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No consistent theory Gxists for strong interactions based

on a field theoretic ~p~ro~ch usi~G the concept of a Lagrargian

or HC'Xliltonian. T~erefol'E:; em abstrc:cct nppro2.ch bl?sed on general
I

("1 • 1'. d

principles like Lorentz ~nv['.rinnc8 , causality,) uni tari ty dedu-

ced fron field trl,oories /~ utilized and. the nathenaticc.l iDpli-

c~tions ~re studied. All fielcs introduced are already renorDa~

lized. All divergences arising froD splitting the H<lBiltonian

into unperturbed ~)art plus a perturbation 8xe avoided. No

infinities should grise in this the ory. (Abstract approach).
Ii

Whether these C8Jlbe applied to 'any physicc.l process conpletely
'('l 'or not is tot yct.knovm. However these principles help us to

prove dispersion relations by est~blishinG analyticity proper-

tics of Datrix eleDents. This appro~ch leads to relations bet-

ween experiDentnlly ne~surable ~uantities nnd the DGtrix ele-

Dents. Perturbation theory hgs beon extreoely helpful in deter-

mininc the loc~tioE of poles usinb the Feyllflan di2graos of the

sccttering process. A siLmlc po2.o ocours ivhen the conservation

le.VISperEdt D. sj.llCls I)p,rticle interoedic.te state and 2, branch

point Ylhere production alJpli tudes cODpete with scattering anpli-

tudes and ro~l larticles can occur in the internediate states.

CheVlet al hpve studied sc:.ttering 8npLL -tudes for fixed Donentufl

tro.nsfer. However '-1. representation for arbi trp.ry energy and

DomentU.Dtr::.nsfer hC'.sbeO::'l given by l12.ndelstc'lJ using the theory

of tVIOconplex variables. The calculation b0.sed on the Mandel-

s t8.m representation done using the uni t8.ri ty condition enD-bles

one to vrrite a conplete dyn2Dical description of the strong



First we shClll take up the fixed nonentun transfer disper-
sion rel~tions for the C~Ge of pion nucleon sC2tterinz· A par-

t io,l vr::VG [',n2.1ysis is nac~c using the donin2.nce of the P33

resonance. The S, D, r~nc1snaIl P lave pn2,se shifts are deter-

Dined usinG the P33 ~ha8c shifts.
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~ is real belay\! the two Deson threshr)ld.
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':Iithin the inteGral we assUl'W th['>tonly the P33 ampli tUd.e

contributes because of the reson~nce. Also the nuclear velo-

city is assuDed to be ver.y snall.

Retcdning L::. '2- but no higher values we have

L1.( ;:. 0
I

since fo ~ fs
TIifferentiating with ~cs~ect to

L...-. ~1< and eqUc.ting /" ..::.0
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The S-wave contrihution C['V~ :j8 c[,lculc,ted by writing the equa-
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which is 2. I deriv3.tion' of t\~c

If \7C' ., onsid.er _1- <<-ev \
the solution for equation

JiYv-t I

I
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s .f~p.tic theory.
ond .i- // \

1'-'\ ~

.,()olt-) I 'tv'- +~)"(I."I)

by setting +~:> ""/» and re'luiring N(W) to conte.in the

pole and j) C N) the cut (physical) and with one SJ. b-

fA)
/-- --

(35)
(Chew-Low effective range

fornula)

The 8C1.uo..tiondOGS :Ll0tl:~deterT.line tho resonance.

1) T'c.e}, W8.veohrse shifts 3~"'.t:-sfythe effective rClnge

(l fit3 ~ 3\ ['.s ::-nste.tic theory.

2) The S wave 9Jlpli tuL',~" is g:Lven oy ), j:

stronb enercy dependen~e of tee (3?~J state has no reflection

in the S waVE cnsrgy depcn(lGnce.

3) It is possible to calculate the D wave phase shift~.



Lecture II

A relativistic ~n[~oGY of the Chew-Low nethod is conjec-

tured 8nd the dispersion relations are vrritten down for arbit-
rary encrgy-DonentuD trr:\llsfcrsusinG the theory of two conplex

variables. The two inv~riant sc~lQrs are

t :: - (c- V 'l-v/ 2-)
~ = - (t;>I+CV,)2.

and -- C 2.. /'fV 2_ -+ 2-) /$-
/'S .: t. r .-'

where ~ - - ( 'PI ~ CV'l-)l-- ;

/'C},r
rl d I~

The Green's furetion relev8.nt to this process 1\11'" N I -) 'iTa.-t-N 'l.

also gives the processes
II')..+ NI ---7 \\1 + N"2--N'l + N?- -) 1\ \ -+ i\~

The (energy variables)2 for the trxee processes are ~I ~c

and t respectively. The other two variables will be (nonentun

transfer)2 for each process.

The kinenatics for the threo rtGctions are represented by the

diagran (Fig.2)
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Let us consider the centre of na3S for process T.



A l/ 01 -t r-)"'-? I C<r'> er/ ~ I

Novl using 'Vl.- = [/5 - ("1 ~ fA'f][,.{,-eM - Y'/-] (7)

We get "'t -0 ("-'" ))..
o >/ t ~ _~+ L C~ 1+ V-") - 1'1 : fA -

(Le.) ,. 1 .-t L 0 • --:\ L- C0 ~ - Ice) £:- ~ - V'') , 1))T /-'-5
- ) - ~ .

(8)

For process (~IIV = "-9/ ) w)

-V J~ (- v~l-0)

w ,Iq/-;-~ " £. ~ ,,/ p'l +",,,':
'l. l.--:s~-p -'V +2h

Cd0

'L -1.~ , _ P -'\I -2 Pv too

too ~ 1,"' a Ovv'-- 01 ,1, of (1'1 ~ 0l...

o f't // '2- C M~ + r?-) -.0 _(1'/ -r')< (9)

I (->r =: -- r ) E)
_ p:: (1) E)

For nrocecs -il . .~~ .:> slDl.l..c::.rly we h2,V8

t (- 2-, ~\!w).
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The first possible interIJed.iate: state is a '2 It state

~
but it is not p!1ysico..l because r will not be

t ~4 1"("" -0 <C. 0 , "~ ~ 0 • t ~ :2 ( t..{ + ~2 ) - ~
_ (V"V12 _ m2) ~ 11)

~

The. Ana1
o
:tt:::....£_.pro)(;1:'0-6S of~l:.'2._~D?l.i.~ude A (iJi )-

('.f "'I,
.A 25 a function., ~ for fixed t satisfies the dis-

)....
).."'--,

.A
1

c,ncl A
2

are the l1r-."bsorptiv..opartf;ll c:.ssociated with the

re~ctions I nnn II rcspectively ~ld arc civen by

(-21)4 A ,().l,t) d (Pi 1'1, - P? -1,.) = +~ iT)b '+ (Po.p'~q,o~

2: ~'J (p i)It C 1;~ \'";<rv I f-J (h.)Ii Cry;)
'YV



tively. Eqn.(12) st-~c- th~t A is ~n ~nalytic function with

-+- -~poles c.,t - 'B
i../(r -t /Lj N ) to ?<)

~;nd cuts along tl:1e real axis fron

T t
I • )he equn ion is represented ~lD this c3.iagr2D by 2n integration

along a horizontal line below the ~ axis. The poles occur at
Apart fr aD then the integrand

nill be zero between-.dt:B·p:nd~c.oJ)( up to t~·- 4 f"-M
The eQu~tion is valid only if the functions A, A1 2nd A2 tend to

zero sufficiently ra~)icay as )) -7 00

have to nalze one or narc subtractions.

-l' i +-- L



+-)) '-

A3 is non-zoro above the line

Now if A be; cC~lsidc;rer'c[',:::[1 function· of two cooplex vc.ria-

bles, we car lO-!-::e the sinplest S8sup?tiol1 that A is an8Lytic in the

entire space of the two v~riablcs except for the cuts along cer-

tain hyper planes. A if considerec ~s a function of the three

--variables ~.. .1. tI ".:J.>.
indepcnJently will have to be re~resen-

ted in a hyper s~ac~. Since there is a rel~tion connectin8 these
.p-..v . .J,.... L -+- t ~'2. C· M i. -+- tAl)three (i.e.) /v I /~ I I r- A has to be des-

cribed in a hyper p12,nc;. The cuts of I.. are a cut when h is real

and > 0+ v) A a cut when ;;- is rcccl ond > (Nt T 1"-) ';/..ond
. )-4 V '>",

when t is rCf,l ane1 '7 I, ,'. - ) J..-. <t c1isc(;ntinui tics ncross these cut

will be 2 A \ ) 2. A end L A,J r,;fJpcctively. In addition A

will have poles \vhen A =- ''"''1 'l. 2:nd W;:lenA -= t"1.~ By Cauch
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+ lT~

• I

0\ ~

A13 and A23 ro1d A12 are nonzero in the regions indi1ated in the
figure. They are c['ll€.d the double spectral functions. The
precise boundcries of the double spectral functions will be deter-
Dined by unitarity. 7hese spectr~l functions are always zero in

Tte single variable dispersion rel~tions

derived froD (17) writing

\~ -+ -,0 f

I

C~- ~)C~_A)
I

- ----~---- -+ _. --~. ---
( <J! _~) C -c - t'~) (XI - --&,) ( t.l - ~



",'hen we nc.Jz8 change of v~'rip.bles ~ 'He should note that A has the

SaL18 value gt the sono j)oint and it docs not Dean that we Dust

it follows that c;() A Ie~l,.{-)
A~ d '2. ~t I ~'c1 ~ I

+ ---'--- .-
+ 1\')..' 1 f

N1-_~ f\/) ~ -- ::::$ (vI + fA) .-) - ~

~ A I C' ~I~ t)S cA _~f
+ - 1----_.

Tf -!- (~T r)
~ - --5

t being kept constant.

Thus ne have d.i:-:;per3ic'Lrcln.tions for 11.1and A2 2.lso

in t with s or s constant. The oqu2tion for 1..1 cpn be represen-

tad by [m intcgr8,tion 2.long a line parallel to AB and t1 and



and t1 and t2 are the points where this line intersects 012 aLa

C13' They satisfy

The absorptive part .A1 has the SRLleHED1ytic properties as a 2.-

function of nonentuD trc_nsfcr t for :fix8cl ~ ~ (0 > ( 1'1. + ~)
as the scatterinG illlplitude except that there is no polo now

and the cuts extond only fr OD _ 0() to t2 and t1 too()

and accorc~ing to the ineqUL,-litics these cuts do no extend to the

intsrior as Duch as for A. Thus the reg:Lon of analyticity of

A1 as a :function of t is greater than that of A which has been

s~own by~chnann.

A-and B s>1tisfy tl r nt t·~ ~ lese enrcse v~ lons.

A t. C).J) t) -

~i C» ) {) ~ :f"

(. "
h T ~ t) :::r-\ \....)

13 .
A 1'2~ ( ~) ~)

76 4: (-0 t)
( 2> )

13 i lr' -<> {))::.0, '2. '-.. I

A C - )))-t)
BC-;J)t)

-+ I~\'2Ji (~,-t)
._TAf~(~/j;)

+ 13r.23 C ~)-t)
:t B\ 'LC ~ , ,0)

.
(23 )



LECTURE III
The unitarity condition iD the on2-DOson approxination gives

in the interDediate St8,tc ct. an C',ngle e l- which is therefore

interratcd'C\j'- ~ L /" _(1'1+ r-ll i/.l -( M - ~f]/1- ~
z. = I t- %. 9J 2-

A1 only in the physical region.

However 11.1 Dust be obtained in tho un]hysical region also and
hence Dust be analytically continued, by expressing A in terTIs



A2(s,z) [),Del (A3(s,z) S.re' non-zero in tho regions

:z< 1+ 0· r-t- ~
and Z ;> IT 2 ~ ~'t respectively.

Perforning the intoc:r~).tions over z.. ~ anc;' ep) A I reduces

t a I ~ Jd '2 t J J Z ,_1_ t r: Z J - Z j IZ0 ( +- -Jk
xC~2\- --' -- ).. J - J. - -

f-\ \ ) I) - ! bl\ L N ,II( '7, -' Z iZ3/ ~ ,/ 1<

we Dust take thnt brnnch of the log which is realm the physi-

cal rogion -I <. Z/ (I
FroD equation (19) of l~st lecture the discontinuittes

of A1 across the positive nnd nogative real t axis or ~Z,)
are givon by h13 anel A12 respectively.

Thus we hove 1\ 13(<17,) = B:' ' ~\ Jo(z: l5cI.zj<, 0::,,7-, ) Z-$)

~. ~tA'L (/S?'Z1.) A2Ch )73)-r AJ (~.JZ2)AJ(~J~)}
(7)

A I"-C~;;<,)--~'L- ~ 5ttZ~Si zJ I< ';J. C<" -z" 7.;)t A; ( <1,7:2) A
3
(/:', ZJ) + A;C /,72) A,. C I,,~)

(8)



k\ ::.- - )(rt<
.- 0

k2 - /~-

- b-

-
Going back -:;0 tho cncruy r.lOTlCT.tU.Tl v<.~.ri(',blesA /..6 and t

I
The regions where thG 1< /; v::-;.nisr. in ter.ls of these variables 8.re

given by (for /0~ 0() )



1<'1 C 6~{I ) L~, t3)
./

1<, (/~; t[ , .62 ,~)

1<2. (0~ <> ) t"l) °3.).
(12)

Tiwse relations are the on1s onr:;s tn the regions /0> f'~~ and

follo~vs that A13(s,t) for a given t can oe calculated in terms
I I ,l. I (IS Il

of A3(s,t) E~ndA2(s,s ) ,rovided t(s) is greater than ~ V

and A C~, {) ::
J -

J 1-6
~(t)

- I

~ - /~



A2 <:nd A'..:> cqn be fOUT'I.' i.n b"rm::;of AI? 2..'1d A23 resgectively
/, :r."cv.l\'1',\ _ ~

neglect tha secnd terms in thes3 3quations;that at ~ = M
("'.) \

a {5function, ') ~6 C ;; - t·1),. , we can there-
u

fore find AI':' hence A,. ::..ndthen /\i;: for all vslues of s ;-"nd
tJ u

successively larg:::>r valuG~ of s anr' t. It fo1.lo,.]'s /13 is zero

if t! < 4M'2 Ti\f' l~yv!; t ValJF~ of s at which

there is c,ontri but ion is /", - IV1 ~~ ') ]-1,;0 )r8C i sely the conr'1i-

J<. I ( ~ ~t! ')t '2 j -t 3 )

I' ".

,;: ~
1/\.) L L i-1

f 1 \, J !,IJ-.
11',.1 - IA_I/' 2 \
\.' , ~I t.-I~ . J



<)

R)r :"CJ.rg,:; s, t -+ 4H'~ blt (1C S C"0Cre2SeS t becomes larger



A13 \'Iill "?e non- zero vIithin C 1 ~d near it ,,,ill behave like
I - - /:L(c - {0 where -to is the value of t given by (110). Thus--r--J from ( J ~ ) it follmtls that.A~(5,t) is !.'lon-zero if t > 4M2

•...

and behaves like (t - 4M2)1/2 just above this limit. This value

have neglectefl the ,subtract ions. H.)'\18ver it can be shm,.,nwhen

substractions are mene that the curve C1 becomes C13 of Fig.2.

Above t ::: 4M2 for a range of ValllGS only the a-function of the

second ter{11of .AI;:) c::>ntributes. Ai- ,~, certain state the other

terms in A~ ~nd A~ ~lso cJntribute and if for the moment we

neglect the ?nd term it can be shoil1'nthat the contributi0n from

the first term starts at
;;

above t ::: 4M2 or i 'l-"- .:.

, ;/ /.
,L /'L '"> t'.... J,"L-( ./ 1.- -t- \. 3

\

the curve C2 above '{hich the new co:-tribution starts.

t := 16M2
6 --:;) <>()

t ,/2- =: .2 1'1
-.J

;e)4N

Such c"iscont nuities in t~e high0r derivatives of A13

occur at t ::: "u2M2.

or A, > 1V'1 ~

from ({J-) A2 \'\7i11..

'2
fJ.. ~ 4"i

~ ~ ,~CCJ)

- "l..~~ =- ~
,~

Automatically

which isbe nonvani shing for Z'> lti "'l

the thresho10 for pair 'C)roduc,ion in reaction II. vJ'"? get simi-
_ ( '2. 2.-

lar curves C4 etc. a7 roachi,"1,g the line ~ ~ \..2'Y\. tl), h

Tn" contri but ion to A13 from sec')nd term startA at t ::: 4n2M2 •



Fir st neglec t A~;3 anci determine Ai3 and then fi.nd .A23

from A13 by crossi.Lg symmetry relRti'Ds and fG£d t~at into the

e~pre~sion for ~? in terms of Al2 and ~23 and do the iteration

again. 11/1'11lethi scan bo cO;1tinucc. for J':,2'::. the Crossing symmetry
," of the total scattering ampl' tude is still. not sriti sfied since

A I C·~ ~) :=/1 1.. (X , /)
['1'1. 1 /'ll

is nJ~ satisfied by A12 detcrminpd by

(which is obvious from the curv.? C::.J. 'Thus it 808ms .•..>1e cannot

apDly unitarity, analytLC'itv 2.nd crossi~'lg symInGtry simultane'Jusly

H0\OiE;vsr ....>1eCi!1 modify O'J.r i b?rati:)n }rocedure as follows.

We can a.rid n t'?rm J'l"(s,s) ':.long ~'Tith A2r:l in the eqns. to satisfy
r, v

A12 \.[111. be non- ze--o above . "urve

CE in Fi;.3, i.e. below ::L~:: 9 (1

VDlates the unitarity condition in the ODe ~eson approximation
'2.-

for values of ,.,0 > Cf'fv\ (H;:>;;J0Verin thi s rsgijn the one

meson ap~roximation is far from correct).



(b) is to;'olcgic('_ll~;: si.:ili.."I· tc (c,) pync.~ _['.8 to be Gelded to (n)

.." 'llyt.icl'ty Drn'~eY'tl' "'c::)Gu.l.u,...L 'oJ _ 1; :! _ tj)..,J.

8,dC8c. f~r CTO;jsinC sy.x.:etry (c) Y;2,S to ue ae.aocL Hcwover in

this p-'c.ph 'GLore is Ln i::'}t,;;r:--',cc1i[;,teste .to of a 111Cle:011end a pair

so tJ:1.~tunitcrity is viol[',t0(~ iy. t~~8 011e: nescn appYoxiuation.



su~tr~ction terms in the Dis~ersion -Rcl~tions
So f~r we h~ve r.iscussedthe analytic properties of the

scattering amplitudes ign~ring all 'su~traction terms' in the
dis-persion relations. Tib details of this sort of solution are
naturally different from those of the static problem, the reason
being that the part of the am~litude corresponding to the lowest
angular momentum state. a~~ears as a subtraction in the nisper-
sion relation and has not been taken i.ntoacm unto

if the integrals in the scpttering amplitude
do not converge, we make the t<"u:)traction'<kS follow's:

(~ - h~)

(~\- ~) (61-~t)

AiCI ;1)
l~ -6?

(~\ - ~)(~ - ~)

-~ - <>"/;:" v

_\f I /1, (~/)
7r ~S -_.--

AI
,- {)



where

f. (4'): ), IotA t'i- C -6
1

, ~)

(~- .. ~o)

and S - A /2 C ~! ) /.) I)
~ J,~I ~<sI_.. ..-

C ' n" .. S (~'- ,c0 (;s;- -z;)



t - Lo

f~(XI)

(\ - ~~)(J;I-'6)

The first three terms are ref'8l::Ted to as 11 double disp ersi on

integrals", the 4th, 5th 8nd the 6th as s:ingle dispersion inte-

corresponding to poles

functions in { ) ::f2.
they wtll be represented by d

(
JJ

pendent of t and ~ (i.e.) independent of ~ e

-if ,;vemake two subtractions for ,0 ':7e get terms which contri-



given process allows us to avoid the difficulty inherent in the

one-dimensional dispersion relations, that the subtractions
were unkno~m functions ~ Une of the invariants.
analyticity properties of these subtraction terms are known
and their relation for c:mother chc;.nnelis explicitly seen.

The effects of the subtraction terms in the absorptive
for processes 19 II and III are given as follows.

For each process the first term represents the contribution
from the S-wave only and the absorptive part corresponding to

&J1:hall the other waves is determined completel;Tr::-e double disper-
sion integrals ir! (7 ) --t, ~ f\ I {J naturally

depend on the values of /.)\)/ ~() and -Lo chosen. The



subtractions can be performed in such a way that those functions
are just the ~ wave absorptive parts for the three reactions.

I
- J J ,t ~ e ( ~/ i)

2- I
-/ t - t

tlA

°1:"Co)~ tt(1)j
ie

'V-t
I~--

t,i- t



As -t I -? 0()

I ( t \
I (J t-~ tlA+ 0)
,. - tICO)--7 .

t -"t t I ~
C

· I )
+ 0 --l /3 /

A second subtraction would be of the form
_' ~ { I , _ t (OJ(t '/)) -.3 (De (<I,t) ~('ti;J01
{'_t l t '-t. I' . J

I/ I

I J d..W0 (JJ t) S". +_ ' + 3/ (£j 0(h t) GJe (<I,t) I
2.. t'-t /2- / 1 ."lllS9

_ I - J t - t (17)

0.-

Thus a subtracted form of)term like\,..if cis' cu. ' A 13(.0' ? t 1)_
will be II. 01

- ,0) ( t 1_ t)

_~2 J[- 'cls'.{{ 1 A /3C<I~-( I~ {_! - t~O) C t' ,h') ,3 ~ 6(1.', t:).
/I. A'-,-5 L1.',i - .' tL(ll]

I J.' ( I {~. Sf \ r J. C J! ~) f' A '0 C-6 I,t I ) I 1 (-+- _ (;.I, S __ - C{ \..{)J 0 ....:J ~ I.L et. L
1f~ <>1_ {) 2 _I t -L.-

tl

-f }.. W (j C~'~t) fcl L.rl e C': ,t ) ct. CA\ e> (",I,t)
2.- - I J A / 3 C~',t I) _ olt I

t {'- tl (18)

The second term ~2S the for~



•th
The separation of the Sand P wave absorptive Darts ~ thus

/ 1/"momentum 1 2 to .n - /'&--

duce the 73/
I'L

iteration of the calculation of tbe J :: )/1,..

crossing symoetry. Let us enuoeratc the other possible subtr2c-
tions, It is seen that A!:5 C ~ "-t) ---;!:> ~0. e.v, A -j 0<)

( )~
contribution from A2 i.e.) the 0 -fmcij.on. Therefore A3 has

40bt t . b t To 1 A,! ':; an.::!Bl 2 ..c. ~ ,....,...,a su TELC ::.on u .03 las none. '- u. - as t".:> • ~J

,Ac. -3f 00 .{vr fixed s and hence by crossing symmetry there should
be subtraotions in A2 and B2 also. We have to use the unitarity
condition for A3 (of reaction III) to calculate the subtraction

mation we restrict the intermediate state for process III as
2 pions (or at rnopt two meSO~B + pair). Thus we require the



meson coupling if) irltroduceo. ill tile /I - N
2-

t>4t"-

been no inte~'~a~tion wi t:rl tb.e e18 ctr::i!ilagnetic field, we wO'.lld

have to apply unitarity to the P wave also sep2.rately" thus

the boundary of 013' We h<:lV8 found that A 3 T 0

I

for I< /~
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I
/

I
I

/

\

\

0-

G operaticn forbids 2. (I ;io:~ ve,:,tex. Thus we have

412 - - - -
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shing of the Clen,oiu2.tors ir~_ (2) B.nd (Ll), The denominator in (4)

gives rise to the physical cuts i,e, branch cuts in the region
and VJ <- C 'Y'v -t I)

the true physical cut on wLich unitarity canbe applied below the

rent recio~s of the complex 'if.! plnaeyof the single analytic func-

tion ft-t (/I'.J) Vie C8.n forget Je- hereafter. It is found
convenient to \'lOrkwith thea:~p-titude.



1e;+ r 2tBy dividing by ~. VIe arc not

singularity since Al and Bl behave like

This Ian be seen by r.1Ult iplying ( 1 ) by

introducing any new

(Z'2Q.. forK2~O

Pe. Cc<p e) and

This is true except when e -:0et W G

in which case Pv '2 t..:-. I
duced and hence Jt ~ k)...Q.,

when hI =' - C yvv + I)
C E +- i'r-') tz "l Q.

f'v~C /1,1)

and no singularity is intro-

for 1/,..1~ 'YYv i I . R\ 0 also

and from (5) it f l-lows thatft+-.J

thereby justifying the analyticity of

separation into :?arti8.l fraction of one of the terms. The

direct pole contribut}:os only to Bo (and hence only to to)'

The .ontribution~o Be..
. l\(~)

-t \ J1Je ( /;;;) ~ i- 2k~ cl S
L! ( <:»

(
~- /'S-.'5 )l (J'-

~e IT" ¥-A2 1-<. 2. ' v



I T(-r -- '" _7.".r; - <:. '-. - /.) ,.)). I _, L.

where L, (. /J) and LJ-, C ~)
corresponding to ~ 0 ~_\ and

-2.-
~ :o0"t0

- - - ~-; ~l.

- - - - - - - L~(6)
"'"

rT1Til
Cr'A -I J 'Ml. ( )'Y\. +\)-l-

4C~)



y C~)::. (~) -()/~

L'2 C D) ~ '2 IrvL + 2. - ~

:2-
Tnc ~ole 2.t ~=- YYV

~ ~ < 0 Wv--ol (Yv\,~- '2 + /'rYV -) -:::- rv-:- + ~
Tn·] c:mtinUl.lJrJbeginning 'It;;t ;. ((Yv + I)~ gives a branch cut in"-
the region /) ~ (?vv-l) '2-. Ii:' ths TJ ')l.ne, these cuts are given

by the entire i~aginary axis qnd

Nmf let us study the singularit-ies cO:ling fro;} the vanishing of

of the denomin2tor 0 f the 3rd terr1 in equation (~). In the k"2-

4- ["2.



For
'l- . 2-

- lV'v ~ !< :::;;-( 1< ~ = - \ - /\

_1_1\ ~ _ yvv'l.. C A >0)

'2...
...-<):: _ 'l _ ~ /\ +- Y\"v -+ \ + '2. ,j ~ I _ 1\ + <fV\.,2. ) ( - 1\)



Tl16 ~ole of d f).../~ChI"\, +lrJ) lies onthe branch line

y IJ-G"~+ )....)2..- ~ \;".j < - yY'v + l"'rfv (14 )

N0W we will calculate the oiscontinuities across these cuts.

CvLsider the discontinuity ::>\ I eN) across th8 cuts arising

fro ";l ~ -.:::. Y'f' 'J..

L'). (~)

J", j ol ~
Ll (~)

.1) L- i - -6- ~Jdh.~
rc I +-----. --~-.
L ~ ~-'2.. l~ .. rrY\ _.-6

L; (/)) ::
\

L2( h) ;

L (/J) - A. 1\\ •.•..

L
2
(h)-+J..!\



· I. - /) - /)") CJ ~,~
I~ (I + .,---' ~- - .•.---
(. '2 i<; n", -. /:) + 3/\

')...

I - (r I,..J. 2. -, /) -- )'1',

-. + _:I, ,1/ ~ IT ~~,. 1 ---------
" "2 1-< '2..

~\}< 0

\

J" t (- [( hJ ): I i~~ ~J -> 0 ) - I btr-(

t'J ~ 0

L-r C- I '\ -0( I II'J /

~ 0 (">/ J..( .,-~ .L \.. - .:- (1+\,f -- in) lr ,\ -r yY,,) I:" ({ T I

'2.-
2. - /j - -'I-A,

-~

,~
Ci ~-
J 4-\\



I)
x ( '\/,. I J

The di sconttnui ty ~ ~ . i"I/ in the r'3gion

c an be ,x')re s :::cf. iI: tern. S 0 f -/1 _ f\l, .
L--

by crosstng sy~metry.

L 7- C~)
+ fC'~) j J- 'f) n (';: L -I,~~ -~)

'"j f-fV A t-ChI) -:i f 21( ~ ut -6 rt ""I . ',. ,

Lie I~)

and r- L? (/))

0<: <- (hJ) ~ f~Vv),,- r 0\ J> ~ rz-?-J.Pt (x) [-<t CIN-"M) b I
~ J'2 \1 1<- J l

L! ("':»

(24)

a.. and ~)-!. h(:W,~a (Ur~~ct l}hysic~;,l 'lEl8.ning. Th8 regions refer-
I

red t~ are in the physical regiJns ~f Drocess II. The c~nditions
"2... 1 L -«'40-. -)<;L..

for this ar e A >b -t I) , L 0 , ,6 lj '"'" (~ - \

( '"'"\ LJ '-
Bllt we have ,"S ~ L, . /)) ~ 0'r,'" - I)I ~ and

s i~ce ~ « ('IA. - I) '2. 1.n thi s r0gion /0 ~ ~ + l) '2..



In this regi'Jn also A)D

_I ( C~6 ~ \ for /. > a 2.nd if h lies bet-

ween b-e s )::.nd 12(s ) • If the:Of'~-.:rgy and -o~'lentum transfer vari. a-,
bles are in the: "9hysi.c 2.1 regi:JD l t fo llm<Js that C{, ::. J YY\, A
a~d we can write

[0'-.1 (!l ,I -~- ~)J = 4-11 l
r r ("'[ ( _.) r

0yY',· t( _'_hJ e -I

W1''''' ~ L~~~CNt)Pe\+~C'rl~
.E+fY'v ~-:.o· +

( C~6~

0<.'-c
e. :. I

Fe~ding thi.s into expressior- (?~) we c~n have a for~ula for

0<;( N) ':Jut this Ls not ar; eXDlicit one. This involves

JQ.-t and hence a CJP'i':ll::ot,,?treat ent of 11 - N problem

will invol v,:; COllD led integral equnt i :)ns. cp
The discontinuity acroc::s ~'h,; ci.rcle N:C- h. e).

11,'1- ::. 1'Y'v'- -I involves 0-.3 2nd- b]
in the ';)hysical region :)f F:)cess III.

'00 tc- 1'2)
At oi _ --:-I~\_ ( 0< '" f olL' Pe. ex) 0.. 3 t / I",

_ J, t f -+ 2, J< L (' f - Y)
l-r

')'I.
which is turn can ~e forind



'l..
1< for any" . tlOIn on the circle is given by

r- "l '2- J,.' dJ "L.l [ '-7.- J... ep i-J
= Lh. -t - CYYv + \) J .11. e. - COY\. -I) .

4 h?- ..t. "2 .l P
'l-

1<

1 '}1 -p_ -t ~

2 i \)-1 .



We neglect all but the singularities closest to the physlcal
region (1oe.) (OY":+Ll'2- IC-+) I' 1(-1)( I)

C) I J 0< i C L~ ) a< I . hJ .
Iv 33 . lrv ~ 1\ . ~~:-w_1---1--------

fv'.- - '/ -m lr0 I - Irv

,
. I IN -'\J

r
D()

+--J dfN I

l\
'hv+~

I

v0 \ - 1."0

~I



W D_\--+! w:l
W tl,

c><)

r'l- J+- ~ P
(I 1Y'\1I (34)

4-~ f' '2-- _1_<3_C_(;;-_~_3_3
t-"J

w
- I - I.'vy,~

Say 0<-

RtLD (H) -00 ~
00.

+p S
<y-,I', i i

ct I.AJ I

(0') R Q. ]> C hJ) = 0< + ,\\ P j d 0/
d DC' \)J YY'~ V\j

Also tv.':!,1. - ->,_/_-
~ ..J F + )::f\.



F -;-""hv 1<.-3
y-J

c -+ t"-i

1-·.1

Substituting witbin the integro.l '.ve h2.ve

0( +.L pJd 1/,1" 1<-1
3 C C / -f 'm) \- (" - +- !/,,( - hr-.) P

I\ ~( t ( kJ I ~ y~)2- 11 o'

J 1<' ~ ( E I T '"rY' )

'r I ):1 . -, I .. ' TV't",j . V-..J - I

r 1-el ,\ ", ')+_ V '\1 - ,~.

(\ J
" l.3r_1 )p r( (.•....t:-, ~ (:".

((' .:. ,4v'! ,k - }""j ......
j k( 3 I \

i r - ICE +t'Aj
r:t hJ' + ::::;C(/;(- rr)") J(tj . _

1\ Ie I )4-r I .)N . 11'-1 - fY\ C i-J -hi)

v)=/- -+-wh v

c7\) 0

r' S I I 1< J ~ ( E 1 -+ Y'A )t- cw -----
, I( I 'y .)4C 1_ \ I_ lAJ)

0".. -+ \ t"l. v,j -, v' V\J



-Lecture 71---_ . ..,........-

We found that the 11-- N scattering problem can be
completely solved only if the Ii -If scattering was solved.

certain approximations - (ioe.) which satisfy analyticity pro-
perties suggested by the IJandelstam representation and crossing
symmetries exactly and the unitarity condition approximately.
There are two approaches to this problem~

(2) The Cini-Fubini method which is equivalent to (1) and



/

/
/oZ

fJ'
\

Pi- \,/

f P/ I

FL 0 't '

4. (1/ -r ,v-?)

-L-Vl.(I-t-Ue)

1cy'-C 1- c..,,~e) 0)

. )(').)
, ..)

Since I = 0
9

1, 2 can occur, we ffilWthave three independent

invariant function of S9 t and Uo We ~rite

1-\(e:;) ::3 A + B 1-C

A ('1)" T) - C

A(<J..):;. b + C

where AlO); !(1) and A(2) are the amplitudes for the isotopic

spin states 09 1 and 2 respectively.



t ::~l
'-

-1: ~ ~ means G-3 G -) - Cd G

1\0 ~ A 0 and A !-..-7 A C)) but A l-j

We find that only even powers of ~ e
and only odd l)O\'Ters in A1 •

. AO and ~2appear In .t1:

We have

A(it", ' CoD B) ~ L ( '2 t +I)A ~C"It) Pe. C G0 e) (7)
l

and
\ ,j f' J- -4 t,,: ' ~ C-t) C-L)

A~C1;)
..l r-

=- ~ - E e. sw dQ_ C V) (8)

V
6e

~ 'l..
from unitarity, 'where are real. for V~< 3t"

L? 1.~r-
(9)



A I?J ( J.) y) - A 12- C Y / y.) -= ~13 C y , x) ::. B32- C.x j Y)

,- C 12 ex ) y) :: Cj'2 C y? x)

The region of the JL -y plane in vihich the spectral functions _)



.1V( ). > '1
b

fJt2.te and -----... any pole. A
'---

poi.nt uf D8.yi.D.1urnsy:::wtry 111 the s, t, u vari8>bles is the point
J?..., t ~k:: 4'~?-~~,/0 - I~ (non-physical point)where

A, B, C are all red and equal to e~ch other. Then it is appro-

-pr iate to ir~cludc the Ii - 1\ couplin [, cons tant -:A

AtJ
= _ 5 A )

I

A ~- C).:J
'1. ""\

A : - '2.. /'

residue of a pol(:;" but here there 8Te no palos. Hence '!' is



:: /2- f oL we A1Cv'1. )C~9) ~_C~e)
- !

At fixed ~ thh:; correspr,nds to intez::.::ation over olt or ~

4'" 'L ,. . .•..in the rc:nge 6 and - V mov1ng 111OPPOS1ve directions.

m - t ~A"''''_Iin the s-planc. 1ho cirou~ar 01..1. has radius '-I

').

TIenominators containing /S h2ve a branch point at 'if ::
(threS'hol d of phys iC8.1 regi on). The De xt bra..'1ch point is at

" ')... J v-...LUV =- I

'right hand cut~

Therefore ther e is a cut along 0 to if)) --

'L.
" h . ~ t" f \lAunp ys lCC:LlCU- .rom -,

dQ
00. The scattering ampli tUf-e

and 0 on the real axis. The
~

is real in the ESlj) betvreen - P'
imaginary part -- discontinuity El,cross right band cut is given

by (9). The calculc::.tion of -i.:hGdisc ont inui ty 8.cross left hand
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t -> ~
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elL
_ 1+2- ~ +

'1.ev

~~ A C'Ij' ,Gr!, 0) , - C & Ce,.;' '"-; (.-5 E) 1)- b;, C '1;'2~W e 1)(19)

I 2. ~L. '"l 1- k J..
whe re c, ranges from -- (V -;; ItA LA,) - I

as CD f) eoos froD -1 to +1 4 (-6 and J3 = 0 for 0 '/ ~).) _~2.

VIe have -tl
r

J rr-A~ (rV
L

) :oX J c1G-J e Pe CC-:-i fJ ) J'r0
-\
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60 ,2 L. '), C~· -t r" ) ,('- I -, 2. /'1 I
, --:::='-. - r( \"y I ~

(1 f .l..t

r. 2-

l

~)
(20 )

(

' . '2.

:t/ C\' I '?" I'-"-

c{T .-__1

valuez of le88
'"

curvcs and their cquatio:-:3 it if; -)o3silJle-
_/
J. (- 2

Legendre polynomia (~xpansion of A<:. \,:\ I ) c-,s E/)
2 >_9.LA:Las c~ r -

convert:;
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I \ , - I.I\.. ,J

If the Legendre
It in (.;I.() ",an be terr:J.in2,ted o..t 2.n early state. The absence

J '

of a single - pion exchange reduces the range of the force :(p
~,' 1/'l.lA.' '" h'" f t·,~ I ~r . MIL ence lE"Jrovc;s 'cno convcrgc~1cc 0 par la



vanishes in the lower ranGe OI -che integral ~
'1- I LV and ey. '> 0

So if V!C Da1\:8a subtraction to suppress high energy effects t

the remainder v/ill be almost entirely re2.l for small V~ (i.e.)

6' ~we are ignoring singularities of ~ However when q,,-, V
(f,Sv'

be comes large A iIi18..cinarypart cannot be suppressed. The

subtraction C2.nbe [.lade by removing the S-wave "()art of the

For I == 0, 2
+A-Ca./-, ~ e) ~

I
'2-

U



These are exact expressions but we sh2.1l hereafter replace
_-1- 0 2-i\J.. - /

I~ within ~he intcgr&l by
o

I).1 )0

Formulation of Ir.tcgral Equations

Using unitarity we have the partial wave am0litudcs behaving



t(f) _-'I ( \,A' . ~', )) 1
'. ;I

(28) o.nd cxcc.pt for { = 0 behaves like ~ Q,

iJ:'hehigher the angular momentumthe smaller is the

dispersion integral. It is only fOL the S waves that the

c:istant c ntributions are expected) to be important (i.e.)

short range effects are not felt by the centrifugally excluded

hic;her f waves

N,u aYld J) J,re i)oth real analytic fun ction~ the
D

centain:3 t~e Ie.. ft r-~2ndcut gnd denominator contains

IT r
- ( ))! ~
o '- '

J) T .
I - ( ) \'0 \.),)
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I

J~ N;C))) - 0

( ")~~) norr~lalj.jjC';':}trl(; 8-":,'0-'10 8.J '\lli tv.do to G:.,-,- at the point.,~ . - .~

1...

)) ::. a Therefore TIC set I'J 0 C Yo) r 0....T

and ])oJ C ).J 0) -:. \ Furthor A (D) [ C:0) ~ constan t

at d0 and 30 we assign constant asymptotic behaviour to the

O"'·T +

(o)c ,;) OLeyl)J)'Vv A . Y. ~o

0->\-)J) C »! - }16)

~

(34)

p oint -:Yo -1 - ~ to obtO-in
-\ I J rr-v ACO) 1. 1))1),

» ~ >! 0 j r:I-- V_' _------\;--

1\ - 0 (/'\,1 ..,,) (' \/ ,\) ,'\
(y \ •.)-' -).' \.. y - y O.-J

!>()

( ct})!
!

J o



The importill1t contl'ihution in the integral comes

o.no. for tl18 left hand cut F:O 1:c.1\:o only {== 0 and 1 terms ..

I"
J>-()))::. I-

e)

0<,)

'))-YOld I. - »
If 0 ; »' + I~

I IJ J C \)
)) I '2- 1'J 2:> ))

"""-

())l_ »)(yl_))o)
(39)
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Define 2..
n - 1'1" .••k + !'tV e 2-. _ '2 Oyv 'r1',ork 2- .•... i<"\.. l

The four variables asso ci8.ted \7i th the single rarticle invar:LaRt
(.,

are subject to th~ stability conditions

~ > -\ /2 '-.. - \ ~/3/\ ;> 'I£t \
,

j (5 )
12- ~ .., I ) - / ;> -..:; ..,

./

V\ThichStfltC~3 "eh',' t 8~t''':2..8:;'1 \/CTtr:,:: ~.}}C uxtcrn2,1 maS3 is Je ss

r I

A f d. x , ( d. X ')\ ' J .,
~ '.-

l ( /- 7. -:(, -. :( <- - XLi)
I ~. •.......

',here c+ 1t,
S 1. u2- L '.""' ...., • I •

).
I,

(] i< Q..T ~ ;( -t- 2 L.. ~. t (7)V :::. 1/:., I< (' !~« '"I \ i' ~ -;I

'\l is this boundc:ry on th~ real n.i:is, D v:hen
J I~

J>::. (): t + x 3 - X 2. - }' 4 )?. - '2 :)1 i ).3 (''j I?>- I) + 2 )( 2. X4 (\ ..<q - I)



".} <I:2 L)' -,

vanish A.

iLl a lorger region R ~n which .A is :~n C',11.c:,lytic func tion. of

and Y 0/, •Lt.l

tho exprcssim} D c:::,nnot v8,n:i~3hif :L is in T,

T consistfJ of thc interior and l.jOun(JE:TYof an equilateral
. "

J... .... arc baryccnt ric coordinates . At the
k

- I ~ 1<:: I "'1. ).~ .,4) .,D;::; \
-' ,/.J./ ,. /.

Vi c fi.l1d the "i.·cg ion R i SLlCh that the express ion :D is pas i ti ve

on every edge of T, if and only if Y13' Y24 are in R ~

"-oj Dis

R"
Ll

en every f'e.c8 of rc Lt C'~nG ally if v Y
24

8..re in.L
1 3 1

:B'inally wc fLi.e} D for VIr~:L c~'.1 D c8.nnot vanish at all.Ll

in T. The tru:'eo C[~SC:8 [',re eE8cU8sod 208 follows:

Case {i) ~ Let J) ta,}::e non·-positive values on some edge of T.



However due to the stability conditions we have this value
posi+ive for Y Y Y Y Therefore we need consider

\J 12 1 23' 34' 14 •

only A ,( - b 'X Y 0, - /'-

~ - (j 'I '2 = t.f -

region Ri -L8 therefore.

Ri. e' '--{ '- I ~i > ;))' '._~ 2 -1 -
.. } I "<.

-)

Case (lil
and consider the pos3ibility thO-t D has a non-positive value on

the face of T defined by X 1<. = 0 0C"'--'-J XLf -= ()

try 1.' >.-.... and 'l, + -.',,~j. ..):.. fwe have the tri angular c ondi ioY'.JJ4.. '-' - .i •.. ~ I ..;

Then condition JI1, > -I J '-II~) --I and d')3'> - t
implies that D 6 does not Vi' 'ish on the edge Let us cons ider

X.-( t Lf <0
() 1'2~ J!3

"'j ~I~-
\/
I I ~



+ 'J !)( L ( I-I I" - '») + )(i -X:., C ":1 i ~ + 1\)J
- 4 J-.

( 16)

Each term in this ,",'::p,rc:.'s ~ion J.e lLOn-neg8,t lye and hence Do

Hence Do

"-J I 'L <..! ) j 13 <- I

(;; \..-
(j \ L + :..~I,~ / II

1Thus we have for the d~ffGrent faces of T the Region Rii

defined by n -, ~ L "L 'j '" L \
I~L t. l J 13 /.' !::,:> .'2 ~ / 2 4 J (21 )
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, I _L
1-) ,

L .;,

'-12! + 134 < G

Y/L) i- Y34 ~ 0

YI..q + 'I3LJ ~ 0

Y1 2. +- 'J I ~ ~ 0

11"l- + d ILj < 6

'-I t~·/2. ), >/ 0
o 1'2- (j-

- I

Cs:; ( C) /I'-j-t C3 LJ}

L 3 -

L3

L~ ~-\

LLi .. Crs-j (G 1'2. + 0:2 3)

Case (iii) Similarly j.f D EJhould r~ot v:-mi3h in the interior

a) ~12.c(1 , '<1'3 <.1) 'JJ4 <-,1

b) .zIi <.. e \ 2- t G 23 -I E'.3 4 -+



In terms of t,.j'2- Vie have the "'Jhysically accessible region

- - c P '2- -3 1- [)34)
2

(1-',2- ~ H 14)7- ~ - C 1'-12-3 - H 3..\)2J

'l
')'yv I

? I I '2.-.i.., r-ry\. V'\' 3-

The normal threshold is given by L t1 =. -I ~uations ( )

show that Ll3 > -\ only if sufficient number of '';}/<J.' 'S

are negative. For each vertex sew rvll~ -;, Nv,-t ~~ >

"""" :I. 1-'}. (\1 ~ ....J:rc
we calculate W 0 -: d = !. N'l0 - I~ and tabuW'

:2 "Tv' I 'r"\.. ..3



J> -:) N-4 rJ·

L -~ 1\-4- -1\

;\ -) N + 1<-

~ -7 f'..J t·· 1<-
,---I

~ /\ -t- 1<-~

".- -;> 2- + 1<-..--
'Thus we conclude that for IT + I'J --7 IT+ N no anomalous

"'i.. C )""l-threshold exists and L)3 -=.. -\ and hi ':: N YI; 4- HlI

is the threshold. For If Y scattering we have

~D
~ 00\

C~ C \74 T B ) ~ - - 9 91 ;>-1

C ?- 1\-\ ~) --
'l-

~ 00 2- ~..\ N
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The spectral functions A13 then do not vanish between L13
)( 1.,3 --::::: - '(, 6 -;:::

)(
13 K2 = 0 or K4 = 0 given

by the lines L? and L2
Kl = 0 or K3 = 0 give
L1 and L3.

2
K = 1 - Y12

Y~3 + 2Y12

M
Anomalous throshol d mear
that vertical or horizon-

-\- ---- -------
\J~

L -2- A13 is nonvanishing

x 13

'/I f
I

I ',
I

I:~----- -'---- ~'-- -- -----

1 1-- - -----
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/I, ( d ) ) C' I~,.0y~ t' ~ L ~)
.~ . .)_l _l-_I __ ' '__ U{ 0 I

Cal_c u 18. t j. olLJ2..t.,_J_TVv__ A

number of S -
of the fc"L.u'princii)~,l ,iarts vcmish 0 The; )rodu ct of the four

cd _ fun CtiOllS is als 0 7,CYO, Thus <;[2 are left with terms

h' h 1. r.,.' ~ _. £', "',"~LC-"-'.. l' ~..Y):"" ' ') . "1 tW lCll 11ave 0 - v. ~".::': c.•..no. c ~')l'~.nc :1-1'8.-'-. par s.

If in such 8. term the a glU10EtS of the two r -funct ons

have im8.gj.n[;.ry paY~~3 of OlJPos~te sigr~ then this multiplies the

term by t·,IO.• Ott ..8y';!tGC the to('m does not c'atribute. The argu-
ments of "'GLis6- function vo.nish when tho inter.Qcdi:::..to "oo.rti-



Further the two opposite lines E and F cannot be simultane\'usly
<'

on the r:Jar-;sshell and have cJ functions which contribute to

JYVV A

:r [- /)/c + 10 -f

If they ere tC) be non-2:.ero D,ndhave opljosite signs for if

then (P, (:. - CV 0) and (p~ v -t '10) must have

the Sf'..t11() sign. ]-lmvcver the t'.10 lL_8s are on the mass shell and

6' CCV 0 - C P,t P '-) ± ,J l/t ~i} _ I E

d C~ 0 + J lJ2 -t tyl - i f::

(r of p 2.. ') -
o I / U



and making use of the ~- - functiOli-s? only tv.ro integrations

X

[Lk"- (2 tV-I) - "1
LJ l~1<"t2 l P "2+ (r -2') (1- L{'l.r) Cr\ &-1

_ iI'1 :'I-l (10) J
---'



~K = centre of mass momentum

k CA/i)

~C ~It) :-

complex t plane except for a cut along that portion of the real

axis where k and. t are both pOf3itive. The discontinuity

-/14 [ I< C -<s,f)] y,,- ]
'v

A I~)(4) C ~ , {I)
(it - {)
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A1"l (-!>,{) _. I

~ [8IzJ/2-

1<. > () ? -l > 0 ? J.S > 2- t"1 ).

'2..
This a.p pro aches A=-4 fI...-\

I
tN '0(' . !. r ) \.1'2 f) 2z f=7f(

tLC-ZI)L).:t)~?·{O J
:: 0 ber-r Z L.. Z. I

_ I) f~ ( Z.( ~_ I) 1/2_

Kinematics of ·~eneral scattering ;)rocesses and the Handclstao
Repr_e'1..~_t8.~ion
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The invariants ~re reL~t';d to the 3catt2:Ling aEgle by

( lY' I~ - iV'v').:) ) (l\r-- 3;1. - y'Yv 4 L)
,:< h :: 1< - A., -+ -4 tv 19;,:, 2- - ' -,..- _

J-t..-

('r:1 - IV'- ~-)( IV' ~ - rvv4L)

P \2- P . P2- r \" p~. I

Pi. ' PI p'). '1 r2 P3

p , PI r p r "2

-3 2.' 3 3

2 2..)
rvv 3 - rvv-~.



o+l'+ t _.()

2.symrtotics ;':'TO '\ -:- 0 ) --6::: () 8.nd

int orsocts i ts 8,sy[~ptotes on the l.irw (01.- -l t s -t d ::Q

although C m~w have ei ther

o...,~ + ~~-s + c..t - 0 passes within the h...of

Th 1" C ~'"2- 0 I' ('V"\A" ,- ")I'" ,,) -:L QZce In e s rL- '- Yv'" \..,.. yr-. '2..) , , . "-

,
, each of the physical regions is a part of the curve. If (20)

is satisfied
(-yy,. I - fY"?) L < h. Z (:""-i + -yy- k)"2-

(YVv?, - ""IY"4)'- <- h <... C N 3+ rvv4)")...

(20) is not satisfied the trips overlap 0 that the region

hold for integr8,tion a,lOl,g AB. Poles occur vvhenABcrosses
2 1-0'·: "fYV CA... • (j-y ~ .~ YVv /':' t 'v 1J e r (; ,,"V" (!'" (,'1 ""(Y\v c\. I



st8IfJ'S A h...o will bo non-zero in t1'lC region /\.. '/ h.z.
and A '/ Act. (say). Proceeding in the S2.me vmy as that
of Ma~delst2ill using unitarity for ~~occss I.we have

4/ )-,{ t>- J h) ~){ ( 2 II) 2-J cL4 F S c14 P Co d ( P./ - Yvvt )
cf((r L _ fY" ') e (Pso) e (hc)d(I'5 j III, -1',-/'2) Al hi ~3)

b b, A
2

('A
J

~"2.j32)

A1,.A2 and A3 now refer to the processes

T '- f >
") -4- 4·-.) ,



t -=: PI ") C -:.- P3
(36)

L
- A'2.') (PS-C)

-I
I ' ~~
i
I ~ 2.-Ih- + 1'1< -'('Iv 'I-

2-
2'fV'v I

II~~
I
I
I-
I

i

This trc.nsformatiol1 is not one to one since the products are



fl_ > C'M-( + YY'v b}2.

(40)

and tc;,keSI to be in the phye ical region for process I. The

condi t ion .6:,. < 0 implies thCtt ~ and A are in the physi-
2- J

cal regions for processes 12 and 130 Thus the denominators of

dispersion intcgr;,ls for A2 and A3 ,'rill not vm ish and we may

ignore the LE' term. Thcm pc x-form A,. and A j int egrations

using

-Z, :: CoS (9; 1~2-) 72.::

1< -
The spectral functions can iw~ediately be found from the dis-

continuity across the cut (real s1 axis) Thus Ai 'L.S reduces to

the same form as that of Mru1delst2m.
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Equal:LtL...9f the II 8Jld n total interaction Cross-section at

High Energies

We define the nucleon (p and \ ) 8':'1dpion (Vend ) four-/"; ev
momentum by

I C' .~ w)
P pI (oJ-1) :1· 'lJ - q

:: ) - . V ;;-= v

where ( '2.)

()' (+- +) + .Y [- ,....,.,.l· C - -))Fn-- CLN):: -= d (~ '7\. A -+ L-0 6. /2. I fry ) ~ A -+ w 1)
fJI)( LIlt :.-J. 3)

(4)
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G

S
,Id ~,)

-+ III --0..1-\---(.10-. --

-(j;J



1-
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W 1. _ ('IV'- 1. )2-
'G II

\'-J
In ter~s of isotoDl'C, spin ste.tos

F
+ ~__I C·A+-+ +) - 1/ 2J/]_ W A :: 3J [_F 12. + 2. r: I?-

4n-



HO\'l2Ver

~ CF" - - FTfT) ::

"dri ting

a%1T t~Y- -

~ (15~

cs--+(W)-'7°
n

w! ~ 00. Experimental d2.ta

This converges if Grr- Cow)
fe_ster th8X'_ Yeu-1 v01 c..s

indic[~t8 that c:r-.,.- ~- _
1\ 1-) II

encrgios fila using the soave oquation one csn determine the

f'-::



~ l.

W - (N~

0() 2.-

W'L ")j q;J WI
-t-- I \

L/f). rvv W

where A + (C,) is an unlmovvn subtraction constant which can be

we have

P..~Uti -Civ') - F" t ('"D
- cs:..-r)

II

Wri t ing ]> -t (w)_- f
J F - T (cu)
"\ ~ \I

.J

( 2(\)



r~1(,,,')
i-- W'- V0

T (Wi) j
-t- _'-_ll_l_-_\ __ .__ ._

W'+ W

0,+ (Wi)]II

Wi-t W .'

How tho POEleranchuk the orOLl stp.tcs t'1Cl t if ~ ( lA..))

G_.Cw)

(0()) .-then cs-
T

follows fii'Jd.}r>that L.ot tho.t ~',ll streng intorc:wtion approach

Jhat they are cons tants

exponentio.lly for 12,Xge v~'.luc:::; ()f tho impact parameter P
This constancy of the cl'of3s-saction co.nnot be due to the

screening effect in atonic e:l.cctroY'.s Slnce this could. happen

{ (j

observed. corr3tf:;,ncy is from 10' Q \j

Let us c8.1l c:s-=...•...C w) _. o~ .( LA:;) . J"
II I II



Then o.ssUlJ.ing the liIJits 2..T8 not equo.l we will show -'-he

~
~ . (') C c(J) ~ :; a --=t=- 0

f.A) --j d;)

Let us exaLlino the hjt~h em T[S bch~.viour of D" (w)

For LN »JL

the eras s--[~oetion 2.r8 (,:~.·foe t i vcly eonstc.nts we have

D (C0) ~~ ( D+(W')- D_CY'A)i- ZfL w+ 2, /yV )'"'Y'\ 1..

2 t.0

WI2_Wl.-

a (w')
Ti -

)...

w()_
T----

4-q '2-

•.51....

~ f ~ 0 (l.jl)
l.. ?G

w r( w f LA.-J J <)

S
J l;.)

P+~ -t
CUi wf-+wlit wi i- W LJiT2

'(\/V .....il.

Re. r: 11 -I- C'~) '-"0

JYnI ~_+(w)"'J
If

)

( 31)



dec2ys ex?onenti~:ly for l8.rgc distances. Let us ~rrite out th

gcncrc,l e::pression for tl,-€ cl8.stic sc~,ttering 2..rlplitude A( 0)

for the angle zero. Fo:c si:Jplici.ty V,'C; 2118.11 not take account

of spin notir~g that Morbi tr.l 2,npl12,r mOI1cntur:!is very large

at high energies so that in rcpluccnent of t. by t -T % whic
rn I '. If\h - ~

Dust be: D8de in ord~:.,r to: i"',ccoUt,t spin, 'I'vechange nothing.
I

-(
") l-0

',"her c 'L e...
mOLlcntuDi . For large pc Day use the semiclassical iopact

p2~ramet(;r OJE G-.ndthe effc ctivc: upper limit on R..- is W f
r~( ~ l ~-(_\')S inc e the nodulus 0_ '-.e.. is not grcgter /> 2- the

C~I'?- -
+- . [0 (06) -C! (oO\J
~{J T -)

~ Y~ .

magni tude of the modulus of 1\ ( 0) is -Z...
Thus '])"1(lV) cannot cont8in terns rX.

eJ_CcX'J}

Similarly c.t high energies the l_ 1< -r, 1-<.. 0 J

have constsnt cross~ cctions.
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The dispersi~n the~ry ~~ t~e ~~csGnt day elementary particE physics
arose out ~f the ~r~ss in~adeouacy o~ the·conventional Lagrangian method
of field the~ry in ~Galing with str~nc interacti~ns involvin~ pion~,
nucleons, and the st~3n~e narticles. Such relations were well known in
ele,otnodynamics \·"hen?the real an j imAr,'inary parts of the refractive
index c~uld he rGl~tsd by eXDressins one as an inte~ral over the other.
An extension to cases where the scattered particle has finite mass
foll~wed. Microscopic ~ansa~i~y which is d stAtement of the rel~ti~istic
requirement that no signal can propa~ate with velocity a,reater than that
of li~ht in quantum mech~nical terms~ namely, that the commutator of two
fie ld oDerat ors be lor.p:;ingto two snace- time point s vanish for space-like
separation of the two points - W3S the physical-basi~ of the dispersio~
relations. The Cauchy inte~ral fo~mula for an analytic function was the
mathematical basis. w~r any Doint~on the real axis this leads to the
Hilbert transfnr~s, i.e.? the real part of an analytic function is ex-
Dressen as intcsral over the imaain~ry Dar~ and vice-versa~ These; if
the analytic functi~n cODsider~d j_s the scatterinq, amplitude considered
as a function of the ener~y for fued momentum transfer or of the momen-
tum transfer ~ar fine~ ener~y ar8 Drecis~ly the single variahle disper-
sion relatlons~. bausolli:y has to '!e invon:,eC! to continue the sIfattering
amplitude which is a ~nction of a real VAriable into the complex plane.
(A.lternatively, \tole can use the l'itchmarsh theorefJlwhich stAtes that' /..:.

unner certain restrictians, the real and 1.maginary parts of the
Fourier transf8rm of a function I,vhich\'atTJishtisfor negative "talues of
the argument) 8.ro E~_ll")ertt::,ansfoI'rns,f' cae r: O"~-hc~),



( )2

tterin~ amnlitude is simultaneously an analytic functi~n of
the variables, the oner~1 And momentum trans~er; apart from the poles

particles goin~ over to two narticles~ The Dole arises when there is a
intermediate state wtitthe same nuantum numhers as the initial (or

,.

final) sys~em of n~rticles; The hranch cuts arise for two - or hi~her

the Mandelstam representation follows ty a douhle application of the
Cauchy formula. For the case of scattering of spinless ~articles it
can he written as

F?, ,}.-'

..f - _..1,
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of the total ener~y (each in its own centre

:Jf mass) of the three reacti:ms wi th particles (2,2), (1,4) and (1,8)

as the intitial state. - /} \;~ and ,-- are the square of the
1 I l

masses of the sin~le particle (if there is any) in the intermediate state
i ,

/)

!J" \:,
'..

l'hysJcal re~i:)n (in the physics 1 1'e;:;i')n Hhen lbhe of the varia bles, say

/) is positive, the othor indeDendent varia hIe !, representing a

momentumtransfer, will be ne~ative)



d:lUhle spectral :':L1octi'Jn{',in tb(~ earlier aT)Dlic3ti~o of the represen-

t8ti,)D (the Cioi - ~'J.hioi ann Chm.v-I'fAndelstaffi apDr~aches) they were
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The requiremen~ of invAriance under G-parity which forbids pion
verticee~ with an odd number of nir)r1snecessitates four pions being ex-

direction when two particles "exist" in the I,:,

channel. Similar arguments follow for the other channels so that if
we confine ourselves to the elastic region in each case, the dependence
on one of the variahles in each of the double integrals will be strong
and the other weak. .(since the latter hAS its lower limit exactly at
th@ unDer limit of the elAstic regi8n).
Now we can write the first 0f the double integrals as
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N8W the den8minatx8DS in each 8f tho sec8nd inte~rals in the tW8 terms
on the ri~ht han~ side will never hanish if we deal with elastic sca-
ttering ~elow the thresh8ld f8r inel~stic Dr8cesses i.e. when the varia-

We can therefore club the first term

l~ C>..
I I ), .

d i j Aid
( LA.. J;' ..

I A cl I

\ ~A
~_._---_.

'J I
I

c Ii -' j, l), '-
\..A..

'J

L. I I..)
J

arising from the 5th term 8f (1) and expand the denominators in the
v'- ) • Usins the symmetry property~

Wt C) (u. 1-0)
Iv.:.

: I

"weak" integrals. (over land

( ,\~,
' .
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the series being terminable at any 8rder we want. SUDposl we keep duly
the first term. Then we can write the d8uble integrals as
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Writint; J:- for the dummy vari8hles /;
that there are no poles in the prohlem, we can writo the scatterin~

amnlitude as
'\:
" (\, d.x

\-~A
~)

\-+- \
,j

11

Thus the rlouhle v8riahle integrals have been reduced to the single

exnansion of the scat~erin~ amplitude.
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stitutin~ the representation (5), into (6) we ~et
the square of the centre

o ('y \
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,~0

.x - L,- ~ ))- L [

\-'..-t terms with n~vanishin~ denominators for
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v > 0 _.. This
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Thus the equation (5) becomes
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By projectin~ out the
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",vi'-/~ p8rtial wave, we obtain an integral
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The Chew-rlanoelstam anproach is also similar in that they keep only
the nearest singularities in the scattering amnlitude and obtain the

CLf)
same type of inte~rale q uatLm as, f:J r the par tia1 wave amp 1itudes- >

with the diff'erence that the inter:;ralsinvolving the angles are now in
the form of a left-hand cut.



t:::>the ph:::>tpepr:::>eluctirm.pr')blem can be treateCi in the Cini - Fll.bini

annr:::>ximAti:::>n as is clear fr:Jm cutting the fi~ures 3a and 3b horizontally
anr'i vertictillly: . Where8s the annrJ~imati')n fails f:::>r the is:::>vector part

I
I
Io

3 .. /\"1 ".
Mandelstam representati:::>n



and also indopeniently hy rer~Martir~syanJ Grihov, and ot~rs indicates
a way out of the difFiculty encounterBd in the earlier approximations,

I ... ' .. n;
viz. thg-'-fact that one had to c'onfine(~:t;"'t-helow-ener&;y region. Chew
and Frautschi treat the Jiynamics ::>f k~th hish and low energy strong

h -wave res~:mances into the pi::m-pi::mand pion-f...!

/~ in equatLm (1) of the last lecture, we can write the scattoring
arnplitur'leas
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v@ ann V~J which 8ro into~ra:s ~ver tho d~uble snectral functi~ns
in the inelastic regi~n ~f the varia~les are called the direct and
exchan£Se notentials, l)eca~lSGtho eCluati~n 0), (2), (3) bear a close
resemhlance t~ thq set ~f equati~ns Jeter~inj,n~ nonrelativistic p~-
tential scatterin~ (~f the tyne which ~heys a Mandelstam representa-
ti~n) if the "elastic II (lourle spectral functi')ns in these equations
are renresentef 88 nr~~ucts of ahsorptive parts as will he shown in
a later lecture. ~he 1if¥erence is that the generalized potential
is ener~y oepennent, ~ecomes complex above the inelastic threshold

and has relativsitic kinematic factors.
If the ~eneralized potentials are ~iven the elastic double spectral

functi:;ns can be c_uted in -t81"ffiSo'f"--Ure,amd'!15'tiv'e.:pa-P-ts,.virz~



(d ')!J ' ~ , r f I,) -- \ I (' ~.,.
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and only the first term remains in (4).

pa r t I~\~ ( ,0, t l') -= 0 if L l~.4.

A (/) l\=o 'J
\ 3 .) 0

r\ _ (/), ~-') -
:)

(6 )

A=-o which means {~ -=. 0
~ \~

We kn~w that the absorptiv8

1.Ah

became of the inequality (6).

(Le. below

t < \6
'J)(/)/l-)

fOT t < \6 N8W if \/-0 (the direct p~tential) is given .tten

I~ ~ ( A. t') is kn8wn f~r \~ < 16 - =') Again applyin~ the inequal-

ity (6) we find th~t A\) ( )) l:-') can be calculated for t ~ 36



is kn~wn
(,~ (,~~

. J ,

t <
1···<\... -.

A
:)

into equati~n (1) and the comnlete matrix element

the assumption that
f '7X "-r \ '--. )

1-\ ( A 'J
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ener~ies, with tesonances in: the low-angUlar momentum states.

(ii) At high energie s all' elastic cross-sectL:ms shcl\<!a ch~racteristic

diffraction pattern consisting of a peak in 'the forward direction •..



The first imolies thAt for fixe~ ener~y the rAnge ~f the corresponding
.J:,

potential must be short which means in thechsrmel that t; tt\_~ momen-r,
tum transfer sh~u11 be large. The 3econ1 implies that at hi~h ener~ies
the momentum transfer is low. This comnlementary nature of the ~

variables have heen expressed in terms of the 10uble spectral

The anproximati~n can also he understood in term of the Cuthoshy
diagrams. Fi~ 4a correspon1s to a two-narticle interme1iate state

,h -channel while Fig. 4b corresponns not only to a two
particle interme1iate state in the b channel but also has the si~ni-
ficance of a two-o2rticle enchar~e potential in the A -channel, re-
presenting the effect of a sum over inelastic ~ntermediate states con-

taining definite numbers of particles in the h -channel.

t
<)---':;>---(~'."')
1/ '.;\ I' \:-,
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Now hy 1efinition (and without u U. _J d

generalized potential
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aoproximation
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the amnlitu~e A uniquely. But this is so ~nly if there are no sub-

trac ti ons in the r1 i sper si ~n relA ti on in the C-- (-3ndL'- ) variable. There

are n:> suhtracti::ms if (\ O. as t 'XI ..""-\ ----? •...
~,

/
)--

suhtractions i i\ / O. 1:-one -t h l -----~---.- AS ._~ '-'<)"':> /

if (J I t- J- --7 C; as
Jan~ there are tvlo suhtracti:1rls C " Cv:->

I \ i /J--,
!

y~\ (
, \ '- (--\_0, l- 1)

-- ")

lL~! - l' c:; ') ( l-- i_ l- ')
AI (/l, t u) i.s n:1t rJeterr"!linen by the nouhle spectral functi')ns
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Dart s) ei t her •

On nerturhati')n theory, f'Jr Y)otential scattering, ~\(/'\.L-)--:;>O

as ~ ----~ ::;c;- and for the relativistic case ~pes as a constant..... ,,'/

For weak p:)tentia Is, therefore, ,6." is determined by Il
j

alone. But

as the stren~th :>f interAction increases we ~et b~und stAtes in



bound states will be represented by p~le terms of the f~rm
~il PL (CO) e)

A' - -<)
so that a subtracti~n

ann for - t ~I Yo (~8) d-. t
'--t ---7 (X)

situation seems paradomical since to star~ with A ks determined
completely hv A

"Ij
h~t with incTBasing stren~th we are not able to

~et the terms corresnondin~ to the houn~ states from the double spec-
trals functtons. 11 further difficulty is that since wi th bound

t ----;;>- 0() , in the, A
is the energy the~e will be violation of

nhfutartt5". -l~" c.s

The intro1.uction of the "Re~l?:epoles (i.e•.poles in the complex
an~ular momentum nl.::me)resolves 'loththese (Ufficul ties and enables

A 'J. even when there are suh-
i)0
i (which can be only inte~Ers)

of £ to the right of the lille
tically from the physical values of
both to non-intec;ral al1dcomplex values
j rZ e t = - I/?;J (mandelstam has recently removed this restric-
tion and showed that analytic conttnaation is possible into the whole
complex £ plane). Choosing a: :~D1 whilnh encloses the poles
of A (/) I X) als') the shower] that the matrix element can be

written as ~ ,U, (2~+I)(A(Q,A) f1(-z)
~ Q =- _l/~ /j)Jn.lJ 1

(~cf-r\ (h) +J) fit (~)t1\V~)(-Z)
!J)/'f1", 1T J-- n( !) )



1\

where Pn
Now for Le>;enrire p')lynomial ~"")~}.,('2J)

are the resjdues ~f the c')molex tte::r,-:;epoles.d. QiYld,'Z=Ct69'n..
1)ehaves as Zd. forZ --7 r:N

Hence in the c:Jmolex Z plane~ the integral (first term on the right
'- IIhand side of 0) ) p:oos0')wn like /21 I;:L 0:/) Z -7 0<:::,

and is thus well-behaveti. We shall call this the background term.
The pole terms of (1) however ljohave like Zd-.. CU') 2 ----7 0::::1

The Dole that dominates is the ')no that has the 1ar~est real part and
it is the pole further to the ri~ht.

Now we can fix the comnlete matrix element fr'):IlA vy A \"-
r- 3 J

For PoZ (-Z) is analytic in the j-nlane except for a cut along
the real axis fr~m '2 = ! t;: wi th discontinuity ~ (-z.) /)~ If ~
(B'ord.. = an intep;er, r is comnletely analytic since the discon-

d-..

tinui ty is zero). ThIilsthe snectral function A 3 (/~) t) which
is the discontinIilityof the function i\ can be \..rrittenas

A3 (/J)t) = A,]:£ (~Jt) -+- ~(\-

'Jiae first term OD the f\..L'tJ
co~tinuity across the cut in

is obtained by taking the dis-
I\salready

mentioned, the ~ackqrounri term ~')os down like
in the background term.r, -IJ~

is no question of a suhtr9cti~n anti hence in this case A can be
comnletely determine1. fr')m A and PI • N:JW if we know A_

11
3 \3

numerically we can separate it into Re'so:e'l':loloterms awl the hack-
..::l d ;' ,O'f'..groun'l term an rietermine the <y.... /'.) ano r Jj

1hese values can be
,0-
1\ with-

3suhstituteo hack to :Jhtain the comnlete matrix element from



The secJnd difficulty re~ardin~ the bad asymutJtic hehaviJur in
the crJsse0 channel is settle~ as fJIIJws. Accordins to the Re~~e

p - wave resJnance or bJund
l~n~er nroportional to l

\

Tr
I

/)
fA I (/j! It)

I '/j -- (1

fIf fJr a particular value Jf /)

viJur as a function Jf t and if there were nJ oscillatiJns in it so
that there could he no cancellation in ori~±n~ then even after integra-
tion the exnressiJn In the le~t (the comDlete scattGrin~ amnlitude)

D (/~, t)
I \ \. I

on /j If A , oscillates the ha0 asymntotic behaviJur may cancel
I

out in the dlsuersion inte~ral and we CEn have the asympt~tic behaviour
d~.nen(Hmg on ../) as rioes ha"lY)enin the Ref~7,eformula. (The fact that
the sin~le spectrdl f:J.nctLms osc::c.1'r1Jatemeans als'J thai: the dou'I-:Jle
sne~tr'Rl flJ.0ch....,:'"'~ ,.~. J-ik-r1.r1c'0\



pion anrl b ann '). I I 'JI ex

the ener~y-momentum c~nservati')n,

allows only three-indepen~ent momentum fourvectors which we can choose
y p -t- P,and 1 == _I __ ':::!:..-

Lpolarization vector ~- of the Dhot')n anrJ the ')- matrices correspond-
in~ to the nucleons. Because ~f the DiracR equation, scalar products
like '( b ann \ \;. when acting em the corresponding spinors

, . I \ : .>L

~ives a const~nt (the mass) times the sDinor. So only one invariant

'! r\\ . '..
I

L·1 (-=-
, '-

\<.~ =()

and ev· (.
vectors, we n~tice that the L~rentz c~~dlti')n
so that the in~epen~Gnt scalArs p')ssi~IG are
Thus, followin~ Chew,G~ldher~er, Low and ~amhu (CGLN), we can form

,vI
I f\

H. I

, \/
L I

I-.,
J



c" 1"-J. \.'1 I' ('0 (\/ i~ ( \(\ t ,'j
, . \ ':)L. I':: ):",1/ .~,) - ev·~) I). I:() I

, j

rv\I ,
r
'---

,
:)r~\ (\"(,E-)(~,~)-(l,R)(P.~)

·L

'( h matrix appears in
j

each Qf the pr~Qucts t~ take ca~e ~f the Jdd intrins~~ parity of the
niQn. The abo~e f~TffiScan ~e seen tJ he ~au~e invariant by replacin~

by t'~ when the matrix element sh~uld vanish. The a~ove choice
is dictated hy the simplicity of the corresD~nding centre Qf maSS~Ter-

The cOffinleteinvariant matrix elrynent fJr the prQcess can be written

-r- ~(I '\ \-,/\ b 't
h/ C -1- f\!\ TJ

I ! 1 h --i·- I' \
i

I \ i '.D ...•.-
f\ D (- (2)

A u,) and t".J Jwhere ~, B, C, D a~e eAch ~uncti~ns of the variables
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and
I

q'
v'

anrJ pi')o respectively.

E
\ \:<1

spin is ~')~rJ')nly in Da~ts ~')r an electr')masoetic interacti')o
( 6. I -=. 0) + ), we must iotr:Jr1uce io ar1iiti')o t') the i9')-



A'I
'~A

1\ (-)
I,

co)
f\

etc. where the terms ~n the ri?,ht represent respectively the symmetric,
I

antisy~metric and is~scAlar Darts TOsDectively. The I( 6 are tho usual

\ _0.

j

the ph~tJn interActi~n which hehaves like the lrd

which SAves US the ~alculati~n ~f quantities for the second channel,
once these have heen calculated f~r th€ first channol. This is the
crossin~ sym~etry of the amDlituies under the interchan~e of A and

~hanging \:J, tc, _ b" ::md b 'GO -- '0 i.e. -p to --p
II '" " d-.., \ \

leavin~ the pion anrl n~oton variahles unchAr~ed. The Y -matrices
fAct8r;et her-nitian and c~mnlex _c...<v-ylj '~r\c~ el.



other tha:1 those D')stnlRtO'1 t")y lv1anr'lolsta:n) and finr'ls that only thl1

amDliturJ.e, B I has an arlditi::mal 1Jo.le in the t variable which ~an
/

m1trix element (~) is defined. We notico that the Droduct of th~

1 ~matriKes in (~) are t~ sanrlwiche0 botween the initial and final

I

- J~1;;(E+ Ill)



y,
J

14-

o
-\

I) ~ ~
, J

and the centre-8f-mass quantities f~r the m8mentum and ener~y and re-
a~semhlin~ the terms, the matrix element in the centre-of-mass frame

<.

, .~ -'t
C v. E:

c ( W - 'W,) ~ ~ cf -= (IrL""')A -r (0 - 'm)~:D
_ ( l- - \') (C - J))

:J.



- 25 -

i- (V-J+ ~):J...D

f~ v r,- , I) ...

8 n~si'ci,)l1 ti ovnluate the 'l~ulJle sDectral funct?:~nso
--)

k'

Xj' plane m.8kim·~an am;let with the 'Y.- ·-axis. 1fle shall now

!!lake use :;1" thG elastic l'nitarity c')D1iti::m, i.e. we shall retair in

the cOffinlete set ')f jntcrme'1iate stat,.)s in the irnnc;inary Dart of F ,
rli.e. its ansorDtive part

T
-74~~(') ~~ () CV, b

°v \ Oy~.
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We n~w perf8rm the f an~ ~~ inte~rati8ns the ~tmplest of
these inte~rals will he the ~ne in which the ~ dependence is c~mp-
letely c8ntainer in the ~act8r in the ien~minat~r

inte~rati)n over ~. will then ;ives the fact~r
i

ann if
f

'ZJ J..
type

;) -1\

rzi1.. . LOl., -r Z;l _ \_
"-J ) 1\ ~.

the ~nly other Pactor certainin~

'}. ,.1 I", f
~~'.' Z '1 of...- I '" Z_ . 1-" +- u _ - cl 2 'Z

)...... ~ I .;)_ 3

The numerat~r will c8ntain factJrs ~f the type

-: ;- - (,:>..)
'7 ') I \ r (
L.J IiI ./)3 1 \ \,

JL

Now the function (18), considered as function Z has b~th left and
I

ri~ht hand hranch cuts which is seen from the identify
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~his was in fRCt the way (13) was ohtaino1 after the Z~ inte~rati8n.
\The discontinuity --- , The Cllts are deterrnineii by the

-ITpoints at which the ch8r~es si~n namely
2, Z Z -r (i:' I \ I h. ( r-, d.. \. ) I} 'J-

I ;1" \ "-',- } Li
-' ci. ,') I

Now the disnersi8n relations 8heY8~ by the absorptive parts ~q~3-
tion (2) and (3) of Lecture II) sush as

I ~3
dl=! - ~j ~ dtlr- i

\ ·d~.
\ I l:. t: I- t:-ir \ t. -"_i

where we have re~ritten the second inte~r21 over !~

ne~ative axis of the t -v8ria~le cleArly shJWS that

If'
\'.~ (~ \/':)

\)
• , I~

! iJ I \

L.J ~ - i)

Z and Z. must he h8'ch nasi ti 'Ie 8r~ ;';

the left hanr1 cut wlth Z _/ Z Z
I ~ ,...., J..

'''''-. ..,

~8th ne~ative, whereas
(_ ,-1 ( '\ I j,'J., ( d,. . ) 1/~.L
I L -j I I Z ..- I\ d... I \.j



to go to the nositiv't). cut i.e. to

\- (L) ¥-
t'=13and the comhination L .J-.

I) (3) I· _ (")J *' 1. "

(-6!Y}:l. r: II /.. ~ \l.+ \ (/~n,l_)r(\~\to 'So to the negative cut
/ (j..) I)) 0 1... I . - • .' 0 :. . 17) (1.) (- ) (-4) (<..)_ . ~ -~ _.~ r r J

i.e. ~ ,tt9- (These f~llcnvs from the ref!,ion ,,.,here 1. ill. J.. and 'I) j rJ
.,(.:-

are no~n~hing~. ~hus for the simnle type ~~ considered we could

It:'

'''' 1

\

rr (
-:...)'t ( 1.- 10ilL

I ~. ~ C" (;, + ,~- 1 /1 (\ -,
) 0'1 I 0)..- iJJl- 0:)

=- .6 f\ ")
) G \ /



, ,
inrJ,eY"Jenrient 0" t"1e u ffi"'ltrix C'lnd tho coeF'r'icients oft_\), X,LCJ~

I

,gnd LV on both sir10s ,,>" O~) and tf-t0rJ ::denti·:'y;.n~ the cuts

q s in (16). '<'or ins t gnco ~ the ~J-indcDenden t terms involve
'-4 \")

o'11y the dO'lr1e sT)cctrAlf'Ll~l(:t; ')0'+ which are identi "'yin~
. 'L~

')f the u.::>l) ():1 and

"or tho rJolJble sDectr,gl0- " 1,o/'L '.1
'0

flmc t i:Jn s



c-f'. h t' 'r1 .co tL-. 't't~,IDn ·,:)0 Sl,r;s 0'. ,'le unl arl·Y

:)0 b8th Si00S hRVO boon aoc8ffiD8Sod

<....f.}_.
()n the rio:ht hnnr1 sl.de IIlO 'd.II hO 'l1ulti1Jl'Ti.n-:; iCO~Dloto ffi!=ltrix

eloment

_I l'~rL of...

isosc-91Ar .')<'1"'t ~ is Q1;tq:Lned by I11IJ1ti'llyin~ bQth the sy-n''O tric

and antisym~etric ~qrt ~.co (]0) h'T the is:)sc81ar ~art (80). More



-rhe antisYrrl'11ctric 1Jar-t ,,,rill have tnT:-n.s Qf' the tyDO
X-C,·) 'I 'I- L- . -;- r- L c.- ) -- l ::¥- c-)-_ 'l ( -1-) r- L ( -) l

J- r- _.!- ~ -t- t- _

isosc~lar T)~rt will hqvc
L· .\L ( '- \ ¥--( ~ ')r l- 7'"' -r_, )L '-"

1- --

" I

1+ -1 \ \---J + --N

i-r. \ -7 - V



an~ t~~ oositive ono~~y sninor Bar the ~ntinucleon has to be
usci. SDeci~icnlly,

M I E- '{ I R~ L '"{5 '(,
fJ.. I
. 1

M ~ ~'<s[-(r,-- D ") ,
~ OV tz

B ~i ~

-+- (p ~'\ ~ OV,E
, \, "'2. - 1 .-J

Me I' e '( . c; \

i· RV' ~)~ C\; I R --/ ~-

y .....'l1gtric~s (equati:::>r1(6) 8~ 'lrevious lect'1ro) And natinc; that

:_.,--_ .._--- •.
~--'.--- _._-

'r,e ~-t
F L -r-r1 0-, (?~E:)l
IT\ b -- PI .>. ---'"- .

~.~ ~.(f: 'I'Q' )_-t-N cr· P
,IJL t
'-~ ~

+'P n-' (t: ~~.)- I

Q
("0

tt:
">-n

~ ~ ,-- I~'-~_..r



~~ -7

K u b (1-- :0.-
G I !

~

"-..
"

b + iL
I

r-
bec':1us0. or: t::-)i ir.tv.~fi1nce which f'orbi"1s ;cs three (or Any and

lJY>ocess.

-y --+- -n-~ tV-t-N'SIJrVive.s? sif1ce on :nJ.lltiDlyin~ both



L( \) (7.....3) 1'his ls (ho t:) tho 'J8--:--tic111.gr ch:)ice :>f the
. I

rn,qtrix olO'1lent S Aw1 wi th:)'lt f':u'thr;r si ~ni +'ic;:mce •

./.-)1'::)
i
~ !

(u - )





total ~n'";q)ll:l-r -nomontu"'l,J, i>fe h~.ve in1tL=Jily rlnd f'in~lly three

v~ IlH:lS ~f' th0 rel~ tiVQ o!"bit,:)l 3.n.;!.11~r momentum,. 5L .- J
j
T+ ~

bot~ocn which tr8nsiti~ns mi~ht t~ke place. Sin~let to triplet

J --7 J (:i:lC arisjn,~ ·':Y"j".1 tho sin.:lot ~nd the ~ther f'r~!Tl

j- I I~, I I' \ --...\ I (\..rhich by ti'lle reversal. _ uvYl..(J.. --... T -{ l. ~

lJi~<(~·:,3i~Rlentto J_I ----7' T;- ).3~ th~t we h1ve in all
~ive 3m~litu~0s nDcess~r7 t~'re~resent nucl~~n-nucleon scatte~in~

!t. Q

of ~m,'~_ttIY1nsor>vcc0nt ono of 301dQergcr, at ale
r

~_~~~ticlo~ intcrncd~qtc state is t~c two-nucleon st~tc itself,

3110 l~~cl thG (J ~:;0r.::to~sor;or;ojtin:: '=it the vorticfas in the two
;')1 th s hy ) !inri ~ rcs;Jcctivcl}. B'J.t ~or tho soco!'1d .gnd thi rd-channels, N +- N ',.~ N -t N thore wO:J.ld be an

/



st"lte, viz, ths tvJO Di8~S, wo have TJerf'orce to oDerate the &-_

mqtT'ices be1.::'·Tr>(}nthe nucleon ~md antinucle8n both 1m the initi8l

ch1nnel, so thAt the~e 1."01110be n8 sir1TJ10 way of' ariving at the

m1t~ix ele~ent of c~~~~els II qnd ITI, ~iven that for channel I)

ni8ns And ni~n-TJion sCAtteTin~. The first-mentioned process is
."

the si~~lest thAt one c~n think of in that it involvex only a

sin~le sC'1tterin~ am'Jlit'lde -- the iS8scAlar amlJlitude. 1n the
)

centre of' mass frame the matrix element is of. the f'orm.

where I?. awl 4J a~e the ~entro of' mqss rn-)menta of the in1 tial nhoto

(or T)jon) awl the "inal 1")ions reSYJ8ctively.cJ. is the isotopic
I:'

snin lable.of' the initial 'Ji80 an~ ~ '1nd r those of' the f'inal

Dions, G is A third rank antisymmetric tensor.
cJ (b Y,



~ I./J \._)-\,)L ) \:: -

f... L ~ \_. ~ since the D""01;1011is c:J'TIDlotely SY'TIl1etl'ic~
/) " / "-

each ch~n10l ro~r~senin7 th0 s~~e ~rocoss.

I~ S. p 'y'

\>- '''y\ 81'0 +;ho is')s")ir; lahels of' the initial nians and
':J ) )

~) y those :J·e the 1"inal TLoo;;. ""!,his has to be l1ulti:)lied by

the '11atrix elo'Tlnot C'o""nhotoDY'oclllci.i,:m 0" ")1.00S 00 Dians "\tJhich

ilJvolves the carnbiD!'1tion c;... Fvl SY)
coef'''icieot o-PC I on tho 1"i-:sht

• . . cI (3J ')
tArlty COnr1ltl ')0 AS ( ~~~.~ C )~.
t~e '0ion-Dion SC!'1tterin~ 1l9trix oloment in the isotonic spin



state T c:: 1. By the Bose symmetry for the pions this is also

the state with J =_ 1 (if we keep to lC'w energies). Nowthis

is precisely the statB in which a rPRsonance bas been observed

in ~ion·~ion scattering. The fRCt that only this part of the

pion-pion scattering m2trix clement is non-vanishing in ~r

problem, is fortunate since vIe will bo making use of the domi-

on pions in such an approxi~ation. By taking the nucleon-anti-

nucleon intermediate state in the matrix element for 'If + 7r -+ N + N
\

one of the solutions he obtained was

F /\ ¢(V) e
~ -(

residue at the pion pole at ~ := 1 and
1..

of V --::°v , the square 0 f the momentum
/

~ (lJ) is a function

()"tv) is the

T-=I. -J -:: \
.;

(/ \-, --h \
'. " l.. .I

.,
, r- / i )~ ;Q...•....

-:/( I \~ '-r



where I~ c~Tros~on~s to tho Dosj_tio~ of tho ros~nanco And
r is tl-}o 1..ridth.

Substitutinc; +'10"l:Q c~T'r()s1Jondin~ absor1Jtivo Darts in (2)

k / /) l: t-c) L- "\\l J.J -, ~)



~ I is a simila~ nx~ression in
\

reex~ressed the angle v~riablcs

'7:1--',J

tor ms t.' u... and l.\. • We ha ve
1\ L 3

in t""'r:ns of the t and 'if varia bles

t -= - 2. iJ L (\ - CG' H) ; \A '= - J. 'V1.\1 -t- U>0!1)

for ~ian-~ion scgttori~~. (9)
f.::A (: (..{ b.5!, {N /:;.h. 'w {;0.j\.r eLf.

Now it" the dis'Jersl')n rol,gtions far,oilr mAtiix element
t., \

el~stic rc~ian shoul~ ~tvc a v~lue for ~ the ahS8rntive nart'
..! J -' 1.

which sh:::>uld not dif'f:'er aD'T)roci:=Jbly Pr~)(n tho val'le. Mo started

witr, viz, tho absar~tive 'J~~t ~f F, if the ono-dimensional

t "h .J-' .c -l-' , 1 t' t r "con 1'1.1J·.1:)y} 0' LYlO 1.no gs lC ~Ar· r ,Arlsln~
!

By "1.•.~k~n~ the chA m;e /):L-:::,. \- in (6)
'" / l

we soe thAt the /j r1e~ondencc is camDlotely c::H1tainod in the
*, 1.Ne CAn for-;ot tho ilJteF.;T'.!=lti:w', ...._containi.n~ 1"12 since when
1)-7 C\') (an A~~1'oxi'nation 'NO \,,111 be lresontly mAkinC!'), for t
fixed in a Pinite ran~e,u boconcs la1'cro and ne~ativc so that tho
denominator \A../-u, never v8!'jish~s.



f'1H1cti:)n f\ I , Exnlici tly [< \ ((-.:- -~ i ?- '2 ) E-S ') can be
Y3

anY)Y'oximAterl ·:·'~r verv larc;e val1ws C)f' the variablos by the

ex~ressi.on
It:-I)(t-lr)

\: ~1-

~4h'{t - 4-) r ~IS( ~- 'J)Lt-tr)
\-

4 ~ (t- + :JJ:'2- - '+)(t1-l~3~~~- 'L
\

t:>;t Rerno':1'Je·....1.nc; thAt t is c:>nf'inod t8 the v81uos 4 to 16 and

tl.-lilBd\0'0 rest"i ctG'l by the ineqaoli ty t' jL >C~-;.C~h-
l{e thus soo thAt f'or vor\! lqr,-;e vAluos :)f /; , the inelAstic

cont~ihuti8n to tho absoY'DtivG ~grt ryoes 10wn liko 'J~ .

since l_-f'"l,vo Assume the r10'l:ljJ\cH1CeTF'the r o=... \ T -=. I , state
j °

"~Y' tho nY'ohle~, t~c nu~bnr :)~ in1e~Gndent sCAtte~ing amnlitudes

1,Jhi.ch are t~rce ·por the Dr:IDblom (corrcsnooaiof?; t:> T- = 0 \ !)
\ -- J t'-'

bocomf"? iust :)Of"? TTsing tho Breit - \:Jighnr form f'or tho absorptivl

behavl.o1l1" f'~)"r 18"'-'-0:0 h is g:~g~n !f,~
l'hnse 1"es').lts r°:ivc 118 I-}o,o thlt -J::hc St-riD annroxim,'1tion
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