ( )

+ 0 ;\1* \ irLv

pI' c3 C: (.\, tr.'\.

b-"--"C,·G.~ VY1 (2-::;) h1 "~n; ,;,\:t,,-

r1/L'-U Y\ k, n" h l' ,.Y1 0-i. ',...J.



e -\ .£ r

f )
::. C\)

which ~ould be deduced

0--& (:~ f
W \.,~ ',' ( r ; '~j j ( 30 e)

from (25), (29) and (5). Clearly if

or J or
4,

< ly,.7 . IV \ ' \ l,;",...
-/ '-i!,,,, ~, jL Y J7 '\;'lil

' /

-j -"',

We easil;y verify that (1-, :;':

.r, where r and ,if( I .

- f'A- (I.. i

make use of the e~JQnsion (15) for
I -'

I k, :-1'
C

form so as to enable app.lication of (2G) and (27) we introduce

a complete set of states I L:; ~~~': '. 1\ \ ., / between tbe two

( ~ \ (( ~ ~r ) thus expre;:-;3ing (32) as( -7 ~'

operators U II\, -\- J ) amd

<
1

L L :i. L 1/ ,-

\
.~

IJ 1"1 - I
L <-- ,

L/ J' Mlj p.
-.;{i

< " > I 4 ii'X L J I" i i2 i .:. (



d\f I,,),an ". tv ! 1'Yl/ h "1.-)

( ( ~ 'J~ ) \
I

...•..~ ~
J

I~ _.1) (' v
;'"I + rOl J.A !" i d i [,

'," JlA. .' f'1 _ 11.1 _ lY) - flU.

J I \' '7 'I I ) I.. \ ,( J'~
.1.J i ,.,..J + 0-1;'_1 ~

J J

'IL
,-

Q I ij I
L i_

Mil
is fixed

by y\ II:; 0'1 + )"11. 1he sumY1ation~ over II.A is also unneces-
(~ \'\rl \h.A ,~v. ""1..••,\ c.",I, frY\ 0 ,,"'" "t n l-~ rLQ ,I· y\ (-4 J
sarYJsincel;;t-j.,\. is fixed. by 'r"" + f;\ ::.. M l"'jJvr .- The summation

over J. is also limited to \ L - L' I to L t L'. <: t
C

( flJ) >
denotes the matrix element of the spherical Bessei functions

and we have used (13) for <~II 011 ';2.-; .

< t ,~)\\ Q II ~ S J> of the quadrupole moment o:gerator of :t a

single bound particle with spin is
2,.S-<>Z.J

1)'- ( /.
,. QJ2..;J{)

y: <t II Y J. II {) ( 35 )

1 s inc e {i- 1- J is



LecJure 3.

Any rotation K of Q COO:cci:!lCltesystem is usu2.11y spe~i-

fied by giving the Euler Clngles 0( ~ f) ,'{ of rotation. If

the transformation is from (Xi Y - L- '! to.L :. / (X r', U

\x~ y",-[ Z. r..

, , i
Y L.

/ and (>:
II ';.

y ;.- ) some fixed frames in

(1) a rotation about the I: ~lt axis through an angle 0<
(X.?1 y "::.- ) .•...•..:. 0I

c:(

( X
I

I\/ <r ) -1'. \ x\ V 7, '- Y 7'"'1 .,..,..~/ I I ' ~, _. "1 ) - Z. ::: Lo
1 )

(2) a rotation about the Y/-t axis through an angle (3

l)( ~\Y", '- h) :; ("" i Y I 2. I) (2) l'Ii •.t !'1 Z ;1) =.. (X 'i y,l:;: Y I .2 II )

and f( 3) a rotation about the 7h axis again through an angle ¥

Writ ing for convenience t x. r Y 1 21) ~lX '! 'J., ) 9 we have

the operator R in the form
-ltJe 7.l"l Q l (~JY1. (2- l ~ Jz. 'I - K ( ?'( I fj ) ( )

-e-l y J~1 .e·~l f 7"'1'. e -; Cl<' J7... (36)

And the s ta tes I \f > and operat ors 0 in the two frames are

related through

o1I.
Using .(38) now we

-I 0' J~'1e ,L_

can 1,\tTi te

-e - \ ~ Jv I Q- ( ~ )2 f .t< + IpS Y I



and again
()- ~ f.- 1:'1' e- l·~ r T·,i -\ r/ J7 - I (=" I'I
"C ?- ~ I -{ t]~ -f-'J J-z

- Q Q e t: e ..

thus obtaining from (36) an al t erna tive form for 1<' (oZ I:; 0' )

which in particular gives
y~r/ 8 j ~'j.: K (0 , b ) (.1) 'y hn ( U. '))

substi tu ting for Y, 'r"I (0 j ~.)

(' -]) ((/; e- ¢ ) = (~ ) 1z-
Om 2.Qtl/

Let us consider the effect of operating by R (~0y)
on both sides of (4). Since

R I J \ Gr)\i 1\ 'mL)1 _. \)1 h11~ l J;t In.L).Jl



1 j l j '" ) r/~1 on L. H •S. in tern::;0f
and equating coefficients we have

( ( J I ) 2. ) ; er< ';01 ~ n,') J)~ i, rA () ;; )
, ,." /y)

J \ ?h I') n ~!o,.) using (3).' ...

2_ L ( (J))2. J ~ rY)1~"'2 hi) ((J)L J.: 1)11'Yn,!')~)'
oil, 'hi' L

" I

\\ J I " ) . J1 ( )
A J) I ( eX, 13 0 ]), ,01. {~-O (42 a )

Tn, n" 11'>2 lh2."

which is referred to as the inverse Clebsch-Gordon series,

application of (42 a ) enables one, in principle, to evaluate
\

the rotation matrices ,V"', C c;\ f3, Y)for all J if it is lrnown
1'" n\ .

Returning now to (42) ad specialising to the cC'.se
I J I

"y}) I":' "r"'l-';:;' 0 :::m we ottain? usj.ng (41) a coupling rule for

Y . (A f/\) Y (0 f 'I

e I YT), ~ ) r ~L r?r
l
~ ) 7) )



VI! I &) .f.) even if
{ ('r) l'

and\j
',~ ! }), I

, the dependence of

Yo ., tend to
{,2..'TI . .L-

t "
\ 4. I r" /

eli, '/',) ,(l'~~ 0/"1.) is defined only through (3). (42 a ) can also

be specialised using (1'.1) to giY8

~ " (( (' (' tL .. ,L ,,-, .' I 2. '-
(), \ 1")

l

ffi I Inj) ( ( f I ~ 2 I ~QY), I Tn: ~ )

on account of the orthonorm'I:i:Li ty of the ::¥.I.erical harmonics. Or
- y4-1 i y~ II LI ~~ Lt!) (;~~)j 2C(U L"/iU) (44 a)

4-11 (2Lti) k
We define composi"tion of t,vo spherical tensors T I,

I kL , by the rule

(
' ~ t·R - r. k KT \ X T"2. \ ' = LCl 8.)FL k ; CV, 1'-CVJ T'T '2,.. (45)'y ev CV I (y -"V,

which is easily seen to be a s~heric&l tensor of rill1k t~.



Conversely

-rR\ T e2.
<t, LV "2..

, ,K-\- ( (K j., '. ".' 1- I for k \
L '- l f< 2 R') it', 'vL r ) \,! X ' ) ,
k ' c< ,,45 8.)

v
It is of ir-terest in sane e2"~::;e3to ealcula-7;e ,~.lf.l.t:ri,x '3lpL12nts

< I I ; J t K
of the type J\ Jl. J 'J-rl \ i\'Tt)' x l~~;)1,'))") Cle:uly the rodueed

, '1 '
matrix element v

~ " (L L z: " ( J I j -,j.~ \.
Iv'1 cy 'rr)!

L-

IT) . I
I I

t ( \ I ,
'i. L '-. ,.' 1 .J, J ' I:' I

,,.. -'

)ht I hi }.>y,) ( ( r· i I~2. ~..;; '11
1

'1;" Ii )

., i ,; )'r; ! ) C (j k j '~ i'h 9' 'rn i)

J
n"1



transformation coefficient betVJee'l st2,tes iU:J ...J );l~l3Jj) )34 jrr.;
and I~) j3) J'3 Ql Jy-) )2 i )m > Yl},icl. aI'S eigen st2.te;O) of total

angular momentum of a system cOlt::.'istinp; of four 8.l1gular mOT'1enta

I
'If) It'}):::: 1111 and we have replaced the

sl.unmation over "'rY) by the eClurvalent 8umlJ.ation over '"h12,. to make

comparison with the definitio~ (49) tr~43parent. We also see

that in fi.H.S. of (48) vvehave four ind.:;penclent projection

~Cn'" f~i'Y\ numbers while the sUIlliilation is only on three which

corresponds to the appe2.rance of 1·•..\ in the definition (49) viz.?

f
J,)2..J\l.l /
J 3 )'!- 334- \ -:; \ QIJ3))I:3 ~L \) )'<"f ) 'hI \ ~ \ )Y)IL ~3 Jr) )5VJ nv
J \ '.3 J L .).J -- (49 a )60- ,

but the/efficient hmvever does not dep'?nd on YY) as can be seen

by ronsidering the r.h.s. of (49 a ) (as we did in the cGse of

recoupling coefficients)
/

identity operator between states I J rn / • It is cIsar from

(48) that these coefficients are real which conseQuently imposes

the symmetry propertyl~~)J~~~~] r ~~
\

J I ~ '1J, .3

- J~ J~~Jj \3 )2.lt J ' Jl~ h If (50)
L



orbi tal angular momenta and j 3 J if--

tions on L.R.S. and R.H.S. of (49) represent respectively the

J ~ J coupling and L.S. 'coupling wave functions of the system
Co ( l-h u ~--.'1 \ J

and the '1- J symbols are referred to as the L S-- JJ transforma-

It is clear from the definition (45) that if ~\:;: f< ~
f th .bl ] f S' h Yl . t d f'one 0 e POSSl e va .ues 0 \'\, lS zero w ePe 1 e lnes a

,((1-1.0, r )_h k
'-:: K ,Z f.J ~ '--V -Cj,t I l' T~q;

'V h (\ h In
- I (-)~.--V -(-~ -_ -IllY' T I< ~I K
- - '-- "L.. ~ -t / ~ } _ ey

using (5 e ). conventiori~ly the qU8.ntity

.- R (. R- h) !J - (1r - k }z 1- R R)C-lJ ~ z.. R+I \.T X i K i)::: t00 I q" T -1t:;: \.1 '. T' (52)

(of eQual rank}. In particular one can easily verify that the
, ---7-t

scalar product of two vs6tors <t-t I and ~ 2. as defined above
----t -7

in the spherical basis is identical '..'ith the us ual 'hJ • T( '- 9 we

shall use the brackets ( . ) to denote the scalar product in



spherical basis.

To specialise (47) nQ1,i to the caue )':()";;.~l.= i<. [md k = 0

we shall viri te

J). , J3y and J 2.. ?

<.:- I) ) l + J3't - )2 3 ~ and

J ~ thereby aCQuring phase factor.c-

c-!) )2.-1" \.- j2 ~rcG'pectively. Since the

with different J of a composite syst~m

J\ )L ) 12~

J3 J't J-~i- -

J\,,> Jl4 )



of the rec oupling c oeffic ien t3. Dsin~~ tb~ expans ion (5q.) and.



2. h...t \ quanti ties

I~I

D - k
~Icy

RCT~)== R-I~R+·~T~
To see how the :L Jz -t I quant: :ies

rotations, we observe from (8), (36) or (39) that

<. R/V I k} 0/> =- I is invariant

unr'ler rotations of coordinate system, J~-r ::: 1<" -1 is the annropriate

oner!1tor to ef:'ect transformation of" ~Gl" st11tes under rotations.

/( - I

* an~ consequently

DJ (0( p if) -tt. :: j) J ( _ 0\ / -PJ ,- tr)
in'Tn J I 'Tn In) ,- J

,e1nee R - I C eX ) ~JY) R (- 0< ) - (~ J _. a )
(56a)

from (36) or (39)



L <l 0/1 R -i IR y I) <- fz 9;//
0/1 T

Jz *
j)

CV/ev

R (0< (3 rJ we

( y. " + 'I... )'where the rows and CCllumns are numberer1 - 2. / "- and we easily
])jJ"1erify that the rot8ti8n matricns ./')Y' l1"r,l l"\ ~ ?f) helve the syr:vn",t-.,..',

nrQPerty



J ~
J) ( (~ ~ f-)
'h1111

least for J:::)f.

Im-mt- I)

at
J = Y2-

])12. ~

(42a) •

it holds for allJfbv, we cgn construct any. /

by repeatect aD~lications

• We can now show thAt since (61) ho10s
7\).u '

-m'1i"\

of the inverse Clebsch-Gordon

) ::::;J I } ) L. Takin~ the com~lex conju'Sate of

'I...... If ~ ..••.•~ 2- __ ",,-Isince rn I" I 8n and ?r) \ + )}j 2. =- m and 1l~

~;' using (5b). We can write one of (-I) J} t) L -) a...6 ~I) J - J, -J~
since J 1+) 'L. - J is an intoA:or so th~t (61) follows on using (42a)



o replace the d~uble summati~n on R.B.S. by DJ / (rJ.. (j -()
- In -')')1

Makin~ use ~? the above result we write (58) 8S

j)~(r1[Jd)
-iJ- cy r

(62)

\:-li1' .( tz -r I transform

tens~r of rank ~ , which we shall deno~eunt1er notations as a
t k

T V
... c-y cy <: Iz if I

-R
I V

+ k
T _'/I

We can ~encralise Rnddefine the hermj~
-t- I?T q( of a ,given spherical tenso:'

TRt through (63) and

Tt
~(ll)

~ 1tJy{'1'(b3)

(T~f- o/!'-v k (k )T
Z l-U D J IT a (I)
1;/ -'i; -1; "- V

which is simnly the hermitian conjusate of (9a).

Lot us now eonsi<Jer a metrix element < J l)tjl I () ~ \ J ;" >
of a sDherical tensor oDerator 0 ~ bet'\veer.. arsular ;nomentum St.ltCS.

'V'
If 0 R.. is an oDerat~r operating ~r\ the St.qt2S an"i <1oes not dec3n:i c'-'

any externYl orient tions, the matrix elem0nt is simnly ::I nllmbe:J:'8n<1



For wxample, the ~norators J ~r r!jJ~' V;w
r ~ • operating on t J Yh> are such operators whereas
4 'Yn~"1'

J H '1 H' t 1 "'. l~' t' . th t- t h t'• 111 <:t'f.) 1.5 3n c'{ _ct'na t In • , l_S n:J· Slnco Ul ,1.c9se· e ma T1X

element is <J 1m) \ J \J m> It and hence transforms like
,

a vector, the matrix elements /. J J'ff,' \ 1)}m/
I , I -f -J I .

~ B....lA-..t I < R & J In ( L ' 5 I ~ ~ j rn> in a scalar sinc e b~th
-j _~ --;>- -7L anr'l S operate on the stAtes 8n0, 1.8 d~es n~t depend on any

external (to the system ~enr8sented by the states) orientations.

C~nsir]erins now the matrix element s < J' Ifn \ \ 0 ~ I Jm /

which are scalars we ~bserve that each is als~ a prooduct of three sphericaJ

t
.C" 1 J 1.-. J I . ." (4C::) h t.ensors OL "'an.{ 1-<" and respectlvely. By vlrtue 01 va "vJe see t a

o ~ \ j m >
of rank I< - J + R) J+R-l) , <Lt. , )jJ- k )'!'iZ.,

E C ( R j K ; <t In M) (0 II. X TJ) ~K I" ~

where I ~ \J 'Tn)o "01 the <!latrix element itself)a

linear combinati:Jn of snherical tensors of rank U 1+ k) • to • .} \J 1.-/<.) .)

is a lineAr combination ~f snherical tens~rs

But we alrea<'1y knww thAt this can only be ~f rantc zero bein~ a scalar

and theref'o-re 1< can only tgke the value J) so that the matrix element

and usin~ (5e) the ab~ve can be written as



j k J I

thematrix element on the crojeciion quantum numbers c6uld be factored·
~ut in the form of a clebsch-Sor~on coef~icient' which is simply the) .

Wigner-Eckart theorem.*
/. We can also ~ewrite (65) usin~ (5a) so that we can identify the

Tleducedmatrix element in (10) as

the reality o~ the Clebsch-Gord8n coef~icients, both of which we have
not 8S yet justified. Howover (6e) an0 (61) could bE obtained from basic
considerati~~ms(see Lectur e5 Ii) 12.) so that the above is quite an adequate
proof of the theorem.



the electro magnetic fie Id &.. ~,

A scalar field ¢ ( n) e) f6) satisfying

V 2. ~ en e f) + k 2- ~ (H e rj) ::: 0

¢t J, It B fD) - =fe ( k n) Ye 1vlL e) p) (68 )
,;

1.rhere ~ t l b. f(,) are snherical Bes sel or Neumann func ti:::>ns of

oreer J- or a lineer combination of both. ¢k "" (~ G 1):--> ar;

clearly ei~en st8.tes 8f orbit8.1 angular momentum L.,::, ~L Tv X \7) L·Q OJ

Q.
and have parity C- U

/Rayliegh expansion of a DIona wav0. as



.-.:,
/'1.- "'lnd ,ve can ch~ose the tHrec-

mentum and parity st1tes. Our ~hject n~w is to set u~ (1) the an~ular.---.:;

momentumand pari ty ei~en states ~f. a vect:::Jr ficIn A C ~ e ¢)
sati sfyin~

V)A(n8p)+

solutions. For this nurnose we observe that
4 ~. .
A (ll e p) =- L A;oC7L13 if) -t-J AP-w;)+P. ~litef')

where AI-" (n- e ¢)
spherical basis (I I) and

basis:

I Xfu- are the unit vectors in snherical

I
-7

+~
-1

:XTl
L J+

~

I /--0 7{

We als~ observe that under a trans~ormati~n ~f. the coordinate systemA C 'Tt e ~) unr1er fSoes chan~es due to tw~ re!1sons (1) since the con-

ponents Ax..) Ad ) A- -i= form a vector in space and (2) due to the
chan<;e in tho variahleb I This cOlll-i conveniently be describoc if '>Ie All",'



the unit vectoEs underg~ the necessary chan~es t~ account for (1) troa-..~

tin'S /~~ (1<./7; ¢) B;-J A j (~f) jJ) and A ~ ('1 e 9) as three func-
ti::msof 9t e ¢ which t"";:msf~rrnsuitably t') acc~unt f~r (2L For? the
ef~ect ~f transformati~n on a vector

-:r -:T -~ ,..-r
n =- (Z -j-)t·t R2.

describe1 either by sperifyin~ the new components
-1-0-}

(.. J ) r<..
)

in terms o~ which the

1 I IX 6" -2..

of the vector on the basis vect~r5-:r I
basis l

or by finding a new
-:-t

components of ~ re----f
J

I ~'

) )

maiO' the same ';it,) 'i) -2:

vector fieln. as

A_~ ( 'n t) )/) -::,

:L el),u I .'
(Uv' CX~

In particular under rotations, one can by explicit c')nstruction show
1that the basis vectors I- /vv tran!H3orm for infini tisirnal rotations

liko a spherical tensorof rank 1. Since? the matrices of the an~ular



momentum olJerators J >< ~J o...'h..cC J -+ are just R times the corr-
J r •.. •esp~ndin~ matrices (i.e.in the same reDresentation) for respective infioi-

tisimal rotations, ,"e can consider rFl ti:nes the infini tisimal rota-
\

tbn matri~s for X J'vv as the 3 x 3 mAtrices of an I an~ular mome ntuffi;
:luerator S whose eigen st::ltos J;r ~ are. Viz.,

and we call & vector field a spin 1 fieln.
Ai (~9- ¢)

we can in a nolo~y with the couDling
-t
J

-7 4
L + S

The linea1:'combinat ion (7~) of terms A ~m ( h e- ~) .l r;x j.J.u which is a
vector in SPAce is not (always) An eisen state of Tl.. and Ji: and clearly'
the snherical tensor

* ~he commu~a~~on relAtions (1) themselves renresent A generalisation
of the classical concent of an~ular momentum AS the moment of momentum,
the nrecise natu1:'eo~ the ~enerAlisation physically being to identify
the an~ular momentum operaor of a system withN=! times the in~initisimal
rotation onerator for the system.



( is the nraner quantity we R~e lookin~ ~or;~Qttit should immediately ~o
seen th8t (78) is not a vector in SPRce though it can be written the
form '1.:t + l' r + ~ r, A a Z fbelng, in ,oncral, c"!ll"lex*.
The arrow on top of ~ merely iniicAtos that we are c~uplins a spherical

'JtM
tensor of rank 1 i.e. a spin 1 fiel~ an~ it is in this sense that (73)

since we are considerin~ only R spin 1 fiold, to avoid confussion with a
physicalvector.

It is obviaus from (78) thAt "V.JO can ha~e J:: ~t /) ~or )-1

or with a siven J we can have three SPherical tensors Tj e M
d~h R:: J,...l ) J )J -I ,.J. ~ The SPherical tensors Tj

. ,J+l)'VI
and ~ ) J _I.) M ha:'VecleArly the same pRrity while T J .J J) M
has parity opposite to this so that we have two ei~en states of total

J butt opnosite parity ~

AJ rr\It'h. & ¢) C :{J ( R h) lJ J ~ (; I jtj

A I (k B ~) ;:: (, ;:rJ C)P?1) 1; (&/ ~)t (_I~(Rft)l"j [(10)
J 1T M . + Jt J M 1-1' ) -I if

* An interesting particular example is the case
rl

~ I~tt; ~) ~ eel I 0) m - Ir) ()) ~.j &/ f) IX _~

-iI 1l.
••••- - (78b)- {J;I; IU

symmetry of which follows from the fact it is invariant under
rotations ( J bbing zero), A. physiCAl situation c'Jrrespnding to the above
is the case of'thecouldYYJr force field 1('1. e .$) due to a char=se
olace1 at the orifSin:

-'l>



hich are soluti::ms of (7~), the coef""'icients C ) C f .gnd C to-(
e determine1 APuropriAte to the Dhysical situati8p un~er considerAti8n.

Let ~s now apDly the Boove cJnsideratiJns to the electromagnetic

field rlefinen
~

strengths £ and

dE--6't-
~d H

ett-
~ -4v~E
4

V
.-+

- r H

by Maxwell's equati~ns for the electric and magnetic field--.-+
H

ere f and 1are the electric cher~e and current densitios and .Jrt
-; the distribllti::m of magnetiSAtion At the source. _ The vector and scalar

4
......p:)tentials A And ¢ are define"! throur;h

-7
,I'

which however do
;- .. "(

can ado a vector
> ••

anti still obtain

not r1etermine the fielrl strengths e-o..'TI.Dletely-:r
fie ld \7 X ~eneratc0

---+ ~.
the same E 8nd H

.---r
out of a scalar field ex to A

----? ~ -+
• T{enlacing A by -A. +- V ~ ,



---:-i
A tel the fAmily of 'X r s

hich satisfies (8'2) -= 0
-+

hen A and ¢ gAtisfy

v2. A d~:: (-7 -1 )- Jr71 ) + vx);{-

y2-¢ - o2.¢ L;TlP"N2
o~ether with

V'A+ ~ - ()
For a source free ffiClnochrClffiAtic field (i.e-;t

If (/1 e-!/J ) t)::: I! (IL-8 >i)

V 2 f (h e-J ) f t< 2. ~ (91 e p) ~ 0

f!·1:('j-I e-f) + f k ¢ {J1 f; jJ J z 6

k. bein~ the wave num.ber.
k2...

f Bngul~r ffielmentuffi And DArity. the sCllutiClns of (84a) are cleArly of the

orm (79) which are referretj to as the ffiultipClle sClluti')ns Clf Clrder J



(,~nd usually the let~er L is usen in literature insteAd ~f J ) l'he first
one of the s~luti~ns (79) is referred to as the ma~netic multinole s~lu-

• tions ano the second one as the electric ffiultipole solution

. 4 (L€~ (n. ()¢) =- ( I J: L-t I( I< n) TL/-t I, /II ( e I 9)

+ l -S (R 71) -I ( ()) 0)
-I O\L-\ l,L-J?fY1

It should be noticen that correspondin~ to b~th the solutions, there will--r --t-
E and H determined

~ ~I
\IX A

-7
- E:

, ~+ {k A
---;:,

the solutions of ¢ corresl)')ndinl?;to the solutions (86) of A being detorf:'l.
mine~ throu~h (84c) which we shall c8lculate in the nextlecturs t~ be

(86b)

which clearly do not involve the unit vectors 5 ~ being scalar~ '- ~
We see from UsO) that the eletric ,gnd mafSnetic fielns ~ and +{

if they are ei,;en states of D8rity, must always have oPDosite parity so
that the names 'eldctric' and 'mR~netic' t~ the two soluti~ns in (85) are



apD~oDriate to the evtent they are solutions of ODDosite o~rity. Since

bI ce)
Lft1

E (-e)
Lr'V)

small values of (~'t, l ..e.- /<.. l"L<' < I
E t:) "'riven fr8m A ~~) is much

the 1-1(1)')) oeriverl from the same anrj si'IlilarlyLM
fry Rh « 1

t~ solutions in (85) is re¥erned to 8S the 'ma~netic' ffiultipolesolu-
tians and the seConrl as the 'electric' multioole solution.

We have already pointed out that-:t .--7 -,
written in the form L X. +)J J -t k .-2:

nawdefine quantities like Y) A If)-7 v~M
in the usual way if V is a vector or again, in f;enerAI, a quantity

7 --" ~which can be written in the Porm l V 'r T j" V l-/ + h.. Y t: .
/,- J

Aj e M (n e-¢) co lJ.l1 be
• so that 1}.Te

1/ X AJ h

lA-J~ ft1) /Jc = t I) tv- C U l),' Tn -Iv.- M) ~ (h)(Q ~ &r:2
we have by (52)
-t
V· AJ~rt1 V -c ~,(/l1)x.tVj 0Jh)J -t V-2c ~J ~Mh:

~ c:: I) f.-. V fA (Aj e M) 7""



here the comDonents of the ~radient oDe~ator in spherical basis is de-

ined as usual.

Vi: I ~ + a
I Va C or:'

-7
To evaluate (89a), it is convenient to write the operAtor Tl using

the irlent ify

as

-7
I

~

4 (--t ~)V - -'- Jt., ~'VJL2.
(0 "", ~ /LaI

~
- h- 7l"-- . 07tr,

in terms of the operators }n --t
anti L which oDerate resnectively on

the radial and an~ul~H D8rts only. Also from (74) and (14) we can write-:-t
the vector fi as



---t AXPJ 4 ~
I'

nd if ( - vlhere A and B are twa vectors, the- cam·4-
~lnents of C (where ey - AI ():t. A-z: B ~ etc.) c aJllc1, - y

exnresseri in the spherical basis as

Cr-::: l,[i ~I ((lit; MJ ftL,/Jv)f+h B(v.l... (92)

hi ch is readily veri f'ieri. 'rhus fr am un) we have

/l ~Q(h) Ye1YjU?J =N l~ -:rl(b')%f!f)~£9,%)

-t .[l: ;;.ClUe) L- ( ( III) /"-J/'-I. L 10 1,(tJp) LIt. Y,I iJ¢~
ru -'Q f-, If' \ "'-{fY1 -"

l 'I, (e r) ) -= (( Y. I t ~m r )n t~) Jl (1t0 VD ((7 f/J )fA \~ . /{)rnt-fv.. (Q5)

Sing the WifSner-Eckart _theorem and~12) sino. 1:.;\4i8 the ~ampanent af

orbital angulAr momentum operator L . The~ef~" "(9.4J. can ~ wr1.tten as



~ 4-" r .j 3 (2-£ t I) c ( R I 1'; ()0)
3 p.. ( 4~71(2 ,t /+ I)

'j. [~ J: e C k n) C ( e I i I; ~ fA' ,M)

t £ 1,n (~n)J e ( e+ I) .L c ( It I; h f'. l /<>.. )

"- Z f-I
V C(R U ) 171 fA J((U J I; 'In t fl2..t' 1M)]~ ~~

L (,( ill ~ f l ~ I fv) (( € I J ; rn r ;~)c (e Ie ~ Y'r) + r 2 Jv. I 1V1)

h == V (I.. I~I J ; j I) ( ( { IQ'I; In ;lJ.. M) ([JR ) *
. --; Since we hRve -from (27)
;

c C J I J 2.. J I L ~Tn I /»J C ( J J z.) j J j -rn It m ~ mi)
~~

- L V( J, )2. ) J3 )IL )23) L( )2 )3 )23 ~ 'rnLmJ
J2. ~

x: C (J,Jz3) i Tn) 'lr)2.T1n3 "n1)
. (C~ntinucd o~a~g~r (98a)



.£ + I

= ~ c 0 (Q; rn ILt 1"1) c( HQ I~ 00)
X::Q-l

+ ~ ,JWti) V(U /Ij { Ijj

:lntd. Dr~vi8us Pa ~e)
quating coefficients of J Jl Yh I> I J 2. m 2. > I J3 /Y)<l, > 8n

both sides of (27). ItJe can now m1lltiply (98a) by C( J ~ J J J2.~; 171l lY)3 )

and sum 8ver 'YY1 to obtain.
~

Lee J J J~ J, 2- ; 171 \ I'nJ C C J J 2- )3 J)" 'lYJ It mL In3 m)mJ
)( C ( J l. J 3 JI.i~?YJ zJYj ~) :::. V(J I JL J t 3 j, J,1. J1~)

/)( (( J I J23 J j bY)} ?n
2
t'mJ (98b)

usinlS the unitarity condition (6) on ric;ht hand side.

(qg) holds clearly with any arbitrary ¢ (J"L) instoad of ~ € ( R It)
since we h8ve not mar'ie use of the special form of the r"'ldial function

anywhere so far. A~~o-- th~"suml'J'iat:i:Jn~oveI"~, t J is only 9v '-= t t I
since C C t J R., ; 00) ~ 0 by ( S f) . Substituting for

C(u t+l~ oo))Qt I )I~')ccelt-I;OO)'" -(4 jY2.
\2,{tl 2t+1 (101)



.. .~
nd

sin~ (103) and the symmetry properties (5c) and (sbJ, in that order and

ince Ie- t) ~+ I t 1 -~ = I ; t j) 2 fv- '" I / fA. bein~ integer.

sing (78) in (104) we have



nd consequently (89 )•..j is,

,J LQ+,_ c (~ I J ;. 00) C1: t JH(f-t-i)-u{ll J ,.£ I))
~J+I WL ~ ) ~.

X :s:~(R it) YJ f'tJ/ ~)

~

V' ALL M :::. IJ (106a)
since (. (L IL j cJ 0) -=- 0 ) L beins integer. Substituting in
(100) for the Clebsch-Gordon and recoupling coefficient using (101) (102)

C~ntinued nrevious P1~e

V¢("J() Y€-fne ¢) ::: -ff~~,)h(~ - ~) <i h) l;/l+ I
J

h1

+(2~tJ~(tn-+"W)r ~,i':) l{.hJ'1!no"

(105)
Equations (013) and (omS) are alternate forms of what is referred to
as the ~radient formula.



satisfied by ~A
--:,
v·

1· Ar.('le0),L- I, M

(I<. n) so that wo can rm>Jrite (106) as

A LLM -= 0

(

L 1::
- ~LTI)2kdcJbt)YL):~)

--I LtlJ~ l ( V (e))
"--~ LTI 1<'~L R'l) / L1Yj ¢

,---A ) ~
YJ l- ,X M = TI "'1' A LAM

and (85). The exnressions (85) and (86) are required
s~lutions (Viz eisen stat os aT an~ular momentum and Darity) of the elec-
tromasnetic field in the Lorentz s811R;e,the consbmts (, C () -t.J -
to be determined from the physical situation the field is to repres8nt.
~or examnle, if the field is to represent photons* we can immediately im-
pose that the field should be transverse. The transve~sality condition
could be written as.-+ ~

R· A (k/Q~/~k) ==0
~ ~

where A (k 6R ¢~)is the Fourier transform of I~(X e¢) in to momentum
space. The condition correspondin~ to (lOq) in contiguration spa~e is
'"It should ho,,,everbe Dointed ou.t th~f 7\-('tep)cannatbe considered the
wave function of a Dhoton in confi~urAtion snace since nhotons cnD never
bel.calized and consequently no nrobability internretAtion can be siven to
the wave function; but +;heFourier transform of A (Jt (;)1) in momentum
space is a ~ood wave function of a uhoton. '



(110)
and clearly (110) restricts the (gaulSe)arbi trariness in 7l. to a sub
classof the L~rentz f;au~e""hich is termed the s~lenoidal guac:;e.(84c),

with (110) im-olies that ¢::. 0

thisl'estricti~n on (86b) we have

C - -1-
'L %
( It I) Lei

A( A ) ( 'it e- tiI)
L r c~uld f~r all calculati~nal purposes be.fV1

considered as wave functi~ns for the ph~t~n and with such usa~e in mind
we impose that the solutinns be n~rmalised to unity. Fr~m (85) there~~re

!ince TLAM
harmonics and Iy fv

~t ( R ~ denote

C I

lei/ \ I

)Ie h) denote normalised sphernal

(I (,0 we have



UsinlS the definitions (81)

~ -
~
F --

oroperty of the source free Maxwelll s eouations that
---:::f _ _ ,1. -.7i + ~

are solutions then· I: & _ -+ H) ~ & ::=. - F are also solutions.
--T ~ ' ~ \1
Eet ' 1-4 d. are said to be 'dual' fields to E and H • We there-

r,re see form (117) that 'electric! and 'ma~netict multipole solutions



oo~.and they represent ~nly tw~ independent linear c~mbinati~ns of the
, t\,

hree spherical tens~rs TL L \V1 ) TL L+-/ M \vi th sfJrne L which

8"8 ortholS~nal to each ~ther.

We can n~w f~rm a third independent (i.e. ort~~g~nal both t~ (~~3)
I

& (114)) linear cornbinl1ti~u ~f the TL~[\ ~ , which clearly witlli

n~t satisfy the transV'ersality c:Jnditi~n,) referred t~ as tho L:l'1gitudinal

m~tiuole solution~

+

(l i ~ ~t ) ;s (P it) I (G ¢; J
~ L-t I. ~)L~ I I L Lt I M '/

l L ) Y2 T ( ~h) T, (e ¢ )t Lt I C\ L~I) L L.-I fr(
(118)yt~ (lj e p) correso~ndin, to the above .solution

If.. ({) ) _ < \/)rL M (/1. 8 f - L ~ L( ~ 11) ) L fv1( {}f (119)

N:>wthe set ~f soluti~ns (113), (114), (115), (116), (118) and (119) form a
l\ oYm~ g,~t- 0/:;- .

comulete ortho~ \ s olutLms :)-:: f.;h·:J eloctr~ma ::;neticfi eld equations (83)
11 --r

in Lorentz ::;uage and any r,eneral s~luti:)n A (It ()I) and ¢ (IIe 0) c~uld

be expanded in terms of these states.
(m)

/1LMT

L J ",{J)
L IYJ L..M F l M (120 )

\~here 0... L- ~ } &- L M ) CL Jv1 ~nd et L JVj are anu!'opriate coefficient,..;. In

particular if the field is transverse eLM = () = d l,...M for all L,11.



\ile shall now take un problem ( I I ) viz.,. that of the expansi8n

of a plane wave s8luticms ')f (83) in terms of the multinole solutLms (11")

(113) (114) (117) and (l18). The Dlane wave soluti::m of (82) is of,¥ (j;.;:t. .
the form I' 1,/,£ ~ and lf we choosl!' a WOtDrdlnate system

rv _ ~

such that the Z-axis lies a~ .,-'; the direction of propa~ation R, then

I X
o

is the unit vector representing lcm;:;itUd~nal D'"'lari-

satbn and l:x r correspond to left and ri:;ht circular polarisations.*

Using (71)
- -:-1 -7

I lR·Jv 1 ()<j -e Y . t·
'f f-c ~ ~ llf- rJ2. Eo L (lQ -ttj 2- 1f ( fuc) Yf) eitJ'x

1
,,"

= (LJ-1i) IiL~f ~er r/L~p-.n)~ ((~ f; ; or) T;lti
~ =0 ),7Q-t+

. (121)

Substituting for th~ v11ues of the ClebschJ

•

C(Q I ~ ~ 0 ItA )
-~ l >- 0- ..J;L". )

(,(t /Qtl; 0/\,\) -. [Qt2 ]v.. iw jv- - 1-1
~ ( 2 g -1-1)

-

/ ~tJ ) )t; fr.!V
(122)

c· ( Q { ~ i I ; (j 0) ~ - 0
( 2.Qt-I.

I -I

I (-~ -"7't )* Usually ,·if «. ±,J=l J ./"e used to denote the unit vectors corres-
p()ndin~ to loft and risht circular Dolarisations, in wl~ich case - IX J,.

Rnd 'X _ f are the desirod unit vectors '-'lhich cO'lld collectively be
reuresented as - M IX for transverse fields.

+ n ~ ,~ 4'.. .'6) ( LJ.> tfu.. 0- V'-rD lrtAvvr-t0VI.; ~ G- V1. J. n.; Vh \ .h.-Q.. (ffD'/ etJt h o.1e.- J Y f ~

~ ~ Z: I +~ "p~'1. "",cj{,--f at ~ o..n-:- ~ IJl-<Y% (e I) h.Q2..1) '"

~w-e.\Jf.JV) ~~Q.1r\cLeA\.t 15- ~ 0. v'-rLL ¢iUJ, V} d;kb QL 5) 4.vut (U~~)·



I

( ,( 0- i \ /2-
C ( R ( Q-I ~ Of'-) ) fvt- Iv.. =- t"l-

~ ( L Q -i0

))

_( __L) y ~ > I
C (~ I ,t - I o t-) -fw ~==-D- 2

) - ,t e + I 00

for tranverse waves
-'1 ~"/I \

~'k' J{ ~ ~ .-'~ i fl ~e =- l:trr) LL ~/ R~) It-(L'-) (2 .e tl) Tu1~~ fv

I ((," ) Y2. -' Qfl Y T 1'1"'" '1. -r 2 I l ~ I) b-, ~+ /) -e. j /u -/'- - R - I) ,I Jv.. (123)

The summati::m over .t extends from J. to y>() in the first term (since j>- 0)

from 0 to 0() in the ?nd term Fwd essontia11y from 2 to c<) in the

third term in (123), so that
--;;

\ X-u e' R.1t -= ~,IDYl. [ r I L (L :- c i) ~& ( k lL) L- J-,) T
,- L:-I L I) LL~

L-! ( f/, / (~ ) T\\L:-!) ~ 6" L _ I < 11 LI L- I;Iv.,

~ - L-H
_L \ tI L.- \

L:. !

the summation variah1e ~ to

]
"

Yfi. I I T
L. 1- (~/1) ! L L -1-1OL+, ) I j/Vv

i L~ Q'- ,
L = Q - IL;; ~+-I

y otJ
(;Z ~) 2- L

I~ =_ I

: (L-;-\) ~ A. (' )--<(- -;- -- • (J f'(lI I
"C \,( L -+ I \ I ~~f I ' I,



y o<J

(3rr)2- L
Lv-=: I

x [- f'- A~:~hi!)]
(125)

from 081) and (122). We can rewrite (126) as

I i tt.1t YZ-[ ~ _' L-J . Y2.
"f- 0 e =(4 IT) L l ~- (k Jl) L T

L \
L-\ L L- I 0

::. I )

~ )
~ ,Ltl;J , !i. J
L l 0 (ft:h)(L-t0 T

L =-() L+ I L.J L-t- J ./ 0

and we can tr~vially extend the summ~ti8n 8vor L- in the first term to
include L -::D
\ ~~.~ y fX]

ex ~ =81.. IT) 2...L
() I J -

/ .'L=-o

usinf; (116).

ExpressiQns (125) and (128) represer.t respectively the expansi8ns
of transverse ana.J.on~iQx.Ginalplane wave s8luti8ns 8f the vector &.~en-
tial in terms of multip8~e sslutin~s:and (71 ) itself represents ~.1 9X-

,/

pan~ion of a DIane wave snluti8D 0f the scalar potential in terms 8f its



ordinate system in wnich the direction of nropaq:ati,-JO is alon~ the 7..-, 't (~~J'
axis. If K makes polar an~laes),tn some other frame of reference

the snherical tensors TJ t 'rY\ in the hvo frames are connected by

;- ])~ (¢k ,81- v~) T (& VJ)\
M I ~ 111 fZ - <.,,!< J t YY1 / ), T

For the lon~itudinal component. ~

(13~)

-'==--~-------------------------.Y..
,', -I (- c ,,- . " , "\f\ ~. L Lv'....•...J ......•...'_'__I _ oJ' I, • ,_,



/JI I \ - ,are of the form \:Y'Y\ I J IV' A I where J-- denotes
I~

--7
the nucleon cl1rrent-c:~""1"sedensity IN' ) \f\I and T.tf!-

,f\ the four vector A '('
-::::r -1

and IN<'f A ::: IN I ~\ - ?N ¢ . From (129) it follows that-emi-
ssion or ahsorption of radiation is not Dossi~le from a nuclear state
with angular momentum

J :: () since the aupropriate mul tii):)leexpansi::m starts with
~

L ~ J and J' A to. M
L fr~m (89). However () ~ 9-

J :;: 0

longitudinal and scalar comuonents whose multiuole expansions (130),(131)
start with L-~o when no radiation is emitted or absorbed; one such

derived earlier and befo1"e we take
~ -:r

sider the scala'" prod uct A Q B
-} --1-
A-",· 6 L (- :J!u.. A I 13~~' ~ -0 ~-7 ---1- -2

In pari:_culAr A ') 8 may""l<Jthbe the anrsular ,rlomentumonerator J it-
self s,~~;t the matrix element

- /...t I

L L C:- LJ <J In I JM \ J Tn I > (J Ir-/ I 7Iv' I J "Tn)
1Yl / fA. I I

introducin~ a oomulete sot of stAtes J Ph )+ fJ _ -j
JrlA.. :::. ~Di J J_jJv . 1(134) ) J bning hermitian. (133) can be



usin~ the Wigner-Echart theorem. On 1cc~unt ~f the unitarity ~f the

Clebsch-Gordon transf'-:;rmati')n, the ')b~ve is simply I<J 1\ J 1} J>12...
and is equal to J () rUbY (132).

--::t -4
If~~e'now consider the case \"rhen '"Ine,' -~:}eonerators,say IJ i,g T

~ ~ J

and ~ is an arbitrary first rank te~sor onerator ~ , the dia~onal

matrix element <J ')n \ T ·T \ J J'"h> can be written as

[,Z; t!J /-L <:Y-rA 1 T;u I 1m') <' J mil ~/'-' I ) m)
introdncincs a c,)rrJ.nlete set '!f stgtes and since T~Jc~~nects only states

{I 34-) C4 Y'\ &. ' """
of same J . USin~~the Wigner-Eckart theorem (138) is

Z I. t-J) /Jv C (J !j ; rrn' Ju- m) <'J 1\ -, lijJ /
'Tnl ju..

~ ,f.: If.

X G- u (( J I J ; On /4. In) <J 1/ J /J J>
~e CeY\.-c I'd.:-U~fox

which can he wri tten usin~ (5c) an~:l-f5h~~~'t ~ as

< JilT II J > < J II "J IIJ)*"
<J Ii T~J> J(J -tJ~IIJI)J>



It sh~uld be noticed that the transiti~n fr~m (131) t~ (140) and (141)
is Dossihle ~nly ~~r matrix elements r-.,:' ('1,1 ) diaiSonal in' J
Usin~ Wi~ner-Eckart the~ren

}j .I -::1 J I ;. \' ~ .:::7 I \
<.. M ,- J Jmj -=- ~ i \ I J II )/

~
Therefore usin~ (141) f~r L.H.~., we ~ave

J ( J t I) <'J II Till>
< J 1/ J I} J>

<J (I T II J / -

=- <J I/-t, j Ii J>
ill T II j> < j fT· 111j>

JCJtU I

C (JI J ~ ')';; f'-- m I )

zJ n,!' Tt< I J Tn> < j II -=1, 1\/J)
J(Jtl)

wl-lichis n the projecti~n the,)T0'lf~T~:'.-·;'strank tensors and h~lds ~nly
f~r dia2"nal (in J ) elements of any ar~itrary first ranK tensor onerator

I ' \ Jt . In ~eneral the -T may connect statns J with states
f"\..L.' fA t'.::"" ,.~ 1 '1'and tJ i.. \ • "I't-i~"clllllta~Yttmt"'\cin t'h?:lla~:4Ie~1h!'~bT~we"%~"'"e"'ma'0.e~·'.'.,

tl6 e0brfn :blrn&t tim, W'i-sgW-'E-ck.'1;rM0l!;,tllnbnm 8'1'10'"J't'llibruntt-a r'io:';,'6f:: the C le"t)sc 11;.;.:-

LEe ~TRE VIII

As a simple exanple ~f the use of (55) we can evaluate the matrix

element < P- Z J ~ 2 . 51 II Q ,S J> encountered in the evaluati~n of

< i ,& J Ii 1':~II£ bJ)= - v-UiJ J,)~) 011 L11,(>z~\lsll,g)
(1~~)



\ (_2 -2. _2.-)
2.. J - J \ - J'l

01 J2-j ~r;:j:II J) 1,- JI = ~ l) 0T I) - )/) IT I) - )2J ) '--f1)].

J1 (J\ tl) +- JLl)1.+ d - JCJ+J)

:i J J I ( J lt I) J 2.. C J ~t I)

= r/ ItkJj_C_-'t i) - J, (J ITI) - J;J) L-t U
~ r/ J \ (J \t 1) (:2 ; J -)-!J ) 2.02. l' LJ (1) 1-T I)

(148)

which is obivously a snherica1 tens~~ of rankzero and thus invariant
under rotations. Let us consider ~ new orientati~n ~f the coordinate
system wuch that the new Z axis lies ~Jbone;the rjirection CO\ .fl5, ) in
'the old syster!lbe n')\-1(t~ rf, I S:J "_',-"t ""1.-,0 -invar'i8nt!1:Jantity(140'; w"·! is



~, the anqle hotwean t~~ ~W~ direct·

(150)

(G\ ¢I ) and (-EJ2- ¢~ )
) ( 87.- c/J L. )is clearly an inv ar iA nt 1).W' or r ')tg~ . 'Ins .(b ri). I 't" I

be ant two directi~~s ~~kin~ 20 ln~~eebetween them and (150) is referred-
We shall nhw t~~3 up an i~ry~-~~~! 8pplic~ti')n of the formulae (55)

as a130 (47) I tJ nV8luate th~ ~acri~ e10ment, of interaction between two
narticles~ which i~ referred ~o E3 the eonr:y matrix~ If the interaction.

'V (I) 1..) betwep'1 ns-rticles J A~d 2 ts central i.o.

fj beio; the an~le between the Dosition
of the particles and ~.n Darticular , if

(151)
--.::;

and Jt ~l-
-)

coordinates n 1

\;(JI) ::*
I ex) J-t fL

~ L (-:;;'L) PI( ( UJS G) i
I ~=~ I

hi )-ILL (152)

We now assert that any 1ilell-bohaved function of the form (151) could be
expanded in terms of the Le~n~lre ryol~nominals



V(n)

where T~
V(rt.)

o<J
~ JL- ,)

t = 6 \.
(153 )

( n\ ) tt. 2.) are t ~ he ne termined fr~r.1 q knowled ~e of

• TJ eV,-:'.-.011.o'!latrix elene"~s <J / ) /..! II \! (il)/\ J} )1- J >
iYJteracti~'1s -·.'0 '..'.se (150) t~ Gxnres~ PQ (~e) in (158)

i /"... /7\' Ce ''')the ar~ument s' ( c) •. ,j.J \, L) ,:'.1 1 of particles 1 and 2
'.. ! / t / 4-

V(~)

(f/ .. J\ _
, l t- .? )
(II ,-

J(J!+.\
_.JIlO,..._.--

~)2 1-;

< J /" eel/ J> are easily evaluated 'lsin~ (44) if J and J J refer to
• ! !

the orbital states or using (2~~) ~f J ) ~ refer t~ the total an~ular

momentu9, (i.e orbitali- snin) states of the individual particles

< J~ ("I)~'--)) denotes the t!18trix element of J{(J-Jl91Jbetween

the radial '-<lavefUDcti')DS 15/11,) /JJ_ ( jr 1,.) and ¢/(~ ¢2/ (71. 2.) ~ of ,



\

( 71 \ ~ 2-)) == r- e

f "-t rZn., ~ ""71 / JJLL
o 0

/ * kct (Jl,) ej/ C'1L) T (31 9t )
I 2 '-€. I; 2.

x 0'1 (111) ¢2-( /(2)

and is known as the ~ene~Ali~~~ ~later integral, the method being due

to ~later who applied it to ato'1:ic ~r:)blems where V (n) is'O< * .

interacti ons. 1'/e have throe type s ':)"f excham;e i nterac tions (l) space

exehan ~e (or Maj orana intor~c ti on '+"'!) (2) spin exchan;:;e (BRrtlett in-

VrvIC\)l)

\/ B (~y.L)

VH- (1)2),

P (h) . --+ ~
t ~ i> (Jt I )9t ~) :::

PI ~) ~ ( I )L) c:: <:,l (z) I )

teraction VB )
tion VH-). If

change onerators

and (3) spaoo~and
p L~) D (Z)

12 \ 12-

resoectivoly

V' . ( \
", 171)
~ o.

j

v ~ (71)

r (Jr )
12-

B~S)

C"P {I)
\2.-

'P (5?)
)2-

The two particle wave .".nctLm \-+J (1,2) is a pr~duct of a space
-~ -.:::.,) - C\I

wave function I ~ ('h I _) hL. spin •.oJ8,vefunction t- (1,2) and an isotoni

spin wave function cr (1,2,. By P3~li principle, ~(1,2) must be anti-



PI~~) f;~T) :tJ (I) L) = -r 'f (1) I) ::::-\.fJ( 1)2.)

PI~) rf(()2) ~ Y(2)1)
is the isotopln spin 8xch8n~o oper8tor. Since the operation of any of

the exchan~e onerators tw]ice leads to identify we have using ~159)

P (~)
12

the operation on ~ being understood, so tha t we can write

If t'a~consider the tw') particle system in L - S . coupling the spin-

\ LSJM)=
where -l \ 22-

P C~)
12.

L )J \ JL L M ) \ ~ ~ S Ms" elLS]"; nLM~IY1)M
L

L !
are the individual orbital angular momenta of the particles

) PI~~)operate only on \ tj Q 2. L fY) L! and \ \~ \/2. ~ fv')~)

respectively.

The isoloDic sDin wave functi~n T (1,2) is ac;ain of the form

\ ~ )/2 T Me I
isotopic spin being in all its operati~ns similar to angular momentum

and PI~~onerates only on this state.

We shall show later (lecture \ I ) that the intere'hanse of arguments

in a stR.te I J1 )~ ) ,('f'> results in (:-l) J,iJ •.-J IJ,J2. Jm) which
--e..Lrl cLQ Y) t- tyA-rY\

is also ~A the symmetry property (5a). 'f!-htts A C~D
. LA) ~ltQl._L

-p I 4. \ ~ t 1L L ML I =t!) Pit I ))r L I £ t J;.. L M L>
~ ?J\\I1L ¢,c)1..')¢L(91L) = ¢j{91L.)PL(71I)

)

~''Y\ NJ t-~~ CDl..9 I.AJr' c: y\ II ~~ lCr\J ~:A-~~w-fLV'E ~lA ~\./-h, f'-v'V \~~ ~1



(V-I! ~:) L(~ l{) h- M j0- li) T r\IV~~I)2-)+'V6(1,2) + VH(I) l)1
reel QL) L(~~Y2-) S J M~0J/z) T M [I

- S d / Q. I Q / L (( ~ t +- ~ 2.- L "', S . T I' ")
- L L! s SI Z I 1 C:I,) \!, (71.)t~~-0 vf/ IJ) 4-t- j) vH") III f2.-L (161)

ft1 'lll ".i;;, •Whioh betng~tha matn~lelement of assam 'of central interactions can be
,"". I

~aluated as described earliet: We also see that for a symmetrit (under
exchange 1,2) ormital state the contributions of V5 (rr) and V +f (~)

add up while for an antisymmetric arbi tal state Va (Ii) and V" (31) opposeo 7t

each other. The energy matrix of exchan;;e interactions in J - J coup-
ling could als0 be obtained from (l61) applyinf=;the L- S ) J- J trans-
formation. i.e. by expressin~ the stat~s

An expli~it representation for the
I) {g;)

oner3tor r'2would be given
operatin~ on particle 1 and

spin (or isotonic spin) exch;m ge
-}~

in,terms ~f the PaUli spin matric~ ~
'-1 I
~ . o.p.erating'on 2u ~ I

P 0~)_ ; [' -:r -1 1
\ t (\"'"()! I,

12 - :-J_ v J •_ L-J
(163)

Ih U$V
state :x m (1) ~j"-Tn J (2)

(1), we can write
To verify that (163) operating on any

"ry. hi (2) Y2f)' m i

~. -;2. -:::[~ ( <f'\ + (]2- -t

where () + _ cJx ± l (f'j;4. .
and consequently



- 62 -

crt Ji'X 0
-!-Ji. Y.:-

"- cr \ X 2 )X_y~'i.- ~
) -)I2- l-

\/2.-X" Y2- -~
<r" A_y <> U 2) - ()

/'2 ) -:V "-
4- 2.

so that if'we consider

-t [\T )., ( 6/ (J2 -+ (f,- (}2-t) + Cl\-z.02J Xcx".{ 0 IiXb1,(2.)

we see by direct calculation that for all the Dossible 4 states with

~
1

'I"m -+ , + the al:boveleads to the desired result.'-
, In -l. )

~ k..

rt central spin-dependent interaction is of the ~eneral formmc

&'5 J-&"s s I
(165)

The spin denendent term adds UD to the Wisner interaction for triplet

Dnder char~e indenendence, we have uniquely two types of non-central

v ( 'n.)



,here

~ 9v

is the orbital,an;ular m~mentum operat~r referring to the relative mo-
tion between the tw~ oarticles and

-;;
\

~
is the t~tal spin ~oerator.
and (2) the tens~r interaction

[~.
bein~ the relative c~ordin8te

To evaluate the matrix element for the vector interacti~n, we observe ±
-7

that V C '1) ~ is a first rank S1Jhericaltenso~ ooerator cmsrating
on the s-patial oart of the wave function and S obvi:::>uslyis a first
rank tens:::>rODerat~r over s1]in snace. There~:::>re,<L SIIMI v{n)~. SJ\ LSJ M)

-::;-J ~~:~ V C LI J ,,! : L' S) <'L' II y (h)LJLII L) < s/1t II s>
(168)



or the vector interactiTl is zer:; in sjrF10t states ami we have f8r

L'::. L which is usually 8f interest,

(L I J fY\ I V (11) Lit' 111 LI J' M> -= -,[L U-(LlII; LV<Li\;h)A'iJlL)
}:'-< LII V ( 1\ft71- IIY_ ) (Ytl) - L ( Ltl) -

;2.. "j L (L-r U

LECTURE IX; .

TQ evaluate < ~/ Q.{ L II V (71) -rJL)/ ~ I Q ~ L)
(168) we' Qhserve that

-7
LJt ::

S8 thAt

« Ql t Q ~ L! IIV(~) Lh II j./ f) ~ L) :- < Q. / £: L IIV ( '1\)1~~! 1 L L)

- «\ I R ~ L ~V ( 91Ji~1X7~+ J(2 XtJ fl X I f L 9
= <.P-. ( Q ,/ L' )\ 'v (,,) Ii ~ I Q 2. L> ~ Q I e2. L II t !J ~ I 12. L)

/ I 0 J / II ( ~ -:7 -( -) ~ ~ I} )
. - " {l '\ L L V 91) (L 911 >< PL + 972. X h j ~I 2 L L;

em)



~
since L

·1

connects ~~cj-cs ~" ~.C:"1(, )(! j' 2...

(174)
L cmly and V (J1)

bein~ scal!1r c::>nnects sb'ltes o~ ~"'le L- ::>nly. The reduced matrix

element in the fj.rst "'":'::-') c~r he (,.~,<)luatf;d u3ing (156') and theref'ore we

have only to 0·'~luatr: tho s'?conr'l :'):;,(:1 in (174). For this we replace
'-T/ ~ - /P by _ l V and -recp.llin'; thG 0 "'0re s sion (92) for the vec t::>r

uroduct of two vectors in sohericRl basis, we h~ve·

(I c (\ \ I ~/~ . tv- L 0-)
{AI .

V (2) + tl2... (/~ (2) \l (I) ff;- L T'-I· jA. L j
(175)

'); L ~ {z))( V (1))' J
f'..( 176 )

rLL1r- y -:-1
where we have wri t,l:r~i the C::>;:'J(:""'1ts i ~ 9-t. I fv of a vector Jt

i
in spherical basis:->s '1 c.~ usir: . the Jofinition (155) and usins

the notation of (45) to exnress the ~~~D~s~tion -~ spherical tensors.
if~hanging the order of ~oupl;~r in the second term of (176), thereby

acquiring P '1eg!1tive si~n ~Qd eXT)andin'S V (:0J suing (154) we have,



RC :,)
8in7 the definiti~n (53) and writing the nroduct

tenso~ ohtainod aftd~ r~u~l~n~ 2~ur snna~ical te~sors, and since the
counling law (45) for s~horical tens~~s is i~~ltial to the counling law
(3) for angular momenta, ~,le can 'J.se(49) to reexpross (178) as

~ _ <>, c ' ~.-}: J--tl r t ~ 0 1 1,.
:= rf2- ()~, J/. ("1 .tL) L 2, L' I I 'JC:0J-2.X-tl

I( ---___ ~::: ~-l /)::"~-I -& ~I I

)< ( It, ((~ R(I) X (!(I)) S X(c ~(2) 'XV (2.; ,l ) I
'-. / ./ JUv

J-i 2.l~e(I) l \j !e I) )':( i~·(")X ( I (7-) ) ~) ; J
and now each term ~f (17rl) ~:'DS t:18 ~orr:l'J: ~l spherical tensor of rank I

(

comDoser ~f two snh8ric 81 tens ~r s of r8r,- r~ lr.1 ~ , one oneY'qting
on narti..cle 1 only and the oth:r ooorqt:i.no:'In .•••~)'ticlet only so that we

can aD1)ly (47) to evaluAte the ~~~rl~ 0~.8ment



((I i ~~) L II V (71) i ifl :>1,. t ~L X ~ ill ~) e 2) L>
:: 0[2 ~ r~ [R[ ~ fJ r ~~I fJ:! ~J'~\)~~rL;-0

R:::-o ~ ~ /~ /~ I . I. \ 7 { () I /.- ,( I -t 2.. L

(~ (04 1 '*
'f ~ 'h i~-d.n I J, 'h ~J 'V2 cp (",) , ¢;(71 ( ~ (9i I J '11 2)

;< [n I (' ~ : II(C e(i) X (I (I) }" r y 1/ 1 f : II~ e(2) x v (2))"; 11 ) 2)

_ 9-t 2 < ~: I) lc e ( I) X V ( I) )' II t I) "'~~ 'I(l h) X( 1(2-)) l)1 e2)]
X ejJl(nJ ¢Ll~J

-->

rememberinr, that the ~perati~n ~f ~ over the r8dial wave functions also
should be taken into aCCOllrlt. r~he Cl'18(l+;ity

I !expressinr, the C. ~ back into the y ') usin:::;(155). Exprossin:.:;the pro-
duct of the two spherical harmonics usin~ ~43) and performin~ the sum

over Y'f\ \ usin~ (6)

lC ~X C
l
/'::: ~1\~

m ~3 (2-Q + I)



~ CC~I.\;OO) c~
~

(183)
I IIthe reduced matrix e1ement ')f (181) h8tween states f( ) Q is

~II II(( e X ( If II 9::: c C(H' I, ,'v,) (ce IA ) 0 0) 12.e I+ ~
rV 2 £ J( +1

(184)

Q )( V) ~ .:::t; (0 I ), ~ 'In I~ ~'1)(~ Vflu
d using (100)

~ ye00 eXDressin~ C 8S usin~ (15)) and counlin~ the two spherical'Tn h")
.armonics using (43) we have the ahove as

=rCCQIA~~j.AM)m I

X [celt-I) Yl. cU I

I

D( ( Y~;\J'f~X l "~,-- \ )" ..
. \ / .

""



'L<L+lAJ"')
/(JA("U)\¢>X

r;~lo+~)(Wl4rf~'<)'1))'I-
U<.

C\A.,C+-W\A.(;(~.+-IUL:,Y(y'l-Io))(Y-1(cttrl-(~\(0))1x

(~8T)\,I'1-{-~,
·L(\£)¢(~)+p)X
IUI.-+W(iO't<~l<dWrcy{-1.1~'ll(,~10(1-I0''0)))i

}~

(0();-{-atI-Il0'));rJI+:0Z)-1(,jl{jL~1-
1
0IJ"OPx(10)..,...

(16)J¢(~-~)x
1~+wCr'

'J:('<.ti+w't/-4-IW-'lJ.L:/O(1-1-1
0(0))-(°0:/"0'1-+

1

-/0))x



r
!/f:'Y
o0'(

L.II\

Iir?
~_yn.~:::..I\\

{_Qry
iU1+1~~·pue(081)U1(681)pue(v8l)~U1sn

(681)

~~(+~)J1(OD~)r(1-'0'-0))(XC1-'0:6toI\o)JL-

({:f-V;)~(oo;,'Y(If-I,(r)J(Y'J+'0~J'/1IIy)nJx

L1\[1+-;'I'G)/0_'{+I-/1~=(10'IIy(Llx'0)}II)J
+el-l+cs





Wh<;rethe quantities < F ('71 I 71'- ) > are defined similar to (157)

The fi~~t term in (174) on using (156) is explicitly,

cxJ

- Sa' JL(UI) L (-I) eEJf!~Ve ( ~L£ I .•f' f)
t:::.-o 2~;t'1 I 2) I '2..

X C ( ~ f Q_ Q / .~0 D) c..( Q 2- J- e/ ~ 0 D) r=-,e

SQ that the desired matrix element,

(j In') I n'
The cas e X \ == X I .; )( 2.... ;:;. X Lan d

interest in spectroscoDY when only evon )l
I (1

In (192) the ,,6::: J.> :::= X
since L ( .Q , /~ ; OU) :z:. O~

. (193) - (192),.". •• (194)

L' =' L is usually of
terms contribute tQ (193)

term c~ntributes zero in ~eneral, x

the tensor interacti~n between tw~ nucle~ns is ~f the f~rm
r" (:-:7 ---l -~ -:::, .

Vr- SIl., ¥J(J1.) V (Jc) 2~' ,,-)l.g, 71.) - ._1 (1 .A'r )~S[
nL 3 1 L

where S\l. is clearly the scalar nroduct



'reo( 1L- r ; b'" f:>

';;1 ~ 0 L. ~

(1C)6)
(197)

c~nstructed resDectively out of the cartesian com0onents ~f the relative
~ ~' ~l _.'7

positi~n vector It and the spin oncrators ~ I ' )& L of the two
particles.

Allowin~ ourselves a little di~~~ession it may be D~inted out that
a corresDondence c~uld be establEhed between the components of the
2nd rank tensor A cJ. B (-> and the comDcments of the rank 2 spherical
tensor ~ I )( 131) 2. as we hqve previosuly done in the case of zero
and first rank tenso!':: \;{~ "the scalar and vector products
respectively ( (52) and (92) )

(AI" B):1 - (r~xBJf -- f4't \3~2-r- L ( ~':( B r + 713,::-J
(I I 2.. ! l(A Jo r G) + I :: r~2-L Z: Ex "'f \x Bz) ~ i (~z By +,"~y ~z)

a Y\ et 0 I Y. B) ~ ~ ,J)£ ( A)( f3"'- -t Ad (S I) + ,.03 A -'r B-r (198)

Beturnin-:;to our Droblem, we t.hall 1irst eXDres.s ,f \ 2.: as a scalAr
product of sDh0rical tensor oDerators, writin~

.•....) ~

0·Jt) ::: E I) ,f3

usin~ (52) and
~. J1?)C~.-;[) ~

~

7J: ~ L
R=-O

3 (0', )(n't)( 0~X;,') 0) :

L~\<~] ((~:X h~)R X (h I X )11) R):



s ~n (, 7q) and using CS- t) fQr the 9 - J cQefficient

L .
~) f-t ~ ' . -- ( ~ ( f k . J J b)1

I t Jt 02' n) =- L n/ 2 R+ I 1.r \! 0 t<; R I 0\)(,~.a.) X (]1 !'n) /
~ =. D. (~Ol) 0

~l(' . RO'R)O-::~ J 2 f<- t I L (II h,; 0 u) It '" ~: X l>~ J )( ( ( J1 )
R ' &2)

since 15 C 110 R ~ bz \) ::: -U-()l f< O~h I) = I in virtue 8f (~9)

and (3I)a) and using Cl<?rj) f8r ( Illy nl ).R Clearly the summatiQn o~er

R is nmv 0 ~nd 2 Qnly •.

rhus,

~. -,t)(J:l·9i) - )l[ -i- ~·J72) tJ?C("2~CO)~WxC~{rt~
. .'

is clearly a suherical tens~r oueratQr o~ rank 2 Qver spin space. We



[c C II 2.; 00) i J1 ie, C ~(i) t- Jl Z C ~(Z) J
-2J1,hL (C'CI) X CICL))~J

is clearly a snherical tensor of rank 2 over or~ital snace. A matrix
element of V T in L- S couplin; can now be "'Tritten usin;; (J51-)as<~: P- i.) L s IJ II VT 11 ~ J Q)) L S J>

.z 55,SI SS) V(l2 J Ij L I.) (L II dP·,111 L)

X <I r'SWI(I)
since S 2 being a snherical tensor of rank.2 can connect only
5 ::= I ;> S I = I . Thus the tens or in ter Acti~:H1is effec tive on ly in

trinlet states and also it does not contribute to sin~let triplet tranE~-

nle, in collisions. The quantity

<~2 ~2...\1( ((~ /1 \~ \/z I> -= [ l/~~:2\~~ ~,Ijl
r I J I 1- /e- ~ ~~I\~II\ ~><~~~J!{>

using ( 4- 7) and is

:d\-
~.



- 76 -

To calculate the reduced matrix element <. t~Q l( L
1

(I t~)II J\~JL>
can exnand¥ (71) in terms ~f -pt ( (ffi --8.) as in (I ~~), s~ that

.hlr •
I.:

..,~-. ,
\



sin~ the symmetry And (54) of the ~ - j cCleffJ.cients. Similarly

" J.I

and" (30). Thus,

~ U ( \ f, 2- ~ I; )S l) C ( rz I ~ .; () 0) C ( R 1~/.> 00)

X (c 6(1) X C-o(L)); J
using (j)l',;;) and cha;1nq; the. ClTdc:, 0"" c'")l.x'Jlifi"; i.n 'the 1...~st to'rut." Fr~

(214) thematTix element



{

zj r II c ~II Q > ::: [itt,
k (-=0-lt (~ K A \. 001

•..• I

-' -

using ~4Q) and (5'"().

The summation aver



(}' T ] -
I + ._'.- )

["J" ~ Jt ~;...I~'

J -1r.'

JI+ are the non-her11ti8n ~Derat~rs

J+
l.

T .:> J-z are diag~nal

Settin~ up matriv 0~n-~SQD~-t~,ns of, (217) in a bs~ts in which

[37.. ) t-- -~,~

J-t-
or decrease respective" ~l-Jr:> ei~en value of'Tby unity; and [-J J] ""~ +.) .•. =- 4J.JiL
gives a dif~erencn 0n~1~io~ from which we deduce that

)<-J '!rl + I I --;.~_. \ )m ) \ L -.:,..
.-- , L. I I

.
tn ) the ei~en values

J l J -rl) as the- eigen value

(219)

of J~.

\ 2..+ _!- ", -\-t -;. '-i- \ \. It is clear that (219) does
J z.. 2.... v ; -. -;-J _. .J -r ) .

be ascertained fr~m any other ~~~si~~rati')ns either, it'is conventionallY

choesen to '-0 r9al and Dos1tivQ (c:Jtw8ntLin 1)"

For a r:)llPosite sys~0m c'Y'si"~,":~c;j' 0-:: t,olOCO'!lD~nents we define the
~

angular ~momentum T hy (?')~:oj i'r"rn the ~undamental princ101es ~f quantum

mechanics we have tho n ;-nans:i ::)[13



c ~( J I ) ~) ; h1\ m ~JY0 1 JI )2- J~!
(4)

J-.._ 1-.

) ,-t' ) ]...
I

1. J2.-
>"JI+J2)
. "ut "nJ can a t the .,:)st be J I + J-z..

itIi tl-l yn ~ J I -r J 2.. we::>rresp8ndinc; t8 M \
~- ••....J , ..J

! J; .J} / \) 2- ) ~ ) in the pr8duct space and
l-

,e verify th8t thts ~s -:ls8 ,~n 3 i-;enstg+-.'?s 'J j- "Tit'! J -= )\ + J •..
Since the st::J"'~'s J ion I> \ JL Th 2) 1'[''-' "'JrfJl;lised and

I/e want th8 st~tcs .J I --L j FYI I also >: ';1"\ n')T J~__;..3G.i the C8-

eff'icient C C J \J 2- )"r)2- .~ J \ J 2. .J) t J 2.. ) must have ~odulus

unity and a~ain Qy c8nventi~n tho ~hase is chQsen 1] be zcI2, since this

With In J IT j /_-I
and \J \ ) i) I ) 2. ).2 --J )

(220)

';/0." ,1n r.'wc tH8 s tA tos IJ l~;) -1) \J '2 J-L)
fr~~ ~b,ch we can have two i~dependent

J~J\+)2-~1
in the Dr8duct SDace is &-- ) \ -t-I) (2j2-.·t I)
mu s t h3'Ve l2 J.~ I ) s t ~,t e s

J\ +)2-

C3"" J I-r\) (2 J;d0.::: L ~J -r;'

J .::J~.Yl

and for each J



+- I~1.T 'lY1 ~(J L t~ L tl) I j2 )y) 1.T\> 1 j I 'in ,-1
(2220

lvecsn now eXDre ss t J Y'() ±. \ > ~n "r_,"'~. 3. "li~ing _(4) 900 equating

coefficients:::>f (j \ 'On I) , J 2- 'Y})"2 l' vre 8~tah~

jQ-m)(J+7Ytrl) C(J1 JL); ml fnL'" tV

. ::::~0 ·1-1hJUI- m ITI) C( C,J,z) j?)) j-i.)~J,nJ

IrJ)( 1\ 11<1 \ '" 1\~~t 'tT) J - m +0 '-- ~J J ) 2-) j m) ";1') 2- rn ~ V

.•J~ \-)f1I)~' It 'm}t\) C- U; )Jj',IYlJ+\ ,'N)2.r)

+J.~2 - /YJ L) ()2- Yr12-t0 c(J Ih j) r,-, j"'l -;! , ,bl) (224)



~be rea 1. For J::::.

~ ( '( J1 J 2.. /; 'Tn IIn z..m) () I ) 2.. ,l/M IT, z I j Ihhn )

:= 'In I C ( J I )) J ~ 'Ill I"n). In) (225·)

1l1ehAve at our d :LS"""'")SB 1 tf:c (I t /\=. b b (.fJfi.; commutAti ')n

.,' relAtionsl1ins hot'f,veen tl1,:, qu~nti-::ies -, 2... I" 2... r L TT ..-,-)
v J :) ,; 2.., .;., 1 :;-..-) L ~) k.

'. ' Jr::" , J2 ±. ) J1- trddn~ "1'~t:r ix -':-01JT8<:;0ntr-ttion:-nf' w~ich yiel': 'hov.Jever

~nly the information th~t
i i
: I" V of s,qrne J I J L on:i..y

\ \ '\ ".1 I, .2- } 'fr') Hi 7;!~ same 'hi

cO'1nec t I ~T;a"tes \ J) )2 j Ir')

(i)
(ii) JI ~ JL-i: connect

) .-
only while J I _1-L)
resnecti'7cl,\; to : \

,I \ J I
the mAtrix elements

) 2\ "rfl J: \> only.

~ J l ) 2- J ~ ) J-\ 7: 1 J I )). ) ')y )

J ) a: real, which can also he seen on(i.e. hetween s~me
writinfS

J, ~ ( 'J \ 20 -- \ + J\-t' JI -

., \ I '> \l_
)~h~. ; -r! i; J) i ) L ) (J))/ I

• •

;Y>J-~),; )-, IT IL,.{Jr"J"jL_
, ' -



or (284). Pilttir;~:J I = J J- ; J =-6; "hi I :::- Y'f):l'~1

c C j l~JI ) 0 ; )Y\I-\; -ml-tl) 0)::: -C(JJ,';J,)D~~J)-rnl)O)

(228)

, j -rr-l
C ( j J 0 ) Inl - )n) -=t-1) ( ( J ) 0 ~ J,- J )

\

rhe cenitarity of the Clehsch-Gordon +~~nsf~rm~~1:)n «) imnoses
J ~L. I C ( J J O.j m)- n1) \ L =- \

. 11'\ ~ -Jl.e

~J't 0 I ((JJ f)~ ),_J))1=

t f (j)-ec C j ) 0 ~ J, - J 0/

This to~ether with the proner~y Cb') of the r~t~tion matrices en-
ables us to Drove the T"sult (6:)). ( (,1 ) is a b:~~-- c pI'onerty which

Wo CnD t- ~refore write
• •



I.J I J 2.- J (m \ JIZ I J ) ) ~ j rr) =- ((1) J ; () r)Il "m)<JJ~Jdlf
(232a)

and clearly 1connc~t ~t:'ites J
I

To calculate t~e coof~icients occurin~ in (282) we ~bserVe that for

t-o ahd J -\ .

::. J,.l
( OJ J -t\ ) \ J )tl) -::::-,

from (~~O) and ;..~ can calcul.gte all other coct~fi~ients\<lithJ J;:: J + 1

8Decialising (SS3) \veontAin (for J > 0 )

o = ,f2 ((I J ) .) 0 J JJ tJ 2J (( \ J J ~. I J -1 J)
(233 )

I
1Jtj.

€ t6/(jJ
, \:""'{ ( 236 )
l 0 J)~ common to all the

J )=. J

I J
tV J -+ )

aDart from an unspecif180 Dhase ~act~r
J.I __ J.coefficients with ; all the coefficients with.



L 21 c ( IJj?~ - \ ) •. I J ) ) ) -j )} -t c(\)~) -:1 ) D) ) -I ) )-I) )
2-~-l C. (I ))))-1; I) j-2.) )-l)} :::. t

From (237), (838) and (239) we have

C ( Ij J ) ) -\ ) (j ) j -\).)-I)

using the recursi~n relati~ns.

In fact the Dr~ced'J.re ~llt':lined ah~ve is quite ;e~ral and ~me can
I

ohtain all the C L.J J) 2,...) ~ ?n \ ')n 2 ?-n) -8 in the ab~ve fashion ex-



If, -f'or examnle, <Jl, j 2~ ± \~';n \ JI ~ 1 Jl )2.. J '}n>
';,"-, are real then it is clear frol1 (225) '"''lr1 (~20) that all the Clebsch-

~ordon coefficients have to be real. We have already seen that the

commutation relgtions do not ;t~ter'nirG < J; )} JI 11) \ J}7= \ J) )2 J0
Making use of (832) we can only "etormina 1< J t: III ~ Ii j VI 2..
fr om say, I K /

.
..~[Ie ( 'J'J/~ +1;"1-1/<11) 1

2
_ I(CIJ/)-I)~tl,~(J

j'

and [J;+ ) J
1

_ J 0= ;,( J L

(244a)

Therefore, a~ain by con'Jent~ on, all matrix elements < J t J2.J + I ""/IJIz \ J!), ))f\> are chosen to be re,l and OOSitiv>l ("<><>><'-"''''.''0 nTl. .
ConsequentlY,



all matrix elements (J! ,J2..) ± I ) In }JJ- ~ I J} J J- J "m2
and neg8tive, since all o~:-diq~onal matrix elements of J~

Semindin::; ~:lUI.'sel"'es thAt when Ive write a state 1 J J'1-, J m>
J1 U\+I) 2.. fl

number J t ' denotes +:~e ·?i'·"?1 value,;\ of ~ . oneratintS on

J -Lthe sec8nd ~ thAt of J ~tc, so th"~ if we now call.L... .:t., J'

snace 2 and vis" ':'orsa J~ '~!i11 nOlv reDresent the ei>:sen-
L

oi7cn value "r Il gnd theref'ore the to-

I
w.')1..

J2..-J( J "1/

I
VI

o
1 .co-'a ue 0 L J

I

<J I J~ J i: I W1; Jj ~ \ J I ) J- J 'm) \<~ Jf- J ±. I em I J~ T: \ j 4..JIJ 2'1l)
(since L~H.S. is always n~sit~ve and ?H.S. n0~~ti~o) But,

I.(J \J. j ±.i'm I JI"t \ J, J2- J~) jl.._ k J 2.. J, Jt\ 'ffilJ;.~\\J,Jm)i 2..
(245)

J I J.l. j :t:-1'>Y! I -;;;?: \ J ,J ,..Joy := -- <JL- J J J ± 11Yl) In \.J';L J, J~>
(246)

~le h~vc, fr08 (220) that fo'!" j::::: J 1-1-j 1~

and usin£; ("?3) we find t.hat a::'l .::tates with J::-- jl+)2..

satisfy

IJ J i· \2 I .Il'>';'") J , I J. )~ ), t )~'"«,,"-v
I q ~? \ C-~ !/

Therefore, to sati -:fy (84~) wj,'~ ': J:: J ITJ;...- \



...._.( r J '"l J J ~
'-- .4' . J. J )

_ r'·,J,+Jl.--J . . .'
, - rlJ C( 1 'j~ ,} t rm. .. J/J:L- ) ~r ,~ --.

. . . '.("%o·)
I~ 'which is just th& sMmm~t7Y pr~~erty (5~). !h~ L:H.S. in (240) i~ clearly

F\~
Lecture 8.

IJ1J~)~>
Usin~ (250) i~ 0650 we ~bt3in now·tha familiar (/0 ).



-y ,-i--:,
We recall now that ~ ~ -L 't; X V

?

~he commutati~n relatiJns (1) and thAt ~Jrrespondin~ly we have ei~enstates
2.

f T and ~

in narticular satisfies
'. ,

of J

(251Y

W\ttH·~· we W 0 f in~tFle'd')f J in co!']~J:rmity wi t~ ncrm~l usa~4--and

eigc"lstat~s
~OAt-

)t tI and I t - tI v,'i th J ::.
by cy+- ~

~x.
I [L~ 0 ;>l+ 0_]~ - +,2. ~ +

'J: l/) .L [ LV 0 S{ d ] (252)

~

II. I I --2- ~r / -r -,

X [ ('I.

d+ 9c -"j ]and IJ) \'X - ~2 (vt - --,
cIe arly provide a c')nvo,r11Gntr~~r0sentati')n ~f the ODer;qtor T over
spin t space.and +;he Oper8tor



) 1- I (1 J .-'I"r :

~X-t-'X_-
10 +~.~ 0 ~) LJ \//2

(254)

jJ J ~ ) with respect
(254) is referred to as the

spinorial representati~~ ~f ar~ular mome~tum stat~s. Which we now use
b 'Sive mat1"'ixrPDresentati')n t::J the r')tati')nonerators ~ C rI. r r)

~ ( 0\ P 0 J ,J m> :=0 (J rn -; we have

~~li-m(~~./-nl JfrnJ • )-m)
, y - [J)~Cc{~,/~+) (x_)
Q +1n) J V - '>71) i J 2- "rn I 'In m LQ .•..'m] (J -J;" JJ Y2.

cX=Y-=o
CA.1

=+
I:t_

tX_ 5/s-tn Pt
X- Lffi ~



fr~m wfuich one ~btoins, \

JvJ( (~) = [Otrn!)~.1/~[(J+~ (J-m)
)n 'In ~ -try ll~-?nj! j <J\J -m f<r . (jJ .

IJ-m -v ,z(}+~+m ~-~<r*m}-7n
)(t-I) ( ~ f6.J ~'1l W~)

J (257)

ct I (oj are real Le.,~m ~



~ that representin;:; a rotati'Jn thr::)l1~h :L Tr ab:;ut the Y- axis as tW8
.....•~;. \

" -".mccessive rotati8ns throuf;h Ij , we have

Jm

"j II. \tie see that while a r8tati8n thr8ush ~ II

J.L -_.-
f II

( (m
e



J . ~-. I,
1){(~61)

'In 1M r
/m'-m J~t I) ]); (cZ ~ t)

-)n -Tn)

which i~ just the res ul t (b I ) 'J.S80 earlier. 'I'hw 'tlL;ner-Eckart Theorem

(refer Lecture 7) to prove the Projection theo~em, which we now make use

of to eveluate <J ) J l- J "ll) I Jj'l \ J J ) 2) m> occuring in (843)

IJ J J ~ - II J I J)!1\' I 2... ( J I I Ih / I
[J() tl) --;-J I() ITV -)1- ()2 i I)J

.

~ ~ J C:+ I)
.

Usin~ (265) and (?0c) in (243) .q~ci (....,·1) \.,Tr> "l.3ve

~ ~

« J I J 2. J.H t1 1\1) J Ij LJ) r--; ,<:j I )L J - I II J) II J) ) L~[) I<.-

-;;: J\(J I+U _ ()()+i)-r JdJ\tIJ -Jc(J2-tO]2-
J-;- J ()i'l)



j < J 1 \ J -I II 1; \1 J, J L j) I = ~_ - -\t ),J( I + J \- ).J
I it J (2Jt-l)

x j(); c J2.t H) (11+)•.+1 +J)

\<J I JI- J t \~ JJ J) ,)L J) \ =J ~+ I --J I t J 2.) (l--j- \ .,- J\- j,J .
- 4- (jtl) (2. )tl)

. . .

~ ~ (J \i J L T ) t l.) ( J ,4- ) 2..'- J )
(268) ~

Mul tiplying (~67) and (268) by C (J I J t I.; m () f:' and)
(. ~l0 L~O-~~LC j I ) -I J hJ 0 ) ros-:Joctively (ohtained from A) etc.)

and choosing the resultin~ quantities to be ')2sitive (by convention III)
cu./\..

and substituting in (~25) one ;~tains the rewision relation

c C J \ J 2.. J t f ~ rm 1 'hi 2. m ) Q + 'm 1-~2(J - m +~)
~)t'VlJ i I)

'i < J \ J 2.-1t I II T1 II J I )2- j>
+ c. C J I h J -I ; 'TrJ I 'm2 ~,/ ~~(~H~:'nl)<J ,J

2
J _III J, ill;1h

\ •••.•..~ \... ~ I '

0' I \.



:=; C(JIJJrJ~)yjIh1LM)

)(1'M I - Tn <' JjJ2.J II Ji If J } J2.J/ J
• (269)

where the reduced matrix elem0nts are ~ivcn by (266), (267) and (268)
with nhase factor ,r 1.

The basic recursicm relati JOS Q:t3) ~J)~) and (269) are suffi-
cient to derive (Racah) a seneral expressiJn for the Clebssh-Gordon

~ -'n-)) (J toy) tl) -} (Yn! 1/)2-; J '" +0
-f ('Tn I ,Tn2 -J ~ J Tn) - i-(?1'1/-! J 'Tn) :;J-m)



are the recursion relations satisfied by the -f!g '. Putt1n, m =j
in (272) we see that +- (f)'Y) \ 11) '\ • J 1})) is innependent of Yn) D

L) =J

n .

+(m/ ?n2..) ) )-1) ::: W2tln.2tl)(J2-mJ-QI'+-'mI-t-l)U(~J
xAJ J (27A)

f-( ~ I ~ 2- :, J ) -2)::: [Q 2i m 2.+IX J2i-7q):JyCjr1hJ()2-~-U
-~ (,)2-1-m.:>--+I) (jL~+) ()ft 'M,+-I.)C)\--?>J\j

+(J \T ~ I'H) ( )) T 'IYJ, T0 () 1- '" VLJI-In I~J~ A-j.
(275)

m~(q) ,
Using (270), (276) and (273 ~ wi th In -::J we have since

cCJ 1 J-t~ 'IY1
I
OY)2.J )'2D'\re1_at:t0rJqhi.~ u<:>b~~n Aj and'



, (~J -j-\) ( J 1+ ) 2 - J) 1 {
, -

Q\T j;>. t J +0 j U IT) - )2)J () +) L- )IJ ~

Thus, one has finally. .

. . ~lt)L+)ti) J()jtJ-):Jl(J+JL-)j)l
\ --:

~ ,- ~ \) ~(J J. -1h:,J I, () -'On) l()t 11\) L /z..
X ----------

(J\+ 'hlt) ~ ()L--t17l2)L
)< Ic-il-'DY)+t ~ iT l?1j + t-) ~( ht-) -m ,- i:-) l

t- t L Q-In -t)t Q,-m ,-1)1 (Jr J tl'n+!J.(279)
where as also in (876) the summati~n is over all inte~er values c8nsistent



In our consider~tions of the Angular momentum states tJ Yx~
so far we hAve been choosins a direction in space called the ~- axis
th8 projectijn alon,: which to~ether with the magnitude of the an~ular

1M 'faOt~thAreqex~ets any preferential direction in space to beja y- Q-I, a..J'Y~rie
the 'f. - axis in delaing with physical systems. If)..asystem is

I J."J) with respect to <I\.... 7: - axis, the angular momentum
system is loriented'* alon~ this direction in which case the system is.
said to be polarised. If, on the other· hand, the system has no preferre~
directions in space, then the~e is equal urobability ~or finding the
system in any of the (:t J + I) states f J Yn ) (reflerred to an ar-

~ axis); when the system is-said to be ~nnolarized. We
to ahave also a third (or more ~eneral) 31ternative in which, referred

conveniently fixed i axix, each state I J m> has _a prob~bility
assigned to it, Z Pm = 1; the first two cases beins now the
particulor cases titen Pm &"., J and Pm = :1.IJ+ I

l~Jealso kn:::>wfr~Y'lh~sic princiules thFlt i-? a system, is in a stati-
onary state f ~ > ' say; tho:'}it ca be wirtten as a supern:::>siti:::>nof a
c:::>mpleteset Clfbasic states I ~ l) of the system Le.,

* In quantum theory, we know the directi:;n :::>fan~ular momentum is
unobservable; even in the case of maximum nrojecti:::>n1'Yt ~ J
the angular m:::>mentumvector can only be ~,nsidered to precess a-
round the Z axis, makinf; an angle e .Iith it

e :::.~-l j _ r;f; 0 for larc;e J/J(7~i)



4- (~l> < ~~ ( 0( >
(

1< ~ t I 0< > )~
I ~i >.

•ever he clear; what we c8nsidered f~rmerly is a case of statistical
dist±ibuti')n while (~80) is a quantum mechanical (or coherent) super-
nositi~n of statGs. If 'de h,1vn n'),,! -:)r')hahilit~esPj assigned to the
states ! O<j> f,rmin' 818') q c,m~let') 88t, pj CRn be considered to

< 0<j I r I ~ i > ; ~J £"i j in the \ ~ >
renresentation, and is rpferron tJ as the density matrix f . Trans-
forming the matrix ~ int'.)t'le \ ~ > representation

( 1.-~ 6 I~ .) /0(. I f Ic!. '> <J' I().\
L J '-ir) J \' J ~ . , \, IU ry

it clear that f is not necessarily diarsonal in the I ~ > ;epresenta-
ti~n. ~hL1s, in n8rticular, an assi~nment of probaoilities p~ to
states I J~:> hec~mes for example under rotation a matrix with
off dia~')nal ele~ents; and the c'.)nceptof the de sity matrix can be used
to renresent a ~tistical distinibution in any reference fame, thfough
it should be dia~onalised to allow internretation of the elements as

6huh.Ahc~ f r 'l' n 'J \~)j probahilities~(1'j;&rd tf!.r~co.Y.- lAJtA~'f/\-n

If we now consiner an onerator 0 of the system, <t\j I0 I0<:.)
represents the expe,·:~dti')r value of the onerat~r between states ~";
and since the system has nrobabilitj ~J to be in stat~ IO<j;> J

~<~.
f J
J



l"'"t)prcsonts the I avera·;e exuGctaticm value I " denoted by < 0> ' of the

a
( 0) = -]- <0( j \ 0 \ 0(: '> p,

-=~ ~ < i0hil u I (~1'!<
~ T~ ( ~0)

~~! ~ p) 4<)1~J<~JDI~Xf~~
,')) \ f I ~~>

and is independent of thp rODY'OST1 tAti '~:l 'lsec1, :3S 'Jne might expect.

Let us c'Jnside;o l1::JW sc:;tterj.1 -: '~r""':~"t,,,:0S 10< j > (the 2 J+ 1

two particfle st~t~'s·~'lr o':amnle ~:-:;rraSD2r1·:L,n:t'l :h? 1. J i-' I pro-

jection states of tot~l":.'1·L1l,'l~::' ,~:,'lT1l)nt:,lt'71 J ) itJhlch are weighed with

prohabilities PJ. l't~.G crc:-;s-soctt'''1 !:J.. (f' Sll!Ilme,~over all initial

and final states is

L 1-;-

t 1< J) I T I~,~[ >~c~f7<"SIT I.li> h <~I{J<J)
1-

(T f T ) = C < TTT>T-t

and if \

< c{j I f (15-) IoZj )

where T repr~sents tho scattor:.w:; matrix and C~ is the constant

of proDortionality. On the ~thor hand sum~in~ only ~ver the initial

states, the probability for transition int'i :oj :'inal state 1 ~j > is

\<ol j I T I 0(( > \L P [(t) denotes tho donsi ty ~at:,i7. after scattering

., -"'-:--I l --i \ _': . '.: .:-.
-' / 1-(,.- , \ I I ,.,j /' I U·-

") -" _.0 • '\. \ ! I ' ---L ' ~



~here we have now written tho density ~atrix ~ before collision as
f(c)

It f (f)
TO' f lL) ~ I ~({J:l.

J J
s1ty.matrix \ C+)
To f (f)

llnnormalised density matricos we rewri to tho eq ua tions (281), (283) and
(282) as

f (f) T f ( C ) T-r
(285)

ut er- e Ti(T e( () T-+) - C Tf f (f)- °Tl P(!) Tf P (i) (286)

.~
~ . It is of~he density matrix is obv-;r:>sulya he~mitian matrix.

••
order 1'1, "..,here Y'L '-.3 tho Dvnbor of the basic St8toS and c~nsequen-

A lino 'r combination of ~ L independent matricestly could be oxnressed as
Sf't (of order 1\ )

T-rlsl"'- SV)
Lo \ rl ~ I ~I \_o -i=--- / ".I .



M$. is
I-lo ~ Sf/v,

Ty ~

'T~ .r <c;J'" )

or

f --

O,-,e;of
so that

Ti':f
?1

tho S0-

( Iv...,
v

which orovides a representati8n f~r tho density matrix in
t

sot of n-I
z

of Y\ -, linearly indenen~ont onr:~ators on,
narameters,< Sf"..> ·t .. t"t.,;i,., it~ • ~

matrices (which may be choson to corresnond to the matri~es
"1.

tho system) and ( 11 - 1)'

.mentum renresentati8n the density matrix is 2 r 2 matrix which can be

f~ T-rf [1 ~ -t ]+ y, U:J-.

where 1 <-;->
chosinfS the s(Vy to be the ~ Parl1i s'linmatricesLJ

(291)

(~92)



?x P~ the state of po1arisation
of the spin t system is c~'!lP1eto1ysootr:ifiedand since the spin operat:)rs

---)

transf:)rm like c:)mponents :)fan axial vJctor, 17 is also an axial
Since. <rx ) 6j

are n:)n-dia~:)na1,t~ dia~:)nalise the de~sity mctrix :)ne has ObTisou1y
-~ ,lJ js 3lons the ~-axis,

when we have the probahilities 8ss:)cia~ed with the states f V~)~)
\ 1(. )->:1 > respectively as ;{+ P and I - p.
7 ::::III is clearly J- .A-

{ number of particles
with spin up)

(numb8r of particles
wi th spin down)

1~the ensemble.
r; ~

Since v: 0: 0: are hermitian it is dille3rfrom (2. '?5l) C2: q 2.J that
1') Y""-l - )

p)() "?~ J Y it. are reaL In fac~, t8 r1etermine a YLX'Yl density matrix
we need cleat'!y YI ~- y\

L

real parameters, s~ that Yl)..- \

< H.\
Y1L_ I p3''BameterS . s' I [Jay in senera 1 be complex
8f them will he indeDendent thou~h the S f'1.- are



Let us n~w c~nsi1er scattert~~ ~f , heam ~f sDin t part1cles
----7

(p~larised ALmp.:a u:~it vectj1" '(1 Jb.ns1')Qcewith a de~ree ~f p:)larisa-

ti8n lD ) by a t~raet 3pin
~

the D~I-1r~sati~n feD after
~1t:: . Tn.. ( cr ff)

Tn ("ff)
1

\ 7t (-I F), T -t ?)
rm:::_=» -iC_ :::::::.-:;r .

rYe (T f~-'I' i-)
,

TJL (T T 1-if-) .\- TH (T ~·1T --\- err)
~ (T Tt) +. TJt.(-' ~'fT+).

*

and the differential sc~tterj~~ e~ss-~octi:)n

C
L I-I'1- tr T-l; + T'1 IT (f-.f3 T+l1

(295)

T?z
~L7

If ,,) t< \

tterinD;; ;:,ne CAn arCl1C (fr"i'TI .':·l-'r.ianc~ c"lnsidor8ti:ms) t:Jat T must

whe·re F and G arc fune::-:.Jns r,f ~tv-,2 :"eatterin? '1nt;le 9
1
, and als~,

energy. Usin~ ~2q6) we find fr~" ~?05) qn~ (?94) respecti! ely that

for an unp8larise~ ~1~i~snt 'aG~,

et 1°)(&,) Fl~4 1)C)].,"2rL:;e':i ~r.

~he ~ifferential

~P'(0)( IJ.' 1"n-o)cL~
. I !

•
-cross-secti8n



r=-74- :>..L. ( 7,
- ( '7J -t. I "; F........,., ,-J _ .

I F I 2- ';" I C'1) L

2. K {2 ((41 \( e i) r (9, ))

IF/ 12 (I ' 2-
I ~ G1) I T \Jl ( f);) I

In i-- /'--7 If)- , /"1
~-

-)
- " A,.- L

-":"7 ,
( t.\' ----;:1) .

•. I
!! ~ (""')I +
\. -- I

/

~ ~ ~ ~ is the ,"etri; (~: A A ~) and consequently

(sr-- .-;. ) ~;,; g) :\ f J3'J C(? Ie') , in ~cncral. Note
h8wevcr tha - Tn fA :lnd S88n.

\J B - . . c) = T-0{ ( A B .. ~ )



sDin-rtoDondont and sDin-indo~oniont torms in T And is Dorpenrticular
. -t (0) ,

t8 tho DIane ')f sCAtterin~. TTsin;~ (298) t') do""ine a quantity PI (e)
, ---" ".- i~-'/\ - I,,, ..,,, ' \

we can 1.vrito'ftihs-:ycrl10S's.:tSi8e:tiorl 77I'89l5Tas f, ',:'''i ..- ; ... ~'. i'" --:, • .-; :'r"):;• ' \'-' \: ¥, / .' " \.' - I,

~ CI F (&1) I~T(G (81) 1-) (IT P p~D)(el) un ¢ J
~

whe,ro ¢ is the "':cF.:lo '};LJQon y( aw1'Y;f Thus, f')r scattering

takin~ nlaco in a Diane c;ntairin~ tho (incidont) D~lArisati~n vect')r,

have with an unD')larise~ hnam; tho c~')ss-secti')n reachin~ tho extrem

values d ~0( -+31) 1 \ ±. p p~)( b /) i ' c')rresD')t')(Hn,; t:J ¢ -= o'~)18'0
0

in a olano pernondicu18r ":"')the :in~:i.-lent n')l.'=)risAti')n voctQr. A.s a

Qf ~')ti')n the cr')ss-soct~')n is ~h0 sa~c as with unD')lariso~ pgrticlos,
~' .

th 1, t' '0lQ),n \"": tt" h d'f'f' t_e '0') grlS8 l')n I \ \ vI) .q-' ~'):' S~A orln~ lS ')wovor L. ~oren •
--t ;(')( \

'rho p')lArislti')n p,'" &-;) ~r')'iuCO(1 '1S 1 ,:,osult ~f scattering,

an unD')lqrisorl hnAm;ivos risa, R~~or a soc~n~ qcat~erin~ (thr')ugh

62,. ) under idonticf-ll c'-"'r,,:"ti')t')s, +:') the c:'')ss-secti:->n



Where p ;I
(

fr8~ theso expressi~ns.
ti'm p,b)(8) pr8r1UCer1

e I - 8
L

=..{j ann thus

'The njlari S:'1 ti ')n

by the scattering, f~r example, by ch88sin~
fp fO} {t})J 2-findin.c;

-~

p.
L

'\
"anr1'~ 1Darticular f8r ilJcirlont lmn8l'1rison nnrticlos

~(o)
L.

the spiq of the phot~n is I .since for a (real) ph8ton there are 8nly



tw~ allowerl (trAnsverse) stgt~s ani c~nscquontly ~no noo~~2 x 2

iensity matrix. Lahollin~ thn r~ws gn4 c~lu~ns ~y tw~ ~rth~s~nal
\':.1)' 'Ij) ll)linoar p~lAriso0 s ta1:~s t I 11. Any Y)llrO state ::r.

he written as

~ - 0... f, ....J- et yJ)..- I I '2--
"-.

anr'l W reDt'esontec1 "'y tho '3ensity + .rna~rl!::

Q Q. *
J I

U2

0(
\

in tho U) u)
TI) T 2., rODrosr;nt'1ti'!:J anr1 the < ~() are

< T) -

<Q~>
\Vl.,/
anti< ()y >

T·h'lll~h

~, 1---

((\0: 0.2.--* 0-;. f>j
/.) n ~ r; ;t Q ~l" /)
V\. I V\ l- + ,A L r2.-

- (.( q I c\:t- - :-'(2 G\~) .= P3
we !He ',,\T)t'l::inr:in 2. by § rcpro'sontati:-:m, it sh:lUld be ,

. rernemhore4 thAt we arc ,-10al-:'nr· \<lith ,'3 spin I n.,-:;l'i, and'f
l

"-!J
L

transform like (hI') !)f tho) c~:ln')n.ents 'If '3 vect~r .gnd c8ssequently

tho transf'lrmAtion mAtrix, for examplo, for a r~t~ti~n throu~h g

1,_ un el SV}\ f)



Vn +k -+fl!\ ~ q I) IN-e ~ rhaJ- (314a)

P2- ani ~3 trAnsf8rm. under the above chan~e

. . I

1 I 0 0 0 "1
o k~2t> ~Y)2-o 0 1,
o -.s\~LG W 2 e () 'P2

o 0 0 1>0 i

Ob'O'1Qusly T Anr'! 'P3 are inVAriant under- the particular transf:;rma-

ti"n chaser: and f'Jr '-i r'lt;ati'lt; thr:;ugn fJ{ 'PI I .=. P ~ We
'T) ~)

a Iso observe that the nar8'110-COrs \.....1, P2 )P3 for nhotons do Q.Q1 trans-

'D'
I I

'P t
2

l'3>

to the intensity of the ~nAm (when +he density matrix will however be

unn:;rmaliserl) tho four nara!!lotors T -P, p, e anrnit respectively~) } "-) 3
of the nhysical inter~~0tati'Jn 3S (1) the total intensity (8) the. .
difference intensity alon::: II; \.u. "Iirections (3) the dif~erence in, '1\JfL,

intensities alon;:: 4irecti:ms incliner'! <'1tan 8'lp;le \~ t:'! 'f, 'iJ2., -and

(4) tho '~ifC'erence het'Neen the intonsitios 0:& the lsft'101rcular and

''''here b 't-/'1YOC) tIJ0 st'1+is+ic~l -,roir:ht:'l attAC'h0r1 t'J the pure s+-p~...,-::
\ "



±'- I ~ / beini< orth')~')nalto I::J:!
.)

~') rep~esent ~ensity ~Atricns of systems of hi~her an~ular momen-
CJ- )-,r I) l.

be ::me of the
"1f"' ~~" 'V of ra nk

of the system
S~).
\~ ) ~:: 0::> I) , ~~-)i1.J .

wit h 0 ~ C h (~ \'J e c q r1 h;:or; C2- R Tl)
Q- J +1) ( 2. j -j- U
() to.2.J to form the --~sis ODOrqtors.

operators we can
-kI witho

Anr1 X

c::H1sidorthe
tz rangin~ form

can huild this set of
~baiis oDerAt')rs in terms of the Rn~ulRr momentum oDerator J for the

Tk. ::;
9(

where ty) R ~CJi

1/<)11 cit)
YR fiJ¢)

J

(J J CHI)) k,J' /1 Tr
2 Rt\

_0
I 0

JjUv

r/ J ()i-0

3 J-i t.- - J ( ) +U
) C) t-I) (318.3)

"



ch:Jice :Jfunit ~norat~r as -r0
e :hr

0

:)f (318) is n:)tJV:'st \Jf-L hut

T - <JjU-;I it -
r{3

a-;recswith the
however, -r~

,~, .

~:) ie~te n:)larisAti~n :)f dent~~~~s, for examnle the density

i 0 I. ocaIn ~c rODresente0 in terms ~f ~ ~ ando jLlJ
and thus ~ne has, In this caso, to snecify 9 parameters.

\

2J +!

and a c~~DIGte 0escrintiin ~~ ~~8 ensemble is ~iven either by giTi~g
f or -by"epACi f\ini', the (2 J t i) 1- parameters, ( T~ >

in any nqrtic"lar fro'lle. <T ~) are some times refe"I'r~<l to a,s

'tens~r rn~mentsI. A necific Arlvanta:;ein ch~osini!,the basis opera-

- I -
~h~ (( lm

~ OJl,CA m ~5

J ~ h...

-'-2J+1



If f is 1ia~~nalis~hle, the iia!~nal elements, as menti~ne1

earlier, c~ul~ he i~terprete4 as the stAtistical wei~hts ass~ciated

wi th the vari~us SIJ.hstAtos ro Perren t~ the particulAr Z axis; in

which case the system is sain t~ he QriQnte0 vith respect t~ that

Clxis. If (I~> is n~n-vanishin~ the system is said t~ be 12,-,1.a:.

1:iSe0 al)~llt the axis an4 the 12.21:lrisAti.2Il -PI is definei in terms ~f

<. T~> 83

~o
'T
7!

-:p
.I

I
m

~oDresents the Tati~

betl,veen -I t~ +
P-m= ~,

'-In If) , PLv8nishesever, Pm is quadrati~ll~ ieJenient

~ 2 b·l-/rJ I~

Tn
The system is the n sAir'l t') be a li'~Dl3n whic h is ~'Jnveniontly de scri bel)

2- L ) t-~
~) - I <-I ~>



C~nst~e~in~ an 'oricnte~1 system with soin J
thAt t8 sDeci~y the stAte ~~ D~la~is8tio~ ~f tho system, we nee1
S "1) ecif'y ~nIv 2J DR rgmo.ters <T : > h..::0) ~J • ,.. •• • •• ') 2. J
in the ~r8~e ~~ ~e~crence in which the ~ensity matrix is dia~onal •

.1;l1isis eauiv-'11entt~ SD0ciJ:>yin-;the lJ st8::isticAl wei~hts ~"'rr1

for the 1.. J + ~ st.Ates~ the (2J t 0 ~ wei~ht bein~ deter-
mtne~ ~v normalisati~n. ~~m (~ql) anri (318) it is clear that these
tw~ sots ~~ Daramotors Are c~n~octerl thr~u~h

•

f Yn ?Iz C7J (;+1)
(326)

where 'PI<. C:() is the Le;enlire D~lynomIal of ~rder k. 'PI\. (liutU)
is ir'JenticalFl'JArtfrom factors wi th C. ( J k J; ~O?n) ..Therefore ~
the relAte~ q!vwti ties



sys~em Ani Arc rcPcnncd t~ l~~ientati~n parameters!.-X
( 2- J +0 2- B k (j)

~ k ( j) =
which R~ain or~viic A c~nvcnicnt ~cscrioti~n ~f the state ~f p~lari-

an
s1ti~n ~p/l~~icntcrll system.

Let us c~nsirlcr, as an eXA~Dle, the Dr~~lem ~~ ra~iAti~n emittei
hv '~rientc~l nuclei ~f soin J

1 _JI J J J\t'":Jstgtes \/\ J ')-n n- ) i",hcre
~nrl -Pin<"llstates awl c< r1eoJte

fr,)ffistates \J Jill 11)
are Da~ities of the initial

~ -7
J;1 t A

I #r.: are the cncr::jcs r;-? tile in1 tial ani final states reSTYec-
- I kE- E'~ ~ is the c~cr~y ~? the photon, which may he'---..,)..

obn., "c'irection ){ (It )-Bi<. ¢R}' 1'~ c~"culate the

an~ular 4istributj'":Jn

If E- )

tively,
ernittcrl

Week ¢p}= C L I-
rr/ rrn



-:7
where c is -4 C8nstant 81' Dr')n~rti:>n2li ty A can c:>nveniently be

exnresse4 in terms:)":" tho multiD;)le s81utions 11sin; the c:>'Tlolex conju-R~
~Ate ')f O~9) (for (+1) ItX_ f!--r /'/1 .) s:> thAt an;ular m:>men-

+
turn an4 Daritv c')nsorv~ti')ns re~uce (~~g) t8 a fe~ terms of the tyne

•*NO"':'E: i'he an::;tlla r mornentlll(] c8nservati;)n li'1li t the c:>ntrib1tltin~
multiDoles to the 'lrr'Jers L.:::!J -J'I >' I' ! -J+-J/ since7f..r .••.1~L !".1 .
is a snheric~l tens'lr 0'<:> rank L . Out of these, the narlty conSEr-
vation selects 'lnly

(i) th8se olectl"'jc r,]:1lttD')los satis1i'yin:;
11 ~-U L:;; n i

those ma~netic mlltiD81es which sAtis~y
IT ~!) Lr: ::: TT j

-f _-;
(~9) ",)T -r . wo,hserve that

.J 'I' fta nr1 ~\
since IJsinr;
Darity (·-1)

A (m) (,' L ('nl)
! M l '71 IT - H 11-1- i6 \ -::I-I) A-

. \.-- IYl ) .> F/ -( . LM



multi ])~le terms an~ WL- ~ (-iJ-J,.. ) 16k. ) are the interfera nee

terms; the sumrnnti')n ')vcr lAnd L!. heins ')ver the all')we1 ffiulti-

usin~ (6~) Ani lNi~ner-ECkArt the')rem and since with a 1iven l-

rnA~netic multio81e transiti,n. ~he term within brackets is clearly
e- p.. ¢tz ) s:) that we shall·'

C ~ 1T) ( L L1-0 t·< 0< IJ Irr1\ J N . A:O( m

8 numher An~ is in~e~on~ent ,r (
.e (N 'Wl

Q the (jl18nti tyL,..
L

__\\ o(J rr) \



XC0/L ~~-oJ)-m)ln) C(J~V;6nJ-1n)
(3.'38 )

usin~ (5i) ani (98a). Usin: (5e) ani (338) in (3~6) we have
J ~L

v.r(-(B-k¢tJ::: (AI- ~~-JkTl}D PV(fffi-&/z):x
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