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1 Introduction

A leftist grammar is a rewrite system in which the only kind of production rules
allowed are “create left-context” via a — ba, and “erase left-context” via ba —
a. There is a special start symbol, S, which cannot be created or erased, but which
can create context. A string w is said to be in L(G) if wS can be transformed
through a sequence of rewrite rules to S.

To the best of our knowledge, these leftist grammars have appeared in just
one place in the literature, namely, in the work of [8]. There, the authors present
schemes for determining accessibility or safety in certain protection systems,
which provide the formal basis for trust management. Their model, first pro-
posed in [9, 2| in the context of Java virtual worlds, is a capability-based system.
It strictly generalises the grammatical protection systems of [1, 6] (where creation
of new objects is disallowed and the take-grant model of [7] (where there is only
a restricted set of rights), and is a special case of the general access-matrix model
[3] which is undecidable.

The authors of [8] show that accessibility in their model is decidable by map-
ping it to a membership query in a leftist grammar. They explicitly raise the
question of placing these grammars within the Chomsky hierarchy (for basics
about formal language theory, see an standard textbook, such as [4, 5]). While
all the examples they constructed were context-free, they were unable to show
that all leftist languages are context-free, or even context-sensitive.
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In this work, we make some progress towards answering this question. We
show that leftist languages without any “create-context” rules can be non-regular,
by constructing a leftist grammar and proving that the language it generates is
non-regular. We use a novel technique of constructing a deterministic infinite-
state automaton accepting the language, and then proving that it is minimal.
Since the leftist rewrite system has no rules for creating context, it is trivially
context-free. Thus we show that leftist systems with no create-context rules
are incomparable with regular languages and properly contained in context-free
languages.

We also show that over binary alphabets, all leftist languages (even those
generated by grammars with create-context rule) are regular, though the converse
is not true.

2 Definition and some properties of leftist lan-
guages

Definition 1 A leftist grammar is a rewrite system G = (V, S, P) where S € V
and every rule o« — 3 € P satisfies the following conditions:

o L<|al|Bl <2
o [f|a] =2, then o = ab where a € V\ {S}, be V, and = b.
o [fa=beV, then = ab for somea €V \ {S}.

The grammar G generates the langauge L(G) = {w € V* | S = wS}.
A leftist language is a langauge generated by some leftist grammar.

By reversing the derivation process, we can see that w € L(G) if wS =7, 5,
where G’ has rules 3 — « for each o — 3 € P. Indeed, it is in this form that
these languages are introduced in [8], as strings that can be completely erased by
rules of the prescribed form.

Due to the very limited nature of the rules, we will show that leftist languages
have to be highly structured. Thus several regular languages are not leftist.

Definition 2 For any non-empty word w € V*, the sets suffiz(w), prune(w) and
stutter(w) are defined as follows:

suffic(w) = {x € V* | Jy,w = ya}

stutter(w) = {x € V* |w=ajay...a, and v € ajay ...a}}

prune(w) = {x € V* | w € stutter(z)}



We extend these definitions to sets of words in the natural way: suffix(L) =
Uwer suffix(w), prune(L) = J,, prune(w) and stutter(L) = (J,, stutter(w).
The proof of the following lemma is quite direct.

Lemma 3 If L is a leftist language, then suffiz(L), prune(L) and stutter(L) all
equal L.

Corollary 4 The reqular language L = {a*" | n € N} is not leftist.

Proof: This follows from lemma 3 and the fact that a ¢ L, but a € suffix(L) N
prune(L). m

Another useful property of leftist languages is composition:
Lemma 5 If L is a leftist language, and w,x € L, then wx € L.

Proof: By assumption, there are derivations S =—* wS and S =* xS. Just
compose them: S =* wS =" wzS. m

We now show that any leftist language over a binary alphabet is necessarily
regular. Thus to exhibit a non-regular language, we need at least three different
terminals, and in the next two sections we establish that three terminals suffice.

Theorem 6 Let L C V* be a leftist language, where |V| < 2. Then L is regular.

Proof: If L is unary, say a subset of a*, then either L has no non-empty word,
or L equals stutter(prune(L)) which contains stutter(a) which equals a™. Either
way, L is regular.

So now assume that V' = {a,b}. If both S — aS and S — bS are in
P, then it is easy to see that L(G) = V*. If neither rule is there in P, then
L(G) = (). Let G have only one “create” rule from S, say S — aS. If a — ba
is not in P, then b can never be created and the language is unary. If a — ba
is in P, then there are two cases: if S can erase a (i.e. rule aS — S is in P),
then effectively S can create b and so L(G) = V*. If S cannot erase a, then the
rightmost letter of any w € L must be a. But any such string can be generated,
since S = aS =" b*aS and Lemma 5 applies. Thus L(G) = V*a. Thus in all
cases, L is regular. m

3 The non-regular leftist language

The language we consider is that defined by the following leftist grammar:



Definition 7 G = ({a,b,¢, S}, S, P) where P has the following rules:

S — aS a — ba b—c¢b c — ac

The langauge L generated by the above grammar is trivially context-free: it is
generated by the grammar G' = ({a,b,c},{S, A, B,C}, S, P') where P’ has the
rules:

S—AS A— BA B—(CB C—AC A—a B—b C—c

We now prove our main result, namely, that L is not regular. One approach
for doing this is to show that L N R is non-regular for some regular set R. In
particular, let R = {(bca)*(cba)*} and A = {(bca)™(cba)" | m < n}. Showing
that L N R = A would suffice. It is easy to see that A C L N R; see the
Appendix. However, to see that L N R C A, we must show that if m > n then
(bca)™(cba)™ ¢ L. We do not see any easy way of proving this. In particular,
one could use the Cocke-Younge-Kasami parser for context-free languages (see eg
[4]) to decide membership of these strings. But since this has to be established
for all m,n, it leads to an extremely tedious proof. Instead, we present here an
automata-theoretic proof which, in our view, is more elegant.

We first construct a deterministic finite-state automaton M with countably
infinite states. We establish that L(G) = L(M). Then we argue that the au-
tomaton M is minimal, hence concluding that L(G) is non-regular. (Since we
already know that A C L N R, it would suffice to show that L C L(M) and
L(M)N R C A. However, we find presenting the entire proof that L = L(M)
more satisfying. Further, we believe that the automaton-based approach would
be applicable while considering general leftist languages as well.)

The automaton M is as shown in Figure 1. Formally, it is defined below.

@ ooov@

Figure 1: The automaton M

Definition 8 The automaton M is given by M = (Q,%,0,q, F)) where Q =
{90, 1, q2, ...y ={q; | i >0}, ¥ ={a,b,c}, F ={q}, and § is defined as follows:



i (mod3)|0|1]2 8(qi, Back;) = qi_1 fori>0
Back; clalb d(qo, Backy) = ¢

Front, blcla 6(qi, Loop;) = q; fori >0
Loop; albc 5(qi, Front;) = qi11 fori>0

The transition function ¢ : @ x ¥ — @) is extended to 5 @ X ¥* — @ in the
natural way.
The following are easy observations.

Proposition 9 For each i > 0, Backi.1 = Loop, = Front,_y. Also, Back, =
Loop, = Fronty. Furthermore, for each i > 0, the following rules are productions
of G, and these are the only productions not involving S.

Loop;, — Front; Loop;
Back; —  Loop, Back;
Front;, — Back; Front;

Lemma 10 For every w € ¥*, and for every state q;,

~

1. If§(qi,w) = q; and the q; ~ ¢; path on w does not use the edge §(qo, ¢) = q2,
then §(Gits, W) = gj+3.

~

2. If 6(gi,w) = q; and the ¢; ~ q; path on w uses the edge d(qo,c) = q2 at
least once, then §(gits,w) = ¢;.

Proof: We induct on |w|. For |w| = 0, the claim is obvious. Now let w = w'd.
For any state ¢;, consider the path from ¢; on w’. If this path uses the anomalous

edge §(qo, ¢) = g2, then by the induction hypothesis, g(ngrg, w') = g(ql-, w') and so
3(qiv3, w) = 6(q;,w) as well. So now assume that until d is seen, the anomalous

~

edge is not used. Hence by the induction hypothesis, if §(g;, w’) = g;, then

-~

0(qi+3,w') = gj+3. We consider two cases:

Case 1: On input d, the anomalous edge is used. This means that d = ¢ and

.j = 07 glVlIlg 5<QZ7wd) = (2. So 5(Qi+37w,) = (3, gIVIHg 5(Qi+37w,d> = @
because d(gs, ¢) = qo.

Case 2: On input d, the anomalous edge is not used. But all other transitions
from ¢; and g¢ji3 are isomorphic, for every j. So if 0(¢;,d) = ¢, then

0(qj+3,d) = 3.



Lemma 11 If d — ed is a rule in G where d # S, and g(qo,wd) = q;, then
d(qo, wed) € {q;,qj—3}. (In particular, if j < 3, then §(qo, wed) = g¢;.)

Proof: We induct on |w|. Let g(qo, w) = qi and 6(qg, d) = ¢;. It is easy to verify
explicitly that if j < 3 (and hence k < 3), then 0(qo, wed) = g;. So we assume
now that 7 > 3. We consider three cases:

d = Loop,: So k = j. By Proposition 9, Loop,, — Front;Loop,, so e = Fronty.
AISOa d= BaCkk-i—l- So 5((]07 U}@d) = 5(Qk7 Gd) = 5(Qk+17 d) = Q-

d = Backy: So j = k — 1. By Proposition 9, Back, — Loop,Backy, so e =
Loopy,. So d(qo, wed) = §(qx, ed) = 6(qx, d) = qu—1 = ¢;-

d = Front,: So j = k + 1. By Proposition 9, Front, — BackiFront;, so
e = Back. So 6(qp, wed) = 0(qx,ed) = d(qx—1,d). Now d = Front, =
Backyy2 = Back_1, 50 0(qr—1,d) = qe—2 = q¢j—3

With these two lemmas, we can now establish that L(G) C L(M).

Lemma 12 L(G) C L(M). That is, For all w € X*, if S =} wS then
d(go, w) = qo-

Proof: The proof procceds by induction on |w|. We want to show that for every
w e ¥, if § = wS then g(qo, w) = qo. We induct on |w|. It is straightforward
to verify this for |w| < 2. Assume that it is true for all strings of length upto k,
and now consider a string w of length & + 1.

We zero in on the last step in a derivation of w. If this step uses the rule
S — aS, then the derivation must be S = w5 =¢ w1aS = wS. But by
induction, g(qo, wy) = qo, and so g(qo, wya) = 0(qo, a) = qo.

So now assume that the last step in the derivation uses a rule d — ed for
d € {a,b, c} So the derivation has the form S =}, widwyS =¢ wiedwyS =
wS. Let 5(qo,w1d) = ¢, for some j. By the induction hypothesis, we know that
3(q5,w2) = qo. By Lemma 11 5(Qo,w16d) = q € {45,493}

If £ =j, then 5(q0,wledw2) = 5(q0, wydws) = qo, and we are done.

If £ = j— 3, let us assume that g(qk,wg) = ¢ for some [ > 0. Then by
Lemma 10 above, g(qj, woy) equals g(qu, wy) and is either ¢ or q;+3. Either way,
it is not ¢y. So g(qo,wld'l,UQ) is not qp, contradicting the induction hypothesis.
Hence our assumption must be wrong, and in fact B\(qk, wy) = qo. It follows that

5(go, wredws) = go. m



It is easy to see that for each state ¢; € (), the shortest string taking M
from ¢; to qp is unique and is of length 7. Let r; be this string; it is nothing but
Back;Back;_; ... Back;. More formally, 7y = ¢, and for j > 1, r; = Back;r;_;.

~

For each w € ¥*, define f(w) =i if §(qy, w) = ;.
Lemma 13 For all w € X%, S =5 wrw)S.

Proof: The proof proceeds by induction on |w|. For the base case, |w| = 0, so
w = €. Then f(w) =0, 74w) = 10 = €, and so the statement is trivially true.

Assume now that the statement is true for all strings of length less than k.
Consider a string w of length exactly k. Let w = xd where d € ¥, x € ¥*,
|| = k — 1. Let g(qo,x) = ¢; and 0(¢j,d) = ¢; so that g(qo,w) = ¢;. By the
induction hypothesis, we know that S ={ 2r;S. We need to establish that
S = xdr;S. We consider two cases.

j =0: Then S =, 5. Observe that S =¢ aS = baS =>¢ cba¥.

d = a: Then we have ¢ = 0, and ry = €, so wryy) = w = wa. From
the induction hypothesis and the observation above, we have S =7,
xS =>¢ xas, proving the claim.

d = b: Then we have ¢ = 1, and r, = a, so wryw,) = wa = wba. From
the induction hypothesis and the observation above, we have S =,
xS =¢, xbalS, proving the claim.

d = c¢: Then we have 1 = 2, and r, = ba, so wryu,) = wba = xcba. From
the induction hypothesis and the observation above, we have S =,
xS =, zcbaS, proving the claim.

Jj > 0: Then S =, xr;S. Again, there are three cases.
d = Back;: In this case, we have ¢ = 7 — 1, and dr; = r;. The result now

follows from the induction hypothesis.

d = Loop;: In this case, we have i = j and r; = r;. From the induction hy-
pothesis and Proposition 9, we have S =, xr;S = zBack;r;_15 =¢
rLoop;Back;r; 15 = zdr;S, proving the claim.

d = Front;: In thiscase, i = j+1and d = Loop;. Now xdr; = zFront; Back;11;

xFront; Loop;r;. From the induction hypothesis and Proposition 9, we
have S =, 2r;S = zBack;r;_; =¢ xLooijackjrj_ls =—q
rFront;Loop;Back;r; 1S = xFront;Loop,r;S, proving the claim.



Since 1o = €, and since f(w) = 0 for every w € L(M), the following corollary
is immediate.

Corollary 14 L(M) C L(G).

Lemma 15 The automaton M is minimal; no two states are equivalent.

-~

Proof: Simply observe that r; is of length i for each 7. Since §(q;, ;) € F', while

-~

d(qj,ri) € F for any j > i, it follows that no two states ¢; and ¢; are equivalent.
|

Theorem 16 The leftist language L generated by the grammar defined in Defi-
nition 7 1s not reqular.

Proof: From Lemma 12 and Corollary 14, it follows that L(M) = L(G). Lemma 15
then shows that M is minimal. And M has infinite states. So no finite-state au-
tomaton can accept L. m

From Corollary 4 and Theorem 16 our main result follows:

Theorem 17 Leftist languages with only erase rules are incomparable with reg-
ular languages.
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Appendix

Lemma 18 For every pair of numbers 0 < m < n, the string (bca)™(cba)™ is in
L(G).

Proof: We will show that {(cba)! | I > 0} C L(G) and {(bca)™(cba)™ | m >
0} C L(G). The result then follows from Lemma 5.

To see the first claim, note that S = aS = baS = cbaS, and ¢ —= ac —
bac = cbac; thus we have S =3 cbaS and S =3 (cba)'S. (In the derivation,
at each step the letter creating an additional letter to its left is underlined.)

We prove the second claim by induction on m. The base case, when m = 0, is
obvious. Now assume that we have a derivation S ==* (bca)™ *(cba)™1S. We
append to this the following derivation, starting from the first ¢ in the (cba)™!
part: ¢ = ac = bac = bbac = bcbac = bcecbac = beacbac. These six
steps insert (bca)(cba) in the middle of the string generated inductively, creating
(bca)™(cba)™ as desired. m



