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The contents of this report are the lecture notes of
4 lectures delivered by Professor L.I.Schiff o~ Stanford
University, California during his stay in Madras as a
Visiting Professof of the Institute of Mathematical science~,
Madras in the spring of 1963. The first two lectures deal
with an introduction to the formal aspects of the theory of
gravitation and general relatiVity while the rest are con-
cerned with a noval verification of the theorY using a spinn-
ing object as a test particle in a graVitational field. 7his
preliminary version of the lecture notes was prepared by
Dr. R. Vasudevan.

These lecture notes were not looked into by Professor
L.I. Schiff. Stnce these notes are not complete in themselves
this is intended for private circulation only.



ON GR.!'VIT." I'IO~! .!',ND GSrfSRi; IJ RELI'L'rVITY

INTRODUCTION:

Sinstein's theory of gravitation, (the theory of
Relativity~ which h?s been acc8yted as the most satisfactory
description of gravi t2.tional phenomenon for more than forty-.
years, is a theorY of great conceptual and structural elegance,
and it is also so designed that it automatically agrees in
appropriate limits, with Newton's mechanics of gravitating
bodies, and with Einstein's theory of ~pecial relativity. We
shall in these lectures be concerned not so mue~ with the formal
aspects of the theory, as with the experimental basis of the
theory. ~e shall in general be int8rested in the calculation
of the geoJ.esic orbits for mas s point s and spinning obj ect s,
and calculate the change in the spin axis of the gyroscope in a
gravit2,tional field. fl~o 1toTe shall investigate the various
cosmological models in a brief manner and relate the astronomies.

~ .evidences obt3.insd 10ithes2 th'3ories.
The Difference between Spe~~al and General theory vf relativit~_,

The dimE::msionles oS paramet3r characteri stic of the
speci al theory v'V which is very small compared to unity inis ...--;,-C '2--'

the Newtionian theory. mh~ general theory is characterised by.L_.'W

G ('-1____ where G is the newtonian, gravita-
(t.. Jl,

gravi tating mas s, }1r the di stance from thE

parameters become very small compared to 1. To get a feeling feI
G,.h

the.magnitude of these coqstal)ts the va~u.e ofl the constant _
~ (~~



-6 -qnd that of the e~rth is 10 and 10

the definition of the forcG on a spring W =h c>\; The EH11lality
(j, '.

torms of equal accelations for all freely falling test particles
regardless of mass or chemical conposition. The pendulum experi

inertial mass. Much more precise experiments, were performed ha:
(,)a century ago, by Eotv;losL.ano his collaborators 1,rhichare being

(~.')repeated with improved techniques by Dick~at M.I.T. ano the
accuracy in such experime~~s is of the order of one in 108; The

While from the days of Newton, the equality of these two has been
a puzzle, ~he equiv2.I·:;nceprinciDle, as stated below aro se, in th

\formulation of g'"Jneralr'31:'J.tivity 0 f :Sinstien about half a centur:
ago namely: all obse~vations made locally on a system, in a stat

\

\ma"(,cor, agree "I.vi th thc~corre sponcing operations made on the same
system, when it is ~biect to an equivalent acceleration in the
absence of the field.\ Im9liei* 1n this state~ent is a lot of

\ ';l



physics and leads to the concent that the space time ,orbit of a
partic1r.is independent of the structure of internal foreps

'-.
in the ,article. Grav-itat1.qn,is eXhibited·~s a distortion of

'.
space time by the presence of mass and the test particles move ir

\

accordance v.rith the geode sic ~uations for a R~im'annian metric,
.•..'"~

intimately rel~ted to the gravit~tional field.
\

EXPERD1:SNTA:S V3RIFIC/\TIONS: '--

Unlike the 9rinci~le of covarience, the principle of
equivalence cannot be regarded as a necessarily inescapable axior.

it makes perfectly definite statements as to
. I

the interrelated character of the coordinate system and gravita-
tional fields which might or might not be true. He~ce the final
justification for the introduction of the principle must depend 0

Of course the simplest of the consiquencesis that the
gravitational acceleration of all bodies is the same in the same

raceives compelling sanction by the three crucial. t~sts which
\:;ya 0\ ~d t~nSdistinguish between the,( . ..•... of the NC':lt·-:miantheorY and

those of the precise ~instien's th8ory. The three well known
crucial tAsts of the tyeory are:-
(1) The GraVitational hod shift.
(2) Precession of the Planetary Orbits.
(3) Tho def18ction 0 f light in a grati tational field.

(1) The ~Gd shift:- This is a direct consequence of



of light emitted from the 52me atom on\th~ surface of the sun 8nd

that on the surface 0 f the earth. :cirl1.er measurements of ~t. John
•

and Adans, havp given evidence to the ~3Ct that the light gets
"

degraded in its energy by passing throu~n the gravitational field.
\(3)

Later experiments at Harvard, 2.nd Harweli/(using Mansbauer effect
!

techniqu8s) have proved this with an accur~cy of about 3 per cent.

But this can be explainsd by the mere assumption that the measure-
a"f tdE'Y\tl(~( l.V~Jr.tv-o~ db~e

monts in a uniform gravitational fie10Lwith ~ frame work which i,

subject to the Srlmeaccelerati.on d- as in the \~ravi tational field.

Take two identical clocks placed in a frame with constant accelera-

tion q\, one ahead 0 f the other by a di stance ~ in the direction
a '

\

of the f'teld. Let the clocks have; natural period, To and let light

signals b~ sent at the end of each period from one" clock to the

other to pGr~it a cQmparison of the observed rate~. The time

necessary for the signal to pc_58 between the ti.,rOclock,1::is
\ 1 t!,

apprQximately, 'L ':- ~ , C being the veloci ty 0 f light(I}
\

• The forvard clock ,vill acquire added veloci ty in the direc-

tion 0 f motion, in thi s interve.l 0 f time given by If -:..'? t ~~~'1- L~)
Hence by ordi~ary Doppler effect (first order), the pe~iod of the

rear clock wter. 8easured in ter~s of the forward o}ock witti the
\

help 0 f the arriving light signals
J- -T /", .i.- \' ) -

(,::, ,(; \.. I •. - -\ C
By tria principl~ of equivalence, this result can be interpreted

\ .,

as also applying to the Qn~lQgous situation of two stationary
\', '

clocks~ separated )y a distant4
\

field 0 f intensity 2:- so thp_t we
\

is
-r: (I + O~)

in the direction of a unifor~

may wr i te -r1- :::.~ ( I + .6 eX )
/



,,,itha difference in grnvit(';.tionalpotential ~f :::::cah,; the
clock nt the low2r end having a long?r observed period. Two ~toms
of the same substance, c&n replace the identically constructed
clocks and the period or correspondingly the w~velength of a givep.
spectral line of the atom, should show a shift given by

St- -::: !' b"~~--v-
when it passes through a gravitationalCpotential b~ or equi-
valent ly for the freauency ~.i- _ b'~ ::: Cj t':...-

~ tJ - ~ 0 c"2-
For sodium light orginating fro'Ilthe surfi'l.ceof the sun

(,'\ -6~ -;: :2.. l:l '/..{o
!'Before taking u9 the detailed derivation of the other

two effects it is interesting to point out, how the orbit preces-
sion experiment is a very conclusive test of the theory more than

mass M, the metric thGt re~resents the ~olution of the field
equations (to be given 12ter~, car.bo written in the Sehwarzehlid
stanelard form. 1.- -I ~l

cls~-:- (I - ~ )clt ~ (1_2-~) d~2-_ ~(eteJ-i 3c.~'2-e~ct/).
G. Y'"j (.

where units have beeD chosen so thet M :: l- )0 c;.:: C -:- IC .

ni tion 0 f the se p,le

(
1-(1-

,.. r--, .... J/ 1\
t- ,<- ''- /"" ( '--\. / )

cd s:: ----:J,..- d tl- _ i I·} __' ."\ \. d 'LL- -+ fL1.cd 01-T '~5L'\A'L e Jd:--
( 1"-/ . " \. ') 'L ) j
\ ! -f 2 7"\. ) J-' . - - - . (3)

Hence we have to look i-nto the othf·r t1!iO offects to get a deci-
siVe verific~tion of the Gencr21 relativity.



(( /L Iis vc~lid whenev,:')r -' i-- Ih..-
h2.S to be 2upplemented by the geodesic for the motion of the t0St

p~rticle and the nUllgeodosic for the light ray.

SUppos,~ WG wish to verify the structure of the eQuatior

by Com~)(~ri.sor:,l-ri.th observ(-it"Lons. 1'Ie may INrite th'? metric in the

""1. ~)d,-~2-_(I + Y-,::
, n'- ( r! 0 '-+ s,;., "-6, cl cP ~) (4-'

1Vhcre C<, ~, Y , ,,-Lnd 0 ",,"r80 f ord~-,r uni ty anrl for planetary
C~ tv1 YYv 1>'\ v- l-- ~ ~ "I '\J '2--

ciculer orbits of tile Ne",tonian type 'c'- 0 -;;: o~ C>-~ ~ C- 'l-

i ..?:., tho pp.,ra:neter s in gen~r2J. s.nc sp,~ci al relati vi ty Qre the same.

_! 'I.--- ( "-1o S z- I +- ,?( T
'l..

above equation as
(

C,:'/l
j -+ 0<. -~- 1-

'\. C '""l'\....-
... ) -(

+ ('\..
)

_\ d.J\.'l-
2.-. 1 2-

L O\vt

)cL?1.'L-

d t)... (5)
Heme e e ::;.ch ~:~r:Tji1: the fir st braeket is great:":lr than

the corresponding t2rm in 2nd br~cket by one order. Hsnc~ the term

Cl( C
l

r-l in t:-12 fir "t bracket cor!'csDonrJ.s "S:) t!l-::l terl:1 uni t}r in the:C 1-.71..-

secon~ ~rnek?~, ~n~ for r~riuctjon to ~~wtoni~n orbit~, ~ s'ou10 be

accounted for i:':'l the s:-~r,'l.C: 1va,y. The- theory 0: the er2.vi t2.tionQ.t

defloction of light r·c''';~.uit,<: fro::-:ths null geor1o:::ic for 2. li.ght ray

8.nd togetr-er 1·ri th the .-:t.:;VG'T:-olu.:> of c( [l~1dthe choice y :::+2.

Finnlly the t.heo:,y 0 f th~ :~ir(--:c<.'S c~i,'),:": 0 f the ':,srehslion 0 f merEtlry

rc,7ults form the g':::)~"3~~ <'c;'lJion of motion for a test particle,

~.n(' t h·? C11.0 ice 0 f f3 :::: o.

Higher terms in ( r~) n?ve not been <7ubjo.cted to expGrimental test
( ,,.'

. is argued el.ss1 ...rhe,:)" ,.) th:::t the vaIuGs Cl( ~. 1"" and th2 null

'--)-sier, ;;. ~8"',.34) - (l~bO)' B:::). Eddington ~agev _
(,)"- r~(>s /,:jCr~'L0Qn J,0f"
:1.05.



ment which should hold in ~ll cases c~n be ex~ressed, in the usual
p~\

way as d 5'2--:: Cj ~l)J d;( d. X- The ~ y'- -V are
~ U

called fundRmentr>.l tensors ar-d 1,recan take them to be symmetric;
L\ ~" ))u.J v V q r' 0 n\ are the cov~ri ~nt, anc1 mixed and contra-

(I ) U )J ~ v
vaniant tensors resryectively, Qn0 2.1 so

'i fA. ::f: JJ

Lt ~/'- - ).J-

dr-v are ten inr.e1J<3ndent qup..utitie s aDd since in V 4 space
there are only four transforr!12.tions the ~ r Y which reDresent in
a way the gr~vitatior.al notenti~ls cannot be nll ma0eUnity, i.e.,

t 9srmanent grcvit2.tion~l fiold cannot be tr2J1sformed away by

Christofel 3 incex symbols:-

[I'V ) cr J .. l (~~<i 1- =~-I~o- ~ d!v)
{ rv) ,,) - 'J 0-). L ~A Y ) ). J" r~ ~ -..( 7)

There are 40 differc,nt ::5 index symbols and thr.:secorr'"'spond to a
generalised force in gravitational theory since th8se inclurle



~ Ir- ~o l-,))
u1- I

and we can SGe th2t
"-\

-- « r-Vop +
I"

o 's ~re genor21 tensors of the
/, f" )J<:J I

d8ri vati ve S 0 f '~ r....)l.5 and -,t~e d r' \) -5

in gene~~l th2Y can have 256 co~~onents

I~r G"" (' Y t- I~r f v ,cr- -

4th rank involving

Tha contr2ctod Rcimann-Christofel tensor$ are formed by
--- nO
I{ t" V - ~ r V ()i- 0-

- .J

BecaU:;8 0 f duplicc:tion of inrJic',:;s,
_5" J
I", ,"1- -:: :r:-1"!cJ )1.

,~r I
J r ~

~" x: )) (?

0<
I~}' v ' -;f;,( rf" Y +

in empty s,ace was chosen by Einstein

K ,;>( -' "J 0( (?> 1:<' 't'he sp. ur
, lA - I I" f>

called the G~nssian curvature or simply

as the"law of gre.vitatLon.
; "~ ~r 'if" -: /< J :- {} (" I 1'"'- i S

~ \ ( C?,-

curV:1turo.0 f spac e time.

2.boVG st atem'?nt l!lsans that th,re ar'? 10 di f fer,:]ntia 1. equation s, to

determine J f")) '':li~~~ ~~ C"'..11 be seen that there rtrs 4 ident.i_-

cal rel<:~tions,between the 58ithG nwnber 0 f equRtions is effecti Vf.>1'- ~

The condition for 'fl~tt sp2ce time can be 8ypressod by setting t~e

T'
t· (,)", ~equ? lon '- ,I-

I r" v 6"'



problem of obtaining 2. covariant relation between the gravitation

poteEt~ 2.,1 s (\.-I_A.. v and the cor:pon:?nt S 0 f the energy momentum tensor
_ I h\5 re-lJcL.o{\

If''''' Y, i' :' ,wi11 be the 2c?pro.printe re lati vi stic analogue; 0 f the

equation,
(

' ,~
c._~

~o'x2.-
4-ITRP

potential 0/ ~vith the d,?nsity of the matter. e ccnd the

gr2vi tc:.tional constant K. Poisson' s (~r:u2.tion does not involve

higher deriv2..tiv(:;s of the Ncwt<~i&n potential than the second.
( 0 v () y L.G\ Y'Ce

MoreOV;3r1"ith the 9rinc iple 0 fl :','/ ~ ,! (' we know thRt the
rt-v

convariant divergence of the 2nergy momentumtensor I' for

any coordinate system, should equ~l zoro; This is a fund2~ental

equation of the mechanic': of a cant; nuous m!:;dium
',1 ,,) l',..(

:: _~\ T' :.A v+ /-~. ~ T c/-,}~i- r ~T I ~ 0 (.)
))1 r,( .-'G \.. rA - -.. 11

C>,y 0. 1\ ~Sl.aY'l .-
:)T!~y ~ 0 for the 0't "/".: coorc1inat.-:; system.
. v-'

c) .t-. / ") I
It is to be noted that I "'-L'V-'- j:(r:; t I\c:l \\\is a most

\. r 2.- J r" V u fA ' )
general t,msor of s8cond rank, constructed solely from J~"-V
and the~ first ~nd secone derivatives, whos~ contracted covariant

- f'~ 'I
II .

J \/

consideration led EinstieD to formu12te the appropriate field
wh lch 16

equations for re12.~i vistic theory of gravi tation'L the following.

-/>/ - 11\ 1/ 'Onc,_" r" Y - 2- I<q IA V T - 1f--' y :: - '" T~ ....y -:-- -- I I'''',)a eLl

Of course T~,).lis the energy momentumtensor of all the things



the poisson equation in the Ncwtoni2D limit K is chosen to be
<3f\G,./4equal to I C

tion {) f J....s =: 0, i. E'., the tot <.,.1.1 interval along the trajectorY
'-; ~ VUA. t,,~o1"\ S

sh2,11 be an extremum for s!!1all .-' :.: I which vani sh at the•....
two limits of the integr~tiDn. ~ covariant expression of the

geode sic is given by cl t. x-~
_.- -t;-...{ s ~'.-

c( xy
----ds

cr i light ray as a postul~te in a gr~vitational field. Further~ore

the additional limitation that ({So: 0 for a light ray is also taken

as an appro)riate generalisation in the presence of a gravitational

field. The effects of the j\ term would increase with the size of

the region considered anr in a region within the size of a solar

system, j\ is small enough to be neglected and so we shall be just i-
oil)fied in taki ng the? fie Id equations as -- k T1_,- Y .:=. r\ ~!' - /..1"- j y- V

--. (i 3)
!< T:o. i(

as a result of contr:<.ction Ii is retained for cosmologicP.l eonsioera-

tion and is call·ed the cosrr.ologicp~j c.onst.ant.

,... __ I(\!\..."" 2· q C) 7 c, X I {. -. C "'...~ 5 t c

and hence

coT! c<
('.et

-L+6 _\ ~I
.'__. C 7 3 '< ! l' C/\ vV I 1Tf"v S e. L '2-



L3C'i'UR'S- II.

Let us think about the moti0n of a test particle and a

light raY in a gravitational field, taking a general metric,

with q ~/\V coefficients being given by power series expansion ~
teYm S 0 '1"1/0 f the quanti ty rL."-

in the pm"9r serie 8, to E certnin extent; let us therefore "\Arrite
6ta~dC\rd

theLt.<1..·t.r " .!'" line elemr:.mt 2S
. 'I- (I-I ;r ,\I'l- ) I 'l.-

'1- C . /'<'1 . " !,·f . 2 . I +- _~)_'_ +~._ 0.."-J 5 _ I + ;;0( ._ .• i- ~.:> -. ..L - .••• ) ot{. - I + Y ~ h 1-
0\- -, j I I ~'l-' . Tt...- / •...

C, _ TL"- C d. e "-+ :> L~, ->"6 cZ"t)
(1)

The geodesic equ~tions of motion are:-
J..'2.-x.&- l-eJ dx!""

------ +- ---cl 5 'J- ~'- Y d )l

where jL. Ie-) .r
be seen that with

r;s-
and t are the four components of y.. It can
n -:-- (~.I t y ,....·1 + cf ""f '2- "\
(1 /I '-- --r. +-. ~ ) ...' J"L. h '- /

~)...(". '-. l - (( -i ~ t·! r~~-r .,.) ,';J:L"
".. ....)LV" e} ./41, - -t '. '1-- G

'J ' ,.n.. { ,- c.. -=- ~,;:

the.JI.. equation

(
/ 1'-1\/-= I +r-....-.n.

reduces to the line element itself and 1"'eget
I'll 'l- '. (olt)'t- ( f'-I ( f'-/ 'l- "\~ov.-)"2.--+ /0 -,~ +... ,) -: - J + Y -' --t- 0_ + .. , _
h ,.... d .) . .;...... h 'I..- / of S

'l- ( d (:;') '2- ~ _ . ').. , ( c{ q: ) 2-
- /'L. - "- .s v\~ e -

cis - cis
For the e equatio~ W8 get

,"2. (cl d. 2- 2.. o{ 9t.. 0l p!
~ - ({·.-S e S tA'~ e . ":;rf-- ) + - T > '~(-' ~ () /

r( .C._ }. 0 ..) -'L. c ~ v S (.... \ :.:
c1. { ?- - -. 4) {;.J

If initially e = '* y / Cd _ 0S0 that ~~ -:.0 then the particlel2 -'-\-;[- - '-' I 'l--- • (

continues to mOVein th~'s0 plane i tself~· .)The equation for ¢ }
become's d ~4;; + 2 ~ . c!J.- :: 0 _. __.. fJS)c! 52 ,.... (·1 ::.:, (>\ .) \:

which integrates to d ¢ .' I"~ where {""\.is a-crS "-~



COGS' tant.
I i ...1)

Weget- 0- .
'of' ;:r;:

Ie the non-relativistic limit -tv is the angular momentum sinc8

~ )1-...l -'--~~:.~
At\:..:--... ...•
ct -5

in the non-~slGtivisti~ limit it is the ensrgy-integ-
the~o..uation given above and putting 1\.;. ~'J we

"'f-i C I cl J.. " d. d
- - '1 -': L" ~ ---I-

'l... ~. , -;l <' - (.{ ~
I '- ,. ' ,,' lll- ,. . .....

If we substi.tute ~.y for ~\tr.t\ :;: ( 1 +
We get for the t equation

/-....I' /-..:.---+
'"\..

dS
I, ".

.' /) -' \)
'-/ - ."" t... where 1< is a

r:.... ").. ( I ~j I <: 2- ~ ) 7('d \\)'1-' 2-
__ ~! \ I 1- r f: LA.. + () IH 'l<l- -+ ."' V.. ~. I 1- 1_

----- (';, L, ..,- \, 1./\ •.

./ I .-.....! I '!..- \ C'I+""r,~,,l.+ j,l (,-t. --\-".

Since J.
dJl
c~$ ::

To eliminate ~:

{ d"v,..u..~ ~A S -
related to

cl.{.\.-
t:{ l'

put
(I -i- \ C-j t'-j 1:"- -t "')

"\r ''c_

/\..,'_'_ rv
r' '-L.-
l..

'l.-
'V

')...

of mrtgnitude c,lcul;'''tionc:and '\!a
for purposes 0 f ordc

f .. 1 d 1 d1~or a T)ar't~c.e an a so .--::.. oct
orbit. Hence to go to one!

(I i -,(II ld ... )( ,t Y H Vc~ •• J e...T~\;i~[I -t (x: t y) 1"\",4..J)(\'

( I+ e.-.1.0'2-+ ... 'J ( I + ,( ~"i lA J ..• ) ::=:::: I -+ ( t,2, t'- l. + ;.(I' (\ l\.) + ~ H~'-1t
. ..J.. r--1 f" 'l-v-.J (1\ r''''

---.\.-\.



!\--
IF(Le.) if ,.,e kee) the terms of order U'0 to /' only; the equa-
,- .. "'1

t ion becomes after di fferentiating 1..,1th res~e'--ct to q;
r' i'-' I . -" (cl f •.• '\?- ('~ r!) ( l'\~.. .3~ ~"(:)

~~~o l -+ ~ +y) r\ v )Lt ~. \. .,( -t Y ) t '\ -Ti) -1 \ '- +;T:l- +- \ P -{~ -to .1. If'
I r( 'l-.. 1. . . ~ . , '. , - \J

0\ ..,~ .

Rewriting this ?utting the lowest order terms on the left we get
2 _/ •• A " . ", " cl.Lu.... t (' (c., .)..--( 'u~ }.30il 2).~:\~.+ (A +;:~;..-::- (.<~..t 'J" ,n"l l'A -;;C1) 7.- + °i \ cr. I-'- ~1:i + T H\A;.

" ¢ ·1 " . - ~., (12-
• (. l,\. .-+ l", )-y\. 3 LCOID;?arethi s with ....:..-c----., :.. -,-,. - + ,'fy'v \l

d. (1 .- j' .?-
I 2. .

If M:: 0, we get ()'. t,>, + "\\'-:..0 which is the equation for the--r:rct... .
straight line in the absence of gravitation fiel~s. L~t us solve

solution as
'\La:: -

r>( t'l----~.•.)....

2- LA.
[1 + /' Je (>.:~ ( (!-- \.J )_

(0 :: 0)

I
K;

).

~ L.,I ..

i.e. circular orbit
,... ;; ?-
d... I' .".-_.-
l""/IZJ

KJ '\r ('c. ...•~ et ~./\

A ' to. C/, .\Co...~ t..! . \..)/

C-trJ ( if - JM.») which is
;:,

c: 1'1\ .' r(· \ .2 ~
~ --~. I ..< + "Y) >( + 1..'>( If·~·-.,J

/'1- t ..../11.... -.,
~3 J Cl-~ (" ct ...w).

-~'- (15:



]

,J .\- ./{ hThe solution of :::..-----.-+- (,'L -tAct",:

of perio d 2'lT is given by
"l 0< )'J\ --,
v '- __.-::-_.;'",L. I + e

'j f_,.J-. ..

- -~'f2~,[I -f
for small angles:::of - <1.:

of the gerhi lion changes by an amount
/7.. L '2- j ,/

'2 IT A c, 1\ i'/' (,J. _ '-"'-! _ A')
------- f- L- \.. ~ --- 1 -

,?<.... /', f .\. ( J...." "' /) ~ L
Kno·;.!ingthat /.. ::: _ ;z this beeomes4:,_=)-:'. T r / /1 i'·1

~'.._,-,1.- .'
The value for mercury Hithin an observationa' accuracy of 1 per

cent is given by G It "'1?-/ ,~. 2. so that y - rJ -=- ;z..

C~7

no\<!cAs· 0 Le. the motion is a null geodesic. Thi.: means that
t:

we take h -+ 00 c.nd r.o -+ 00 '.'!hile 2 remains fini te.
1-( " ell" 2.

, i -/..-;;< ,,"\ 1:\ -t '- .. ) ( I + -l' [,,1\ ~ + , ~,) ere!)-I-
K~e~ing lowest and next lowest order terms'

f '-f!+. C ,<. -t Y) r I v·l ( .~~{~)1.-t- (\.1- ( I + ~ f' h.\.).~ i1-

and ~iffefentiating ¢ ._ I 1 0 -; _ '," 2--

'2- ~/:-j .01 {\. r I + (.,/ .' )/) I. )'v1J + (.,/ _~.v)' 1'/\ ( (',~h \) +-L' 2,1A + .5~ ~ \'I.J
[>\ y; (l'fT 2.. L' \.'-" r ,/ v\. , " .' , . ! C'\. d:

. i ell.... _ 0

. ~l:- +- (\. ~: _ (x: ',....l) r1 -/-(.\,d\, -i 1 (cl (~ ,,2.J- 3
J

1\ L. d 7' - /.
l . e, ,oJ c;. )... I I -. C ( 11. 2-" ct ¢, ) - 2: ,/\, f It. - - _- \,.2. C

f f ( \ E"The unpert 'rbed orbit is a straight line / v\. 0 :: -'0 . l~ •• ..., where
l'v

R is the impact parameter. Adain proceeding by perturbation
rol 2 If etI. + "\r '\ M f r, .! ,-I I r :lr.4,)' 3:..( 1'-1 , )...A..
-':.~l~ 2 of t.', ~ - ~., R- ~ I I\! - / ..\~t'-~ yX -+ -?- .) <-;'"1V \Jt)' - -?-¢_. -;f).. Cl~~ lfJ( .

_ ,,; ....x...~. J,... /', + ~_,_._I c.t<,1-- - - - . :2 \ ,
,. ~ -,)..

The apyroximate solution of this is 2/\.

p.::.::.



Ch~nging this into cartesian Coordinates.
( 15" ct· L 2- J-

---- .I X -t 'I : ,,\..::L11..

= -'T<, + ((_=--..!:2-!_~)X2.+yo. Y H .~ "

2._ IZ 1-J- ' (" __ 2- g}. ..J x L-.t '!?- .-- (1-6;
n + Y f'/j .-. 7 ", '- y .?() i'1 I~' J......
\i 2. IZ, \1 X ,..+ Y - 2 ~ " )( + '/

Comparing this I....,ith the ~mperturbed solution >< -:::. 'r~ T;le '...~.8e

thi:: becomes . ~ ", I
'v / I I( r" - '\ , {'/\ .X "-7 !\.. -- \. - ':) 1""- - '1 .

"- " ._ (y.- 0<,) r't\e - .)
I",

Tb~ angle bet~{een the 8ym:9totes are

ray is concave to."rards the sum if -1-- t;;( >- 0

value is 4 t~ .so that 'j'/ -- cJ..... "4-

·v
The:'~for,,' the v? lue 0 f ;~ = .0....

since c( ~ -2 "-'" '")
t) 6 =- ""--

1) MQtion of orbit re~uires c( ~ -2. This accounts for the red

2) Lieht deflection req.uire y = 4 + c< -= 2.

n3) Hercuty ~Jrecession therefore renuire.s p = -6 + C<,;.

In the case of satellite motion the ~recession due to the bulge of

the eart~ is many times bigger than the general relatiVity effect

and hence could not be tested.

Cosmological ?roblems:

;i:G start 1...ri th the field eq11ation

R.,V V - i R. ~ II- li T /\ ~ ,...})' - l~:-.fT r-}> ___ (2 (,)

:>iherej\. is the co ;"mo l.ogic:'al constant. 7'1t? assume that the Universe

is homogeneous, isotropic dnd static, and regard the stars and

galaxies a.s lac 8.1 fluctuations. T~iO~, the Fe the ctensity an0 Tc
the pressure are ~~pt~r~ constants and the line element is that



due to 8cllwartzchild~-- 2-)
cl.s J-.. ~~ e')) d L L-_ .e ;. d. ~~- _ ;''2- ( c! e;L + S(,-~"l e J r/

~ and V are functions of Jl.. only and ) (0) :c )J (c) ::-.0

since at the ]osition 0f the origin the space is locallv galiliean
! 1. 3;"1 ') ,£!'

< .' T:" '~'2- t 3 0 \ c· '\ I 4- :: (~

These lead to two indeDendent equations:-
e -~(-Y I -t _,- '\ _ - + 1\ - ~~T Po

. 'L.. ).... 2. ,) ,_, '2- ,-' I I

e - ;\ (_~:' - ;L?-) -+- ~ •. -- j\ ~IT fa (.2 By
-=-L,Po ~ _ ( p~4 ~) ")/ ~ c' since 1'0 is constant. Three

C\..:""L 2-
cases are Dossible--

I
a) ),-) ~ 6 )

0-/.1)
(b I (It 0

and 'V Co) ., 0

The first equation becomes
2 _.)-.;::.I _ ( 1\-- ~ IT Pc.) cr-e-

C)

If you p;'lt W-':::·_", the line element beeomes1\ _.S' Ii I--'D
I:l- "2-("4.-.' ~ 1-;1...')12- /1:" {~l- 'h ((c, C c" I

0\ 5 = C'\. L - r;~ ~'?I..Yi<..l..) - 'l • C -+ ,;)V\-".J v' 0\ • /

Also the second equatton plus the first give- C- 0 1") .. ) ,I _. 7\ --n A .)S II (0 + ~ .: A e . _ --). ('6 TI ro - .L \.
.x..

../\. =: 4 7T Cr:- -+- 3 po) I J~-;'- ~ 4 Tf C e6 + 'Po) __.' (31)
Thus A and R Je :t:J0 sitive i f ~ and ~ are. The ~arameter R
)lays the role of the raius of the ULiverse, if R2 / 0 it is
said to be an ope~ unive'se, sine after n = R the line element
blows up. If R2 / 0 theI:.it is called a closed universe.



'-:fl.- b 1 1 f ~' f /",-,2> - 2 (1·•.·118 ::>server, va ue Ole: I') _r_..... X I(_\ r~s~:3
"'. C L.

1
. . L.~,v

- .is matteridensitY and radiation density is ~.3 X(O-"tel oJ

'Po is negligible. Ti1~::r.:;fore /\ ~_ ~... _ /1-'1 P
- R~ - <--/- '0

q ,
{ .. '< III . ,t-":")"{-"l" _{

LJ. <.0-.,-< .
q 0

G x I (\ tight

I

~). , ..,'" 2....7"-.,," --"'''' I l. ""-- / 'V I . r----
v" :: --:":-r" 0> _/ _ ~_ r C' <... ""J'" ...--...\/ /J. Ii Po '-, 4 I! '..:: ( (;)

Anc.~ observations of galaxies usually go out to O.

Years. Th~ effect of the /\
JL ,-found by compa.ring the __ term
j:!, - ,/~ne]tUD8 Hhere _)-L.~ .:.=. 'f to (, '._ .•

term on the solar system can be
2.,,,,,.

with --at the orbi t 0 f the)1_

/ ,., 2-. / . :i-f ' L" \ "l-;o4(. ..:.~.) (2)"Y'v \ /\.. (-.:_-) X.
' f.<. '- / ---.1 -' ',-- P.

' , .. / " ,.(.

the cosmologi0al ter~ is complet~ly negligible

The r-atio 1s

JLc.
2

/"-' 10-17
'- G "-'1 - - ..- (33.

system since for a particle at rest,
r{ i- )<, r''- r - f" ( ~ t )..-
-~ S i:.- +- 'q--Lt cOC5) := 0

,- 1 :: 1 ~OJ - A) J-J \ and zero for all .)ther components.",1-1 ( 1-2.. ~'~
c 'j.. .,. 0
d <, l-

there is no intrinsic dOP?ler shift in the model.

and the particle remains at rest.

M::>rever dLl-4-;::' I and henCe th0re is no gravitational shift.

This (lisagrees iArithHubble's observations of a red

V::~
T

Note howev0r that red
cf 'A /'J..L
A- ~

which agr2es with the ~ost distant observed extragalactic

shift that can be interDreted A,S Dop,.:.2.ershift vT1 th
-r 17 10where ;:- 4- Y 1(\ SC.: : /. '31 X 1(-, years.

shift c8rre~ponding to the distan~e R ~ould be

nebUla. ThG Bi41,;;tein uniVerse may be actually re:;arded to be

ir.. eqUilibrium betw8Gn L1 ::-epUlsion and gravitational attrac-
tion due to P. 0

Da Sitter's line elerncn~:

~Vt:- t_ke !~" -+ Po =- 0 so that 1
0

and

separately zero. ThL: uni ver se is empty 4 A \ -+ V 1-;= 0

since
, - \1,-/'Ie <'e 71.

).)(0)-,

/\ .-

O. The equation

~1Ir; - - - -_(:SS')



can be integrated after
-;.. I <>.

- )1... e -t- I <- ...

multi::>lication by h.,..'2-
-),

15 IT to ~ +- A
-3

/~
(

-. -J-t.,

d
/\ + ?, n Po 'l.-. h.

;z
'-)

> (,..), \,...•.. .

,,2 :3 . 3 P
,'-. = 7\~8lTfo ~/\.s ~t.t 0 ~ 0

and the line elcm~nt becomes L

cls1-;. (I _ JL J- ') (J t t-.. _ c{~."i.- _ '1/- ( ci. e + 5 ~"l-- e· cJ. ~ ?) _(.,,)
'-. p)... (' - "-)...') • ..•. "-~ -

I') v \.. t ~/
R"- can be po si tive or negative according to ,,,hpther the universe

into this empty universe.~ince ~4.(t -:f. I . A particle initially

at re st does not st 2.y thcit '''ay. Thus there is motion \·ri thout

ing to coordinates such that J tt-.q ~ \

Hence
~I:



re~t. The metric is isotropic and light ray ~ove along straight
paths.

?.
~'l6 assume that A » c cv,,~(~ R, '7 (I '-so ~ is real.

Dro,ping the nrimes the length scale changes like et/~ an~

the metric is isotropic t is universal time and so all the clocks

have the same 9ropr",r time. The ~ro~er r'listance from the origin

toJ'L is givsr: bYlL.et./~.\.,rhichchanges steadily with t.
./'-"/0 ++ dNOlA!consider a light ray tL.':t starts from Xo I a.A. \...68.D

moves to the left. '1'l10 trcoj 8ctorY i s given by d. s = 0 ~

ell C oh; ~ 0 cd r<., /" 0 ~ ~ ~ _ e - t11"- __ _ (4
0
)

Integrating this we have _ t /t~ - te'/R)
X-=. v + Q (-e - e

/'0 'v / 0 -t-o/RThus thi s ray may never get to X = 0 unless )(0" ,<\. e. '-.J

H~nce the farthest proper distance of the source an observer can

see at the emission time ,~\ t~ is ;X () e tclr" ::c R. The

light emitted from '10 at to arrives at X -:- 0 at time
/'. l /-. L,./ )gi Ven by 0:-. Xc + R \. e --- , 1-<., f - "f L~

. - t'/R L ~ - o/Ro -; -L-, t_ Q. + L-,. 0 '-- '\

t (f·i -tt)/r< .. ' (41)At, 7 .,6 -0 e .
since t is the proper

>--+6"\ _
;\

Now the ~roper distance

time of the
/~ t,
.Lj t(1}-

of the ?ource at the time of the observa-
tion (N~t emission)

ell "'-
_) (- (t-{ - 1. 0) /I~ )
h.. e - \

I

0/



This is in agreement with q~bble's observation. Also in tr-rms
of time of emission,

eto :: , ( t (1 - tl)!R)
C! - e _

JJ-t ~)) bio tc _tl Ja:: :: e 1-.6-t, :-'Yo f(, )

d)1 otu
(~:~)-- ::. --

'lJ (? - . . ,. ...
. '\,.,



WEYL'S POSTULATE'
In the fo~egoing we solved the field equations under

'.
eertain assum?tions, Wcyl )repared a general model, which makes
certain '?hysical assumptions, and leads directly to a choice of

\

metric. Thon the field\eqUations ,-an be used to see \Th2.t Tr- -V
corresDond to these metrics.

We/I assumed that the '~articlesf of the universe the
nubulae, lie in space time on a bundle of geodesics that diverg~
from a Joint in the finitely or infinitely distant past. Thus tue
geodesics behave like streamline~, and do not intersect except
a singular 98int in the distant past and possibly in the dist~~c

• l~j,'.a.t each point In space time there is a unique veloci -sy.
This model agrees well with observation since random velociti0s
of nebulae are of order 10') km/sec. whi 18, the expansion goes u,

H2 now introduce the cosmological princi;)le accordini! '::'
w1ueh the universe presents the same statistical aspect to a~l
observers, regardless of position. It may be shown that i'Tc.ylf;-,

pqstulate implies that coordinates may be chosen suc~ thet t ~
constant hyper surfaces are orthogonal to t~e geodesies which
corres~ond to C Xl) x~ X 5), = ?onstant, It follo\<lsthen that

J '2. 111- p .. .l (d ( .
~ S ::= C\- L. - I~~ l~del, X Ol )\. A.. I\-= ,( J 1...> 3 ~ . , ') /"

, d"'''/f)H-Jre t is',auniversal time, since ~ 44 ::= \ • \ '

o .'The ,?osmological Drinciple now tells that I", J... ( can de>;s:--:::'

on t only thrQU:~h a scalE'"factor ~ i.. j. -;:f C t). t 1." ~
\ /",1 J..-Finc:il~ si.::1ce.L,LJC-lX· oZ.)c..o describe ahornoE"-~j"-.'

isotropic, time ~e'Oendent 3 space it can be shown to have cc""";"~:C"

\
'\



(4)
Cl;rvature. R) b2rt son and r'kl}:er (:"339) shQ1<Tedthat the most gen~Jr

metric is d s"- - "l l"- - -t > C t) '- Cd Jl '- + ol d '- +- c{ ;L'-)

j (1+ f~~~ 2- 1-- ~ : (~)
I( f\. C l!\'-v!, tA,,~l Wv-_~1 ~ :: 7-- -+ 6 + t-

The sign of the 3 s';)ace curv8,ture is the same as that of k.

He nOly see how this line clement fits in vl1th the fie~<
'k0 I 0 A C 0 .,--~ f ~equations. --y")) - 2- f'\..~.~)) + .L \ d r\.)) -=- - l) r, 1 y V .\~;,)

We use r>'"ctcmgular coordinates and wri te down only the typical r.,n

vanishing cooonents. Remembering that there is isotropy betwesr

The field eauations in mixed form gives
4-f<+2.-ff.i-+-:-:l-j-f.2-+,j\ = 8lTr

o. n\ ,j- _
3(4.R-t-J,-"j/Ll_ +- I\. :::: -~!\ Po

/ j -

Thus in gen'?ral Po and r;; are funct ions 0 f t only.
,-, (Ja s,?ecial case (vith i 0 -::: '0' ::: 0

':2-r
1

/h 1- j\ -:-.

i~A
Eliminating k f "./\ "

f (t) ~

f'--0+~o
, ,.J

/0.)\.



The expandingl'e .iitter case corr"sponds to A :::.1. B ~ 0, \"here
~ - I· .
1'- - 0 and R 7- ,/J~_ as 'Jreviously. V<~.rL..us non- static solut:

'-..:J

can be obtained from the above equations. W;i.c.. the~r expand they

tend asymptotically to the de sitter case since Po anci eo becoI!

arbitrarily small.

One 2>msral thermodynamic result follcbrs, from the equa

tion, e!0nsider a volum.c,:,e·lemcnt (~\/:: ci )( d \J d '"2.-. The ~rop'~r vo+ 301 \I __ .1
element is (f -+ f< It-''-) 3, .- n v p' T'le no\" show that the relation'

S (ol r=:) + Po 6" Cd Vp):: 0

is satisfied where d f=- '- Pc-LvI is the ene~gy contained in o\v
'0 )

and 6 represents a small change in time

J ((J Ej :7 cf r~,.f3 c~_\J 3-J- ~ d V'--. S (). --J- Po (f (d V A)
'--" ( 1+ f<,"l. "J . ,,, (c . t'

. n

:= J V P . [~) + 3 t d t- . Po , c~V I). ..).._
c btclPc __ 3f dt-[- ?-1'f' _ ~f C±!< +-f )J

_ cl t D11 -' 3 f"::,,·., . t-~.2..)
d( dE) + Po cl Cd V p) " J t ,(tv to ib'T\ L;'Jf - "2-{~4 ~ 3 ~ J~

~f< - 2fF' + 2 f:L + 3f/f- ({o-I- G) J
---------_.--+'"1-

so that this expression is actually zoro. Thus the energy 10C:8 pc

unit volume that accompanies the thinning out of the material duri

the ,expansion goes into l,ror.k done by the pressuro on the outside

If we neglect the presf-ure com~ared to

that 0 (cl E) :; 0 0-< f>o +~.3::. C",.! tA~- -:::C
simple di ff8rential er~.u2tL'n for rf) _

''2 <6,,( h .-tLt - --~- ~ Lt '" + A-
~<j f . ,,3

Bondi ~ho"vs thC:.t tht s (;quat ion ari ses also in Newtoni an co smology,



and discusses numerical solution" in several Cases. 'rhus for low

pressure systE:mstherp 1s little formal differenc~'between_the

Newtonian and general relativistic case although the interpr~ta-

tion of some of the JQr~~eter3 is different. Further there is

little difference::' in rYn2micc; in th,:o two theories if the gravita-

tional potential er-er0Y of a ?article is small compared to its

re c.t energy.
(5)

BondiLdiscusses the r<?lation between "V,"rious non- static

models and observation.

The ~teady state theory:
r,)

B.Jnni, and Gold in 1948 said t::at in physics we can (lis"

tinguish between inhe!'ent and accidental phenomerl71.f>yvarying the

former and repeating observation. But in cosmology ther~s only

one universe. So we could not reasonably say what things WOUl0be

like if theY were radically changed.

Their starting point is no~ general relativity, but the

'perfect! cosmological ?rinciple. ~his asserts that the uniVerse

~Jre3ents the saJTlestat1stical aspects, not only at all positions

but also at all times. Thsy also assume isotropy. Observations

not only Sh01"r th::O,tthe universe eX'Jlodes but also an enormous

lack 0 f thermodynemic equilibrium. For example there is much Ie S.'"

radiation than needed for equilibrium, with the matter that is

present. This means thp,t the universe is running c'ovrn. But if

it is in a steady stRte something of lov! e.ntropy must continually

The rate of addition of material can be found byCo'n~~~ln~



4~ h-1-- o~P __ - -:- /)
, -::r-. 4- It "- 'v- { c-3 CL i.

cA e ::> Po v -3 (~,eu:::. -,-r::-- I

which corres~onds to one

--(matter going out) ,(4)
- a <n A.,.'

.., --;. 'Y: (0 - I.- i 7 -...J 'I ! -3
__ "S 'f..) (' __ -:= )< I 0 c,.-y-T' L--v>'-'/-
------, 4 C;:pI. 3- y- \ c: ,0 ' ',J. c...

hydrogen D.70m being createn per ~ubic
3meter, on the average in 2 x 10 Y0ars. This is far too small to

+-. t d(t·~here lS no con rac lonJ..

All 0 f thi. s in "greement ;.,i th :,Tcyl'~ :Jo~tulate. Ho\'!,?ver

R0bort son anc1~·!c..H:J.;rmetri c lea.ds to a 3 space curvature 3 k 41-
which changes \.oil th tice, s:'nce the curv8,ture i s observabl~, in

]rincip 1.8, the per fret co smo10 ,::ic'-',I principle reQuire -; ~ == o.
~ie thus arrive at the line element )

.• ' 1)....1 'l.-
d s 1.. ~ ol-l ~_ -r- ....( -t") (d)L '2- -t 0'- d + 0\ "l-

ot"'- _ +-cc:f
(s)

\
~(t) (b)

(-r)
V'-"T' a ray starting at X(:, ~t -{c., ?.no running into X. == 0

(T 1 .t. I
-v - X 1 r\.
j- 0 - .~--~

iCe: -f/ t) d.t
S.::- c.Ilat there i3 a hori zon if Jc:--0.+ ('f:. )

arrives at --x. - 0 at tim~' t,
J c-t l{ l-._ "'J _ tC' t~

Lo tCt) -f-
The ~roper fistance is then d ~ f.

I t-·
.~._-
·fC t)

x ==o

L-ltl _
L\to -' ct f

"-
-F

(9)
that this is a const2n~



+

exam) Ie T Y'- )J

created.

Thus hydrogen atoms are favoure0. Other atoms seem unlikely, since
hydrogen seems to be the main constituent of the universe. The
observed element cistributioEs can be explained without recourse
to an initial cala.strophic formati8D (Bursbidge, Bursbrigle Fouler,
Hoyle, R.M.P. 1957, Hoyle Annals of ~hysics 1960).

is continually produced and matter and radiation (strongly DJ~91cr
OJ'UL

shifted),( continually being :Jusher.over the horiz;on. B..)ndiar:d



Hoyle's theory~
(~)

Hylelhas attem~ted to put the steady state theory, on the
basis of field equ~tions, rather than the per~ect cosmolo~ica~

From thi s a symmetrical 'I'ensor
J C/-,,-
c) x))

by covaraint differentiati8n.

field is derived..,z
r--- C

- I~,,)) ,-A

\Te ado·')tthe metric
state theory.

I -~ j .12.-
C\. 5 -'---=- ct. I.: -

" , 1..- A l- 1 2--)
'...._ C\. J... + O--lJ T c' z.. .

Tt)(( ))0)'\-

are given with K = O~vanishing

:J.'C +- 1f /

an~ r
-t.

:::- +
-4 --4 r-Lt-.
I - I - l~., -=) 11\ - 12-2-- - 33, ff

The only non-vanishing com,onents of C j 'y are
•

e,l - ('2.-'2- =- C33 -::. -C<f-f . - - - - - " (~~)



'2- \vlhere R - R'" ::: n {f r ~ ~ (1 ) R "'4
~ K. = -i '1 -r T }' '-l"""; \1- L.'2... 0-3 . - 3+

--r;- 0-- \
-L ." ':>/,

In mixed form we have ~ • 2-

I 2. f}_3 _ ff~Lf Q 4.R () ~ , --- ''-4-,::, "- '2 =- ..j - f '2- J

C) t::: C2-
2
:.. C3;o3 -= 0( +4 ) C44::0 0

S , • '\

(
41R- ~ G f-t +f /---f 2....- ,"'\

.---(i(o)~ . \:1 vi

.3 -F-- .;_L
)

2.

~f-r +f + ;;<f _ 8 11 Po
'f- ',,+

~f+ 4L
~ ~11~

We solve the first equation neglecti,ng pressure
..." ~ • L . '"

2- f-f + -+ .:: o(+-F
-l cL (r-.. "2.J r r'e-f '";[i: +,f· -- ~T T-

o "L '2- A2. 0<...+.~ (f~ '-) ~ d( f + / f +::: -e ~.
elt, I I 31 2.. A 1. ~ t-
. II .1(7 A - c/o -r:- L. + 'L _ 17 '2...+' .r2...f-/l.- C..-< 'i .=. <:.. 2.. J - :::. '- I -.J

~t:- -3 0( _.. _ (/7)

10 () 3wi th T -::..I- 3 X \0 , u-<?L.Tth I~::. . __ "2-

u--- P' 1\ \ 61



between (J anc
10

~ and
()

In
C/ V

From our

Lrz-)J __
,}) -

solution, the
C 4))

JY

th2t 1f-,.:;) is not conserved.
/--'-y

~ IT-r ) V
is seen directh>n1 .

rf' .A..V
+- oZ. V .C +-

J}J
C Y

tion l.A..V
C'

j Y
~hat this is not zero,

r-- Y '::. _d c~\)
C J Y' )

0
\ 'l.
X

is
_Cl/I,0

- 3 Po
Tthe creation of matter.

q
~ T1-1 2,

sign corresponds of course to

_ 4LJ

\ J D

Finally the c:~~term in the field equations is of the same
order of magnitude as the former jV(}~)Jterm Rnd hence has no
~~vable effect on solar systGm dynamics. (Merea ?SS 9.06, F68,

(~ )
Thirring calculatedL I . ,

, ctude.'mddel of Mach's princi,le, which showed that rotating
shell, (Universe) produces effec~s like the centrifugal and

a~d the interne.l sYRte~ were r~tating.
. ,) () ---J L--.

t h -,- tJ" } - I \,A.' I I rFor. e rotating mass I' - 10 J'-.J



where pre s sure is neglected, l.,e need thGfuetric only to zero order

oL S '- =: srA V d Of. I' d. Of. -V . du. 01.1-
_. j. ~ r 1-) cJ.. "X.. .-) r 7\...\..J , t- _

(_~~t) l-:-= l I -' \r I ,-r;L::: d i) IId"=' h} v 7- .. cl t

I lrx.. 4. (
1..A... - -:-..=:== , '" \-t = -lo-'-:"'-:"'-=-

,,; I - \,~L "'../ I _ V '1-.

For rotating about the Z axis

-V-::. W X it. (/Y \F)i. ~ - c~)('d I V~t ~~:) ~~(:;:)~+~'/)(2 )
1·.... )) r"}.. l- b

For the lowest order T. j.. ••••• '\) -:... + T and -I :::.. <) W y ....-..J (). -r 2-
I y ~ \ I 1_ J!:'5- - I0 ("V J

through the terms of order WhlCh 1,re mu;:;t keep to get a centri-

fugal force. .). -:::: Pu :::fo Gt~l----- n,t·)... - /V .) W x, -r
44

/
Also h ..1-:: 1-0''''' X; 1\')...-- -i'oJ) ,< I--lJ'l-

- _ T I 4--:: f?) c~ 1_ ~ Pc 0--)~. I -I 2. 4- ~ - ~ w x. ( L7)
T, '2ij.. I - \r >- . 0 . () if-...uc>, '7f''v.::J .

I 1.. ...., 3 + T 4- /V () ( I V-"2-)_ A, W~A 'l-_ ~ uS-Jl1-T= T, + I'L +- IJ 4 - /0 - L U (J

. .=: I 0 . -( 2.8 ')

For stationary T~j) .J r;
d.ev~,...» _ 6 '-ATe g-9t
dt- -
Y' '2 ~ r-- j) :: Ib II

T, - I Tc\-2.- -(I - 2...

must be axially symmetric. Then ~



For simplicity assume that Po is a function of )L, only" Then

each component of 1611C T~,,-'y -- ~Tc0f-"- V)
can 'be written in the form '2- ;;

j C J\...) ~ ~ I A~ C .~) q C E.' J q; ) + ~ ~ 2.I~)d 2-"rTV( e) ep//lr I ~ I "}Yv 0 I"YYV h __'l- ( )
o r--- -__ I " - ~

so that the corresponding com'}onents off",t'-Y can be written as

(\6 (~) + ~ C\.! ~ (~) 'J , ~T'-C4~) .8) -+- £ ~2-hvC,,-) J 2--m, C e.) q!? (~,)
NowX ::::]\.. .3~E; (~j l' and Y -:: .Il.SI/-",· e 5 lA..•.•ep are eq'1al to rt- time s

linear combination of Y1 Y'(V" Also X 'd -:: ~ S L~'V 'J..e Gd ~ ~~ P
is ~'2..- times a linear combin8.tion of d 1--'nV

ry.')..' 1.. 2- , J- .?- I
Finally -=- =- S 0v- e ~ ¢ ::.- ,SiN' e C.-rl> 2.--cP _1- (-3 Ca1 e - I) +.-~')...- )- b 3

').... l ).. ). I' ).. . I I ( ~ I) I (~2)
~ - SVv-. e St,V'- <f)=-2-~~ B Cd"2-cf -t .3C<0e- +3

h..

I~'l each case the first two terms are LJ"L. '/'yv" Thus w·e get

for each com')onent a set 0 f equation like _I ~ (';:- -:!:- Q(5) ~ ~
'l...1- "Iv\... ~ c0v c

-'- et. C 11..-?- c{el, rrv) _ '2-- ~ I~ _ ~. I -rrv
1L"l.- alA.- ,~ It.. l-

I J.- C~ ci 0-1.-hv ) - b 0-1- yYV::' ~t.-1..-. "fYV

h '1-. olh. ot."t_ h.1--

({( >t.) =- ~
411 rzJ-

.~~~C~:l-~
/6 G'Y ,'rt.- z. I~I )

/'1. / (z,. )

dCh. - R) Analytical equation is then

Clz) _ t C €. -i-I) Cl _},~ e
'L eA t"- j-L





Since ,the d IS do not d~!,end on t al so: -

rJ...~ I 1....0( (d'l Li dq0<..~
4 = 2- q 0 v<.. • \ + __0'1'"-----0_t () 0) lLJ' J X- 4·

4 i'.1, v....)
X ----

2.- -3 R
~-f'1\w

3JZ·

,
\44 -

")...

r4't'
,

)..

r4-i ::
I

~4 -

ell- L
:::.cA. -t 2-

'l-
41'1W

15 R-
~ctt

"1.-

/+ M W J: -+- B /'-1w
ISR 3R.,

8 /'1 w"2.- K
l.s l:<v

direction with 8.ngu~.crvelocity
at 2.')(.. ~acceleration - W IL

cl t?-
ell-

]f
d..-t'2--

d_~.
cl-t 2-

would experience the fOllowing

2-W eLL
oL-t



Thus the shell is less effective than the universe by a factor of

JT· --0 .1- I
_.~_.II (Q I\. O\-~

"\
L A

We use Hoyle's exoression
2- /2rr f T = 3 4.

() l7"\ tlAtt: V
This gives a kind Of~;.;,.: '1~ Justification for Mach1s princi:r,lle.

order C r-: .J
HR7 '"L. <0-0 vf

2-11(oT) \J'



during its fr'2e fall in a grayj.tatlonal field. This can 'Prove to

be a new test of the general th~ory of relativity.

EQUA'r'101" OF F0TI!)~' OF HA';S ?OIN1'--".
(~ ~ b

Pa;)apetru st.s;>ts frorJ T )'i;=O for material test object

using the earth centred. non-rotating coordin8.tA system ,.[ith

Schurat~child metri~. 3e chooses a ,.,orl,~ line X"'< to specify the

motion Gf C.N. of thE: ob,ject (choice not uniQue)~ are functi')ns

of x4 :::~-:·1;orof ~ along the v-lorld line. ~',Tith6XC\ ::: xc( Yo xC<,Trv
, !;;~Yia'rYOW tlAb<i. o.yol\'nd ~o.(~ f?cdh

is concentratedJso tha~ we can expand in tnrms of integrals like
j1 ~I c/ ('" 'Vi c( p, ri' .-/

IT d.y, Sox' T d \J, Sox oX~' T d"l-- ttc. the integrati·::m

being over 3 space for t -:: constant.
t-" \'

Or:1y f':' d\~- f 0, all other ~oments are zero.
I\(i \ :

(s~inning) only this Saxe( T1 dv'" f. O.Pole-dipo~e Dart~cle
i -----

constraiYJ.t ji\_~~ting en the centre of mass. ., -~) U
~ D -''--' .- ,....., ~ ')" J (r j v t)----I v· e, -=- "::---:c- J f-,L I _ \I - \l t )J' () ['X - X l t:) 0 Lf - l'-. C .

\~ «1 L/' ~ .
\ . ol~~

the forc~\ actir.g dot the ?o':,nt X here '2O-= d. S where s is along

the world\line Jf CGntre of' Mas;, not necessarily a geodesic.
,-c(
I-

v....1.:{ ~cr;~ (,)
(3rV " (1,.)

-T -r ~



~Tf/
Integrate (1) over \,r for fixed t. SCnC.e J'~'t-( e..-h.] Va~h

J J' .....,-~4- f v( f--" -vFdt ~ Jv- ~ - ~'-)) T d'\r + 1. 4-
where F"" is e.valuated at. X also " "",t~j y~t(n9A.....(3') \; c.( F (J

J ( 0< ~+ (0<. (3 S o(_.~. r- \) -r/\---Jt J X T - d \r --= j T . d\r.- X 1Y'-9T c{V- - ~ +
F;)r a pole ';)article X< and r ~can be removed, from integrals and

. ~ . b' ~J:>< [' ~evaluated on world line ~_ lh"v. CO't't be. c\o~~ 'I Q)(~(lJ)o<,,'I'l~ '" - ot- fo.:V

('1 c.< 4-. 0( (. fA V . F ?( Qbo uJ Q. '" .

otto 5 T J v t- ~ l) J T cC IF .:: /0.-4- ( 5 )

and (4):

cl- -~5 f~·4- . ,l>( J ( 0t S 0( /3 I__ X_ T c{ \J + X - \T d \t- -::. T 0\ V-
olt 0 / o{ t .J 0( (t) J. f""- ')J ( 6 )

- 'X rr-i T ~\j- t~
Take (0) minus xC< times. (5) i!rith c< -+ B X F

J 0(/'1., d 0\ 5 4' L-c4T 1Jdv- :: --~ T r) AU-- (7)
• C<P, c.~ t-

Deflne M F':= l).. 4- J T 0< 0 d v-

Then 5 becomes
c{. /' M --(4) -+ fA. ~~ r' Y:: Ft?(. (8)

.ds l lA.- 4 / r;'\)
and (7) becomes J r::,L!

'lA.V\.. 1'1\
1'1\ c<. f' .:: 1}..4 ( 9 )

Put p :: 4 in (9) L/-4
c<4 1}-oZ. ,. /\

M :: ----~-- ,./,_4
and putting this back in (9)

dQ v<.. 0
MY:: Yvv '\.'L \1'

)

Then form 8



~r multiplying by

c::l ,,-.--.
C~ S

We now obtain an
14, C<.. ~ ~

~r ~l:tV ~ ~ol
..-

We assume right side in zero, whence m _ constant /

j- ot e>t ~-~ r r>(

-yr) . -j:~~ -+- 1-,1 q fA 'K, () ) ::::: r (12)
'- \.1 .5 t' ..v _'

when F~: a this is geodesic equation.



Equation of Motion of Spinning Test Particle

or using (1). Then integrate and eXPand replacing X~
integra.l by X~ +- {) x~ and C~by

[' / )/ji->::J.-- rDl-D!-. r-cx. OxC"' Iir: ) -+ (01",)) ) :=. ',,)! +)-'-V. r:J~ ! ,Ac,)) () , ~ Cr a I
() X



It may be shoHn that these lead to
~, C 1'1;0(4) -t [~I'1 r"Y -+ I DC \l4- ( d X~ T r- Yd\r := pO<
0\.,) \t4_ JAY '(MyJer ~

This is the sa~e 2S (8) if last term on the left is neg18cted.
. ?( r (,--ez P-> 1- J ~ ~ 0<. 4- S~ ~ ~~ ~

Also 'nth S ::::Jd X T J'\r - cJXI-T ~v-- ~~ t~soY.

])50<(2) cLs~(3 -J -~ ('-13 -y - (8 c<r: y---- - -------- - I) ,I S l.-l + C S u..
ps ~s ~v r~

We can obt2.in Jche sp:'Y1equa"tlon
])

0( /3 OJ /J
,5 I 0(.. j)T' .- f - i---- + -lJ-. 1;\.,)

Ds (0 ~.D0
wh i.c h does not invc 1,;e :2'v~ •

.. Pe--./'>"pet,,_<-; 'J'. . c(
';'pt.~· shC'~!sthat S ~ is a tensor and that the mass

I t1 --.:( - fA + y ,\
m == --:L (Me(- 1· IlA y -5 V-- 2J V--- 0\.

1.\..1 (4 .
which reduc es to 1,/1 4- i<!hensC< ~ 0 is a scalar.

Of- 4) L

We neg~ect the eff~~t of s?in on motion and hence use (18).

Eq ua t i~n (13):
12 5 (I 24-S == dX T '(j v - J-c-JX 2T /4 J V-

"J( X p~ - YR) ohr < S2- de
s14_jcfxIT44ot\J _JJx'4T1tdv-

t ~ constant, ?jrst "t2rm is pro~ortional to X coordinate of
Centre of Mass and hence 1s zero if Xi is the Centre of Mass.

niant form
J31)s~P '~4 01.4

l!v~ 7·'o.s ) --' , 1~ ]),5-L .li - 0 (14)
I - lA4 -Ds 'I ( /-1 J)'~ ])Sv'- y""



(l~) 1"iiG.Y be obtain,:;d:rom (13) by putting 13 -= 4 and multiplying
/6

by ~
1A4 (6 T ' ~ 4- lJ:""<-~ 13lJ- ~n

~_ y v + -----i-t=---
-u- 4- D·s v'\.. Ll ~ D 5

Then ::mt c< -= 4 anr multiply by ,.1Jtv /'1..f.-4 3
V- ~ Ds 4/3 ~ ,D s i?y) 1J.-c:J'~l(J lJ- P

-- - -1- ~ " ••..() __ _ __ -,
~4 })S I Ds l.A4

Then add ~nd substitute into (13)

Ds4f

thaI-, 3 ,of th€: <3 equations are
1).. ).. I)-544 1)..4-

-+ --- .--- ---J)5 1,( 4'])$ IJ 4-
Thus we need a. sU'9:Jlementary condition

i4
Chose S ::: 0 in earth sy stem 1. 9. Centre :i' Hass 1s that measured

triVial, put c< ~ 1, B -= 4
DS{:4 _ 0
Ds

corinaldesi and papapetrQ..h..

by the earth centred observer. Pirani choses sC<r~B = 0 1.e .
•

Centre of Mass is that measured by co-moving observer since then

/)..L~ -= 0 and there fore 814 ::: O.

])s i f~
'OS

Then
Ds J-~~

J)S

This c:n be written in rectangular coordinates to first order



cL l.,Lf _:- cL _CSI 'LL") 0 IACOV--( J '0 PO t- q" oll< .."
C{ S cr; d Fc;; .~ d X. YO, () rJ G-f. 0-

all CJ - fA y '-j ~) ~ ftr'~C...L-)a; -=: - ) r-y v.. t"-.- i f -1- 0 (s IX-. {V W . -=. "';'.;
(from eq. 12). After sOme reduction (to the 101\rest order in So(P)

j) S 0<. f3 = ~ v.)\\:"- ceJ 3 py _ Jl'l'O) (tt"s '"f... 1A(l'2 0<.. f'~ >( {)

_6Js c{ X C) 'X;l . +J~CV-.~ I:J~._U .• S _
It can be shown thG-t the first line involves 3 powers of 1A 1.. and

hence can be neglected. Then taking 0( = i, ~ := k and relating
. 4 1) (' ~. !.f! . 1

Sl in.~ on right to SlK throur:h supplementary condi tion,~VS _'~
and "'4 to fi ther fA if. ~ := O.

We get with the standard form
ot S
ett

-7ots---
c~_t



He nOvl re~onci18 (16) (19) \<Tith e8.ch other by trans/.rming
~

to the coy(oving system. Fir'st c')Dsider the metric. ,t. length

15 x c has a proper length ds :: 6 xV-a ii and it is this ,that is

rp.ec.,su,redby a conoving observer. '1'hus in the isotropic case

all ~oordin,~,t0 lengths arp t; be multi;;1.iE:-;dby ( I -t- ~) and

Ucik .1. <:: t b ' "-. l' r'l"h ( '2 'Y',. '\ 11.... th f"'~ t' d~ 0 e nr.J.!,Gl.I) 18" l:y I .-/. - h..-) 11 :..0 L e J._rs or er.

In the standa.rd ('ase rafiial lengths are multiplied by ( I + ~)
and tangential lengths left unchanged. Therefo~e tangential

components of S are multiplied by ( 1+ 'Y\~)and radial cemponents

left unchanged.
TY}

Next consider the Lorentz transformation to the co,oving

sy stem -+For It- a.long x.
c( J' R- 'y 0 0 -v¥

( ) 0 -(\~ 0 ..::.
0 0 0 ) \./~~

0 (5 y
In general

S120=-

.--'140 S' '4
(:) .7 I

Trv lf~-t. C - P

_ / (']. ·2..4- 230
)5 -+ vis ')5 :=

S ::('4 ~ -;" :5-2-Ll+ '1) Ys I 2./

C C j C

_ :l..,4

23 310 3/ 34
S S.=. oS ·:11- 6' S

.' ~4 Y531YS _ If
0.4-0

5 =

345 -0

c '4°C> .::
') 4· oj

S
/ /l-

U ) S )

'{ to ~lS >J __ y'S
'.40 - 31

5" =-05

-"-
Thus the component 0 f salone;' is unchanged and the .1- J-L,

V-- 1_)
components are increased by ~I + ~



In the pirani .-14 0 S")-~ 12-
534

=:: 1T .$31case ::::> =- - 'U5./ ) J
512-0 i- .-i 2.- '2Jo 02-3 3/0 _I $ 31.::. \::)

) 5 5 ~h .) 1-v



.]'"fY\,
;- 2 n..:!J

The P.S. ~ase gives the same result.

condition means, that there is a torque in the comoving system.
This is s~inning if the-gyro is supported at its Centre of Mass

where 1r is aJ.ong'-:. The above gives the coordinate of the
comoving Centre of H.::.ss,with respect to the earth centred Ct~ntre
of Mass. Since F is Qpplied at the later ~oint the torque of



T of F is ''1)( = - (S?J 0 F:z. - r2- c r(1 ), If"! (Fjf dJ + Fz. d:z-)
T'j , - (~ F)< - d1<o I-z ) ~ V! (Fx Sf)

-
Tz: = _(d;X0 Fj - JiD Fx-) - u-! Fx Sz.-

In rotation cor.variant form this is .;;>

T= ~ [t( \;~.F')- V'(F' S)] ~ s(1·f) -V«t)
Thus substracting T from the right side of (20) we get (21).
Thus finally in all 4 cases -~J

d.-; -= 3 nv r>C· ,~ tr ::> '\ X -5J'J -t1 r«X \r7 ) Y -3
0

ol...k 2 Jt?-~ X ..-J L L3
9. E~rth rotatioG effect:

4 6~
F.:>r~ a.long + Z. Lense and ThirringLgot from the

2.IW!
t"L3

a
1_ 2-m"

~

2.1 w 'f
~ Jl.3

'6.11 frz5
15

this and
-i>

else ::.

2-
::-

5
putting in
-9 ~..It..- I< ~6
-:) ~

F X 1J 3 C"- M (~ ---7) i----- +- :l-..3 ,/~)( 'V
'2 'YY\.c.L- 2C h

r - -/ ~l-) ~J~ [JCw,~/~-w
c 2.-'\..3 hJ- (24)

To und€rstand (23) su?pose the metrir were normally flat with
"'7- \~ 1_ J.. 1. 7-

resnect to the rot3.ting earth so that tl6 :: d. C - ol X Y
A -d~~

r =



Then in the non-earth system, ,.,hich rotates in direction -+
-l.0

with respect to the earth

X \ ~ )< C<:(j LA•..! t --t Y S LV'- (.0-t ..J Y \:.: _ X $~". Wl +r C<:s 1.0-t

- C d. )(2. + d 'j ';;...1- _'-Ll. 1.-02.. ct t'2- + Go Y ol >< c{ t

(.0 X d.y cLi -r- ol22-)

o 0 w'j '"
2-

() C
- /A-) / lJ-J 'j.

2: 2-
Thus the ric dragging

41.. == 4 ~ r _
JL~ 7"\..';' C. "-

at the surface of the earth

so that C~(''1

rzc2

E•.•rth bound laboratory:
~ ~ ~
Lr=-WXh -----;> /

f ; ~ ~ -:-~+

TDUS (24) become~ t~lh
I

'L 2-I - 0..J h--

effect is/of fractional order
4 ~ .2-1'5" 1--1 R :L

_'""1.-3 C J- Gt "1
this is ~ G H ? note that q __

~ Rc. z- 0 p..L
-\0=- 6><;0

-)
11.-

').. 2-
c0 j=<-
-L c '2.-

e.C?\Jtt ( t ~ •

GlSi-~1+ ~'--, St,_",A_{r:t )<-:;1
'j b W C '2- \.' ';/

6 x 10-9 rotations/day ~



Attempts are being made to verify these results using the
satellites. The ~yroscopes inside these are spinning particles
falling freely ~Dd change of rotation axis can be checked, at
different intervals of time.
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