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At the outset, we review o.•.r knJwledge concerning the solu-
tion:. of ordinary differential equations of the form y/= f(t,Y)
as the nat~re of f is increasingly specialized. Here t is

comuonent of which is a function of t; if y = (Yl' Y2 ' ... , Yn ),
1"("1

then we define the norm of y acc~rding to: I Iy\ I =.i Iy I.
i,..= 1 i

(For convenience, we shall refer to these systems of differential
equations as I , finite systems! I, in the sequel.)

Next, we shall consider certain special cases of differential
equations of the Kolmogorov type which arise in the study of some
stochastic processe~ by way of illustrating how many of the pro-
perties of the solutions in the above case (where y has a finite

of yare cienumerable.
I. Let y'= f(t,y) where f is given to be continuous in

t and y in a region D cont aining the -point (to , Yo ) It/here

Yo = y (to) according to thp prescribed 1 'initial condition' '.
The following features ch&racterize this case:

(1) existence of solutions: there exists at least one
solution in a region of the form It - to I < P -,
I I y - ~-0 \ I < 6;



defined c~xh for t < tJ!and for t > to; and
(3) the solutions in~~lve arbitrary constants (as opposed

II. If, in (I), Lipschitz's condition be also satisfied,
namely, that for all (t'Yl) C D, (t, Y2) C D, "\1/8 have

for some constant C > 0, then
(4) the solution is unique.

equation; y/ = A (t) Y, where t belongs to some open inter-
val I, and A (t) = (ajk(t» is a n x n matrix, each element of
which is a continuous function of t over I, so that we have n

h
<~~

:>
/--1

1< ;-1
(c i 1/ " l) 'l/ (c)

/1 " " .j k "I.! ' /'

(5) there is no Lull solution other than the trivial solutior.
i.e., if a solution vanishes for some?: t I, then it



(Ofcourse, there is a unique solution corresponding

(7) the solutions are analytic;
(8) we have permanence of the functional equation: analy-

(9) the singularities of the 30lutions are fixed: namely,
those of A (t) ulus the point at infinity.

(V) If, further, A(t) is entire, then
(10) the solutions are entire functions also.
(VI) If, in particula~ A(t) = A = (ajk), a constant

matrix, then the solution is an exponential function, Tiz. ,

>Ii ( t ) h r ( t t \ 'l \j ~t )_ - e:( \-' L., - 0) h _ ) \. -()

He'Jteexp B = E + < 0) (" 1\/ \ )" denote s the exponenti al- "'-j k:: I :), \\. - ..•.------

matrix of the matrix B (This is well-defined for any square- -
i ~;.

of' 'fiIJfte system~' I 0 f di fferential equations, We now turn to the

ca~es wfiere y has, not a finite, but a denumerable, set of compo-

etuations of the form:



f
1\1 (l).) '-j

in comparatively trivial cases; for example, let

\( J / L '\ __ . \J (' L). 1·'\ _ I 2 3-
,}'< \. c, - k, '··"f>, . '" •.... r,' ..,: . --)) I· • ~

(
I \ i" t

"There the ]" ()) are given to be real. Then J, \,1:) ~;I(0), e
I". K \<

.A natural vector-space to consider here is the space {-In} of

all convergent sequences, 1,vith the supremum norm~ \ 1 [ykl II :::
r

...•

sup I Yk I . If take L Yk (O)S to be in (

1",\ ~ th"'r' thewe /,
}<; I

solution-vector
( l

belom;s to irr,J for t 0, but. inLYk(t)S < )

general) does not belong to f m 1 for:ts > 0 (the only exceptional

case being the case \vhere Y'-L, (0) == 0 for all k after a certain.,

the form 0 f a doubly-infinite array, A::: (3.jk); j,k::: 1,2, ..... ,

We consider the set of all such "matrices I' A for which II AI \ :::

sup (~~:=-I \ QjlJ) is finite; if AB be defined as

J ( ~p O'jpbpl-<) , then IIABII ~ (IAII IIBll and II II may

be tak@fi as a norm in the set of fuch matrices. For such a matrix



differential equations given by I' = A J where A is a constant
matrix has the analog- 0 f triG " exponential solution I I as its
solution? Le., the solution is y (t) = exp fA (t-to)} • y(to).
NOTE: Infini te "Stochastic matrices I I A have the property

analysis above ap:Jlies to them.
(3) We finally consider Kolmogorov's differential equations

y,(t) = A Yet), where A and Yare matrices and yl is the matrix
of derivatives. A is not an arbitrary matrix but should be such
that a, . < 0 for every j, a'k > 0 for j t k, and i: a ok < 0

JJ .J :::. k J._

(these imply that every
~ \ajk\iS convergent, but not necessarily

that II All is finite). A solution Yet) will be acceptable (from

conditions: if Y (t) = (Pik(t», then
V"

1, and PJj.\ (t) -+ {) jk (the Kronecker
we must have 0 ~ Pjk(t)~ 1;

delta function) asE P'k(t) <k J .:::
t J, O.

00

~ 'J~(t) ~
1'\::::..\<+\

1< -:: \ 2- -:<
) Ju) .•.• ,~.
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\
0 0 -3

\
0 0 c -1+

\ -

If 1. e ~I I\On"t'3s the sI",t of all. '1 Bequences- .)

2: 1(1)1 < 00, ·then ,,'Ie require that the solution

~ ~ ~ such that

[ :J~ le) 1 ~ ~ e ) .
(j'n(O)} E: ?e}

gant solution is due to Reuter. Set ~ Ki-\ (tl ;::

The following ele-
coL:; (K~\) )/1\ (t) .

~·1'Y\.()S of convergent null sequenc8sJ i. e., the space of all

sequences converging to zero, b~t is even of bounded Tariation

<; I 7. (L ) 7 ( l- \ I - .)since K" ll< C.- L-k+-l' )\·-~\'jklt)\.::...c0· Letns assume

further that the ll<( t- ) are di fferenti able with Yc'spect .

to t. (We kr...ryvJ only that their sucessive differenc~, the jk(r)

are differentiable). Th~n we have the relations:

which gives

l~ (~)+ 1< {'!<.It\ -., i'\~~I\t)-1:-(k~{) -lk'H(~) fu'Y ~ee k

is independent 0 f k. and so -::.l' (I:) ,i. e. , 2.; (L -l I t ( t)
l l~ I'

say. Let us take 1 E L lo) lJ J
integrable functions over Co! W ]

have on integration

, the elass of all Lebe~e

Then for 0 < t ~ w , we
-



-( I<-i-I) t
f

l
,- ( ()) e. -1-

(\~-\-\') (U - \:-)
"C- f (~)J II

~\ (t)::: 1: ( 0)
<. \<'-1

~
-C k'H) t

'7 I)-r \0 0 +
1_ 1', ~

The obtained set of values ~ \, lt)]satiSfY the condition

i.Y\«t)} f:. {e~ for t,. 0, cmd further j\«c.) -7> ':Jl< Co) as

t -+ 0+ • The presen<;e of the kernel CI_e(ll.--l::-)J Tanishing
uS

at U~ t enables to assert the existence everywhere in (OJ V0 )
fI.

of j \~(\::-) , even in the cage ''''here f(lA) merely belongs to

L (0, \;J J and is not necessarily continuous there. - On substi-

tution, ",Ie find th8.t the 0btl. ined set 0 f values [Y1(! ~)1satisfy

the given differential equation, so that in deed they consti tute

a solution thereof. In general j \~I

)
I"everywhere on (0 I \..0 and 'j i/" ( t)

.\

impose further restrictions on l' ).
Then we have a solution-system de~ending on an arbitrary

(c) exists only almost

function (and not merely on arbitrary constants: C}, property

(3) of finite systems). For t < 0, in general, r 2Jk(t)] does

t b 1 t) r: (d d' t' t t I J' Fno e ong 0 2. ~ J) epen,_1.ng on ne cons an S Ll-j< (0) or

such t, again, not only absolute convergence of the series



~; ~\\ \ t-) ) but even ordinary convergGnce falls to hold. .Thus,
pro~erty (2) of finite systems fails to hold. PrJperties (4)
and (5) also fail to hold, since there are infinitely many null
solutions in view of the arbitrariness of .J .. If J is taken
to be an analytic function, then (7) holds, but not in general.
(9) cannot hold, since the arbitrary f again affects the singu-

(II) We can generalize the situation in (I) by weighting
the J klt)S with suitable coefficients other than unity on
the RHS's of the equations.

tural numbers in su.ccessi<bn, and on the diagonal just above it
are all l's. The corresyonding sYstem of differential equations

j \ (} ')

Y J (t,>
2

'j (t)
\

\1 I (\c\ -
J" )



. ~ -~ .

. 4 ;, •..•.

listx (i.e., corresponding to a birth-aod-death stochastic
process), but with all solutions. If we take y, (t) ~ f(t) 2 ~

( a reaT~Talued function having derivatives of all orders, for
all t f I ), then the system can be solved completely in terms
of f(t)·,ay successively computing Y2.(t)'~3(t))------.

If the polynomials -? (\\ =: 1 'l) (" \
'O\{'}--; \11\)::=1\+\)-----------

denote the polynomials satisfying the relation

cD

The solution-system is thus not unique since fee is at our
choice. In particular, we may specifically require that f and
all its deri v atiVEl s T'illi sh at the origin.



rential equati.Jns in Ban~.lc:l Alge~)r_s (see (3)).

Ii)
U,)

Lo. [1.J = Q,X (left-multiplication by a)

and K <i\- [X] ::;...x Q, (right-multi plic atioD by a)

The o~Jerator s Let and T~Ov are obviously bounder ogerator sand

belong to the operator-algebra C ((5) 0 f bounder o"'erator s

over B.

Cd.,.; be defined by: C [:iJ' -' 0 X- X rr ::.. L [AJ-R'L':x.J.(..... - v' ~\- ~ , a...

Then C is the commutator-operator.
C\..

( \ \ C G\- \ \ ~ L \\ :~ \I ) ) CC'l c (ill).

j~;:Jectrum' (j(Cl), na!1ely, the

for 1,!hic11 ('A e -0.) is

singular C1as no inver se). In oe'ler 1tlords, if S denote the

algebra of singu18,r ele;,:ent S 0 f B/ l'1(Q,) =- fA \ A €..- q~E s1.
I ')

The oper,-,t'Jrs La.., and k
Cl

also have sgectra associated with

them as memoers of t ((8)) denoted by ~(L(,L) and o(Ru)



r (CA- ) = ()( KCAv) ~ 0 ( lo..)
0-( C cA- ) c:: 0-( Ov) - 0-( 0..) -::- ? oL - ~ !0( J P E 0((

'A e. - Q t S) (>.. e. - 0) X -=-j
generc~l_ value~ of J) and So 'j E S)

or La.. has the same SD8ct:r:C3;v8.lue.

(ii) is not so sim)le. This has been proved by

we have to use Gelfand'st theory of commutative rings. The

oDerators Rand Lr commute and \,re can find a cO'!lmutative- t\.- ,)\-

sub-algebra of [(03) which contains CQ.. and has the same spectral

relations as in f(63). From Gelfand's theory for this com-

mutative sub-algebra, (11) will follow for the general case.

We Qmit the details here.

It follows that 0
Let r(~ be any polynomial in

C Q [T> (o..y] = 0) l·Q)·'. is

is a pos si ble eigen-value 0 f Ca..:

an eigen-value and -p (Q..) is an eigen-

function belonging to it. Therefore, 0 belongs to the point-·

spectrum r () [C(J. It C;:lD be shown that er[ coJ t- (o} .
Our next result considers the case "Then B is a prime ring

in the sense of iJ.Jacobson, i.e., if, for given X)d ~ CB}
)t l.Y :::. 0 for all l.. (- (jj , then ei ther x -= 0 or y == 0

Lecture 1 of this serie~ is an example of a p~ime ring).

Theore::n ~: Let B be a Dri::ne ring. If« and ~ belong to

'P 0' ( <A-) ) then (cl- P) belongs to 7~ [ C CCA.)J ~



If c< -::- S
\

...-.('v -l 011 . A ~ .~-' '--;- )
I •

there exi st non- null element s x, y 2UCr. that ClX-=-« x. and

j a -..::.(s j . B being a ,rime ring, the re exi st s l E- l3 such

that 1. i: 'j 4= 0 . No,,{

Q C ¥. :t j) -- ()l -[.~r) Q ::- ~ ( 11- 'j) - (~ 1 ~) ~ =- ( ~.- (5) l LY
since '* l j -+ 0) (d- - ~) E 1> D [ C (o.)J .

.§. is an eigen-value so thct every value 0<- 13 is an eigen-
\

value of eel , and the spectrum of CQ is contained in i(DL- ~)J.
So, it fo 1101,r8" from the hra theorem s ahov8, that eve?:'y value

is an eigen-value and so, in 'theorem 1 (ii), equali ty

Theorem 3:

The eigen-vectors of Co. are nil-potent elements of B when

they do not belong to the eigen-value 0.

We recall that X is 'nil-potent I if there exists a posi-
l't

tive integer 'rt., such that :;c = 0 .

Suppose X. f 0 and '\ e ?()[(((J ) r·e.) CCL-[:x.J :::: A XI Of a.'X-:lC~:::~

C /. ['"V J'J-' L. 2- 2 .}. U
V\,. J-. = 0,,). -- "X. 0. CI..-)( - X 0. X -+- X C\ )( - "- .A.-

I

-::-- C!'-')C - X C\} A -\-- x (C\ X. - X 01,) -=- 2 \ X-L-
L ~

So) L A f- Tc! [c cA.] and z is an eigen-v~ctor, or )... -=- 0

In the latter case, vIe aT''=> throu;h. OtheTl",ise, f =F 0 and
. 3 3we form Q'Y.- - X. (t.

3 3 - '\Q. x. - 'X- CA::: .5 1\



But, eQ is a bou~de0 oDer2.to!', and

all spec tral valu!? s f 0 f Co.... must

\\ (Q \\ <-. 2. \\ 0.. \i )so t l-J.at

sat i sfy \ /A. \ ~ Jv \\ oJ 1 . .

have I Y\. A \ ~ n\A \ > L \\c~\ \

'1\ to) ano so x :nust be

that if AE~o[CQ,l
wi th y as an1",ith x as an eigen-vec-:or and f· Er o' [eJ

eigen-vector, then ei ther A + fA- E- ~~ 0 ~ LCA,.J
,

. \J O'or X J:::' ;

Next sup90se \ ~ \ ""/ ~ \\ Q \\. '.re solve the equation

A'Y - CC([J J --= X. The solution is called the Resolvent

of Co..- and is denoted by R(A; CCl) 'X. • Yu.L.Daletsld (1) has

given a formula for the solnt ion from which the re solvent 0 f CQ

can be read off.

Let r
~.•....

~

from \'[ ~ bounds a c 10 sed region !S[
namely the interior ,)f f~ "")l~ls its boundary. This region is,-.

distance [

\ "\ \ < \\ Ci. \ \ l' [

Let
- {01' -- (~\ ~ 1 ~ E 6£l

\ \ I" (, I / \ \ .l.. r)i\ \ < J.. \. \ \.\.. \. t '--



Finally, let 1\ = C( ~C;:)J the <;oill)lementof :s. Thi<=;is an
t c - ,[

open set, in general not connected, ~hich contains the set

- e ~ R ( ~ I 0) (~~ - (~) I

~r('~ 0R(o{}C\) yR(~I(~
A- c{ i ~

I Jr ~r, ~(J;o)J !~( r: ; 0,) J d J G- - \2-
(j1\\) E t

~~

Q ( , ) Je
~ (>(

~ ~0+ \\0~('\) ) 1.11\ A-'~ + ~
\t 'e

J_ lZ(c{/~)
'j jr J ~

~
/A~( .

) 2 i\ I. '"
- ,) -t· ('

If
I

E I •.r

The first te'illon the right reduces to y since



the fact that, in the neighbourhood of
I-I.\.

--==+---- -oi.~

number of

th . t t· f . .t \\)( 01. (,.) - ~ ~e pOln a In lnl Y, I \) _- ----:- + ---t-rX. ,)I'l-.

whi le the second fo 110'".<; from the fact that the

rtimes
[

is zero.

\ )( - C [ "('I' -- \}1\ 0., '..J~J

plays a necisive role i~ the Frobenius-0chur theory of linear

differsnti2l eO,uations. This \-las 00inted out for the matrix

z ( cl \lJI eJ, L) _-=: f (i) eJ •
.c-! ,--;0

z-'!< == 0

Dxn ~~trix. T~e solution is

( ( M )-j \. i: G. .:;zK1<. ~

of the form

c :;-k)k ~

ct- to be an1-\ elero.ent of the Bana.ch algebra B. Then ·,-,e have
_. (f\e+RO f( ~ Ket(l(

C K (CLo T 1<, e) .t :::::'£ ( fou../ C~-J)l:-
ee- efficients,

Co Ct () :: CC (l Co

k {' - G-0 (" - C I( CL6'::: 2-J ~ I c.del< -d f <JY cJJ. k > I
Take eto::::" e Then Y" e - [La Lk - Ck. lA.o :: [/<:.. T - C(~oJ 0...;< •

In particular, e - CL(I C\ - (I Clu . Gv 4 Co The

cz., ~o.o .- ~ If nQ lnte-gBT' be '-o-~ ~ Q C C<:;. 1
OJ

and the resulting series gives 3



rJ - ~ ::: YL are lJO 1e S 0 f

~ase where the values ~) 0
'RC\) Co)

f'" \ 't«( \,el). , ,

and lJ:L rec;Dectively; t i. c; C.c po 1e 0 for rl e r <. f 1+rL -I .
If several choices of« ~::mc ~ :::;-L',rc; the c;ame C;I- ~), then

(/." +1', ~ - I). Hi l1e has shovTn'-. ! i 1-

th.e order equals mccx(/" +- M - i\
---- "- I' /'2 I)

T t .• 1'-1e t\ oe

-<..~ . R(\ '\be limi ted to a hori zort al hal f·- stri p, say, <::._() Wl th I\}

o-(A)
<- f

(R anc II'f\ denote tl"18 real"nd' imaginary

./' I ",' .\ \ \c \\ I< \,';\ (,\) \\ ~\! ",rhen /\

beti:teen ;\ and L,'.

li.'.j·I' c:: c: F(\I') "r"> no"cl' rle'" tl,,~, o")',,"ra,i'o' r-_ • oJ \.. 0 f\ .,,"'" ,-,. L •., ,. -0" ., Ute • ~
I

A T - ~ T -+- T !.\ ,~ S .
The solution of Daletzky c::-m :y;')l:Lec' :;0 th;::,t \·r8 have the



iife can possibly d.'l'J!y thi.s to the T·Tei.~,en)eT'g;s 8\lU8.ti..OD

'~ /:J!;- I \ t·-_.
1-1 () (' '\ \) _.' I . / ) ~
I '-\, - '-'<. \ -_.- \_ .Ln L

1. Yu. L. DAL~~TSKIs On the asyrn-ptotic solution of a vector
di ff'erent i al 811uation, Dok1arly Akad. Nau~)

58SR 92 (1953») 881-384~ (Russian)

2. S.R.FOGU~L Sums and prJrlucts of commuting spe~tral
operators, ArJeMat.3, (41»)1957, 449-461.

3. EINAR HILLE Lino.ar Di fferential Equati.ons in Banach
Al;ebra~Procee0ings of the 1960 interna~
tlonal symposium on Linear S:;Jaces, Jerusalem
pub1_ished by P(:;rgamon- Press,; 1961.



co~rNBCT~D 1/-vlrr,f-t JRDI~\rj\J{Y Iflt,~r:/\R. ,~.~--:f)"r\Tn O~~Tl~l1 :rI~:rr:~R~l-J-
Fe IA..:J-T:~()lJ.{\ r.<'!J Ilrs ----------.---_. ----,-

also for comJlex vah.le::; of the vrixi.a!jles or :,)Qr8'Jieb:;rs. Thus,

for instance, Ule ~roo f t )r, at -:he Bes se 1 funct ion Jcx'..( i) has

(S,:>"" fo"'"
\. "'" .,. J L·l~c.t:-<y-,CP ,(?)\\

. ,.r. .L J' ').

Ii
c.) .+ /" /

( ,'7 \ \"'\~_t. ) ~v =- 0

";lhere C (-;) is ho lomor.:Llic in a domain D, th'?D ',re c all the



,
',: (\ ) \

i
(('(i)

',.- 1. orIV"
'..;-
• 4.. .• 0

and Ii' :cere reaL~val;)edfJut 1\ is complex. Finally, in

1. .An A.:JDJ. ts; '::;,t ior~qJ:: ..~recn 's traJ2..'3 f:.?_rmto the "':lrob18IJ:.l 0 f dl stri-
butlon ot zeros:

Ii
\ 'j

and a solution W(l' such th~t
".. I

W (.(j! \ \ (I ") '_'. c). HDr e (';'"1 \ """7V-' V _ .l.l..", \.l, \ t: ) ::: - t"

form t \ ,-,.i\_ ,\. I, ~. -:: I

,-.f.

is eit~l"r .:)f the for~ k\ (.:t3) of' of the

wherp h,\ ( t ) :", 2..( l- ) err:: ')O\r"r- c:erie s



i
in t, aecorring to 1.,ITLcther \,o (,'):.-!J ,)r

, . J - .. (""0 .1-1 ,_!~j '.,·t t .-:
tj.. '; ~1~..~...DO., -

v

,'_2 ':R
.~' I. ,) L ~{L. I

•••• w -..: _ .-

\
J

()

)- -
i .', L I
• '-,.; I\.) I e
\

0~\ - i to
\ l(-,) <-

Jx(I ' 0+ )e:
{c \ '"~\ \ C ) I ~

! ( \ i
\ 'v-l i l )
\

.~
£-..

'( \ \AJ n- ) \ J-( -::: 0

S· I ~') -\". lnee ..j\ 1 U

the imaginary ~arts an~ then the real
1:;3(f) __ \' L',D.that ;ife must J1are "- -. ) '<:)

)art of the T,. H. ,So to zero,

8 -- IT ,IT 0-< ':)1\
( Of8~1T)-

J 0

,_ I (
\."J ( 0) \.0 Q):::: 0 then 0.'_1 the zeros of (,0 (t:.) lie

,,', ( -; "'A,j r.. I
J

D. E. i. e., a S01.Uti.8,n for "rhi.c1j v', (\.)1 \fi( 0) is not necess:T'ilY

or on the hori zontal 1i.rv ~;:";'~;n.g thr~ugh :zO. Furthermore,

there cun :,e at ITl;)st one ::::',::-I'O 'J!l i>"le~-~sitive i:-llagin8.ry axi:r.j

if there is one, thsc the:---c,"c 'om in:; no ::>ther zero on the \<Thole

of the imaginary axis. T:v:se assertions can be urover1 as oelo'\>1:

Let Z: be a zero 0 f
()

y' ...! > 0'A.o~ OJ do :-

(::7 - A ..•..\ \1 \ •
T(j- 0' JO)



::L ') '''-I
L_ \ = . (\-r l ) I

L .
( t.)\ J "f

\ \ j

". L- I

! \ ,', i L ) \ cl \J - r~
I \ \. • I - \j. v

I-
I '

"!. ?: 0 0.1 so ) •
(j ~-

H8nce, if Z. ts in t·;J~JCT. s8c')no quadrant,
u

there is no oU:cer zprOJn t;F' vcrcic;:,l through 1:.0 ~ and if

~o is on the positirs i~aginBry ~xir, there is no other zero

Let next, ~ I:::::" -x. I -+- l. ')" b=:: P. Z.:=;ro (1 ) give s ~

S
)'I v) ,

(3) ) _ \ \1-) \ (t \\2. A:( T j, \ ('x -+ \ ) 0) kJ ( t- ) \ - d:l = 0 ( t ~X~\ J,) .
U A f',,-,

I f :Yo :> 0) thi s is irrl]Os si b18, as seor' fro:n t he imaginary part.

X <:v \1 ~O0- ! ju./
w W I with

)

K-r- \. >0 to '\ + (\J , tYlro'~>-.'-_(.hv-\--C "i I' It turns cmt that
Co 'I v I . "0 '

l::: l:.\ ::lndthe Lnaginary )artJf the 1R': of (1) ,,-lith --

is nesativ2 hath on th~ vertical ~art and on th8

of the v\?rtical line Y. -:: X. lie in the strip 0 / \f / Yj' \) - --, ..•... O'



v- j I •
'I[ -'

. I
\,'J \\1
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